ON KERNELS OF FALTUNG TRANSFORMATIONS

BY
RALPH PALMER AGNEW

1. Introduction. A complex-valued function J(¢) defined over — © <t < ®
being given, the function

(1.1) y(s) = fw.](t)x(s + t)dt

is, if it exists, called the faltung of the kernel J(t) and the function x(t). We
use Lebesgue measure and integration, and let L denote the class of complex-
valued functions x(¢) integrable (and hence also absolutely integrable) over
the infinite interval — o <t< .

It is well known that if J &£ L, then the faltung y(s) of each x € L exists
(that is, is finite) for almost all s, and y € L. This is implied by the computa-

tion
f_w y(s)ds = f_wds f_wJ(t)x(s+ i = fj](t)dt f_w #(s + D)ds

-[froa][ fLeou]

which is justified by the absolute convergence of the integrals involved. If
J(¢) is an essentially bounded measurable function, say | J (t)| < M for almost
all ¢, and x € L, then the simple estimate

(1.2)

Iy(s)l§fw|](t)||x(s+t)|dt§Mfwlx(s+t)|dt

(1.3) .
= Mf | x(t) | dt

shows that y(s) exists and is bounded over — © <s < «. Each of these results
is of the type: If J has property P, then y has property Q for each x € L. To
supplement such results, it is desirable to know whether the conclusion that J
has property P can be drawn from the hypothesis that y has property Q
whenever x belongs to an appropriate class X of functions. Doubtless the most
pertinent questions are those for which the class X is L itself. We are able to
obtain affirmative theorems not only when X is the class L but also when X
is a suitable class of step functions in L. Such theorems become stronger and
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throw more light on the real character of faltung transformations when the
extent of the class X is reduced. There is some arbitrariness in choice of the
classes X ; we endeavor to make them at the same time as simple and illumi-
nating as possible.

An example may serve to illustrate a role played by step functions in
the theory of faltung transformations. If J(¢) =exp 4t*, n>2, then (see §6) sim-
ple estimates show that the faltung of each ordinary step function is a
bounded continuous function in class L. But Theorem 3.1 shows that there
exist generalized step functions in class L of which the faltung is not in class L.

The main results of this paper are Theorems 2.1, 3.1, and 4.1 which are
of the following type: If y(s) has property P for each x(¢) belonging to a
class X of functions, then J(¢) must have property Q. With each of these
theorems is associated a theorem of familiar type which asserts that, if J has
property Q, then (i) y has property P for each x € L and (ii) a certain constant
determined by J is the bound of the transformation, that is, the least con-
stant M such that a constant (norm) determined by y is less than or equal to
M2 .| x(t)|dt for each x € L.

The class X is in each case a nonlinear subclass of L consisting of certain
generalized non-negative step functions. Neither the class X, nor the larger
manifold M (X) consisting of all finite linear combinations of elements of X,
forms a closed set in the space L in which the distance between two elements
x1(¢) and x,(¢) of L is given by the familiar metric

(1.4 [ Lty = w0 0
in other words the space obtained by using the elements of I (X) and the
metric of L is not complete. It is shown in §6 that each of Theorems 2.1, 3.1,
and 4.1 will fail if X is replaced by certain smaller classes of step functions.
Let Sdenote the special class of all real non-negative functions x =x(¢) such
that (i) x £ L and (ii) there exist non-negative constants - - -, ¢_y, Co, €1, C2, * *
and - .- <a_1<a@o<a1<a:< - - - (depending on the particular function x)
such that lim,._, ¢,= — », lim,., a,= ©, and for each n=---, —1,0, 1,
2, .-,

(1.5) x(2) = ¢n, an 2t < Gny1.

Each x € S may be descril:qed as a real non-negative function in L which is a
generalized step function(!) having a finite number of steps in each finite in-
terval. v

Let Sy denote the subclass of S consisting of those functions in S for which
Gni1—an=1,1=0, £1, £2, - - - ; each x & Sy is a unit step function, each step

(1) We reserve the term ordinary step function for step functions which vanish outside some
finite interval.
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being one unit long. Each x € S is bounded over each finite interval, and each
x & Sy is bounded over — o <t< «. (Itisa trivial remark that the last asser-
tion would be false if in (1.5) @, <¢<a.+1 were replaced by a, <t <a,41.)

2. Conditions for existence of y(s). This section is devoted to discussion
and proof of the following two theorems.

THEOREM 2.1. If J(t) is such that, for each x £ Sy,

(2.11) y(s) = f J(@®)x(s + t)dt
exists for at least one s in the interval — o <s< o, then J(t) is measurable(?)
over —  <t< o and for each constant 0 <A < « there is a constant M4 such

that
u+.

