DIFFERENTIAL GEOMETRY OF A SURFACE
AT A PLANAR POINT*

BY
V. G. GROVE

1. INTRODUCTION

We shall say that a point O of a surface S is a planar point of the third
order if the surface has a tangent plane at O and if every curve on the surface
through O has an inflexiont at O. It is the purpose of this paper to study the
surface .S in the neighborhood of such a planar point from a projective point
of view by making use of the osculants} of Bompiani of a plane section of .S
through an arbitrary tangent line through O.

Lane and Su§ have used Bompiani’s osculants to study the plane sections
of a surface at a non-parabolic point on the surface. In a sense every tangent
line to a surface at a planar point is an asymptotic tangent.

Downs|| has studied planar points of order # from a metric point of view.

In the last section we discuss the loci of certain points and lines intrinsi-
cally associated with the sections of the surface through the arbitrary tangent
line as this line generates a pencil. The loci so obtained are therefore covariant
loci associated with the surface and not merely with the surface in its relation
to the particular tangent line.

We first find a canonical power series expansion for one non-homogeneous
projective coordinate in terms of the two others. A complete geometrical de-
scription will be given of the tetrahedron of reference giving rise to this canon-
ical expansion.

2. THE POWER SERIES EXPANSION

Let the equation of the analytic surface S be
z=f(z,9).

* Presented to the Society, April 10, 1936; received by the editors October 14, 1935, and in re-
vised form, January 11, 1936.

t Each branch of the curve of intersection of the surface with its tangent plane at a planar point
of third order has at least four-point contact with its tangent line at the point.

1 E. Bompiani, Per lo studio proiettivo-differenziale delle singolarita, Bollettino dell’ Unione
Matematica, vol. 5 (1926), p. 118. Hereafter referred to as Bompiani.

§ E. P. Lane, Plane sections through an asymptotic tangent of a surface, Bulletin of the American
Mathematical Society, vol. 41 (1935), pp. 285-290; B. Su, On certain quadratic cones projectively con-
nected with a space curve and a surface, Tohoku Mathematical Journal, vol. 38 (1933), pp. 233-244.

|| T. L. Downs, Asymptotic and principal directions at a planar point of a surface, Duke Mathe-
matical Journal, vol. 1 (1935), pp. 316-327.
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Let the system of coordinates be so chosen that the point O(0, 0, 0) is the
planar point, and z=0 the equation of the tangent plane to S at O. The
Taylor’s expansion of the function f(x, y) in the neighborhood of x =0, y=0
will be of the form

1) z = As(x, y) + Au(®, y) + As(x, ) + - - -,
wherein

As(x, ¥) = asox® + anx’y + a122y® + aosy?,

Au(%, ) = awxt + a2’y + a202%y% 4 a130y° + a0sy?,

(2)
As(x, y) = @52 + 041904)’ + 032x3y2 + 023x2y3 + 01430}" + aosy5,

The tangent plane z=0 at O intersects the surface in a curve with a triple
point at O. The triple point tangents are given by

(3) A3(x’ )’) = 0.

The equation 4;(x, y) =0 defines a cubic involution in the pencil of tan-
gent lines to the surface at O, the triple lines being the triple point tangents
to the curve of intersection of the surface S with its tangent plane at O. We
shall assume that the tangent line y =2 =0 is not one of the triple lines of the
cubic involution defined by As(x, y) =0. It follows that a30=0.

We propose first to derive a canonical form of the expansion (1) in which
the edge y =2=0 of the tetrahedron of reference giving rise to the expansion
is an arbitrary tangent line to the surface S at O except for the limitation
noted above.

If we make the transformation

’

4) x=a+uw, y=y, =17,
on equation (1), and denote the new coefficients by ds, de1, - - - , we find that
@30 = @30, @21 = 3pasz + a1, @12 = 3u’az0 + 2pan + a1z,

() Q40 = ag0, (31 = 4paqo + a31, dso = aso,

dn = Spaso + aa, deo = e, * - - .

Hence if we choose u to satisfy the equation

(6) 3uaz + a1 = 0,

we may make dz=0. We shall assume that this transformation has been
effected on the series (1).

