THE LAW OF APPARITION OF PRIMES IN A
LUCASIAN SEQUENCE*

BY
MORGAN WARD

I. INTRODUCTION
1. We call a sequence of rational integers
(u): Uoy Uiy U2y * * 5 Uny © * -

Lucasian (Ward [1]1) if it satisfies a linear recursion relation with constant
integral coefficients, and if . divides #.» whenever » divides 7. The adjective
“Lucasian” is chosen in honor of the French mathematician Eduard Lucas
who first developed a theory of these sequences} (Lucas [1], [2]). We are
concerned here with the fundamental problem of determining a priori all the
terms of such a sequence divisible by any preassigned modulus .

Call the suffix k of a term u, of (%) divisible by m a place of apparition of m
in (#), and let &,, denote the set of all places of apparition of m. It follows
from the results established in Ward [1] that the set &, consists in general§
of all multiples of a finite number of places.of apparition p1, ps, - - -, p, called
the ranks of apparition of m in (%) with the defining properties

%, = 0 (mod m), #, Z 0 (mod m) if s divides p.

The least common multiple|| p = [o1, p5, - - -, ps] of the ranks of apparition
of m in (u) is called simply the rank of m in (u). The places of apparition of m
in (u) are periodic modulo p, and p divides the restricted periodY of ()
modulo 7. Furthermore if m=a-b where a and b are co-prime, then the set
S of places of apparition of m is the cross cut of the sets &, and Ss, and
each rank of apparition of m is the least common multiple of ranks of appari-
tion of ¢ and b.

Our fundamental problem reduces then to determining the ranks of ap-

* Presented to the Society, February 26, 1938; received by the editors July 13, 1937.

t The numbers [1], [2], - - - refer to the bibliography at the close of the paper.

1 Lucas confined himself in the main to the case when the recursion relation is of order two.

§ An exception occurs only if m divides every term of («) beyond a certain point.

|| We use [a, b, - - - ]and (a,d, - - ) to denote the least common multiple and greatest common
divisor of the integers a, b, - - - .

9 The restricted period of (#) modulo m is the least positive integer u such that #n,,=au.
(mod m) for all large n, where a is a constant integer. For the terminology of the theory of recurring
series which we employ, see Ward [2].
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PRIMES IN A LUCASIAN SEQUENCE 69

parition of primes and powers of primes in (%). In the terminology of Lucas,*
we must discover the “law of apparition” of primes in (%), and the “law of
repetition” of primes in (#). I shall confine myself here to the first problem;
the modulus 7 will invariably be a prime number p.

2. It will be well at this point to exhibit some Lucasian sequences. Let

f(x) . xk —_ clxk—l —_— e e Ck’ g(x) = xl —_— dlxl—l _—. e e — dl

be two polynomials with rational integral coefficients ¢, - - -, di. For sim-
plicity of exposition we assume that f(x) and g(x) have non-vanishing dis-
criminants and resultant.f Let oy, - - -, ax; B1, - - -, B denote the roots of
f(x) =0 and g(x) =0 respectively. Then none of the k(2/+%—1)/2 differences
a;—Bj, ai—a,, i, vanish.

Consider now the sequences (U): Uy, Uy, - - - ; (R): Ro, Ry, - - -, where

Un = Ua(f) = I1 (u) R, = Ru(f, ) = H(a—_ﬁ’—>

<r a; — Oy oy — Bi

Then U, and R, are rational integers, and both sequences are clearly divisi-
bility sequences. Both sequences are also linear (Ward [1]). Hence, botk se-
quences are Lucasian. The sequence U, for k=2 is the classical Lucas func-
tion (Lucas [1]), while R, for g(x)=x—1 is equivalent to the function
studied by T. A. Pierce [1], P. Poulet [1], and D. H. Lehmer [2].1

We shall call the polynomials f(x) and g(x) the generators of (R) and (U).
We refer to both types of sequences as R-sequences.

The determination of the law of apparition for R-sequences is of particu-
lar importance because it appears probable that all Lucasian sequences may
be exhibited as R-sequences or divisors of R-sequences.§ (See next section.)
I shall show here in detail that the determination of the law of apparition

* See Lucas [1], pp. 209, 289, 294, or Lehmer [1], pp. 421, 422.

t This restriction is removed in the body of the paper.

t It is possible to exhibit both (R) sequences and (U) sequences as Pierce sequences. For if we
let B=p"1, then (a—B")/(a—B) =B""1[(aB)"—1]/(eB—1). Accordingly if we denote the k! products
a;Bjin any order by e, &, * * * , e, then

kil n—1
R,, = (—l)kl("_l)d;‘("_l)n (eh ) ,

1 \ea—1
and (¢"—1)(&"—1) - - - (exi—1) is the function studied by Pierce in the paper cited.

A similar result holds for (U). Since we must then deduce the properties of (R) from a polynomial
(x—&) + - - (x—ex) of higher degree than f(x) or g(x) with non-integral coefficients whose fac-
torization depends in a highly complicated manner upon f(x) and g(x), the reduction appears to be of
only formal interest.

‘ § With the qualifications described in §3, I have found empirically no Lucasian sequences which
are not R-sequences.
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depends upon the fundamental problem of determining the period of a mark
in a finite field. My results are sufficiently precise to give a good deal of spe-
cific information about the terms divisible by a given prime in any numerical
example of an R-sequence.

