FOURIER INTEGRALS AND METRIC GEOMETRY

BY
J. VON NEUMANN AND 1. J. SCHOENBERG

INTRODUCTION

1. Let S be a metric space, the distance d(f, g) between two elements of S
satisfying the usual postulates. Let f; (— © <t < «) be a function whose val-
ues lie in S and which is metrically continuous, that is, d(fs4s, fi)—0 if 2—0.
If this function has the property that

(0.1) d(fo, fo) = F(t — 3)

is a function of the difference t —s only, we call the curve I in S defined by f,
(— o <t< o) a screw line of S and F(t) =d(f:, fo) a screw function of S. The
reason for this terminology is as follows. If 7 is a real parameter, the two
curves I'y: fy (— o <t < o) and T';: fi4r (— © <t < ) which are identical as
point sets, are isometrically mapped on each other by the correspondence
feof 14, for

d(fo, fo) = F(t — 5) = d(fugry fore),

in view of (0.1). These congruent mappings of I' into itself form a one-pa-
rameter group.

The following properties of a screw function F(¢) of S are obvious: F(¢) isa
continuous non-negative even function and F(0)=0; if F(¢) is a screw func-
tion, then all functions F(kt) (k real) are screw functions.

A different point of view which puts the emphasis on the screw function
F(t) rather than on the screw line I' is as follows. Consider the real axis
— @ <t<w as a euclidean space E; and change its metric from |t—s| to
"F(t—s). We thus get a new space which, following Blumenthal, we shall call
the metric transform of E; by F(t) and denote by F(E;). For what functions
F(t) may this metric transform F(E;) be isometrically imbedded in S? Clearly
F(E:) enjoys this property if and only if F(¢) is a screw function of S. For if
the mapping of the point ¢, of F(E,), into the point f;, of S, performs the im-
bedding of F(E,) into S, then (0.1) expresses the isometricity of this imbed-
ding.

Presented to the Society, September 1, 1936, and December 29, 1938; received by the edi-
tors September 23, 1940, The first communication to the Society [Bulletin of the American
Mathematical Society, abstract 42-9-353] covered the contents of Part I and Part II of the
present paper; the contents of Part III were the subject of the second communication of 1938
[abstract 47-1-47]. Thus the contents of Parts I and 11 precede in time the articles [4] and [5],
listed in the bibliography at the end of this paper, which were partly suggested by this earlier
work frequently referred to in these articles. Part I1I, however, carries on the work presented
in [4] and [5]and is essentially based on some of that work.
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2. As examples we mention
Fy(t) = (£ + sin? £)*/2,
which is a screw function of the euclidean space Ej;, in view of the identity
F;(t -5 =(- 3)2 + sin’ t—ys)
=(t— 5)2 + %(cos 2¢t — cos 25)2 + 1(sin 2¢ — sin 2s)-2.

Similarly
N 1/2
(0.2) Fan(t) =<2Aysin2u,t) , A,>0,0<u <u<--- <uy,
r=1
is a screw function of E.y, as seen from
2 Ll 2
Fan(t — 5) = {iA,(cos 2u,t — COS 2u,s)
(0.2’) ’ y=1 ) .
+ 14,(sin 2u,t — sin 2u,s)2}.
Finally .
N—1 1/2
Fon_1(t) = Ci? A, sin? u,t
0.3) ) = (00 + % )

C>04,>0,0<u; < - < un_y,

is a screw function of Eyy_;, as shown by

Fava(t —s) =C(t — )"

(0.3") Nl 2 2
+ E {%A.(cos 2u,t — cos 2u,s) + $A,(sin 2u,t — sin 2u,s) }
v=1

We shall see that (0.2) and (0.3) are the most general screw functions of Egy
and E,y_i, respectively, which are not also screw functions of a euclidean
space of lower dimensions.

The starting point of the present investigation was W. A. Wilson's recent
remark that if

(0.4) F@t) = ||
then the metric transform F(E,) is imbeddable in the Hilbert space §, hence
Pt —s) = |t —s| =I5 = fll%

for a suitable function f, (—  <¢< ) with valuesin § [8, p. 64]. According
to our present point of view (0.4) is a screw function of . We shall see that
this F(t) is not a screw function of any euclidean space.

3. The principal purpose of this paper is to determine all screw functions
of Hilbert space. It consists of three parts. In Part I we state our fundamental
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result (Theorem 1) and show by means of elementary results of Menger and
Schoenberg that all functions F(¢) there described are screw functions of $.
Furthermore, those screw functions of  are characterized which correspond
to screw lines I' with one of the following properties: I' is euclidean, bounded,
rectifiable or closed.

The converse statement to the effect that Theorem 1 yields all screw func-
tions of O is established in two essentially different ways in Part II and Part
III respectively. In Part II this is proved by a direct investigation of the
group of isometric mappings of § into itself which is induced by the group
of isometric mappings of a screw line into itself. Free use is made of the theory
of Hermitian operators in Hilbert space. In Part III § intervenes only by its
metric in accordance with the ideas of Menger on the metric characterization
of metric spaces. The method used is an elaboration of the metrical approach
of Part I which is made more effective by an appeal to the theory of positive
definite functions, i.e., the characteristic functions of the theory of probabili-
ties. This connection was pointed out in two recent papers by one of us [4, 5].
In [5, p. 837], it was shown that the question as to when the metric trans-
form F(E.,) is imbeddable in § depended on certain limit (closure) theorems.
Here we establish these theorems in a form similar to P. Lévy’s limit theorem
concerning characteristic functions.

In conclusion we want to say that the operator method of Part 11, dealing
with the imbedding of F(E;) in , may also be extended to cover the general
case of the imbedding of F(E,) in §. Although this extension has been fully
worked out, for reasons of conciseness we treat in Part II only the case of
screw lines (m=1).