A
(2.12) Lu.b. |J(®)|dt = Ma < .

—o<u<® u

THEOREM 2.2. If J(t) is measurable and (2.12) holds, then for each x € L,
y(s) defined by (2.11) exists for almost all s and is measurable, and for each A >0
u+A4

(2.21) Lu.b. | 9(s)| ds < M f | 2(2) | dt

—oo <u< o u —
where My is the constant of (2.12). Moreover the constant M4 in (2.21) is the
best possible one in the sense that if a measurable function J (t) satisfying (2.12)
and A >0 are fixed, then, for each C< M4,

ut+4

(2.22) Lu.b. | ¥(s)| ds > C f w| x(8) | dt

= lul e u
will be true for some x € L.

If A, and A, are finite positive numbers, then each interval u <t<u-+4A4,
can be covered by a finite set of intervals of the form u; <t <u,+A4,; hence it
is apparent that if the left member of (2.12) is finite for some one 4 >0, then
it is finite for each 4 >0. Therefore the condition (2.12) is equivalent to

u+1
(2.23) Lu.b. [7@) | dt < =,

—o <yl o u

and this condition is easily seen to be equivalent to

n+1
(2.24) l.u.b. |70 | dt < .
n=0,+1,+2, J,
(%) Perhaps little would be lost if we were to assume measurability of J(¢); but the proof of
measurability of J(¢) is so simple (see the few lines following the statement of Lemma 2.3) that
we elect to prove it rather than to assume it.
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In §7 we discuss further the class of functions satisfying the inequality (2.12).

It is a corollary of Theorems 2.1 and 2.2 that if J is such that y(s) exists
for at least one s whenever x £ L, then y(s) must exist for almost all s whenever
x & L. This does not imply that if J(¢) and x(¢) are a pair of functions with
x & L for which y(s) exists for at least one s, then y(s) must exist for almost
all s; indeed if J(¢) is O or #2 according as [t], the greatest integer less than
or equal to ¢, is even or odd, and x(¢) is 1/(14¢2) or 0 according as [t] is
even or odd, then x € L and y(s) =0 when s is an integer but y(s) = « when s
is not an integer.

Our first step in the proof of Theorem 2.1 is to prove

LemMA 2.3. If J(t) is such that, for each x € Sy, y(s) exists for at least one s,
then J(t) is integrable over each finite interval a <t <b and, for each x € Sy, y(s)
exists for at least ome s in each closed interval of unit length in the interval
— o <s< ©,

To prove Lemma 2.3, let J(¢) satisfy its hypothesis and let x,(¢) be a
positive function x € Sy, say xo(t) =1/(14 [¢]?). Let s, be fixed such that

(2.31) yo(so) = f °°J(t)xo(s,, + b)dt

exists. Then if — o <a<b< o,
b
f J(t)xo(SO + t)dt

exists. But the function 1/x,(so+¢) is measurable and bounded over ¢ £t <b;
therefore J(t) = [J(t)xo(so+2)]/x0(so+¢) is integrable as well as measurable
over a <t <b.

Now let an arbitrary function x &€ Sy be fixed. The function X (¢) defined
by the series

(2.32) X(@t) = > 2-Inlg(t + n)
exists for almost all ¢, and X & Sy; that X € L is shown by the computation

wa(t)dt=fw > 2-1nlu(t + m)dt

=, 2""'f x(t + n)dt = 3f x(t)dt

which is justified by the fact that x(¢) 20 and x € L; and X (¢) and x(t) are con-
stant over the same unit intervals. Let s, be fixed such that
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(2.33) Y(so) = wa(t)X(so + pdt
exists. Then
(2.34) f” f) 2711 | J(2) | ®(so + n + t)de

exists, and since each term in the sum is measurable and non-negative, this
implies that

(2.35) f ) | J@) | x(so + n + t)dt

exists for each n. Thus

(2.36) y(s) = f °°J(t)x(s + t)dt

exists when s=s,, s9+1, so+2, - - - . Since each closed unit interval contains

at least one of these points, Lemma 2.3 is proved.

To complete the proof of Theorem 2.1, let J(¢) satisfy the hypothesis of
Theorem 2.1 and hence the conclusion of Lemma 2.3. To establish (2.12), we
assume that (2.12) fails and obtain a contradiction. Failure of (2.12) implies
that the left member of (2.24) is + « ; hence there is a sequence #,, 7z, 3, - - -
of integers such that ln,,—nql >3, p#q, and
(2.37) lim I(n,) = «

a— 0

where

n+1
I(n) = f | 7@) | dt.

It follows from (2.37) that we can choose a decreasing sequence 6, >60;> - - -
of positive numbers such that

(2.38) . iI(na)Ga = o, ioa < o,

a=1 a=1

Let
x(t) =0a, Ma—1=St<Me+2,a=12---,

(2.39) .
=0, otherwise.