The sequence (U) is also of importance because of the following theorem:

THEOREM 2.1. Let the Lucasian sequence (u) belong to the polynomial f(x),
and let p be any.prime which does not divide the discriminant of f(x). Then
every place of apparition of p in (u) is a place of apparition of p in the Lucasian
sequence (U) generated by f(x).

3. Another extensive class of Lucasian sequences arises as follows. Con-
sider for simplicity a sequence (U) with an irreducible generator f(x). The
galois group of f(x) may be represented as a transitive permutation group
upon the roots {an}, {a}, - - -, {as}.

Now let us represent the group as a permutation group upon the k(¢ —1)/2
pairs of roots {au, ae}, {ay, as}, - -+, {army, ar}.

If the group is singly transitive over the {a;}, the pairs {a, @;} may be
separated into g =2 transitive sets

{a‘v ailx}7 {a;,, ag',}, T {ai.." a.-,".}

i=1,2,---,K; 1+ sa+ - +sg=k(k—1)/2.

We have a corresponding arithmetical factorization of the general term
U, of (U) into a product of x rational integers:

K . ) t ol
(1) (1) ag, as
U. =110, Un =H<——'—).
ta] ag; — ai'l
Each of the x sequences (U®) is obviously Lucasian.*
We shall refer to sequences obtained in this manner as divisors of R-se-
quences. The determination of the laws of apparition of primes in divisors of

* For example, suppose that k=4 and that f(x) =2*—c12®— cox?— csx— co=2*4(2Q0— R)x*4-Q?
whereQ and R are co-prime integers and R is not a square. Then with a proper notation, (*—a1)(*—as)
=x2— R2x4-Q, as= — a1, ay= —ae. There are two transitive sets of the {a.-, a,'} ; namely, {an, ag} ,
{oq, cu} , {az, aa} , {aa, a.} and {oq, aa} , {az, a;} .

We find that U,=U,VU,® where

(oq" — azn)ﬁ (alu —_ (_az)n)z
U"(l) = 9 Un(2)= (4a1a2)"'1 = (4Q)n—l.

ay — oy a + az
Now (a;™— az") /(a1—as) is one of the important functions introduced by D. H. Lehmer in his doctor’s
thesis (Lehmer [1]), and [a"—(—a2)"]/(c1+as) is immediately expressible in terms of Lehmer's
Unand Va.
The function N(a"—8") studied by Marshall Hall (Hall [2]) may be similarly exhibited as a
divisor of a certain R-sequence.
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R-sequences is an important part of our general problem. But to avoid
stretching the present paper to an inordinate length, we shall give our in-
vestigations elsewhere. The problem amounts to correlating the results ob-
tained in this paper by the use of Schatanovski’s principle (§7) with results
obtained from the Dedekind-Hilbert theory of the ideals of a galois field.

4. The law of apparition of primes in R-sequences is determined as fol-
lows. Consider first the sequence (R). We show (§§6, 7) that it suffices to
consider primes which do not divide the resultant of the generators of (R).
We have decompositions of f(x) and g(x) modulo p of the form

J@) = ful@)n - - - f(2)%r; g(2) = gu(@)% - - - gu(2)% (mod p),

where the polynomials f; and g; are primary, irreducible and co-prime in pairs
modulo p. We show in §8 that we have a corresponding decomposition of the
general term of (R) modulo p
Rn(f; g) = H {Rn(fi" gl) }a‘b’ (mOd P)'
1

In the terminology of Ward [1], the sequence (R) factors modulo p into
a product of simpler sequences; for the f; and g; are irreducible modulo p.
But then (Ward [1]) the set &, of places of apparition of p in (R) is the union
of the sets of places of apparition of p in the sequences (R(f;, g;)). Therefore
in discussing the law of apparition of primes in (R) we may assume that the
generators of (R) are irreducible modulo p. A like simplification holds for the
sequence (U) (§9).

5. If the generator of (U) is irreducible modulo p, the law of apparition
of p in (U) takes the following beautifully simple form, affording a far-reach-
ing generalization of the classical results of Lucas [1]:

THEOREM 5.1. Let f(x) be irreducible modulo p, and let N be its period*
modulo p. Let k=q19q:% - - - gx°x be the decomposition of its degree k into prime
factors. Let p(s) be defined for any positive integer s as the residualt of p*—1
with respect to \; that is, the quotient of N by the greatest common divisor of N and
p°—1. Then the ranks of apparition of p in (U) occur amongf the k numbers
p(k/q), - - -, p(k/qg), the rank of p in (U) divides p(k/q:qz - - - qx), and p
has at most x ranks of apparition.

We observe that the numbers p(k/q) are known as soon as the period is
known.

* The period of f(x) modulo p is by definition the smallest positive value of A such that P=1
(modd 2, f(x)).

1 The operation of residuation has important arithmetical applications. I have developed some
of these in the paper, Ward [3], which arose out of the present investigations.

1 We must exclude from the set of p(k/g) any element which is a multiple of any other.
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Unlike the ranks of apparition of p in (U), the ranks of apparition of p
in (R) are not obtainable from the periods of the generators f(x) and g(x) of
(R) alone when the generators are irreducible modulo p. If f(e) =0, g(8) =0,
the ranks of apparition occur among the / periods ¢y, 03, - - - , ¢; modulo p
of the algebraic numbers a1, af~?, - - -, of3~?"" in the galois field of the
roots of the generators (§11). In §14, we assign upper and lower limits to the
periods ¢ in terms of the periods and restricted periods of f(x) and g(x).