PArT I. THE FUNDAMENTAL THEOREM ON SCREW FUNCTIONS
IN HILBERT SPACE AND ELEMENTARY CONSEQUENCES

1.1. Let § be a real Hilbert space. For every > — ©, and <+, leta
point f, of  be given, such that

(i) f:is a metrically continuous function of ¢,

(ii) the distance of f; and f, depends on ¢—s only.
According to the general definition of our Introduction, the curve I': f; is a
screw line of $. Condition (ii) means

(1.1) Ife = 7l = F@t = s).
Then (i) merely states that
(1.2) F()) >0 if t—0,

and conversely, (1.2) implies the continuity of f, and therefore of F(t) every-
where. F(¢t) is called a screw function of .

Let fp ftr - = - » fta (ts=0) be n+1 points of T'. By (1.1) their mutual dis-
tances are ||f.;—ful| = F(ti—t:). As these points may be thought of as lying
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in a n-dimensional linear subspace of §, i.e., a E,, we have by a known theorem
[3, Theorem 1]

n

(1.3) > {F"’(li) + F2(t) — F2(¢; — tk)}PiPk 20,
1,k=1

for arbitrary real p;. Conversely, let F(t) be a continuous even non-negative
function, with F(0) =0, enjoying the property (1.3) for arbitrary real ¢;, p;
(n=2, 3, - - - ). Geometrically this means: The points £0=0, #1, - - - , f,, of the
space F(E;), which is obtained from E; by changing its metric from It—sl to
F(t—s), may be imbedded in E,. By a theorem of Menger [2] this is sufficient
to insure the possibility of imbedding F(E;) in . We can therefore state

LeMMA 1. A continuous even non-negative function F(t) vanishing at the
origin is a screw function of O if and only if it satisfies the inequality (1.3) for
arbitrary real t;, p; and for n=2,3,4, - - - .

The interest of this analytical characterization of screw function lies in
its obvious consequence that the squares F2(¢) of screw functions form a con-
vex class of functions: If FZ(¢) and Fz(t) are squares of screw functions then
also F2(t)+ FZ(t) is the square of a screw function. In view of the euclidean
screw functions (0.2), (0.3), exhibited in the Introduction, this convexity
property suggests the following explicit expression of the screw functions of .

THEOREM 1. (Fundamental theorem.) The class of screw functions F(t) of
Hilbert space is identical with the class of functions whose squares are of the form

(1.4) F(1) =f
0

0

sin? tu
u2

dvy(u),

where y(u) is non-decreasing for u=0 and such that

0

(1.5) f u~2dy(u) exists.
1

A proof that all functions F(¢) furnished by (1.4) are screw functions is
exceedingly simple. For it suffices to show that F?(¢) satisfies the inequality
(1.3) (Lemma 1). Indeed, in view of the identity

sin? t;u + sin? fu — sin? (¢ — fr)u = 2 sin? ¢4 sin? 4w -+ § sin 24,4 sin 24,

we have

n

2 {Fx(t) + F2(t) — F2(t: — t) }pine

i,k=1

®© n 2 1 n 2
= f {2( >~ pi sin? t;u) + —( > pisin 2t,~u> }u‘2d'y(u) = 0.
0 1 1

2

(1.6)
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The converse statement that the square of a screw function is necessarily
of the form (1.4) is proved in two different ways in Part Il and Part III of
this paper.

1.2. Let us now see which of the screw functions of  are euclidean screw
functions, that is, belong to some euclidean space. It is convenient for this
purpose to write (1.4) in the form

® sin? tu

.7 (i) = Ce + dyw), € = ~(+0) = 7(0).

+0 U

THEOREM 2. A screw function F(t) defined by (1.4) is euclidean if and only
if v(u) has a finite number N of points of increase. F(t) belongs to E,, and to no
lower space En (m’ <m) if and only if

(1.8) Cc=0, N =m/2 for m even,
(1.9) C >0, N = (m 4+ 1)/2 for m odd.

Indeed, let N be finite. If C=0, then F(¢) is of the form (0.2), and
uy, - - -, uy are precisely the points of increase of y(x). We know by (0.2")
that F(¢) is a screw function of Esy. Moreover its screw line

1/2 2,
(34, cos 2u,t, %A:/ sin 2u,t), v=1,2,---,N; — o <t < o,

lies in Eay but in no linear subspace of E,y. Similarly, if C >0, it is shown by
(0.3), (0.3"), that F(¢) belongs to E,, m=2N—1.

Let now (%) have infinitely many points of increase. We want to show
that F(¢) is not euclidean, that is, the metric transform F(E;) cannot be im-
bedded in a euclidean space. For if # is an arbitrary positive integer, we
may find » points of increase u=u, (v=1,---, n) of v¥(u), such that
0<wuy<us< - -+ <u,. We shall now locate in F(E;) n+1 points ¢t=0,
t, - -+, ta, which cannot be imbedded in E,_;. Such points will enjoy this
property if the quadratic form (1.6) is positive definite [3, Theorem 1]. The
linear independence of the functions sin 2tu,, - - - , sin 2tu,, implies the exist-
ence of values ¢;, such that

(1.10) det ||sin (2t:u1)]]1,» # 0.

The form (1.6) is now positive definite; for otherwise there would exist values
pi, with

(1.11) > ei>0,

which make the form (1.6) vanish. But the vanishing of the integral of (1.6)
implies the vanishing of its integrand at all points of increase of (%), hence
in particular
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(1.12) > pisin (2tuy) = 0, k=1, ,n
i=1

The incompatibility of the three relations (1.10), (1.11), (1.12) completes this
indirect proof; for as » may be taken arbitrarily large, F(t) is not euclidean.
Wilson's screw function (0.4) is of the form (1.4) since

2 % sin?tu
(1.13) F) =|¢t| = —f du.
™ 0 u2

Since (%) =2u/m has infinitely many points of increase, it is not a euclidean
screw function. A somewhat more general example is

(1.14) F(t) = |t~ 0<k<1.
Indeed

L) ©

Fxt) = | t]* = f sin? tu-w=1"2<du /f sin? u-u=1=%du, 0<k<1,
0 0

is of the form (1.4).