We may give a simple geometrical characterization of the tangent line
x=2=0 for the case in which as =0. The unique line of the involution defined
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by As(x, v) =0 corresponding to the line y=2z=0, considered as a double line of
the involution, is the line x=2=0 if and only if a1, =0.
The transformation

x4+ oz’ y' + B2 2

N a=— - R A
14+ Ly + My 1+ Ly + My 1+ Lz + My

does not change the edges x=2=0, y=2=0 of the coordinate system, and
does not affect the coefficients of the form As(x, y). If again we denote the
new coefficients by ds, da, - - - , we find that

G40 = — 2Lazo + G40, G351 = — 2Masz + a1,

2
@50 = 3aaszo — 3Las + aso,
(8)

@41 = 2Bas12 — 3Mas + as,
_ 2
@os = 3Baos — 3Maos + aos, - - - .

We note from (8), that, with proper choice of o, L, M, we may make
Gs0=0831=05=0. If 0120, we may choose 8 in such a way that d,=0. If
a1 =0, we may choose 3 so that d¢; =0.

The Hessian H of the form

As(x, ) = a30%® + a122y* + aosy®

is readily shown to be

(9) H = 4[3a30a12x2 + 9(130(10396)’ - afz}’z]'

Hence the tangent line y=2=0 (x =2=0) is one of the Hessian or neuiral lines
of the cubic involution determined by As(x, v) =0 if and only if a:2=0.

We shall say that y=2=0 is a Hessian tangent if a;,=0.

Let us suppose first that y=2=0 is not a Hessian tangent, and that the
transformation (6) has been used to make a4 =a3 = a5 =au=0.

The transformation

xl yl zl

(10) X = ) y = ’ z = )
1+ N2 14 N2 1+ N2

does not change the edges x=2=0, y=2=0 of the tetrahedron of reference,
and does not affect the coefficients of the forms As(x, y), A4(x, y), 4As(x, ¥).
The new coefficient dg is given by the formula

dso = — 2Nazo 1+ aeo.

Hence we may choose N in the transformation (10) in such a manner as to
make ds=0. We shall assume that this transformation has been effected.
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If we change the unit point by the transformation
’

(11) x=p2', y=¢, z=r1d,

we find that, if 20, we may make a3 =a12=an=1, by choosing 2, ¢, 7 to
have the values

(12) P = a1z/as, g = % (a12030) "’/ a2, 7 = alaas0/ass.
Hence the power series expansion (1) may be written in the canonical form

(13) z = as(x, y) + asx, y) + as(z, y) + - -

wherein
as(x, y) = #* + xy* + 4y°,
ay(x, y) = x*y? + a13xy® + a0y,
(149)  as(x, ) = Ba®y* + a2x®y® + auxy* + aos)y®,
ag(x, y) = Caby 4 - - - | az(x, y) = Dx? + Eaxby 4 - - -,
as(x%, y) =Fx8 + .- - | ag(x, ¥) =Gx® + - - - .

The edge y=2=0 is an arbitrary tangent line, not a tangent line to the curve of
intersection of the surface with its tangent plane, and not a Hessian tangent.
Every coefficient of the canonical expansion (13) is an absolute invariant ex-
pressing the relation between the surface § at the planar point O and the
tangent line y=z=0. In the expressions (14) we have written only those
terms which will be of use in the discussions to follow.

If y=2=0 is a Hessian tangent we may, as was remarked previously,
make use of the coefficient 8 of the transformation (7) to make ao;;=0. We
may as before choose the coefficient N of the transformation (10) to make
as0=0. If the two Hessian tangents are not coincident, and if a0, by proper
choice of the unit point we may make aso=ao; = a2 =1. Hence the power series

expansion (1) may be written in the canonical form
(15) z=x3+y3+x2y2+A/x4y+...+B'x5y+...
+Cx" 4+ DaSy+ - +FEx¥ - F+Fa -

The edges y=2=0, x=2=0 of the tetrahedron of reference are the Hessian tan-
gent to S at O. Every coefficient of the expansion (15) is an absolute invariant
of the surface.

3. PLANE SECTIONS THROUGH A TANGENT LINE

Let us first consider a surface S whose equation in non-homogeneous pro-
jective coordinates (x, ¥, z) has been reduced to the form (13). Let us intro-
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duce homogeneous projective coordinates (x1, *2, %3, %) of a point whose non-
homogeneous projective coordinates are (x, y, z) by placing

Xo X3 X4
= —) = —) z = —"
X1 X1 X1
The plane whose equation is
(16) y = nz, n#0,

cuts the surface in a curve I" whose projection C onto the tangent plane from
05(0, 0, 0, 1) has the equations
y =n[ad + xy2 + Ay3 + 2292+ - - - + Bady? 4+ - - - + CaSy+ - - - ],

an 2= 0.

If we solve the series in (17) for y as a power series in x we obtain

(18)  y = n[x% + bsa? + bea® + box® + - - - ]

wherein

(19) b =n*4+D, bg=n*4+Cn+F, by = An3 + Bn® + En +G.