The least common multiples of pairs of the periods ¢ have the following
remarkable property (§13):

["'n a;] = [o’., U':j:(m,t—t)]°
Here m is the least common multiple of the degrees of f(x) and g(x) and we
adopt the convention that o, =0, if =y (mod 7).

It appears unlikely that results of simplicity comparable to Theorem 5.1
exist for the law of apparition of primes in (R).

II. REDUCTION TO R-SEQUENCES WITH IRREDUCIBLE GENERATORS

6. This section is devoted to some algebraic preliminaries. Let «;
Y1, Y2, © * *» Yk; 31, B2, © + -, % be k+1+1 indeterminates, and let ¥, — V5,
e, (=) 2y, —Zs, - - -, (—1)1Z, be the k4! elementary sym-
metric functions of the indeterminantes y, 2 defined by*

(—y)(x—y2) - (®—y) = a*=Vixghkt — - - =V},
(x—2)(x—29) - (x —2) =xt — Zygl — - - . — 7.

By the fundamental theorem on symmetric functions, the polynomials

k l n n k n n
yii — % Yi — ¥q
60 Ot = II(E=2),  wo) - 1T (2=2F)
=1 j=1 \ Yi — Zj fi=1 \ Yi — Vi
i<j
may be expressed as polynomials in the ¥ and Z with integral coefficients;

we write
(6.2) Oii(y, 2) = Pra(Y,2),  ¥i(y) = Qu(Y).
Suppose now that &, &, - - - , {n are m new indeterminates where k. =2m =1,

l=zm =1, and consider the effect of substituting # for y, and 2, & for y,_; and
211, b3 for yx_2 and 2,5, and so on, in the identity (6.2). If we let

(x —_— yl) e (x —_ yk—m) = gk—m — Yll gh—m—1 _ ... — Yk,-m,
(x p— zl) e . (x — zl_m) = xl—m — Zl, xl—m—l —_ e e e Zl,—m,
(= 1) (g —tn) =am —Tiaml — . e —TJ,

* Minus signs are introduced so that the associated difference equation used later
Quir= Y1+ * + + +Y Q2 may have all its signs positive.
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then the polynomial Py,; on the right of (6.2) is transformed into a polynomial
P}, in the arguments ¥’ Z’, T’ with integral coefficients. Its expression
in terms of y, 2, ¢ is easily found to be

1T "0 m, 1—m (Y5 2)Ok—m,m(Y, £)Om,1—m(t, 2)Tn(t).
Hence by (6.2)
Pran(Y', 2, T
= 0T PtV Z) Prmm(Y'y TPt T’, Z)Q0(T).

Nowlet R,=P. (Y, 2), U,=Qu(Y), R¥=P;,,.(Y’', Z’, T'), and consider
the sequences

(6.3)

(R): RO; Rl: R27 T
(U): Uy, Uy, Uy, - - -,
(R*): R R RS, --- .

THEOREM 6.1. (R), (U), and (R*) are Lucasian in the rings formed by ad-
joining respectively Y, Z; V; Y’ Z', T’ to the ring of rational integers.

Proof. The sequences evidently lie in the specified rings. Consider (R).
Since its general term is a product of cyclotomic functions (y»—z")/(y—2)
having the divisibility property, (R) has the same property; that is, R, di-
vides R, if #» divides m, and the division may be performed in the ring of ¥
and Z. The linearity of (R) over the ring follows from a general theorem in
Ward [1]. Hence (R) is Lucasian. Similarly (U) is Lucasian. Then (R*) as a
product of the seven Lucasian sequences with general terms nm™, T,
Pk—-m-l—m(yly Zl)) Pk—m'm(Y/} T,)7 Pm-l—m(T,: Z,); Qm(Tl)r Q’"(T,): and is
also Lucasian (Ward [1]).

7. We now consider the sequence (R) of §2 of the introduction. Let R
denote the ring of rational integers, and let

fx) = a* —cuab 1 — - - — gy g(x) = —dyxtt — - - — 4
be two polynomials with fixed rational integral coefficients. Let e, - - -, ax;
By, - - -, B: be their roots, D; and D, their discriminants, and

Rpo =+ I (s — 85
their resultant. If R, , does not vanish, we define a sequence
(R): Rq, Ry, R2’ T

in the notation of §6 by R, =0y,, (a, 8) = Ps.: (c, d).
If R; , vanishes, then
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(7.1) f@) = f(D)W(x), gx) = g(x)k(x),
where
Fx) = ab=m— glakmt — . — gl
(7.2) g'(x) =abm—diat-mt — .. —dl_n,
B(x) =2m —ela™! — .- —em, kzm=z1;l2m=1,

are polynomials in ® and R, 0. Deviating for simplicity from the nota-
tion of the previous section, we now define the sequence (R) (instead of a new
sequence (R*)) by letting R,= Py, .(c’, d’, ¢’). In each case we obtain a
Lucasian sequence over R.

Consider now the places of apparition of any prime number p in (R).
There are two cases to consider according as p does or does not divide the
resultant Ry ,.

Case 1. R;,#0 (mod ). Then R,=0 (mod p) if and only if

B;"

Onile, B) = II ("‘a—:—ﬂ—) = 0 (mod $).