1.3. Let us find conditions which insure the boundedness of a screw func-
tion F(t). Later we shall see that this occurs when the corresponding screw
line lies on a sphere of . For the present we prove

THEOREM 3. The screw function F(t) given by

* sin? tu

(1.15) F2(t) = C2 + dvy(w), Ccz0,
+0 U
is bounded if and only if
(1.16) C=0 and u2dy(u) exisis.
+0
More precisely, if C=0, we have
1 r° dy(u * dy(u
1.17) — "™ Jim sup 720 gf ),
2 +0 u? t—w +0 u?

where all three members may also be infinite.

As C=0is obviously necessary in order that F2(¢) be bounded, it suffices to
prove the inequalities (1.17). Let

2 ¢ sin? fu
F...(?) =f dy(u), 0<e<a< + =.

%2
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lfTF’ (t)ds fa(lfT'ztdt) 20y (u)
- €,a = by sIn® u U u
T 0 € T 0 K

f“(l sin 2Tu> 2doy ()
= — = w=dy(u),
\2 7 Taru Y

1 1 e
lim — Fe J)dt = -?f u dy(u).

T—ew

We have

hence

Whence, since F2(¢)= F;'fa(t), we derive

1 e
lim susz(t) = lim supr,a(t) = —z—f u 2d'y(u).

t—o t—®

By comparing the extreme terms only and allowing e—0 and a— o, we get
the first inequality (1.17). The second inequality (1.17) follows from

-

The euclidean screw functions (0.2) are always bounded; (0.3) are never
bounded.

1.4. We shall now investigate when a screw line T of a screw function F(t)
is rectifiable. With this purpose in view we show first that

(1.18) Ho (F( )) f dvy(u),

where both sides may also be infinite.
Indeed, to each €>0 there corresponds a § >0, such that sin x2/x2>1—¢if
x=0and <6, hence sin? tu/(tu)2>1—eif 0Su=< 6t71, t>0. But then

(&)2 _ j;” sin? tu dy() = f“" sin? tu dv(w) = (1 — e)f“_ld'y(u),
0 0

0

sin? tu 1
S CH L
u? +0 u?

t t*u? tu?

lintl _j]nf (F(:)) 21— f dy(u).

On allowing €—0, we have

lim inf (ﬂ;)“y > j; md'y(u).

and therefore
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This, and the obvious inequality

(F(t) )2 f‘” sin? tu p )<f°°d w
) = u) < u
; . P Y\%) = . 24
imply (1.18).

Letnow i =0<#{< - - - <t,_1<t,=tbe a subdivision of the fixed interval
(0, 2) and 6 =max (¢;—t;—1). (1.1) and (1.18) now imply

tm Sl Sl = tim 3R~ 1)
— lm i F(t. 1) b = tiy) = t'(fwd‘y(u))m,

0 1 i — bicy
This proves the following theqrem.

THEOREM 4. A screw line f, (— o <t< «) corresponding to the screw func-
tion F(t) defined by (1.4) is rectifiable if and only if v(u) is bounded. The length s
of the arc (0, t) of the screw line is then connected with the parameter t by the
relation

(1.19) s = t(y(2) — y(0))V/2 = ¢-lim F)

=0 T

In particular, if y()—vy(0)=1, ¢ is identical with the length of arc along the
screw line of F(t).

The euclidean screw lines corresponding to (0.2), (0.3) are always recti-
fiable, the relations between s and ¢ being respectively
N 9 1/2 N—-1 2 1/2
s=t<2A,u,) , s=t<C+2Amy)
1 1
The screw lines of (1.14) are non-rectifiable, since F(t)/t— « as t—0.

1.5. When is a screw line T, corresponding to the screw function F(¢), a
closed curve? Let fi, be a double point of T, that is, f;,=f:+- for some 7>0.
Then 0=||f.,+-—fu|| = F(7), hence ||fis.—f{| = F(r) =0 or fi. =, for all real ¢.
This means that f; and therefore also F(t) =||f:—fo| has the period 7 and T'
is a closed curve. Conversely, all this is implied if F(t) is periodic. Let this
be the case and let = be the least positive period of F(¢),which exists if F(£) #0.
From (1.7) we get

® sin? Tu

F(r) =Cr2 + dy(u) = 0.

+0 U

This implies that C=0 and that y(«) is constant in all the intervals
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(k—1D7m/r<u<kr/t (k=1, 2, 3, - - - ) where sin? 74 >0. But then F2(¢) re-
duces to the series

L] k 0
(1.20) FX(t) = Y cisin? (—W t), >0, ¢ =0, Y cx convergent.
1

km=1 T

THEOREM 5. A4 screw line of D s a closed curve if and only if its screw func-
tion is periodic and its square is of the form (1.20).

The screw lines of (1.20) are rectifiable if and only if Y_y k%, converges.

A euclidean screw line is closed only if it is even-dimensional, thatis,
only if the form (0.2) and its frequencies %, (v=1, - - -, N) haverational
ratios(1).

The Fourier series developments of the Bernoulli polynomials B,(2), Be(2)
furnish the following simple examples of periodic screw functions of period
one:

2 1 1 —cos2mnt 2 2 sin?wnt
Fi) =t(1l =) = — —By() = S — """ _ 2%
(.2 (O =D =g = B0 ; nir? H; nt
0=<t=1,
2 2 2 1 “ 1 —cos2mnt 6 2, sin®wxnt
F.()) =t (1—1¢t) =— By(t) = 3 _ = —
(1.21) () =t = =+ B0 ; At 7r421: |
\ 0=st=1

The screw lines of Fi(t) are non-rectifiable; those of Fa(¢) are rectifiable with ¢
as length of arc, since lim;.o Fo(f)/t=1.

1.6. We conclude this survey of these most elementary and characteristic
features of screw lines by proving the following theorem.

THEOREM 6. A screw line T' of O is bounded if and only if it can be placed
on a sphere of .