Then x(¢) is real, non-negative, and constant over each of the abutting unit
intervals # <t <n+1; and the second of the relations (2.38) implies that x & L.
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Hence x € Sy. Since the integrands are all measurable and non-negative, we
find when |s| =1

[T1rolls6+ola=["1s6- 9]0

—c —

fd nat2
= | 7@t — s) || x(8) | a¢
a=1V 3n,—-1
0 ngt+2
=Z0af IJ(t-—s)Idt
a=1 3ng—-1
] ng+l 0
zZoaf | 7@ |dt = 3 0uI(na) =
a=1 Na a=1

hence
y(s) = fw.f(t)x(s + #)dt

fails to exist when |sl =<1 and we have a contradiction of the fact that y(s)
must exist for at least one s in each unit interval. This completes the proof of
Theorem 2.1. .

Proof of the first part of Theorem 2.2 is very simple. Assuming that J(¢)
is measurable and (2.12) holds, and that x ¢ L and 4 >0 are fixed, we find for
each real u

utd u+A o

f I)’(S)ldséf dsf IJ(t)x(s+t)|dt
=f“+Adsf°°|J(t—s)||x(t)ldt
=f°°|x(t)ldtf"+A|J(;—s)|ds

u

=fw|x(t)|dtft—“ IJ(a)Ida§MA£:Ix(t)|dt;

— t—u—A

the steps are easily justified by fundamental theorems which imply also that
y(s) exists almost everywhere and is measurable over u<s<u-+A4. It follows
immediately that y(s) exists almost everywhere and is measurable over
— w <s< », and that (2.21) holds.

In our proof of the last part of Theorem 2.2 we shall use the following
lemma in which we choose notation to fit the application.

LEMMA 2.4. If u is real, A>0, h>0, and J(t) is integrable over the interval
ust=u+A-+h,then '
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utA 1 8+
(2.41) lim ds-a—f | 7(¢) — J(s)| dt = 0.

§—0+ m

In case J(¢) is continuous over #<¢t<u-+A-+h we can, for each ¢>0,
choose 8,>0 such that |J(t)—J(s)| <e/A when s and ¢ lie between u and
u+A4+ 8, and It—s| < 8o; letting I(8) denote the iterated integral in (2.41),
we find that 0=71(6) <e when 0 <8<, and (2.41) follows. In case J(¢) is not
continuous, we can show that lim sups;~ol(8) <e by use of the following in-
equality: '

[J@) —T@s)| =T = T@ | +|T®) = T(s) | + ] Je(si —J(s) |

in which J,(¢) is a function continuous over # <¢{<u+A -+ for which

u+A+h
f | 7(t) — Je(2) | d¢ < €/3.

Let a measurable function J(¢) for which (2.12) holds and a constant 4 >0
be fixed. For each § >0, let x;(¢) be defined by

xs(t) =81, 0=t<3,

(2.42) .
=0, otherwise.
Then
(2.43) f | %:() | dt = 1, 3> 0.

The faltung y;(s) of J and x; is

59 = [ “s0mts + i =< [ roa
hence

ys(— 5) — J(s) = —;—-f‘ﬁ-s [7(8) — J(s)]dt
so that
) 1 s+5

[ ys(—=5) =T | = _a'f, | J(t) — J(s) | at

and for each u

f “Ml yi(— s) —J(s) | ds = f :Hds% f ‘Hl J(t) — J(s)| dt.

Using Lemma 2.3, we obtain
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ut+4
lim f | ys(— s)—J(s)|ds=0,
-0 J o

and this implies that

utA4 ut+A4

(2.44) lim f | ys(— s) | ds =f | 7(s) | ds.

—0 u u
If now C < M4, then we can choose a fixed # such that

. u+A
(2.45) f [ J(s)|ds > C,
and then because of (2.44) and (2.45) we can choose a fixed § >0 such that
ut+d
(2.46) f | y5(— )| ds > C.
Using (2.42), we can write (2.46) in the form
(2.47) [ iw@las>c[ a0l
—u—A —o0

this implies (2.22) and Theorem 2.2 is proved.
The hypotheses of Theorems 2.1 and 2.2 do not imply that, if x € L, then
y(s) must exist for all real s. This follows from

THEOREM 2.5. In order that J(t) may be such that

y(s) = fw](t)x(s + bdt

exists for all real s whenever x € L, it is necessary and sufficient that J (t) be meas-
urable and essentially bounded.