Case 2. R;,=0 (mod p). In this case (7.1) and (7.2) hold modulo p with
Ry, #0 (mod p):
f(x) = f(#)# (%) (mod p), g(x) = g'(x)#'(x) (mod p).

We now make use of the following principle:

SCHATANOVSKI’S PRINCIPLE.T If ¢(¥1, ¥2, - - - , V&) S an integral symmetric
function of the indeterminates v, ys, - - -, i with integral coefficients, and if
for a natural number m

f(@=@—a)(@—a) - (x—ar)=(x—7)(x—72) - - (x — v&) (mod m)
where f(x) is a polynomial with integral coefficients, then
(7.3) d(ou, ag, -+ -, o) = d(v1, vz, * * + , i) (mod m).
Let
¢(y, 93, -+ 90 = 11 (u)

ye—ﬁi

and let v1, 72, - - -, 7& be the roots of f'(x)4’(x) =0 in a definite order. Then
on taking m =p, (7.3) gives us

R, = Rn(f’ g = R,.(f'h', g) (mod p).

t See Schatanovski [1], Lubelski [1], [2]. The principle is also used constantly in Ward [2].
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Here and later if R, , vanishes, we can replace the congruence by an equality.
A second application of Schatanovski’s principle gives us

Ro = Ru(f, 8) = Ra(f'¥, g'H) = Piam(c, @, ¢') (mod p).
Hence we obtain from (6.3) the congruence
(7.4) Rp=nmn* 'Pimi—m(c'y ) Pi—m,m(c'y €)Pm1—m(€¢', @")Qx2(¢/) (mod ).

In particular then R,=0 (mod p). Since p has no proper divisors and R, =1,
we thus obtain the following theorem:

THEOREM 7.1. p is a rank of apparition of any prime p in (R) which divides
the resultant Ry , of the polynomials f(x) and g(x) which generate (R).

Now clearly
Ck = Ci—mtm (mod p), di = d/_men (mod p), (ci—m,di—n) # 0 (mod p).

Hence e =0 (mod p) if and only if ¢, =d;=0 (mod ).

Also Ry #0 (mod p), (Ry .ary, Ryrp)520 (mod p). If we assume that
Ry »»=0 (mod p), we have a congruence similar to (7.4) for Pi_n..(c’, €’);
with an obvious extension of notation

Picmm(c, €) = n™e 2Py s me(c”, €”") - - - (mod ).

By what we have just shown, e,,=0 (mod p) if and only if e, =c(_n=0
(mod p). A like result holds if R, =0 (mod p). Now it is easily seen that
in case 1, p is not a null divisor of (R). Hence we obtain the theorem:

THEOREM 7.2. p is a null divisor of the Lucasian sequence (R) if and only if p
divides the constant terms ¢, and d, of the polynomials f(x) and g(x) which gen-
erate (R).

Hence if p is not such a null divisor of (R), the determination of its places
of apparition in case 2 reduces by virtue of (7.4) to determining its places of
apparition in various sequences dividing (R) modulo p but for which p does
not divide the associated resultant. For (Ward [1] Theorem 6.3) the set of
places of apparition in the product of two or more sequences is the union of
the sets of places of apparition in the constituent sequences, and the ranks of
apparition in the product are immediately specifiable in terms of the ranks
of apparition in the constituents. It suffices therefore to consider only case 1.

8. We next prove that it suffices to consider the case when f(x) and g(x)
are irreducible modulo p. With our previous notation, let p be a prime which
does not divide the resultant of the generators of (R). Let the decompositions
of the polynomials f(x) and g(x) modulo p be

J(®) = fu(@)2 - - - f(x)r (mod p),  g(x) = gu(a)% - - - gu(2)™ (mod ).
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Here the polynomiials fi(x), - - -, g.(x) have integral coefficients, and are pri-
mary, irreducible, and co-prime in pairs modulo p. Schatanovski’s princi-
ple gives us then the congruence

R, = Rn(f; g) = R,.(fl“lf;’ o _f:": gt’gzb’ e g:") (mOd P)'

On using the elementary multiplicative properties of resultants (Fricke
[1]) this last congruence may be written

Ru(f, ) = {Ra(f1, g} 2% - - - {Ru(fs, £2) } o™ (mod p).

Hence it follows as in §3 that we may confine ourselves to the case where
the generators of (R) are irreducible modulo .

9. In determining the law of apparition of primes in the sequence (U), we
can similarly confine ourselves to the case when the generator of (U) is ir-
reducible modulo p. It would at first appear as if this result were a special
case of the reduction for (R), since (U) is obtainable from (R) by setting
g(x) =df(x)/dx. But the leading coefficient of df/dx is not unity but £, so that
the primes dividing # would be unclassified by this method. It is however
possible to parallel the reduction for (R), and the process is so similar that
we shall merely indicate the main steps.