The sufficiency of the condition is clear. Conversely, let the screw line and
therefore also its screw function F(¢) be bounded. By Theorem 3 we have

-]

sin? fu
P = | dy(w).
o u?
Setting
a(0) = 0, a(u) =f u~2dy(u), u > 0,
, +0

(*) The projections of such screw lines on any of the coordinate planes x;0x; are closed
Lissajou curves. Conversely, any Lissajou curve whether open or closed may be regarded as a
plane projection of a screw line of E,.
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we get

(1.22) F(1) =f sin? tu da(u),
0

where a(u) is non-decreasing and bounded. Define 7 >0 by
(1.23) 472 = ().

We shall prove that I' can be placed on a sphere of § of radius r. Consider
the metric transform F(E,), i.e., the real axis — © <¢{<  with the distance
d(t,t')=F(t—t'); add to this space a new point 4 and complete the definition
of distance throughout F(E;)+ A4 by setting

(1.24) d(A,t) =r.
Not only F(E,) can be inbedded in §, as shown by (1.6), but also F(E;)+ A4
may so be imbedded. It suffices to show that the points 4, #, - - - , {, may be

placed in E,. Indeed, we have in view of (1.22), (1.23), (1.24)
D (XA, ) + dX(4, t) — d2(ts, t))pipr
1,k=1
=2 (P + 72 = Pt — )piox
1

n

= zl:{zr2 - —;—fow[l — cos 2(t; — tk)u]da(u)}pipk
—;—fow{ Zj:cos 2(t: — tk)u‘pepk}da(u)
= %j;w{( En: pi COS 2!;14)2 + ( Z::p,' sin 2t,-u)2}da(u) = 0.

Hence F(E;)4+A4 may be imbedded in $ by Menger’s theorem. Now (1.24)
shows that F(E,) is mapped into a screw line T lying on the sphere of radius
whose center is the image of 4.

PART II. FIRST PROOF OF THE FUNDAMENTAL THEOREM
BY THE THEORY OF OPERATORS

2.1. Letf, (— «» <t< ) be a screw line of §, and F(¢) the corresponding
screw function. For greater generality we assume that § is a real complete
unitary space (not necessarily separable). As in §1.1 we have

(2.1) Ife — 7l = Ft = s),
(2.2) F(t) —»0 if t—0.
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Using the reality of $ we have

(fo = fur fo = £ = 35 = £ll2 +lfe = £ll2 = (e = £2) = (o = £I2)
= 3{llfs = fll2 + 15 = 2ll2 = lfe = A1)

%{FQ(t — u) + F*(s — u) — F*(¢t — s)}.
Hence setting

F¥p) + F*(q) — F*(p — @) = 2G(p, 9),

we have
(2.3) (fe = fur fs — fu) =Gt — u, s — u).
Let §; be the closed linear subset of §, which is spanned by all
fe — fo, ¢ rational.
Write all rational numbers as a sequence 4, f, - - - , and then orthogonalize

the sequence

fh _fovf‘z_fl)r e

by the Gram-E. Schmidt procedure, thus obtaining the (finite or enumerably
infinite) normalized orthogonal set

b1, P2y - - .
Thus
(2.4) ¢ = 2 aii(fi; — fo), all a;; are real numbers.
=1

The f.—fo, ¢t rational, are linear aggregates of the ¢;’s, hence (owing to fi's
continuity in 2) all f,—f,, — ® <t< », are limit points of such linear aggre-
gates. Therefore all f;—f, belong to the closed, linear set which is spanned by
é1, P, - - -, and which therefore coincides with §:. Hence

(2.5) fe—fo= Zﬁs(t)d’;

where 8:(t) are real continuous functions of ¢.
Combining (2.4) and (2.5) we get

(2.6) fi—fo= ;3-'(0{ éaii(ftj - fO)} )
that is
(2.7) | o= - Zs0f éaexﬁ, -} =o
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Consider the equation

(2.6) fur = = O] X auion = 2}

i=1

‘.

and its equivalent

2.7 o,

G = 1 = T804 > aii(fiee — m}

i=1

(2.7') can be written as a relation of the

(ft'+a - fly ft"+t - fc) fOI’ t’y t" = t, tla t21 DR

and the
’ B:(8),  aij
By (2.3) this means a relation of the
G, t") fort!, ¢t =t by, b, - - -,
and the

Bi(®),  aij.

Hence (2.7"), and consequently (2.6’), are independent of s. But for s=0
(2.6), (2.7") coincide with (2.6), (2.7), and hence are true. Therefore they hold
for all s.

Let
(2.4) ¢i(s) = i @ii(fejvs — fo).
Then (2.6’) gives
(2.5 fero = o = 2 Bi()ils)-
The relation

=1 if 1=k,

(2.8) @0, ) = {0
means

( i: @ii(fejre — fo), i aki(fejre — f-)) = biky

i1 1
which is a relation of the

(fer4s = for frrrga — fo), for ¢, ¢ =t by, -+ -,
and the
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Aijy Afj.
By (2.3) this means a relation of

G, 1), fort/, ¢ =ty by, - - -,

and the

asijy Afj.
Hence (2.8) is independent of s. It expresses that ¢:(s), ¢2(s), - - - is a normal-
ized orthogonal set. Since ¢:(0) =¢;, this is true for s=0. This proves that

(2.9) 1(s), d2(s), - - - is a normalized orthogonal set for every s.

2.2. Consider a fixed s. The ¢:1(s), ¢2(s), - - - span the same closed, linear
set as the fi,4s—fs, fi,4s—fs - -, that is, as the f;1,—f,, t rational. Owing to
the continuity of f, in #, this is the same set as spanned by the fi.—fs,
— o <t<+4 o, or, if we write ¢ for t+s, by the fi—f,, — o <t<+ .

This set contains in particular fo—f,, hence every fi—fo = (fi—fs) — (fo—fs)-
Hence it contains ;. But §, contains all f;—f, (by (2.5), along with the ¢:),
hence fs—fo and the f,—f, = (f:—fo) — (fs —fo). Hence it contains our set, too.
In other words:

(2.10) 1(5), p2(s), - - - span the closed linear set , for every s.

By (2.9), (2.10) the equations
(2.11) U(s)$:(0) = ¢:(s), fori=1,2,---,
define a unitary transformation U(s) in §;. (2.5") gives immediately
(2.12) US)(fe = fo) = frre — Jor
and by (2.4") this relation (2.12) again implies (2.11).