A function J(¢) is called essentially bounded if there is a constant M such
that | J@) | < M for almost all ¢. Sufficiency is a consequence of the well known
fact that if J(¢) is measurable and essentially bounded and £(¢) € L, then
J(t)E(t) € L; and necessity is a consequence of the well known fact that if
J(@)£@) € L for each £ € L, then J(¢) is measurable and essentially bounded.
If J(t) is essentially bounded, then (2.12) holds and M4 < AB where 8 is the
least constant such that |J (t)l =B for almost all ¢; but (2.12) does not imply
that J(¢) is essentially bounded.

3. Conditions for ye L. It is possible to prove, by means of an extension of
a theorem of Banach(®) and some ideas which we use in the course of proof

(®) Banach, Théoriedes Opérations Linéaires, Warsaw, 1932, p. 87, Theorem 9. The extension
required is from the finite interval 0 <¢{<1 to the infinite interval — « <¢{< «, and from real-
valued functions to complex-valued functions.
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of Theorem 3.1, that if J(¢) is such that, for each x € L, y(s) exists for almost
allsand y & L, then J & L. Theorem 3.1 below, of which we give a direct proof,
includes this result. '

THEOREM 3.1. If J(t) is such that, for each x € S,
(3.11) y(s) = f J(@)x(s + t)dt

exists for almost all s and y € L, then J & L.

THEOREM 3.2. If J & L, then for each x € L, y(s) as defined by (3.11) exists
for almost all s,y € L, and

(3.21) [1solas s 10| a
where
(3.22) M, =f°°|J(t)|dt;

moreover M, is the best possible constant in (3.21) in the sense that if C < M then

(3.23) fwl y(s) | ds > cfjl x(2) | dt

will hold for some x € L.
Our first step in the proof of Theorem 3.1 is to prove

LeEMMA 3.3. If J(t) is such that y € L whenever x € S, then there is a constant
M < « such that

(3.31) fw| y(s)| ds < Mfwl x(8) | dt, x €S,

where Sy 1s the subclass of S consisting of those functions x(t) sn S which vanish
outside the interval 0=t <1.

If J(¢) satisfies the hypothesis of Lemma 3.3, and no M < « exists for

which (3.31) holds, then for each n=1, 2, - - - there is x, € S; such that
(3.3 [ 1@ las> 2 [ wi] o,

v, being the transform of x,. Since the faltung transformation is homogene-
ous, we can assume that the functions x,(¢) and y,(¢) are divided by the left
member of (3.32) so that
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(3.33) fwl xa(t) | dt < 277, f”[ ya(s) | ds = 1.

—00

Let \1 =0 and choose constants a; >a;+1 such that the inequality

an+1
(3.34) f | ¥a(s — Aa) | ds > 1 — 3=

n

holds when n =1. Since

(3.35) lim | ¥nt1(s — Naga) [ ds = 1,

)”{1—’ ® Gn+1

we can choose A2>M\+1 and then choose @;>a;+1 in such a way that
(3.34) holds when n=2. Continuation by induction furnishes sequences
461<a:<a3< -+ - and Mi<Ae<A3< - - - such that @n,p1>a.+1, N >N+1,

and (3.34) holds for each!n=1, 2, - --. Since x,(t) £ .S;, it follows that
x.(t —\,) vanishes outside the interval \,<¢t<\,+1. Let
o 13 &
(3.36) asd " X)) = D 2.t — \o).
m- A n=1

The series converges for each ¢ since, for each ¢, x,(f—\,) >0 for at most one #.
Properties of the sequences x, and A\, imply that X £ .S. Hence, by hypothesis,

(3.37) Y(s) = fw](t)X(s + #)dt

exists for almost all s, and Y & L. Since X (¢) vanishes at all points £ not in one
of the mutually exclusive intervals (\,, N,+1), it follows from (3.37) that

vy =3 [ - 9xwar
n=1% An
(3.38) = i Xn“.f(t — $)x.(t — N\p)dt = i °°J(t — 5)xa(t — N,)dt
n=1%v Ap n=1v —
= i °°J(t)oc,.(s — M\ + D)dt = i Ya(s — Na).

It follows from’ (3.33) and (3.34) that for each n=1, 2, - -

an+1
) ) yk(s —_ )\k) ds>1-—3", k=mn,
3.398 & fa,. | |

37 &) —k
B <3, ken.

Hence the inequality
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(3.41) ‘ Y(s) | = Z yi(s — M) | 2 | Ya(s — )\n)l - Zl yi(s — )\k)l
k=1 k#=n
implies that
an+1 1
(3.42) f |I’(s)|dsgl—3‘"—-23"°=7, n=1,2,---.
an k#=n

This is inconsistent with the previous conclusion that ¥ & L; hence M < © ex-
ists for which (3.31) holds and Lemma 3.3 is proved.