We begin as in §6 by considering the effect upon

(YR "
0.1 wo) = 11 (E22) - oy
i,i=1 \ Ys — ¥j
i<i
of substituting, in place of y, - - -, ¥, k distinct new indeterminates
tu, -+ 5 by, - 0 5ty - -, ta, SO that we have
r  ku
(8 — y)(x— y2) - - (@ — y) = [T I (& = tui),
u=1 i=1

alkl+a2k2+"'+arkr=k7 kl+k2+"'+ki=h,
and at least one a, is greater than unity. The right side of (9.1) then becomes
a polynomial in the quantities T}, - - -, T, defined by

(2 — tu)(x — tug) - - - (& — bug,) = &% — Taahs™t — o oo — Ty,

The value of the left side of (9.1) is then easily found to be

r

9.2) + n'fI :rg,«,y-vfl (0T} TT { Pruio(Tuy To)}ovee,

u=1 U=l u,v=1

u<v
Ay = %au(au - 1), l= klAl + k2A2 + -+ krAr

in analogy with formula (6.3).
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Consider now the sequence (U) of §2 with the generator
f@)=xF—cxb1— . —g=(x—a)(x —as) - - - (x — ax)

and discriminant

Dy = {i II (e - ai)}z-

<i

If D; does not vanish, we define the sequence

(U): Uy Uy, U -+, by U,=¥i(e) = Qi(c).
If D, vanishes, we have
9.3) f@ = {h@}a{fa@)}= - - {f@)}e,
where f,(x) =z —caxhl— - - - —Cup,= @ —Tw) - - - (®—Tux,) and Dy, =0,

Ry, ;,#0, u#v. We then define U, by means of (9.2) as

r

©.4) U= +w]] s 11 {Qule) }or TT {Prut(on, c0) }oumn.

Um] Ym=1 u,v=1
u<v

Now consider the places of apparition of any prime p in (U). As in the
case of (R), there are two cases according as p does or does not divide the
discriminant D;.

Case 1. D;#0 (mod p). Then U,=0 (mod p) if and only if

a® — ajt

Yi(a) = H(

Case 2. D;=0 (mod ). In this case (9.3) holds modulo p where we may
assume that the polynomials f,(x) are irreducible modulo p and relatively
prime in pairs modulo p. We deduce then from Schatanovski’s principle that

)EO(modp).

a; — oy

(9.5 U.=+ n'f[ chu(n=D ﬁ {Qku(cu)}““zﬁ { Prupa(Cuy €5) }ou (mod p).

Ymel u=1 U, vml

u<lv
This congruence is the analogue of (7.4). We deduce the theorems:

THEOREM 9.1. p is a rank of apparition of any prime p in (U) which divides
the discriminant Dy of the polynomial f(x) which generates (U).

THEOREM 9.2. p is a null divisor of the Lucasian sequence (U) if and only
if p divides the last two coefficients ci and cx—. of the polynomial f(x) which gen-
erates (U).
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Formula (9.5) also shows us that it suffices to consider case 1 for (U) or
(R). But in case 1 for (U), we have a decomposition (9.3) of f(x) modulo p
with all the a, unity. Thus a decomposition (9.5) applies with all the a,, a,
unity, all the 4, zero, and / zero. We thus deduce that it suffices in every case
to assume the generators of (U) and (R) irreducible modulo p.

Formula (9.5) shows that tke law of apparition of primes in the sequence
(U) depends on the law of apparition in (R), for each sequence with general
term Py, 1.(cu, ¢,) Is a special (R) sequence.

III. LAWS OF APPARITION FOR R-SEQUENCES WITH
IRREDUCIBLE GENERATORS

10. We shall now determine the law of apparition of primes p in (R) when
the generators of (R) are irreducible modulo .
With our previous notation, let

f(x) = xk_clxk—l._ R (x—al)(x—a2)... (x_ak)’
gy =at —dix"™ ' — - —di=(x —B)(x —B2) - - - (v — B)
be the generators of (R). Both f(x) and g(x) are algebraically irreducible. Let

R denote the galois field of the roots of f(x) =0 and g(x) =0 obtained by ad-
joining the k4! quantities a, - - -, B; to the field of rationals.

LeMMA 10.1. p is a prime ideal of R.

Proof. If C is the ring of integers of &, it suffices to show that the quotient
ring O/ [p] is a field. Let R as before denote the ring of rational integers, and
let a be any root of f(x)=0, B any root of g(x)=0. Construct the ring
0=%[a, 8]. Clearly O contains 0. Hence /[ ] contains o/ [p]. We shall now
show that o/[p] contains ©/[p] so that

(10.1) O/[p] = o/[p].

To prove this it suffices to show that every element of O is congruent modulo
# to an element of 0. Let D be the discriminant of the field 8. Then (Hilbert
[1], Theorem 85, page 144)

(10.2) (p, D) = 1.

For since both f(x) and g(x) are irreducible modulo , p is prime to their dis-
criminants.

We can choose rational integers e, - - -, e; fi, - - -, fi such that
f=eion+ - - - +eo+fiB1+ - - -+ fiB: is a primitive element of . But we
have the congruences in O

(103) aiEap" (mOdP)) BiEﬁp'i (mOdp)y i= 1)7k7]= 1}’1’
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where 7y, - - -, 7%} S1, - - -, §; are the integers 1, - - -, k; 1, - - -, / in some
order. Hence 6 is congruent modulo p to an element of 0. But if » is the degree
of the field  and D as before its discriminant, the » elements D-,6D-1, - - -,
g¥-1D~! are a basis of O. Hence by (10.2), each element of this basis is con-
gruent modulo p to an element of 0. Hence (10.1) follows.