Equations (16) and (18) are the equations of an arbitrary plane section T
of the surface S through an arbitrary tangent line not ¢ Hessian tangent at a
planar point O of S.

Suppose next that the tangent line y=2=0 is a Hessian tangent line, and
that the equation of the surface has been reduced to the form (15). The plane
(16) intersects the surface S in a curve I' whose projection C onto the tangent
plane from 05(0, 0, 0, 1) has the equations

(20) y=n[x3+ca" +cex®+cox®+---], z=0,
wherein
(21) a=An+C, ¢cs =n*+ B'n+ E, co=n3+Dn+F'.

4. BOMPIANI’S OSCULANTS AND THEIR LOCI

We may use the expansions (18) and (20) to derive the equations of the
osculants used by Bompiani in discussing the various neighborhoods of an
inflexion of a plane curve. We observe first that the expansions (18) and (20)
are identical in form with the expansion® (2) of Bompiani’s paper.

Let us first discuss the equations (18) and z=0. These are the equations
of the projection C of the curve I of intersection of the plane (16) with the
surface S.

* Bompiani, p. 119.
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The equations of the cusped cubic with seven-point contact with C at O
are

= nx z = .
(22) y 5, 0

This cubic has of course an inflexion at O(1, 0, 0, 0) and its cusp is at the point
0:(0, 0, 1, 0). The cusp tangent of the cubic is the line x,=x,=0. The locus
of the cusps for all plane sections I' through y=2=0 is therefore a line, namely,
the edge x1=x,=0 of the tetrahedron of reference. The cusp locus of all six-point
cusped cubics of the curve C is the line x=2=0 previously characterized as the
line corresponding to the line y=2=0 considered as a double line in the cubic
involution in the pencil of tangent lines determined by os(x, y) =0. The cusp
tangent intersects the tangent y=2z=0 at the point 0:(0, 1, 0, 0) of the tetra-
hedron of reference. The edges x,=x,=0, x;=x,=0 and the vertices O, and O,
of the tetrahedron of reference giving rise to the canonical expansion (13) are
therefore characterized geometrically.

The locus of the cusped cubics for all plane sections I is the cubic cone

(23) z = %%
with vertex at the cusp O; of the seven-point cusped cubic (22).

The equat{ons of the cubic having eight-point contact with I' at O and
passing through the cusp of the seven-point cusped cubic of I' are

(24) ny = n?x® 4+ bixy?, Yy = nz.

The locus of the curve (24) for all sections through the given arbitrary
tangent line is the algebraic surface of order three whose equation is

(25) z = 2% + x(y?* + Dz?).

The surfaces (23) and (25) intersect in the line x =2=0, and in two plane
curves whose projections from the point O; onto the tangent plane are the
cusped cubics

y= £ (=DM, z=0,
and whose projections from the point O, onto the fate of the tetrahedron op-
posite O, are the straight lines
y? + D22, x=0.
The equations of the nine-point quartic curve passing through the point

0:(0, 1, 0, 0), tangent to the cusp tangent x;=x,=0, having a node at the
point 0,(0, 0, 1, 0) with the cusp locus x, =x,=0 for one nodal tangent are

(26) ny = n?x® 4+ brxy® + bsx?y?, z=0.
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The residual nodal tangent of the quartic (26) is the line having the equations
(27) brxy + bgxs = 0, x4 = 0.

The locus of the nine-point quartic curve of the section I for all sections T
is the quartic surface whose equation is

(28) z = x3 + x(y* + Dz?) + x*(y* + Cyz + Fz?).

The locus of the residual nodal tangent of the nine-point quartics of the sec-
tions I is the cubic surface

(29) y? + Dz* + x(y* + Cyz + Fz?) = 0.

The locus of the cusps x;=x,=0 of the seven-point cusped cubics lies on the
cubic surface (29). The tangent plane to the surface (29) at the point
(0, 0, \, k) is the plane

(30) (A2 + Dp?)x1 + (A2 4 Chu + Fu?)x, = 0.

The tangent plane (30) coincides with the plane determined by the locus of
the cusps and by O if and only if

A+ Dp? = 0.

There exist therefore two points Py, Py on the locus of the cusps of the seven-point
cusped cubics of plane sections through an arbitrary non-Hessian tangent at a
planar point O suck that the tangent plane to the locus of the residual nodal
tangent of the nine-point nodal quartic coincides with the plane determined by the
point O and the locus of the cusps of the seven-point cusped cubics. The vertex
0s(0, 0, 0, 1) is determined on the locus of the cusps as the harmonic conjugate
of the cusp O, with respect to the points Py, P,. The four vertices of the tetra-
hedron of reference giving rise to the expansion (13) have therefore been char-
acterized geometrically. In the last section we shall characterize the unit
point of the system of coordinates.