To prove Theorem 3.1, let J(¢) satisfy its hypothesis, and let x;(¢) be the
function in (2.42) which is 6~ over 0=¢<§ and is 0 otherwise. If 0< <1,
then x; € Sy; hence Lemma 3.3 implies existence of a constant D < « such that

(3.43) f Iys(s)lds§Df | 25(s) | ds = D, 0<s6<1.

Since, by Theorem 2.1, J(¢) is integrable over each finite interval, (2.44) must
hold; replacing 4 by 24 and setting = —A4 in (2.44) gives

A A :
(3.44) f | 7(t)| dt = lim f | vs(— s)| ds, A >0.
—A 6—0 —A
From (3.43) and (3.44) we obtain
A
(3.45) f |7@) | dt < D, 4>0,
—A
and this implies that
(3.46) f | 7(#) | d¢t < D.

Thus J &€ L and Theorem 3.1 is proved.
The first part of Theorem 3.2 is well known, and we give its proof merely
for completeness. If J € L and x & L, the computation

fmly(s)|ds§fwdsf”|1(t)||x(s+t)|dt

(3.47) =f°°|f(t)|dtf°°|x(s+z)|dt

—w —w

- [f_:'f“)ldt][f_:l x(s)lds]

is easily justified and (3.21) follows. If it be assumed that
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(3.48) fwly(s)|ds < cfwl x(8) | dt, xel,
where
(3.49) C <f°°|J(t)|d¢,

then we can set D=C in (3.43) to obtain D=C in (3.46) and have a contra-
diction of (3.49). Therefore if C< M, then x £ L exists for which (3.23) holds
and Theorem 3.2 is proved. ,

4. Conditions for y £ B. The measurable upper bound of a real measurable
function £(¢) defined over — © <t< = is the least number 8 such that £(¢) =8
for almost all £. We write 3=m.u.b.£(¢); and let B denote the class of all com-
plex-valued measurable functions x(¢) for which m.u.b. |x(t)| < o,

TuEOREM 4.1. If J(t) is such that, for each x € S,
(4.11) y(s) = f J(®)x(s + t)dt

exists for almost all s and y € B, then J € B.

THEOREM 4.2. If J € B, then for each x € L, y(s) as defined by (4.11) exists
for all s and

(4.21) Lub. |y()]| = ﬁf”| x(8) | dt
—0 <3< ™ —
where
(4.22) B = mub. |J(®)|[;
—n Lt o

moreover B is the best possible constant in (4.21) in the sense that, if C<p, then
(4.23) Lu.b. I y(s)l > Cf | x(2) | dt

—os<® —0
will hold for some x € L.

Our first step in the proof of Theorem 4.1 is to prove the following lemma
in which S and S; denote the classes of step functions previously defined in §1
and Lemma 3.3.

LEMMA 4.3. If J(¢) is such that y € B whenever x € S, then there is a constant
M such that

(4.31) m.u.b. Iy(s)l =< Mfml x(t)l dt, xeS;.

—w0 <y o
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To prove Lemma 4.3, let J(¢) satisfy its hypothesis and assume that (4.31)

fails. Failure of (4.31) implies existence for each n=1, 2, 3, - - - of a function
X, € S1 having a transform y, such that

mub. | ya(s)| > 47 f | xat) | dt.
—w<s<w —

We can suppose that each x,, and hence also y,, has been multiplied by the
appropriate constant to give

(4.32) m.ub. |y.(s)| = 27 f | %a(8) | dt < 277, n=1,2,---.
—n<s<® —o0
If 6, 0,, - - - is a sequence of which each element is either 0 or 1, then
(4.33) X(@#) = 0zt — m)eS.
n=1

Hence under our hypothesis
(4.34) ¥(s) = f J(§)X(s + f)dte B.
Starting with (4.34), we obtain

(4.35) Y(s) = i Onya(s — n) € B.

n=1
That the conclusions just obtained are contradictory, and hence that Lemma
4.3 is true, is a consequence of the following lemma in which we write w,(s)
for y.(s—n).
LEMMA 4.4. If w.(s) is a sequence of measurable functions, defined over
— 0 <s< o, such that

i 0,0, (s)

n=1

(4.41) m.u.b. < w

—n <3< o

for each sequence 0,, of which each element is 0 or 1, then there is a constant Q <
such that

(4.42) m.ub. |w.(5)| = Q, n=1,2,3---.
—w<s<»

If p is a positive integer and we set 6, =0 or 1 according as n#p or n=p,
we see that a constant Q, < « exists such that

(4.43) maub. | w,(s)| = Q.
—n <3< o

To prove (4.42) amounts to proving that the sequence Q, is bounded. As-
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sume to the contrary that