Now the ring o/ [p] may be obtained either by first adjoining « and 8 to %t
and then forming the quotient ring, or else by first forming the quotient ring
%/[p] and then adjoining & and B. Since R/ [p] is a field, o/[p] is conse-
quently a field, so that by (10.1), O/ [p] is a field.

11. Now assume that for a certain value of #

R = I =50) = 0 oa ).

a; — B
Since p is prime to the resultant of f(x) and g(x), we see from Lemma 10.1
that this congruence can hold if and only if

(11.1) o = B (mod p)

in O for some values of the subscripts 7 and j.
On multiplying (11.1) by 87, raising to the proper power of p, and utiliz-
ing (10.3) we obtain as a necessary and sufficient condition that p divide R, t

(11.2) {af=7*}" = 1 (mod p), 1<s=<l.

Now a3~*" is an element of the finite galois field 8* =R [«, 8]/ [p] of order
p™ where m is the least common multiple of the degrees of f(x) and g(x). Let
o, be its period. Then (11.2) holds if and only if

(11.3) n = 0 (mod o).
We thus obtain the following theorem:

THEOREM 11.1. If o, is the period of aB~* modulo p in O/[p], then
01,09, -+ -, 0y Constitute a set of generators for the multiplicative set &, of places
of apparition of p in (R).

If we regard the solution of the problem of determining the period of a
mark in a finite field as known, the law of apparition of  in (R) is determined:
all ranks of apparitions necessarily occur in the set a1, 03, - - - , ¢4, and to ob-
tain them we merely reject all ¢; which are multiples of order ¢; in the set.
The rank of p is then the least common multiple of the surviving ¢, and the
set &, is exactly specified.

12. From a more realistic standpoint, the period of a mark in a finite

t If diis chosen so that di d;=1 (mod p), an explicit expression for 8~1 is given by the congruence
Bl=di (B —d,p2— -+ —diy) (mod p).
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field is not given to us by merely specifying the field and the mark, so that it
becomes important to reduce the number of crude generators a3, - - - , o; of
&, as much ds possible. Before giving the details of this reduction, we shall
consider the sequence (U) for the case when its generators are irreducible
modulo .

By a repetition of the arguments applied to (R) in the previous section, we
deduce that if (U) is generated by a polynomial f(x) which is irreducible
modulo p, then

m = 0 (mod p)
if and only if
m = 0 (mod p,),

where p, is the period of a**-! in the field % [a]/[p], s is an integer 21 and
<k, the degree of f(x), and « is any root of f(x) =0.

But if A is the period of «, the period p, of a?*~! is easily seen to be the
residualf of p*—1 with respect to A. In the usual notation for residuals,

(12.1) pe = Aipt — 1.
We observe in particular that
(12.2) p=1, p1=np.

Here u is the restricted period of f(x) modulo p; that is, the least positive
integer such that (Ward [2], p. 284)

al“E az”E e = ak“(mOd ).

Now (Ward [4], p. 627) by (12.1)
[y pe] = Dip? = 1,Mipt — 1] = Ne(pr — 1,90 = 1)

= [)\;p(a.t) - 1]
since the sequence 0, p—1, p2—1, p*—1, - - - has the property that
(p*—1, pt—1)=p¢«—1 (Lucas [1], Ward [5], [6]). Thus
(12.3) [Pu Pt] = P(s.t)-

It follows from (12.3) that if s divides ¢, then p, divides p,. On taking t=%
in (12.3) and using (12.2), we see that

(12.4) ps = pa where d = (s, k) divides k.

1 For the properties of residuals used here, see Ward [3], [4].
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We therefore need consider only periods ps where d divides k. Butf if
d' d’l k, then Pa’ | Pd-

We therefore need consider only periods ps where d divides £ and no multi-
ple of d divides k. On collecting these results, we obtain Theorem 5.1 of the
introduction.

Letmi,=p*—1:p°—1.Since A divides p*—1, :p*—1 divides p*—1:p*—1.
(Ward [4] formula (4.51)). Hence p,| 71, (s=1,2,3, - - -, k).

We thus obtain from Theorem 5.1 the following result which gives us a
useful upper limit to the ranks of apparition of p.

THEOREM 12.1. If f(x) is irreducible modulo p and of degree k, the ranks
of apparition of p in the sequence (U) generated by f(x) divide the numbers
pE—1/pHa—1, pt—1/p¥a—1, . . ., pkt—1/p¥x—1. Here qu, - - -, gx are
the x prime factors of k.

If Q=qi¢s - - - ¢k, it easily follows that the rank of p in (U) must divide
the number p*—1/p*e—1.

13. We return now to the reduction of the generators of the places of ap- -
parition of p in (R). With the notation of §10, let v be a primitive element of
the finite field 8*. Then

a=7y, B=1b o =" (mod p)
where a and b are positive integers.} Hence
(13.1) o, = p™ — 1:(a — bp?), (s=1,2,.--,0).

Here m, it will be recalled, is the least common multiple of the degrees of the
generators of (R).
We extend the definition of the o, over the entire ring i by letting

(13.2) oy = 0, if r = s (mod l).

The numbers ¢, have the following strange property which stands in re-
markable contrast to the property of the ranks of apparition of p in (U) ex-
pressed by formula (12.3).