The seven-point cusped cubic and the nine-point quartic of the projec-
tion C of T intersect at O and also at the point

b nbs
(<5 )
bs bed

The coordinates of the intersection of the seven-point cusped cubic and the
nine-point quartic of the curve of section T' are

b nbs b7
(31) <——7) ——7—7 —-—1—>
bs bg? bé
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The locus of this point for all sections I' of the surface through the tangent
y=2z=0 is a rational curve of order seven tangent to y=2=0 at O.
The line through O and the point (31) has the equations

(32) by = nbfx, y = nz.
‘The locus of this line is the quintic cone
(33) x(y* + Dz%)? = 3z(y* + Cyz + F3?)%.

The lines x=2=0, y=2=0 lie on the cone. The plane x—z=0 is tangent to the
cone along the line x=2=0. The line y=2=0 is a singular line on the cone, the
planes y*+ D22 =0 being tangent to the cone along this generator.

From (18) we find readily that

y — nx® = n[brx” + bsx® + - - - ],

y—nx“—ﬁxy2= n[bsx® + box® + - - - ],
(34) n

br . bs
y—nx”—;xy —;x"’y2=nng9+---.

It follows therefore that the seven-point cusped cubic has eight-point contact
with T if and only if b:=0, the eight-point cubic (24) has nine-point
contact with T if and only if bs=0, and the nine-point quartic has ten-point
contact with T if and only if by=0. There are two plane sections through an
arbitrary tangent line at a planar point of a surface such that the seven-point
cusped cubic of the section has eight-point contact with the section. T he planes of
these sections separate the planes y =0, 2=0 harmonically. The face y=0 of the
tetrahedron of reference giving rise to the canonical expansion (13) has
therefore been given a simple geometrical characterization.

Let us now consider the osculants of Bompiani for the curves of intersec-
tion of the surface S by planes through a Hessian tangent line at the planar
point. If use be made of equations (20), we find readily that the equations
of the seven-point cusped cubic, the eight-point cubic, and the nine-point
nodal quartic of the section I' through a Hessian tangent are respectively

(35) y = nxd, y = ngz;

(36) ny = n?x® 4+ cixy?, y = ng;

37 ny = n?x® 4 crxy? + cax?y?, y = nz.
The loci of these curves are respectively

(38) z = %3,

(39) z2 = x4 x3(4’y 4+ C'z),

(40) z

%+ x2(4’y + C'z) + x*(y* + B'yz + E'z?).
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From (20) we find that

y — nxd = nlcrx’ + cx®+ - - - ],

c1
— nxd — — xy? = nfcsx® + cox* 4 - - - |,
(41) Yy " y [es 9 |

41 Cs
y — nxd — — xy? — — 2%y = neex® 4 - - -
n n

It follows that through a Hessian tangent line there is only one plane sec-
tion having eight-point contact with ils seven-point cusped cubic, two sections
having nine-point contact with their eight-point cubics, and three sections having
ten-point contact with their nine-point quartics.

The curves (35) and (37) intersect at O and at the point

(4 C78 673
—_——y =y — —).
Cg cs cé

The locus of the line joining O to this point is a quartic cone whose equation is
(42) (y2 + B'yz + E'z%)? = x3(A’y + C'2)2.

Other discussions similar to those made for sections of the surface through
a non-Hessian tangent could be made, but we shall carry this discussion no
further.
5. LOCI RELATED TO THE SURFACE S AT O

The points, curves, and surfaces discussed in the previous sections have,
in the main, given properties of the configuration composed of the surface .S
and the given tangent line used in making the sections of the surface. For
example, the cusp of the seven-point cusped cubic of the projection of the
plane section is a point intrinsically related to the tangent line through which
the plane sections were made. Likewise the locus of this point is a straight
line which is related to the particular tangent line through which the sections
were made.

In this section we propose to derive the necessary formulas for studying
the loci of the various points, lines, and the envelopes of the surfaces derived
in the previous sections as the given tangent line generates the pencil of tan-
gent lines. Thus we obtain loci covariant to the surface.S at the planar point.

