A DIRECT EXPANSION PROOF OF SUFFICIENT
CONDITIONS FOR THE NON-PARAMETRIC
PROBLEM OF BOLZA*

BY
WILLIAM T. REID

1. Introduction. In a recent paperf the author has proved by expansion
methods a sufficiency theorem for the general problem of Bolza that had been
established previously by Hestenes} using the classical field method. This
proof had in common with the previous proof of Hestenes the property that
the theorem was not established directly for the general problem of Bolza
with non-separated end conditions; instead, such a problem was first trans-
formed into an equivalent one in a greater number of dependent variables
and with separated end conditions. In a paper appearing in the present vol-
ume of these Transactions, Hestenes§ has devised a direct proof by field
methods for the general problem of Bolza. He has utilized the notion of
families of fields of extremals, and the proof is a generalization of a method
which he has previously used in treating the problem of Mayer.

It is the purpose of the present note to give a direct expansion proof of
sufficient conditions for the general non-parametric problem of Bolza. In this
direct expansion proof the auxiliary theorem of §3 of R is replaced by Theo-
rem A of §2 of the present paper. This latter theorem is an extension of the
results of §5 of H for the special case of a problem having the form of the
second variation, and thus may be considered as an extension of the trans-
formation of Clebsch.

It is to be remarked that there already existed direct sufficiency proofs
by field methods for the general problem of Bolza in case suitable normality
conditions were satisfied.| Hestenes obtains in H a direct proof not involving
normality assumptions. On the other hand, the results of the author’s paper R
do not yield a direct expansion proof of sufficient conditions for a problem
with non-separated end conditions that involves no differential side condi-

* Presented to the Society, April 10, 1937; received by the editors January 20, 1937.

t Sufficient conditions by expansion methods for the problem of Bolza in the calculus of variations,
to appear in a forthcoming number of the Annals of Mathematics. This paper will be referred to as R.

1 These Transactions, vol. 36 (1934), pp. 793-818.

§ A direct sufficiency proof for the problem of Bolza in the calculus of variations, these Transactions,
vol. 42 (1937), pp. 141-154. This paper will be referred to as H.

|| See, in particular, Morse, American Journal of Mathematics, vol. 53 (1931), pp. 517-546, and
Bliss, Annals of Mathematics, vol. 33 (1932), pp. 261-274.
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tions, and which is thus identically normal. This fact is illustrated by the
example given at the end of §3 of R. In view of this difference between the
the generalization of Hestenes’ paper H and the extension of the present
note over the previous paper R, it is somewhat surprising that essentially
the same auxiliary theorem is involved in these two direct proofs by quite
different methods of the same sufficient conditions for the general problem
of Bolza.

2. Auxiliary theorems. The form of the problem of Bolza here considered
is that of finding in a class of arcs

yi(x) (i=1,--,n;25 < 2 < x)
satisfying differential equations and end-conditions
(2.1) ¢slz, v, '] =0 B=1--,m<mn),
(2.2) Yula1, y(x1), %2, y(x2)] = 0 w=1,---,p=2n+2),

one which minimizes a given functional

(2.3) J = glay, y(®1), x2, ¥(%2)] +fz’f[x, y, ¥'|dx.

The notation and terminology of R will be used throughout.

Suppose that E:y;(x), Ao=1, Ns(x) (x1=2=2x,) is a non-singular extremal
which satisfies with constants e, conditions I and IVy . This latter condition
is that along E the second variation

(2.4) Telt, 0] = 2v[t, n(x1), £2, n(x2) ] + f xzzw[x, n, 7' |dx

be positive for all non-identically vanishing variations £, &, 7:(x) which
satisfy the linear differential equations and end-conditions

q)ﬂ[x; m, 77,] = gy, i + ¢Bri’7i’ =0 (B = 17 Tty m)v
\IIM[EI, n(xl)) &2, ”(x2)]
= Vb1 + Vg mi(21) + Yok, + Vg mix2) =0 (p=1,---,9).

As usual, it is assumed that the matrix (W,s,; Wun;,; Wuty; Yuns,) 1s of rank p.
As a consequence of IVy there exists a family #;=wuu(x), {i=vu(x)
(k=1, - - -, n) of mutually conjugate solutions of the canonical accessory
equations with | (%) | 0 on ®ws. T

t See Reid, American Journal of Mathematics, vol. 57 (1935), pp. 573-586; also Morse, these
Transactions, vol. 37 (1935), pp. 147-160, and Hestenes, Annals of Mathematics, vol. 37 (1936),
pp. 543-551.
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Now suppose that b, as, b7, ais (=1, - - -, 2n+2—p) are linearly in-
dependent solutions of the equations

Vut.08 + untio + Voo + Tpnipais = 0 =1, p).