(4.44) lim supQ, = =.
P

Setting 0, =1 for each % in (4.41) shows that the series D_n. ;w4 (s) converges
for almost all s; hence lim, .., w.(s) =0 for almost all s. Therefore by a theo-
rem of Egoroff(*) w,(s) converges to 0 essentially uniformly over each set
of finite measure I EI ; that is, corresponding to each §>0, there is a subset F
of E such that | E— F| <8 and w.(s) converges to 0 uniformly over F. Using
(4.44), choose an index #; such that Ri=m.u.b. |w,(s)| >2 when n=n,. Let
E, be a bounded set of positive measure such that |'w,.(s)| >1 when n=mn,,
s € Ei. Let F; be a subset of E; such that | E;— Fy| <| Ei| /22 and w,(s) con-
verges to 0 uniformly over Fi. Choose %, >n, such that |-w,,(s)| <2-? when
n=mny, s € F1 and also R;=m.u.b. |w,.(s)| >34+ R; when n=mn,. Let E; be a
bounded set of positive measure such that | w,(s)| >2+R; when n=mn,, s € E,.
Let F; bea subset of E1+ Es such that | E1— Fy| <|Ei| /28, | Ea— Fa| <| Es /23,
and such that w,(s) converges to 0 uniformly over F.;. Choose 7n3>n; such
that ] w,.(s)l <2 3when n=mn;, s € Fz, and also R;=m.u.b. ] W, (s) | >4+ R+ R,
when 7 =n;. We continue by induction to obtain sequences of numbers and
sets such that for each p=1, 2, 3, - - -

(4.45) I E,,I > 0; m.u.b. I Wy () | = R,;
—o<s<®
. o1
(4.46) | wa(s)| > p+ 2 R, se E,;
k=1
Y4
(4.47) Fyc 2By |wa,(s)] <272, seF, i
k=1
(4.48) | Ex — F,p| < | Ei| /2741, k< p
Setting, for each positive integer k, Gi = EyFrFry1Frys - - -, we find

Ey — Gy = E; — HF,=Z(E1¢—F,;)
=k p=k

so that by (4.48)

| Ev — Gi| = | Ex — Fp| = X | Ex| /2741 < | Ei /2;

p=k =k

and therefore |Gi| Z | Ex| /2 > 0. Let

W) = 3 wafs).

(*) See, for example, E. W. Hobson, The Theory of Functions of a Real Variable, vol. 2, p. 144,
The extension of the theorem to complex-valued functions is easily made.
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For almost all s in G; we find on using (4.45), (4.46), and (4.47) that

|w(s)] z - ZI @, (5) | + | wa(s) | — > | w9

p=k+1
z—ZR Fht SR - S vz -t
=1 p=k+1

Hence for each integer k there is a set of measure | Gx| >0 such that | W(s)|
2k—1 for all s in the set. Therefore

(4.49) m.u.b. i'w%(s‘) =

—0<s<o | p=1

But (4.49) contradicts the hypothesis that (4.41) must hold in case 0, is 1
when n=mn,, ns, n3, - - - and 0 otherwise. This completes the proof of Lemma
4.4 and hence also that of Lemma 4.3.

To prove Theorem 4.1, let J(¢) satisfy 1ts hypothesis. By Lemma 4.3 there
is a constant D < « such that

(4.51) m.u.b.
—0 <3< ®

fwf(t)x(s+'t)dt‘ < wal () | dt, xESi.

Let, where 0<6<1, x;(¢t)=6""! when 0=¢t<6 and x;(t) =0 otherwise. Then
x5 € Syand it follows from (4.51) that

1 —s+d

_B—f J(t)dt ‘ = D.

1 8+d8
< f J(t)dt

But since J(¢) is integrable over each finite interval, (1/8) {2 (¢)dt is a con-
tinuous function of s for each §>0. Hence it follows from (4.52) that

= m.u.b.
—w0s§< o

(4.52) m.u.b.
—w L3 ®

1 5
(4.53) ?f J(t)dt’§0,0<a<1,—oo<s<oo.

But, by one form of the fundamental theorem of the calculus,

(4.54) — f J(t)dt = J(s)
.s—»o
for almost all 5. Hence | J(s)| <D for almost all s so that
(4.55) 8= mub. |J@)|=D.
—o i<

Therefore J £ B and Theorem 4.1 is proved.
To prove Theorem 4.2, let J £ B so that §=m.u.b. lJ(t)| <w.IfxelL,
then for each s
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)| = | [ 05+ 90| 5 [ 1501 505+ 0] @

—%

g,sf”|x<s+z)|dt=3f°°|xa>1dt

and (4.21) follows. If it be assumed that

(4.,56) ' Lub. | y(s)| =< Cf | () | @, xelL,
—w0<s<® —c .

where

(4.57) C<B= mub. |[JQ®],

—o <3< ®

then we can set D=C in (4.51) to obtain D=C in (4.55) and have a contra-
diction of (4.57). Therefore if C<3, then x € L ex1sts for which (4.23) holds,
and proof of Theorem 4.2 is complete.