To the end in view we shall make the transformation

(43) x
on the expansion (13). We obtain an expansion of the form

= Z, y =mx+ 7§, g =3,
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We now, by means of transformations similar to (4), (7), (10), and (11), re-
duce (44) to the canonical form resembling the form (13) except that the line
§=%=0 is the arbitrary tangent line used as one edge of the tetrahedron of
reference giving rise to the canonical expansion.

The forms Bs(%, §), - - - have coefficients dso, do1, - - - given by the for-
mula
_ 1 dkaj+k(1, m) .
(45) e G+ E=3).

The canonical form of the expansion (44) with y"'=2"=0 (§=2=0) as one
edge of the tetrahedron of reference is of the form

(46) d=af(d,y) +ai(a, )+

By means of (4), (7), (10), (11), and (43) the transformation of coordinates
between the tetrahedron of reference used in the canonical form (13) to that
of the canonical form (46) is

pxy = x{ + pLxgd + qMx{ + #Nx{,

(47) pxs = pxi + gaxd + #(@ + Bm)xd ,
pxs = pmzd + g1 + ma)xi + 7[B + m(a + Bm)|xd,
pXy = Fxq ,
wherein &, 8, - - - are defined by formulas used in reducing (1) to the form
(13) but with a;i replaced by d; defined by (45). These formulas are
3308 + Go1 = 0,  2ds0L = duo,
(48) 2a30M = @31 + 4daof, 3adsy = 3Ldso — Qso,
23308 [3ds0ii? + 239178 + G12) = 3Mds0 — dux — S5Edso,
Zdaoﬁ = deo.

Denote by O, Of, Of, Of the vertices of the tetrahedron giving rise to
the canonical expansion (46) in such a manner that O/, Of, O; have geo-
metrical characterizations similar to Oy, O, Os.

By means of (47) and (48) we find readily that the parametric equations
of the locus of the point O! as the line " =2’=0 generates the pencil of tan-
gent lines are

x1 = m? + aym® + aoam?,
2(1 4+ m? + Am?),
2m(1 + m? + Am?®),
0.

X2

(49)

X3

X4
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The locus of Of of course passes through the point O,. Moreover the tangent
line to the curve at O, is the line x,=x,=0. Hence the envelope of the cusp
tangents of the seven-point cusped cubics of the projections C of all sections of a
surface at a planar point of the third order is a rational quartic curve. It follows
also that the plane Of , O; , O4 is tangent at O{ to the ruled surface generated by
the line O{ OF as the tangent y' =3" =0 describes the pencil of tangent lines at the
planar point O.

If we eliminate m homogeneously from the parametric equations of the
locus of O/, we may write the equations of the locus of O{ in the form

(50) 2(x® + xy® + Ay®) = 2%y + a1309° + aosy?, z=0.

Hence the locus of O! has a triple point at O, the triple point tangents being the
tangents to the curve of intersection of the surface with its tangent plane at O.

Equation (50) furnishes a rather simple interpretation of the form
as(x, v). The line x;=x,=0 intersects the quartic (50) in four points. The
equations of the four lines through O and these four points are

as(x, y) =0, z=0.

The equations of the conic tangent to the line y=2=0 at O and having
three-point contact at O, with the curve (50) are

(51) 28 — 2x122 = 0, x4 = 0.
The parametric equations of the locus of the point O; as y’'=2"=0 gen-
erates the pencil of tangent lines are readily found to be
%1 = 3(1 + m? + Am3)(2m + 3a13m® + 4aoum?)
— 4(2m + 34Am*)(m? 4+ a13m® + aoam?),

(52) % = — 2(1 + m? + Am3)(2m + 34m?),
x3 = 2(1 + m? + Am*)(m? + 3),
Xy = 0.

The locus of the cusp O3 of the seven-point cusped cubic is therefore a rational
quintic curve. This curve has a triple point at O, the triple point tangents being
the tangents to the curve of inersection of the surface with its tangent plane at O.
The tangent to the curve (52) at O, has the equations

(53) 2%1 + 3%, = 0, 24 = 0.

We have already characterized the vertices of the tetrahedron of reference
giving rise to the expansion (13). We may characterize the unit point in the
following manner. First the line (53) and the edges 1 =x,=0, x;=x,=0 en-
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able us to characterize the line x; —x; =x,=0 by means of a cross ratio. This
latter line intersects the conic (51) in two points Q; and Q.. Either of these
two points and the points O,, O: may be used to characterize the line
%2 —x3=x4,=0 by means of a cross ratio. The choice of either Q, or Q. corre-
sponds to the choice of sign in the double sign of ¢ in (12). The point
E(1, 1, 1, 0) is therefore characterized. The line EO; intersects the cone(23)
in the unit point.
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