Let ¢ denote the maximum number of linearly independent accessory ex-
tremals of the form YV (x) =0, Z,(x) (!=1, - - -, g) such that for every non-
identically vanishing linear combination

ne = YVa(x)ey =0, ¢ = Za(x)c
the equations
.(i(xl)a:l) - Ii(xz)dio =0 @=1,---,2n+2—p)

are not all satisfied. Without loss of generality we may then suppose that the
sets by, a (s=1,2;60=1, - - -, 2n+2—p) are so chosen that

Za(x)an — Za(aaw = — 6w (I=1,---,q;0=1,--+,2n+2— p).
Then for an arbitrary accessory extremal 7,(x) =0, {:(x) we have
tiaay — Sxan =0 =g+ 1, ,2m+2—p)
and there exists a unique accessory extremal 7;=U,(x), {i=V(x) such that
Ua() = ai, s=1,2%v=g+1,---,204+2—p).
Let
Ua(x) = pVa(x) =0, Vau(x) =pZu(x) (@=1,---,9),

where p is a real constant whose value will be determined shortly. The multi-
pliers corresponding to wx, v, and Uy, Vi will be denoted by lsi(x) and
Lg(x) (k=1,---, m; 6=1, .., 2n+2—p), respectively.

Suppose £, & are constants and 7;(x) are arbitrary functions of class D’

on X;X,. Then there exist unique constants ¢/, ¢o (u=1,---, p;0=1,-- -,
2n+2— p) such that
(2.5) ‘ £ = Wu,ol + bO’CG, 1:(Xe) = Wpp, 0 + 0:050 (s=1,2),

and corresponding to these constants ¢, there are determined for X, X, suffi-
ciently near xi, x, unique functions %;(x) of class D’ and such that on XX,

(2.6) 7i(%) = win(x) he(x) + Uin(x)co.

For such a set &, &, 7:(x) define
ul (%) = uin(x) () + Uio(%)co, 2:(x) = wi(2)Bi (%),
(%) = lgu(x) ha(x),  Lg(x) = Lgo(x)co,  ng = g + Lg,
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and consider the expression

X

(2 7) 27 [El) n(Xl)) 52’ ﬂ(Xz)] + x (29[x7 7, 77’; /“] - F'a"‘kvivk)dx'

In this expression it is to be understood that the coefficients of vy are the
values determined by the end-values of E, and do not depend upon X; and Xo.
For X, X, near x1, %, the expression (2.7) is well-defined. The integral in
(2.7) is readily seen to be the Hilbert integral for the second variation involv-
ing slope functions and multipliers determined by the 3z —p parameter
family of accessory extremals given above, and evaluated along the curve
n=[n:(x)] (X1£x=<X,). One may also verify directly by the use of Taylor’s
formula and the transformation of Clebsch that for X;, X, near x;, x, the
expression (2.7) is a quadratic form in [£, 7:(X1), &, 7:(X;) | whose coefficients
depend upon the end-values of %, Us, vir, Ve at X; and X,. For brevity
this form will be denoted by 2Q [&, 7:(X4), &, 7:(Xz2)| X1, X:]. Now it may be
proved that the parameter p involved in the definition of Uy, Vi (I=1, - - -, ¢q)
can be chosen so large that Q[&, n:(x1), &, n:(%2) |1, 2.] >0 for every non-
zero set [£1, 7:(x1), &, 1:(x2) | satisfying the equations ¥, [£1, 7(x1), &, n(x2) ] =0
(m=1,-- -, p) [see H, §5]. In the following discussion we shall suppose that p
has been so chosen. It is to be emphasized that the arc 7= [1,(x) | has not been
assumed to be differentially admissible, and hence &, &, 7:(X1), 7:(X>) are
independent variables. By continuity it then follows that there exists a
positive § such that for | X,—x,| <&(s=1, 2) and an arbitrary non-zero set
[£1, na1, &2, m:2] satisfying

| V21, mi1, £2, 142 | < 82 + & + nimir + nuamie ]V

we have
Ql&1, ni, £, mz‘ X1, Xo] > 0.