If we write (2.12) for {=u and v, and subtract, we get
(2.13) U@s)(fu — fo) = fure = fose
Since (2.12) is a special case of (2.13) (u=t, v=0) we see that (2.13) is also
characteristic for U(s). Application of (2.13) for s=s, s, s1+52 shows that
(2.14) U(ss)U(s1) = U(sy + s9).

As fi;4s, fs are continuous functions of s, so is ¢:(s) by (2.4"). Now (2.11)
shows that

(2.15) U(s) is a (strongly) continuous function of s.

2.3. Extend now 9 to a complex unitary space §, and correspondingly $;
to ©1. Then U(s) extends to a unitary operator in §;. Since the extended
meaning of ”f—g” and U(s) remains unchanged in §,, it is clear that (2.1),
(2.12) and (2.15) remain true.
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As $. is spanned by the enumerable set f;, —fo, f, —fo, - - - , it is separable,
hence a finite-dimensional unitary or a complex Hilbert space. Now we may
apply, considering (2.14), (2.15), the theorem of M. H. Stone ([6, 7]; this
theorem is independent of the separability of the underlying unitary space).
This theorem insures the existence of a self-adjoint operator 4 in 51, such that

(2.16) U(s) = exp (isA).
Now equation (2.12) may be written as

Joe = UE(fe = fo) + for
or, using (2.16),

(2.17) » ft+s = exp (iSZ)(ft - fO) +f8
2.4. Let E(x) be the resolution of unity which belongs to 4 in §;. Define
the projections F,,, n=0, +1, +2, - - - , e= +1, and F° as follows:

E(2") — E(2»Y),
(2.18) F, 1 = E(— 2" — E(— 27,
() — E( 0) (H—m=hmiw)
z<0, z—0
The projection operators F,,, F° are clearly orthogonal and their sum is 1.
Let
M., be the closed linear set with the projection F,,,
(2.19) (=041 +2-,e=+ 1),
M°  be the closed linear set with the projection F°.
Again the @n,,, MO are mutually orthogonal and they span together the closed
linear set §. Clearly every .., M° reduces 4, and hence, by (2.16), all U(s),
too.
Denote the projections of f;in M., ., and M, by f,.,c/, and f?, respectively.

2.5. Let us consider first the situation in I°. Here clearly 4 =0, and (2.17)
gives

(2.20) Fra=F-Fh+7n
or
(Fore = F0) = Gi = Jo) + (0 = Jo.
This, and the ¢-continuity of f,, give immediately
Fi-Fo=uR -1,
that is,
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(2.21) fo=ta'+F & being fixed.

2.6. Let us consider next the situation in 9, . Here the spectrum S,,.
of 4 lies clearly between 27! and 2*, and between —27» and —2*~! respec-
tively. Hence xE€ S, implies 271 < Ix| =2~

Assume

(2.22) 0<|t] <m/2n
Then xES,,. implies 0 <2"~1|¢| < |¢x| <. Hence the function
Jux) = (exp (itx) — 1)

is everywhere defined, continuous, and bounded in xE€S,,.. Hence we may
form f,(4). As (exp (itx) —1) fi(x) =fi(x) (exp (itx) —1) =1 for all xES, .., we
have (exp (it4) —1)f(4) =f.(4)(exp (itA) —1) =1. Hence f,(4) is the inverse
of exp (itA) —1.

We have thus proved that

(2.23) (exp (##A) — 1)~! exists and is bounded.

Consider now (2.17) for ¢, s and for s, ¢. As the left side is the same in both
cases, the right sides are equal, too, giving

€xXp (iSZ)(fne/z - fne/o) +fm/a = exp (itz)(fm/s - fne/o) +f_ne/t1
that is
{exP (lSZ) - 1}(fne/t - fnelo) = {CXP (”Z) _ 1}(}:"2/8 - fne/o)-

Assume (2.22) for both ¢ and s. Since exp (i¢4) —1 and exp (is4) — 1 commute,
and by (2.23) for ¢t and s, we may write this as

{exp (i) — 1} (Faese — Facro) = {exp (is4) — 1} (Faess = Frero)-
That is,
{exp (#A) = 1}~ (Faut = Faers) = e
where 7, is fixed. But this may be written as
(2.24) Frere = {exp (itd) — 1}17,., + Faeror 7, constant.

This holds provided ¢ satisfies (2.22). Since it is obviously true for £=0, it
holds whenever |t| =m/2" But if (2.24) holds for both ¢ and s then (2.17)
extends it to ¢t+s. Hence (2.24) holds for all ¢.

We may now formulate (2.21), (2.24) as follows:

The projections of f; — fo in IM° and M, . are t&° and {exp (i) — 1},
2.25 — —
( ) respectively, the &°, 7, being fixed elements of IR° and IN.,. respectively.
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2.7. We know that _5_1 is the closed linear set spanned by the mutually
orthogonal sets MN°® and M., (=0, +1, +2,---,e=+1). Asfi—foisin O,
we see that (2.25) implies

(2.26) fi—fo=ta*+ 2, > {exp (itd) — 1}5n,
’ n=—cw0 e=%1
the convergence of the right side being certain for all ¢.
Since the addends of the right side of (2.26) are mutually orthogonal, we
conclude that

o=l = el + 5 e i) — 1)l

n=—c0 €=+l

But for each term of this sum we have
|l{exp (i) — 1}ad|2 = ({exp (#4) — 1}5ne, {exp (i#A) — 1}3a)
= ({exp (id) — 1}*{exp (#4) — 1}5nc, Tne).
By well known properties of functions of Hermitian operators, and since
{exp (i#2) = D(exp (it#) — 1) = (exp (— itx) — 1)(exp (itx) — 1)
= 2 — exp (itx) — exp (— itx) = 2(1 — cos tx),
the above expression is equal to