THEOREM 13.1. Let p be a prime, let the generators of the sequence be irre-
ducible modulo p, and let m be the least common multiple of their degrees. Then
the least common multiples of pairs of gemerating elements for the places of
apparition of p in (R) satisfy the relation

(13.3) [0'., o't] = [0'0: O'Si(m.t—:)]'

t We use the usual notation a| b for a divides b.
$ If M and A; are the periods of f(x) and g(x) modulo p, the numbers a and b are subject to the
conditions
(g, pm—1) = pm — 11\, (b,P"'—l)=P""'13>\2—
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Proof. For convenience write s in place of ¢ so that (13.3) becomes
(13.31) [0, 0rte] = [os, Ors(mm].
By (13.1) and elementary properties of residuals
o0 ora] = p™ — 1:(p™ — 1,0 — bp*, @ — bp™),

13.4
(13.4) [06) Oermmy] = p™ — 1:(p™ — 1, a — bp*, @ — bp*timn),

Thus the proof reduces to showing that the two greatest common divisors
on the right of (13.4) are equal. Now
(™ —1,a—bp*ya — bp*) = (p™ — 1, p*b(p7 — 1), a — bp’)
= (pm— 1,b(p" — 1), a — bp")
since (p*, p»—1)=1; and we obtain

(Pm_l) a’_bP'a a—bi’#‘)=(l’"‘"1, b(P(m'r)_1)7 a—bp.)
since (pr—1, pn—1)=p™n—1. Hence since (p*~mn p»—1)=1 and

(P', pm_l) =1,
(07 — 1,0 = bp*, a = bpr+) = (pm — 1, p=(mIB(pim) — 1), 0 — bp?)
= (pm — 1,a = bp*~™", 0 — bp*),
(Pm —1,e— bp‘) a — pr-.) = (P"' -1, P’b(P(m") - 1)) a — bﬁ‘)
= (p™ — 1, & — bp*+(mn), g — bp*).
It follows from (13.3) that the J(!—1)/2 least common multiples [s,, o],
(s,¢=1, - - -, l;s<t), may be grouped into a certain number of sets such that

all the members of a set are equal to one another.* For example, if /=6, k=2,
we find that the fifteen least common multiples are grouped into six sets:

[01, 02] = [62, 03] = [63, 0’4] = [0‘4, 0’5] = [Us, 0’0] = [61, 00]3
[0'1, 0’3] = [0'1, 0'5] = [a;;, as]; [0’2, 0‘4] = [nn, ae] = [02, ae];

[Ul, 04]; [02; 06]; [Us, 06]-

The case when there is only one such set is of particular interest on ac-
count of the following easily proved theorem:

TuEOREM 13.2. If all of the I(1—1)/2 least common multiples |o., o.] are
-equal to one another, then if there is more than one rank of apparition of p in
(R), the rank of p in (R) is the least common multiple of the two smallest o.
If the smallest o, divides the next smallest, there is only one rank of apparition.}

* But not necessarily unequal to least common multiples in other sets.
It must not be supposed that there are at most two ranks of apparition. For instance if /=3,
we might conceivably have o;=6, 0=10, o= 15. The least common multiples [s,, o] then equal 30.



1938] PRIMES IN A LUCASIAN SEQUENCE 83

It can be shown from (13.3) by a simple enumeration that the hypothesis
of the theorem is satisfied if /=2, 3 or 5; /=6 and k=0 (mod 4); /=7 and
k#0 (mod 60).

14. If we raise the congruence an=g7"» (mod p) to the p'th and p*th
powers successively, we obtain a®'-D»=1 (mod p), g*'@*~b»=1 (mod p).
Hence if A\; and A, denote the periods of f(x) and g(x),

n =0 (mod M:p' — 1), n =0 (mod Ns:p*— 1),

where we are using the notation already employed in §12 for residuals.
Now M:ipi—1=N:(\y, pi—1)=N: (A, p*—1, p*—1) since A\, divides p*—1.
But (p*—1, p'—1)=p*b—1, Hence M:p'—1=N\:p* P —1. Similarly
Aeipt—1=N:p*D—1. Hence =0 (mod [\;:p*:¥—1, \p:p*:D—1]) or

(14.1) n =0 (mod [\y, \o]:p*:0 — 1).

(14.1) gives us a lower limit for every rank of apparition o of p in (R) in
terms of the periods of the generators of (R). An upper limit may be obtained
as follows:

If i, pe denote the restricted periods of f(x) and g(x) respectively; then

almall=.=al=omody), B=pl=..=f=bmod ),

where a and b are rational integers. Then if ¢ is the least positive value of
such that a*=b* (mod p), every other such x is easily shown to be divisible
by ¢. Now ¢ as a divisor of p—1 is relatively prime to the restricted periods
u1and pz (Ward [5]) and hence relatively prime to their least common multi-
ple [u1, 2 ]. It readily follows that the least positive value of n such that

(14.2) af =af =---=af =8F =6 =" =6 (mod p)

is p=¢ [, uz]. Every other such n is divisible by u. Since (14.2) is satisfied for
n=[A\1, \s] we see that ¢| [Ar, ]/ [u1, pz].

It is now easy to show (compare M. Hall [1] or Ward [2]) that every rank
of apparition of p in (R) divides u. We thus obtain the following theorem:

THEOREM 14.1. Let the generators of (R) be irreducible modulo p with de-
grees k and | and with periods and restricted periods Ay, py and s, ps respectively.
Then for every rank of apparition o of p in (R),

(14.3) [\, Re]: (p0 — 1)

divides o; o divides ¢ [, p2]. Here ¢ divides [\, Ma]/ [, p2], and p=¢ [m1, p]
is the least positive value of n-such that the congruence (14.2) holds.