5. Conditions for continuity of y(s). The following theorem, Wthh we give
mainly for comparison with other theorems, is easily proved.

THEOREM 5.1. In order that J(t) may be such that
(5.11) y(s) =f J(@)x(s + t)dt

exists for all real s and is continuous whenever x € L, it is necessary and sufficient
that J (t) be measurable and essentially bounded.

Necessity is a consequence of Theorem 2.5. If f=m.u.b. | J(¢) l <« and
x € L, then the estimate

| ¥(s 4+ B) — 3(s) | gfwlf(t)'|]x(s+h+t)—x(s+t)|d¢
__<_ﬂfw|x(s+h+t)—x(s+t)|dt

=Bf°°|x(.t+h)—x<t)|dt,

together with the fact that x € L implies that the last member converges to 0
as k—0, shows that y(s) is uniformly continuous.

It is interesting to note in connection with Theorem 5.1 and earlier theo-
rems that the hypothesis that y(s) exists and is continuous for all real s when-
ever x € S does not imply that J &€ B. To prove this, let J(¢) be a function in L
which is not essentially bounded and which vanishes outside some finite in-
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terval a £t <b, say J(¢) =¢t7"2 over 0<t<1 and J(¢) =0 otherwise. Let x £ S.
Then for each fixed real s,

y(s0) = fmJ(t)x(,sO + $)dt

exists since x(so+¢) is measurable and bounded over the finite interval a £t <b
outside of which J(¢) vanishes. If K is chosen such that | x(so+12) I <K over
a—1=<t<b+1, then when Ih[ <1

[yt ) =369l = [T 176 = B = 10| 2600+ 0|

éwaIJ(t—h)—J(t)ldt,

and, since the last integral ‘converges to 0 with &, y(s) is continuous at s.
Thus Theorem 5.1 will fail if the phrase “whenever x € L” is replaced by the
phrase “whenever x £ S.”

6. Some examples. Theorem 2.1 differs from Theorems 3.1 and 4.1 in that
the hypothesis of Theorem 2.1 involves the special class Sy of unit step func-
tions while the hypotheses of Theorems 3.1 and 4.1 involve the larger class S.
We are going to show that Theorems 3.1 and 4.1 will fail if S is replaced by Sy
in their statements. For the case of Theorem 4.1, we observe that if x € Sy
then x € B and hence that if J &€ L then y & B; therefore the hypothesis that
y € B whenever x € Sy does not imply that J £ B. For the case of Theorem 3.1,
let J(¢) =e2it. If x £ Sy, then

y(s) =f e itx(s + t)dt

exists for each s since x(s+¢) € L and et is measurable and bounded; and the
fact that x(s+¢) is constant over unit intervals, together with the fact that
the integral of e2*% over each unit interval is 0, implies that y(s)=0 and
hence y € L. Since J & L fails, the hypothesis that y € L whenever x £ Sy does
not imply that Je L.

We show also that none of Theorems 2.1, 3.1 and 4.1 will hold if the hy-
potheses are relaxed to require that y(s) have the stated property only when
x(t) is an ordinary step function. By an ordinary step function, we mean a
finite linear combination of simple step functions; a simple step function being
afunction £(¢) such that £(¢) =1 for all ¢ in the interior of some finite interval I
and £(¢2) =0 for all ¢ outside the closure of I. Except for the inconsequential
fact that we do not require ordinary step functions to have right-hand con-
tinuity at end points of intervals, an ordinary step function may be described
as a function in .S which vanishes outside some finite interval; hence each
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ordinary step function is equal, for all except a finite set of values of s, to a
function in S.
For the case of Theorems 2.1 and 4.1, let

(6.11) Ti(t) = teit.

If x(¢t) =1 when a <t <b and x(¢) =0 when ¢ <a and when ¢>b, and y:(s) is the
Jy transform of x(¢), then

b—s A
(6.12) yi(s) = f teittdt = [ei—01 — gite-0)?] /24

so that yl(S) exists for all s and is continuous over — © <s< o, and
(6.13) | 30| = 1, — o <5<,

It follows easily that the J; transform of each ordinary step function exists
for all s and is bounded and continuous. But J; is not essentially bounded,
and the condition

utA
(6.14) Lu.b. | 71(2) | dt < oo

—o<ul® u

fails for each 4 >0. Thus the hypothesis that y(s) exists and is bounded and

continuous over — © <s< « whenever x(¢) is an ordinary step function im-

plies neither the conclusion of Theorem 4.1 nor the conclusion of Theorem 2.1.
For the case of Theorem 3.1, let