(2(1 — cos (t4))Bney Tne)s
that is, to

fZ(l — cos tx)d(||E(2)7.d|2).
It suffices to extend this Stieltjes integral from 27! to 2%, if e=-41;and

from —27 to —27!if e= —1. Denote this interval by I,,..
We have thus obtained

@20 P =|fi—fllP=2leflr+ X X f, 2(1 — cos tx)d(|| E(x)nd|2).

n=—00 €e=+t1

Integrating this relation from 0 to 1 we obtain

(2.28) j; Fde = Y2+ > 2 I 2(1-%-’5)d(||E(x)ﬁ,.,||2).

n=—c0 €=%+1

( sin x){g 12, if | x|
21— ‘

we derive from (2.28) the finiteness of the following expression:

Since

1
1

vV IIA
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0 ©
(2.28) X X 1a2d||E()d|2 + 2 D 1d||E(x)snd|2
n=—c0 €=t1 In,e n=1 e=tl In,e
2.8. We may now readily complete a proof of Theorem 1 by showing that
the last side of (2.27) can be put in the form (1.4). Indeed, define two non-
decreasing functions B_(x) (— « <x<0) and B,(x) (0<x <-4 ») as follows:
Set

B_(x) = || E(x)d0,—4||? in Ip_1(—1=x=—13),

and extend the definition successively to I;,_i, I»_i, - - -, and also to
I 4,3, I_g,_4, ---,in such a way that

(i) B-(x)= “ E(x)z'),,,_lll 2+4const., in I, (—2"Sx = —2"71),

(ii) the constants are successively determined by the requirement that we
have agreement of values of 8_(x), at every point x = —2*, resulting from this
function’s definition (i) in the adjoining intervals I,,_; and In41,-3.

Set similarly

Bi(x) = ”—E-(x)f)o,l”2 in Ipy G=x=1),
and define successively
Bi(x) = ||E'(x)17,._1”2 = const., in I,; (2"1=< x <27,

determining the constants successively by the same requirement as above.
The finite expression (2.28’) now becomes

-0 1 -1 ©
(2.28") f 1008 (2) + [ 3e2dBa(x) + f 1dB_(x) + f 138, (x),
—c0 1

-1 +0

and (2.27) may be written as

L4

—0
F(t) = t2“d>°“2 +f 2(1 — cos tx)dB_(x) + 2(1 — cos tx)dB4(%).

+0
Setting
a(x) = 28.(x) — 2B_(— x), 0<x< oo,
this becomes
(2.27) P = el + f (1 = cos 1z)da(s)
+0

where a(x) is non-decreasing such that

a() = 284(20) — 2B_(— ),
1 1 -0
2da =2 2d 2 2dB_
f+ #dax) f+ 2B (x) + f £dB_(2)

0 0 -1
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are finite, on account of the finiteness of (2.28’’). If we introduce a new mono-
tone function by setting

v(0) = 0, y(x) = 2x2da(2x), x>0,
+0
we have
® ® 1 — cos 2tx “ sin?tx
f (1 — cos tx)da(x) =f ———— 2x%a(2x) =f dy(x).
+0 +0 242 +0 x?

By changing, finally, the value of y(0) from 0 to —[|&>°||2, we see that (2.27)
now assumes the form (1.4). Also (1.5) is satisfied, since a(x) is bounded.

PArT III. SECOND PROOF AND EXTENSION OF FUNDAMENTAL THEOREM
BY THE THEORY OF POSITIVE DEFINITE FUNCTIONS

3.1. We know that the class of screw functions of Hilbert space is identical
with the class of continuous, even, non-negative functions F(¢) (F(0) =0) such
that the metric transform F(E,) is isometrically imbeddable in § (Introduc-
tion, §1). Let us denote this class of functions by the symbol II(E;). We now
extend the problem of determining the class II(E,), as follows: Determine the
class II(En) of functions F(t) such that the metric transform F(E,) be isometri-
cally imbeddable in © (1<m< », E,=9). (See [5, Introduction and §5.2].)

The definition of II(E,.) implies the relations

I(E) DI(E) D -+ - DI(Em) D -+ - DY),

showing that we have to deal with an infinite sequence of non-increasing sub-
sets of II(E;). The class II(§) was found to be identical with the class of func-
tions F(¢) whose squares are of the form

o 2y

1 —e¢
Fi(l) = f T iy,

where v(u) is non-decreasing for # =0 and such that [*u~'dvy(u) exists [5,
§5.4, Theorem 6]. We shall now determine the classes II(E,), (1<m < «).
The statement of our result requires the integral function

t2 t4 tG
rm  2ammt2) 2demmtdmid T

2\ (m—2)/2
)t

1 (t) = cos ¢, Q(t) = Jo(d), Qs(t) = sin t/t.

Q) = 1 —

3.1

]
v}
VS
S8

In particular
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THEOREM 7. The class II(E.) of non-negative continuous functions F(t)
(=0, F(0) =0) such that the metric transform F(E,,) be isometrically imbeddable
in D, is identical with the class of functions whose squares are of the form

® 1 — Qu(tu)
(3.2) Py = [ ),
0 u?
where y(u) is non-decreasing for u=0, ¥(0) =0, and such that
“ dy(u
3.3) f () exists.
1 u?

If m=1 we obtain our Theorem 1 on screw functions, since 1— Q,;(¢u)
=1—costu=2sin? (tu/2).

The reasoning which leads to the characterization of the class II(E,) given
by Lemma 1, §1.1, extends, of course, to the classII(E,) and gives the follow-
ing statement:

A continuous non-negative function F(t) (¢t=0, F(0) =0) belongs to II(E,)
if and only if it satisfies the inequality

n

(3.4 2 {FA(PoPy) + F(PoPy) — FA(P:Py) } pipr Z 0,

i,k=1

for any poinits Py, - - - , P, of E., and arbitrary real p; (n=2,3, - - - ), the quan-
tities P; Py, denoting euclidean distances in E,,.

We refer to [5, §8.1], for a simple proof, based on the statement above,
that any F(¢) given by (3.2) belongs toII(E,.).