In particular if / and # are co-prime, [y, N2]:p¢® —1= [y, ps]. Hence if &
is a rank of apparition of p so that a;*=8, (mod p), (14.3) implies that u
divides o.
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THEOREM 14.2. If the generators of (R) are irreducible modulo p and if their
degrees are relatively prime, there is only one rank of apparition of p in (R). This
rank is the least positive value of n such that the congruence (14.2) holds, and it is
a multiple of the least common multiple of the restricted periods of the generators
of (R), and a divisor of the least common multiple of their periods.

IV. APPLICATIONS TO GENERAL LUCASIAN SEQUENCES

15. We shall now prove Theorem 2.1 of the introduction. Let (u):
%o, %1, s, - - - be a Lucasian sequence belonging to the polynomial
fx)=xF— - - - —cy=(x—oau) - - - (x—oau), and let p be any prime dividing
neither its constant term* ¢; nor its discriminant D =D;= +][]i<ij(a:—a;)2

Let & now denote the galois field of the roots of f(x) =0 and p a prime
ideal divisor of p in ®. Then the general term %, of () is of the form

U, = Ao + - - -+ A,
where DA,, - - - DA, are integers of £, so that A,, - - -, A; are integers
modulo p. Since (%) is a divisibility sequence, #,=0 (mod p) if and only if
A + Aga™ + - - - + A = 0 (mod p), m=1,2,--- k.
Thus the determinant of this system of congruences must be divisible by ».
This determinant may be written ¢x*] [ic;(ai —a;)U.. Since p is prime to the
first two terms, U,=0 (mod p) so that U,=0 (mod ). Hence every place of
apparition of p in (u) is also a place of apparition of p in (U).
16. Suppose that the % (not necessarily distinct) #nth powers of the roots
of f(x) =0 are grouped modulo p into ¢ incongruent sets:

n

(16.1) ay=an = =a;, = (mody), P=1,2, ¢,
GiF Cimodyp) if i#j; sit st F =k
Furthermore let
(16.2) Ai=Ay+ A+ + Ay, i=1,2,--- 8
THEOREM 16.1. Any prime p whick does not divide the discriminant of f(x)
divides a term u, of the Lucasian sequence (u) belonging to f(x) if and only if
A; = 0 (mod p), =1,2.---,1).

Here A; is given by formulas (16.1), (16.2)1 and p is any prime ideal divisor of p
in the Galois field of the roots of f(x) =0.

* If we are willing to assume that #,=0, we may dispense with this first assumption. Marshall
Hall [1] has shown that u, is usually zero.
t The groupings of the roots in (16.1) depend of course on our choice of p.
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Proof. See Ward [2], pp. 284-285.
We may make this result more explicit by the use of Schatanovski’s prin-
ciple. Suppose that the decomposition of f(x) modulo p is

f(@) = fi(@)fa(x) - - - fo(x) (mod p),

whera f;(x) is primary and irreducible modulo p and of degree &, and let the
roots of f;(x) =0 be ¥V, vo®, - - - [y .
Then by Schatanovski’s principle

(¢9} (2)

Up = U, + U, +"'+u1(.r) (mod p),

where

w’ =T} 4 )

satisfies the difference equation associated with f®(x) and

Ty = wlri )/
(Ward [2], p. 283).

Construct the galois field =R (7:V, - - -, ¥&, "), and let M be the ring
of integers of 2. Then as in §10, p is a prime ideal of &, for p is prime to the
discriminants and resultants of all the f;(x). Furthermore the ring £/[p] is a
finite field of order p¥ where = [ky, ks, - - - , k).

Suppose that in M the nth powers of the roots of fi(x) =0,- - -, f.(x) =0are
grouped modulo p into incongruent sets as in (16.1) so that we have, omitting
subscripts,

(16.3) {(y@}r = (v} (mod p), i j.
Then we deduce as in §14 that
(16.4) n =0 (mod \®, A®]:ptkekd — 1),

Here A» and A\ are the periods of f¢?(x) and f¢”(x) modulo p, and %; and %;
their degrees.

In particular, if (k;, k;) =1, then [N(), XD ]:pCkiskd —1 = [u(9 ]|, where
u and p? are the restricted periods of f(¥(x) and f?(x). Now u(¥ divides
pri—1/p—1,u divides p*¥i—1/p—1, and

<p"-'—1 p"i—l)_l
p—1 p—1/)

Hence we obtain from (16.4) the following theorem:
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THEOREM 16.2. If the degrees of f¥(x) and f(D(x) are relatively prime to
one another, then the congruence (16.3) can hold if and only if n is divisible by the
product of the restricted periods of f¥(x) and ) (x).

In the simple case when f(x) is irreducible modulo p, we easily find as in
§12 that #,=0 (mod p) only if =0 (mod A\:p4—1).* Here d is some divisor
of k£ and X is the period of f(x). In particular then if % is a prime number,
there is only one rank of apparition of p in («), the restricted period of (u).

It seems unprofitable to investigate the law of apparition in general
Lucasian sequences in very much greater detail until it is definitely known
whether or not Lucasian sequences exist which cannot be exhibited as di-
visors of R-sequences.
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