Consequently, by the use of the integral form of the remainder in the expan-
sions of the functions ¥, about the values [x1, y:(x1), 22, v:(x2) | (see R, §3) we
obtain the following theorem:

THEOREM A. Suppose that for a problem of Bolza E:yi(x), ho=1, Ns(x)
(x1=x=x,) is a non-singular extremal which satisfies with constants e, condi-
tions T and IVy . Using the accessory extremals w;x, Vix, Uw, Vi and termi-
nology introduced above, there exists a meighborhood No of the end-values
[21, yi(x1), %2, vi(x2)] such that if [Xi, Vi, Xa, Vil is in No the extremal
y:(®), No=1, Ns(%) is defined and non-singular on X1X, while |u| %0 on this
interval; moreover, there exists a k>0 such that if [X1, Vi, Xo, Vi) is in No
and terminally admissible we have
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(2.8) QX1 — »1, mi1, X2 — %2, 77i2|X1, X,)
= K[(Xl - xl)z + (Xz - x2)2 + nima + mzmz],
where 1:, =Y. —Vi(X,) (s=1, 2).
By relatively slight modifications of the proof of Theorem 4.3 of R one
may establish the following corresponding result.

THEOREM B. Suppose that E:yi(x), No=1, Ns(x) (1 Sx=1x0) 35 an ex-
tremal satisfying conditions Iy, II1', and that uwi(x), vi(x), Uwn(x), Vi(x)
(k=1,---,m;0=1,---, 2n+2—p) are associated accessory extremals with
| k(%) | 0 on x1x5. For arbitrary sets (hi, cs) let

yi(x, b, ¢) = yi(x) + ui(x) b + Uip(x)co,

ri(xr h; C) = yt, (x) + u‘t'k(x)hk + Ut{ﬂ(x)‘;a’

Ns(, k,y €) = Ng(%) + lgi(2) ki + Lgo()co,
where lgr and Lgo are the multipliers for the accessory extremals wi, vix and
Ui, Vi, respectively. Then for every e>0 there exists a di.>0 and a neighbor-
hood . in xy-space of the [x, y(x)] on E such that if 0=||(cs)|| < dre, while
[x, v(x, &, ©)] is in F1c and [x, y(x, k, c), 7] is differentially admissible, we have
(2 9) 8[x’ y(x’ h’ C), r(x’ h’ C)’ X(x’ h’ C); ;']
' = 7R[||F — r(x, &, O||] = |k, co)||2,
where T is a positive constant independent of €.t

As in Theorem 4.3 of R we may choose 7=173/4, where 73 is the constant
appearing in Lemma 4.3. In the above expression (2.8) R[t] is the convex
function (14#£)¥2—1 for ¢20.

Finally, we shall use Theorem 5.1 of R, which for completeness we shall
state.

THEOREM C. If z,(x) (¢=1, - - -, N) are absolutely continuous functions
on X122 =< X, and ||3|| < & on this interval, then

X, X,
(2.10) fx 2| - ||27]|d < dl[fx R{[|#||Jax + llz(Xx)lP}
X, X,
. 2d = d2 / 1 2 5
@ [l s i [ ORI e+ o)

where

di = 4((1 + &2+ 1) max {1, X, — X1}, de= 3(X2— X1)d1.

tIz=(z) (t=1,- - -, N),|l4]| =” (21)||is used to denote the positive square root of z'+ « - - +3n.
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3. The sufficiency theorem. We shall now indicate briefly how the direct
proof of the following sufficiency theorem differs from the proof previously
given in R.

THEOREM 3.1. Suppose that E:y;(x), No=1, Ns(x) (x1=x=2x2) is an ex-
tremal arc satisfying with constants e, conditions I, Iy, III' and IV . Then
there exists a neighborhood § of E in xy-space and a neighborhood N of the ends
of E in [21, Va, %2, yi2]-space such that J [C]>J [E] for every admissible arc C
in § with ends in N and not identical with E.

Suppose that C:¥V,(x) (X;1<x=<X,) is an admissible arc with end-points
[X1, ¥Vi(X)), Xa, ¥i(X,)] in the Mo neighborhood of [x1, y:(x1), %2, vi(x2) ] de-
fined by Theorem A. Let 7,(x) =Y (x) —y:(x) on X,X,, and determine con-
stants ¢/, ¢o (u=1,---, p; 6=1,-- -, 2n+2—p) by equations (2.5) for
7:(X,) thus definedand £, = X, —x,(s =1,2). The corresponding functions %;(x)
determined by (2.6) are of class D’ on X,X,. If for a given arc C of this type
we set

u! (%) = wi(®) hi(x) + Uin(x)co, vi(x) = ua(2) i (%)
we have, in the notation of Theorem B,
Yt(x) = yi(x’ h[x]) 6)7 ytl (x) + u,’ (x) = r.-(x, h[x], 5)’
(%) + wa(x) = Na(x, k[x], ).

Finally, let mo, M, be positive constants such that for every element
[X1, Vi, X,, Yi2] in No we have mo||A|| < || (uir[x]he)|| < M| 7| for arbitrary
sets b= (k).
We write for brevity
Ag = g[X1, Y(X1), Xo, Y(X2)] — glws, y(x1), x2, y(2)].