3.2. The proof of the converse, i.e., that formula (3.2) furnishes all ele-
ments of II(E..), requires the following limit theorem:

LEMMA 2. Let

(3'5) fn(t) = fao ':M’i)_dyn(u)r n=123,---,

u2

be a sequence of functions with non-decreasing v.(u), (v.(0) =0), such that all
integrals [ u=2dvy.(u) exist. Let f,(t) converge, as n— o, uniformly in any finite
interval, to a function f(t). We indicate this type of convergence by the relation

(3.6) fa(®) > f(O).
Then f(t) is also of the form

© 1 — Qm ©
(3°7) f(t) =L __u2(l)d7(u)) 7(“)T1 7(0) = Ov L u_zd')'(u') exists,

and
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(3.8) Ya(u) — y(u)(?),

® dyn(u ® d

3.9) f Y iu) — f ‘Y(:‘) in all continuity points w = a > 0 of v(u).
a u a 172

Conversely, if the relations (3.8) and (3.9) hold and f.(t), f(¢) are defined by
(3.5) and (3.7), then (3.6) holds.

Postponing a proof of this limit theorem we shall now use it to establish
Theorem 7.

Let F(t)€II(E,), that is, F(E,) be imbeddable in $. By [5, §5.3, Corol-
lary 1] we conclude that the functions exp { —AF2(¢)}, (\>0), belong to the
class B(E.) of functions which are positive definite in E,. By [5, §1.2, Theo-
rem 1], we are allowed to set

L

exp | — \FX(0)} = f Q1) dex(t, N), A >0,

0

a(u, N\) being a family of non-decreasing functions, a(0, N) =0, a(«, ) =1.
Now

1 — exp {— \F%(2)
A

} = % j; °°[1 — Qu(tw) Jda(u, N),

and if we set

1 u
Blu, \) = T j; u2da(u, N),

‘we obtain

1 —exp { — \F¥(1)} _ f” 1 — Qu(tw)

(3.10) St %) = - —— 8w, X).

On the other hand,
xl_iglo &, N) = F(2)

holds uniformly in any finite interval. For, if 0=t < T, we have F?(t) <K (since
F(t) is continuous) and therefore

| exp {— NF2(5)} — 1 4+ NF2(s) | = | NF4(8) /2! — NFS(8) /3 + - - - |
=< NK2\K,
or

(?) Here and throughout this paper a limiting relation y.(%)—~y(%) involving monotone
functions is assumed to hold for all values of # which are continuity points of the limiting func-
tion v(u).
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1 — exp {— NP2}

3 — F¥(t) | £ \K2K,

a bound which is independent of ¢ and tends to zero with . Setting f,(t)
=f(¢, 1/n) we therefore have f,(¢)>-F2(t) and Lemma 2 is applicable, on ac-
count of (3.10), showing that F2(¢) is of the form (3.2).

3.3. In this proof of Theorem 7 only a part of Lemma 2 was used, namely
that (3.5) and (3.6) imply (3.7). We have stated and shall prove the more in-
clusive limit theorem for two reasons. First, our limit theorem implies that
v(u) of (3.2) is uniquely defined by F(¢). Second, a proof of the complete
statement is hardly more complicated than a proof of the partial statement
actually used above.

Lemma 2 will be a direct consequence of the following analogous limit
theorem involving a simpler kernel under the integral sign.

LEMMA 3. Let
Tl =t
(3.11) oa() =f ——— dB.(w), n=123---,
0 u

be a sequence of functions with non-decreasing B.(u) (8.(0)=0), such that all
integrals [7 u='dB.(u) exist. Let ¢.(t) converge, as n— o, to a function ¢(t),
uniformly in any finite interval 0 <t =<t,, i.e.,

(3.12) éa(8) > o(0).

Then ¢(t) is also of the form
© | — g-ut ©

(3.13) ¢ = f —dB(w), B(w)1, B(0) =0, f u~'dB(u) exists,
0 u 1

and

(3.14) Ba(u) — B(w),

L d » o d
(3.15) f A1) ——>f Blu) in all continuity points u = a > 0 of B(u).

u u

Conversely, if the relations (3.14) and (3.15) hold and ¢.(t), ¢(t) are defined
by (3.11) and (3.13), then (3.12) holds(®).

The ¢.(t) belong to the class T defined in [5, §4]. It was shown there
(Lemma 5) that (3.12) implies ¢(¢) €T, hence (3.13). It was furthermore

(®) That the condition (3.15) cannot be dispensed with is shown by the example of 8.(x) =0
if 0=Su<n, Bu(u)=nif u2n, B(u) =0, hence ¢.(t) =1 —e"*, ¢(t) =0. Now (3.14) holds but not
(3.12). Note that the condition (3.15) is not satisfied.
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shown by means of the Vitali-Porter convergence theorem that ¢,(¢) and

0

o (i) = f e idBa(u)

converge to ¢(t) and ¢’(¢), respectively, uniformly in any finite closed domain
inside the half-plane R¢ >0 of the complex variable ¢ =¢+47. In particular we
therefore have

0 o«

e e vdB,(u) > ¢'(1 + ir) = f e~ ve~*dB(u),

0

(3.16) /(1 +ir) = f

0

uniformly in any finite 7-interval. In terms of the new monotone and bounded
functions

u

(3.17) a.(u) = f “e‘“dﬁ,,(u), alu) = f e *dB(u),
0 0

the relation (3.16) becomes

J,

Now we may apply a limit theorem of Paul Lévy and conclude that
(3.18) an(u) — a(u),
[1, p. 197]. But (3.17) may be inverted:

0

e da,(u) > f e~ vda(u).
0

u

Bu(u) = j; ue“da,,(u),. Blu) = f e*da(u).

0

Now (3.18) implies the desired relation (3.14).
There remains the proving of (3.15). On one hand (3.14) implies

al_e—tu al_e—tu
f —— dBa(w) —*f —— dB(w), tz0,
0 0 u

u

and therefore (3.11), (3.13) and (3.12) imply
@ 1 p— e—tu «© 1 — e—tu

(3.19) f ——— dB.(w) -—>f —— dB(uw), t=0.
a u a U

On the other hand, the obvious inequalities

© X © . ,—tu © g .
(1-— e—ta)f dBa(1) < f -I—-ue—- dB.(u) = f Bu(s) » £20,

u u

imply
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R “ dBa(u) 1 © ] — gt
fa '—u—'dﬂn(u) = j; " = j; - dB.(u),t > 0.