(6.21) Ta(t) = it

where 7 is a fixed real number greater than 2. If x(¢) =1 when ¢ <¢<b and
x(¢) =0 when ¢ <a and when ¢>b, and if y.(s) is the J, transform of x(¢), then
we have

(6.22) yz(s)=fwfg(t)x(s+t)dt=fb—aeimd;_

a—8

Integration by parts gives, when l s| issogreat that theintervala—s<t<b—s
does not contain the origin,

tl—n b—s 1 —n b—s
(6.23) ya(s) = — e""‘:l i f treitndt.
mn a—s mn a—s

Hence, for such values of s,

|3’2(5)| = ﬂ“l[]b— s|1—“+|a_ sll—n]

(628 +6=alb= sl +]o—s])

so that
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(6.25) lim sup [s || yo(s) | < 2/n.
|8]—e

Since y.(s) is continuous, #>2, and (6.25) holds, we have y: € L. Thus the J;
transform of each simple step function is bounded, continuous, and in L; and
it follows that the J; transform of each ordinary step function also has these
properties. But J; € L fails. This shows that the hypothesis that y is bounded,
continuous, and in L whenever x is an ordinary step function does not imply
that J e L.

In case n =2, the transformation determined by the kernel (6.21) becomes

(6.26) o(s) = f " eitta(s + f)dt = f " 00
and this can be written in the form

(6.27) 29 = [ e

where

(6.28) 7(s) = y()e™,  E@) = x(t)e.

The function 75(s) of (6.27) differs in only a simple way from the Fourier
transform of £(¢). If £(¢) is a simple step function, it is easy to compute 75(s)
and to show that n(s) is not in class L.

7. The class K of measurable functions satisfying (2.12). The classes L
and B, and the linear vector metric complete spaces associated with them, are
well known. (See, for example, the book of Banach previously cited.) In
Theorem 2.1 we were led to the class K of measurable functions, a member of
which we now denote by x(¢), such that

ut+d

(7.1) Lu.b. | 2(2) | dt <

—oo LYy o u
for each 4 >0. The class K contains all elements of L and all elements of B.
It is easy to show that the class K is linear, that is, if x1, x2 € K and ¢, ¢, are
constants, then cix;+coxs € K. In terms of a fixed 4 >0 and a number ¢(4) >0
let the norm of each x € K be defined by

utd
(1.2 ol =llsle = Lub. s [ |50 0.

Dependence of len on A is illustrated by the fact that if x,() = ltl"”, then
xoe Kand

' A/2
(7.3) || 2ol| = o(4) | %o(t) | dt = (84)126(4).

—A/2
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There seems to be no compelling reason why one choice of 4 and ¢(4) should
be preferred over another. If x ¢ L and ¢(4)=1, then ||x||4 converges to
J2.|x@)|dt as A—w; if x & B and ¢(4)=1/4, then ||x||4 converges to
m.u.b. |x(t)| as A—0.

Assuming now that 4 >0 and ¢(A4) >0 are fixed, it is easy to see that the
class K becomes a linear vector metric space when the distance between two
elements x; and x; of K is defined by ||x2—x,|. We conclude by showing
that this space is complete. Let x;, x5, - - - be a Cauchy sequence in K so
that ||%n—%./|—0 as m, n— . Then as m, n— o

(r+1)4
(7.4) Tnme= [ [ anl®) = w9 |
rA
converges to 0 uniformly in 7. Since space L is complete, there is for each inte-
gerr=0, +1, +2, - - . afunction & () defined over 74 <t < (r41)A such that
(r+1)4
(7.5) lim | &) — %) | dt = 0.

n—>o rd

If we let £(¢) be the function defined over — « <¢< « which agrees with &,(¢)
in the interval 74 <t <(r+1)A, then for each real »

(r+1)A
(7.6) L= | e - w0 @

converges to 0 as n— . The inequality
(7.7) I Im,r - In.r' é Im.n,r,

together with the fact that the right member converges to 0 uniformly in
as m, n— o« implies that the left member converges to 0 uniformly in 7 as
m, n— o and hence that I, converges uniformly in » as n— «. But I, con-
verges to 0 as n— . Hence I, . converges uniformly to 0 as n— =, that is,

(r+1)A
(7.8) lim Lub. | £() — 2a(8) | dt = 0,
B0 —owlrwo rd
or
u+A
(7.9) lim lLu.b. | £(6) — %a(0) | d2 = 0.

n—o —olulno u

This implies that £ € K, and on multiplying by the constant ¢(4) we ob-
tain lim ||£—x.|| =0. Thus each Cauchy sequence x, in K has a limit in K,
and completeness of the space K is established.
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