Then

X, Z2
sl ~ 1B = ag+ [ Fle ¥, v+ iz = [l 5, v\

(3.1) i
=Ag+JO— T — T2,
where
(3.2 7= (=00 [Pl 5, i (=12,

X

X, =2
3.3) J'= Elx, Y,y + u', N+ p; Y']dx + F, (X)n:i(X,)

X, =1
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1 X, X,
+ 5 (2Q[x,m, 7', u] — Frppivn)ds + (B + v;B¥dx,

X, X,
and for every e>0 there exists a corresponding d.>0 such that if ||9]| =d.
| B | = dl{A:@), alll2, [[B*@ = (/Mo { hi(x), a}].

The proofs of these relations are similar to those of (6.1), (6.2), (6.3) of R.
As in R, one may likewise show that for a given >0 there is a bounded
neighborhood M, of the end-points of E which is interior to the N, neighbor-
haod of Theorem A, and such that if C is admissible with end-points in Rx.,
then

8=2
Ag — J' — J% + Fr (Xo)ni(Xo)

8=1

2 y[X1 — 2, 0i(X1), X2 — m(Xz)_]
— e[(X1— 1)+ (X2 — 22)2 + ”77(X1)”2 + “ﬂ(Xz)”z]-

Let . be a neighborhood of E such that if C is in §. then ||n(x)|| <d. on
X1 X,. Consequently, if C is an admissible arc in .. with end-points in RN,. we
havet

J[C] = J[E] 2 Q[X1 — 21, mi(X1), X2 — w2, n:(X2) | X1, Xo]

(3.4)

X,
+ Elx, Y,y + u', N+ u; V']dx

X,

3.5
(33 - e[m C )t (Xa — )2+ [+ (X

X, ’
[0, a2+ s, e (3 20, )

For a given ¢>0 let §. denote a bounded neighborhood of E in xy-space
interior to both the neighborhood $:. of Theorem B and the neighborhood
&2 defined above; moreover, suppose that 9. is a neighborhood of the ends
of E interior to both N, and Ns., and such that if the end-values of C are in N,
the corresponding constants ¢, satisfy ||(cs)|| <di, where di. is as in Theo-
rem B. Suppose C:¥V;(x) (X;<x=<X,) is an admissible arc in . with end-
points in N.. Since N. is interior to N, inequality (2.8) is applicable to the
quadratic form Q. We also see that E(x, ¥, y'+u’, N+u; V'] satisfies

t Since ¢g (6=1, - - + , 2n—p) are constants,
llol < 2oll b @)| = 2ol {3 (), o'},
and by Cauchy’s inequality .
| 0Bz | < of| {4 ), ca |- [ {s(x), coll-
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(2.9). The functions %;(x) determined by C are absolutely continuous, and
|2’ @) =] {#! (), ¢ }||, RI||#'(®)||], R[||o(x)||] are Riemann integrable on
X1Xz. Since mq||#/|| <||¢||, we have R[||#||] <ds R[||+]|], where ds = (1/m,) max
{1, 1/m,} (see R, Lemma A of §4). Moreover, since ¢cs (0=1, - - - , 2n+2—p)
are linear in X,—x,, 7:(X,) (s=1, 2), there is a constant m’ such that

| {2:(X0), co||2 < m/[(X1 — 22)2 + (X2 — 22)? + [[n(XD)]|2 + [[n(X2)]|2].

Applying (2.10) and (2.11) to the functions (z;) = (%, ¢s) and combining the
relations indicated above, it follows that for an admissible arc C in §. with
end-points in N., we have

J[C] —J[E] 2 (x— {1 + izdz +dim'}) D [(X, — x)2 + [|n(X,)]|2]
(3.6) X:"
+ (= el2ds + i) [ R[oCo) I
X,

Now d; and d; depend upon the particular arc C in that they involve (X.— X,)
and a quantity & such that || { #:(x), ¢s}|| <& on X,X,. These quantities, how-
ever, are uniformly bounded when e is restricted to a bounded set of values,
and C is in the §. neighborhood of E with end-points in the R, neighborhood
of the end-points of E. Hence the quantities (k—e{1+[2d,+di]m'}),
(1 —e€[2dy+d1]ds) are positive for e sufficiently small. Let =g, N=N. for
such a value of e. Then for an arbitrary admissible arc C in § with end-
points in Nt we have J[C]=J[E], and the equality sign holds if and only if

X,
0=J;memwx=Xfwm=M@M[ =12,

that is, if and only if C is identical with E. We have established, therefore,
the conclusion of Theorem 3.1.
As indicated in R, the class of comparison arcs C may be enlarged by
interpreting the integrals involved as Lebesgue integrals.
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