1—¢te

As n— © we get by (3.19)
© 1 —_— p—tu 0 d 3 w d )
[ s stimmt [ B < tim sup [ Ba(a)

a u . .

u u

1 =]t
fa - dap(u).

1-— e““‘

IIA

As t— o this gives

j;“ ap(u) < lim inf j;” aB.(u) < Jim sup j;“ dp.(u) < j;“ dB(u) ’

u u u U

which proves (3.15).

In order to prove the converse of Lemma 3, we have to show that (3.11),
(3.13), (3.14), and (3.15) imply (3.12). For a given ¢, we can choose a posi-
tive a, continuity point of 8(«), such that

f w1dBa(w) < e, f w1dB(u) < ¢,

provided # is sufficiently large. But then
al_e—tu ul_e-—tu
[[Fiw [,
0 u 0 u

differ from ¢.(f) and ¢(¢) respectively by less than e. Hence

a 1 — p—tu a 1 — p—tu
| 6alt) — ()| < 2¢ + f ——;‘e——dﬁn(u) - f —ue——dﬁ(u) ,
0 0

provided 7 is sufficiently large. On the other hand, (3.14) implies

a 1 —_ p—tu a 1 — p—tu
[ =g > [ s,
0 0 u

u

that is,

al_e—tu al_e—tu
f ~ T i) — f ST W | < .
0 0 u

u

in an arbitrarily given interval 0 <¢=<t,, provided = is large enough. Hence
| ba(2) —¢(t)| <3¢, in the interval 0 <t <¢,, provided # is large enough. This is
precisely identical to (3.12).

By a similar argument we can prove the converse part of Lemma 2. We
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may, therefore, consider the converse part of Lemma 2 as already established
and shall use it in proving the direct part of that lemma.

3.4. In order to prepare a proof of Lemma 2 we need the following state-
ment:

The assumptions (3.5) and (3.6), of Lemma 2, imply the existence of
(3.20) two constants K and H, independent of # and ¢, such that
fut) <Kt2+H, t20,n=1,2,3,---.

Assume first that m =2. Since

t— o

we see that (3.5) and (3.6) imply (for t=1) that the two expressions
' — Qu(u) ® dyn(u)
[ e, [ - )™
0 1 u

u2

are both bounded, as #—o. Since the integrands [1—Q,(x)]/«2, and
1—Q.(u), have positive lower bounds in their respective intervals of in-
tegration (0, 1) and (1, «), we see that

1 ® dya
(3.21) f dya() = 7a(l), f )
1

u2

also are bounded, as #— ». On the other hand, it is clear from the power series
expansion (3.1), that there is a constant ¢, such that

1 - Qm(t) —s— Ct21
~ provided ¢ =0. Hence, by (3.21),

11 - Qm
Ia(®) = f —u—(tu)d'yn(u) + f ——-—(t—u-)- dya(u)

< f D o) + f 2 )

= Loya(1) + 2 f wtdvy,(u) < K& + H.
1

If m=1, hence Q.(tu) =cos tu, we first integrate both sides of (3.6), be-
tween 0 and 1, obtaining the relation

1 ® 1 —wulsinu ® 1 — Q3(w)
J; fa(H)dt = j; SrE— dya(u) = j; -——7—— dvy.(u) ——>f f(®)ds.

From this we derive as above that (3.21) are also bounded in the present case.
The argument is then concluded as above. Thus (3.20) is established.
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3.5. We may now readily prove Lemma 2. From its assumptions (3.5),
(3.6), combined with (3.20), we get

@ >f®), 0=/f()) <K+ H, 0=<f(t) <K+ H, tz0.

This implies, as readily seen, that

(3.22) fo

uniformly in u in any finite interval 0 Su < M. Hence also

J,

uniformly in any finite interval 0 S\ < L. Taking {!A~1/2, instead of ¢, as a new
- variable of integration, we see that

0

e~ I4f, (t)tm1dt > f e~ 14f(tu)tm—1dt,
0

0

1AL, (INLI2) 14t > f P IAf(IN2) 1,
0

0 L]

(3.23) A—mi2 f e IS (£)em=1dt = N2 f eI f(t)em1dt,
0 0

uniformly in X in any finite interval 0 <A\ < L. We shall now make use of the
relation [5, p. 823]

0

(3.24) e = ¢\ f Q) e 19%m=1dt, N > 0, ¢p = 2™ [[(m/2) ],
0

and its particular case (x=0)

o

1= cah—mi2 f et gm=1dy,
0

If we multiply the relation

1= Qn
fult) = f -—u@dw(u)

2

by cnA—™/2e~t*19\m—14t we get by integration

© © . 6_)‘ u?

1
Cm)‘—mmf e"‘2’4)‘f,.(t)t'"—ldt =f ————‘d'Yn(“)
0 0 w

N
- f S Gy,
0

u

én(N)

By (3.23) ¢.(\) converges, as n— o, uniformly in any interval 0<KA=L. As
the last expression is defined and continuous for A =0, we see that the uniform
convergence extends to any closed interval 0 <A< L. But then, by Lemma 3,



1941] FOURIER INTEGRALS AND METRIC GEOMETRY 251

we conclude that there is a monotone function y(%'/2), (¥ =0), such that

© d‘y,.(ullz) fﬂo d,y(ull2)
—_— —_——

)

Ya(u?) — 7(“112), f

2 u 2 u
that is,
“ d'Yn(“) ® d‘Y(u)
(3.25) ¥a(w) = v(w), f : f 2
a® u a? u

By the converse of Lemma 2, we may now conclude that

) = f” 1= 0 > fo L CON
0

u? u?

On comparing this relation with the assumption (3.6), we derive the validity
of the desired conclusion (3.7).
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