NORMAL ALGEBRAIC NUMBER FIELDS

BY
SAUNDERS MAC LANE AND O. F. G. SCHILLING

Introduction. In this paper we present a detailed account of the results
recently published in the Proceedings of the National Academy of Sciences
[29](*). Our theory is an attempt to generalize the results of the classical
class field theory to arbitrary normal fields. In the last analysis, the theory of
cyclic extensions Z of an algebraic number field & can be described in terms of
cyclic algebras (Z/k, N\, a) and collections of local algebras (Zp/k,, 8, a;,), for
all prime divisors p of the base field. As a matter of fact, Chevalley’s new ap-
proach [11] to the classical theory by means of ideal elements may be viewed
in the light of our assertion (§8). It is a well-known fact that for arbitrary
normal fields K /k with the Galois group I, the crossed products (K/k, T', F),
where F denotes a factor set for I' in K, are the strict analogues of the cyclic
algebras. We use this feature of normal fields and their associated algebras
to extend the classical (cyclic) theory. In this generalization ideal elements are
replaced by “ideal algebras,” where an ideal algebra is a collection of local
algebras, one for each p-adic extension Kp/k, (§4).

It might be conjectured from this approach that most of the results of
the classical theory may easily be generalized, but this is not the case(?). En-
tirely new problems, mostly group-theoretical ones, block the path which has
been envisaged by various statements of E. Noether [32, 33] on noncommuta-
tive methods. One of our final theorems may suffice to illustrate the rather
unexpected results of this paper. Our new “class group” of ideal algebras can
be represented as FA'/(F'')TU’, where FU’ denotes the group of factor sets
of ideals relatively prime to the different of K/k, where T’ is the group of
transformation sets of such ideals, and where (F’’) are principal ideals gen-
erated by “norm residues” (§26). For an abelian (non-cyclic) field this class
group is not isomorphic to the Galois group, as in the ordinary theory; it is
rather a cyclic group whose order is equal to the least common multiple of the
orders of the elements in the Galois group. In other words, for arbitrary
abelian fields our theory does not give the classical law of reciprocity. Only a
composition which is extraneous to the theory of factor sets yields the usual
theory for general abelian extensions.

In the first part of this paper we follow an unpublished investigation of
E. Artin (§5). It deals with the theory of p-primary factor sets, that is, factor
sets whose elements involve only the divisors of a fixed prime divisor p of k.

Presented to the Society, April 27, 1940; received by the editors August 5, 1940.
(1) The numbers in square brackets refer to the papers in the bibliography.
(2) The first attempts in this direction are due to Tannaka [38].
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The results culminate in the following theorem: The least common multiple J
of the orders of the elements in T' is equal to the index [FU’:(F'")TU’]. The
proof of this theorem is obtained by collecting the results on p-primary factor
sets by means of the Tschebotareff density theorem (§§6, 7).

The final chapter of this paper treats of the realization of the above men-
tioned index relation by a generalized Artin symbol (§29). It is not difficult to
generalize the theory of the norm residue symbol (§28). All the formal proper-
ties of the old symbol hold true for the new one,except for the usual statements
on the values taken by the norm residue symbol for variable argument. The
real reason for this discrepancy may be sought in our results on the relation
between local algebras and algebras in the large. It is found that in general
not every local algebra for Kp/k, is the p-component of a suitable crossed
product in the large (§§13-16).

The main part of the group-theoretic investigation of the class group is
centered around a series of theorems on unit groups (§§17-23). As in the proof
of the classical inversion theorem we try to treat the fundamental index
[FA’: (F'")TA'] by means of arithmetical reductions of a group-theoretic na-
ture. The class numbers, which are easily canceled off in the old proof, con-
front us here with a rather involved situation. By means of a group-theoretic
invariant, the deficiency index, we finally succeed in disposing of them (§§15,
16). This deficiency index together with the theory of group extensions over
unit groups give rise to new invariants for the field K/k. The customary
reduction to the Herbrand subgroup can be carried out to a certain extent.
However, we find a totally unexpected deviation from the classical case. The
principal genus theorem for units and unit groups connects our investigations
with Schur’s theory of the multiplicator, as was pointed out to us by A. H.
Clifford. The group generated by one of the Herbrand units H belonging to an
unramified infinite prime divisor can be described in purely group-theoretic
terms. If T' is abelian, the number of group extensions by I' of such an “ab-
stract unit group” turns out to be exactly the order of the multiplicator of T'
in an algebraically closed field (of characteristic «). We wish to emphasize
that many of the arithmetic properties of K/k are of strictly group-theoretic
nature and can be formulated as such. There are a large number of new prob-
lems in group theory which originate in our analysis of normal fields(®).
Finally, comparison of the two evaluations for the fundamental index leads
to a very complicated relation between the invariants we introduced in the
course of our investigation (§25). We discuss this rather mysterious equality
in a number of special cases which indicate the relative contributions of the
partial indices of [FU':(F/)T']. In conclusion we may say that we have
explored the potentialities of the concept of factor sets and algebras for arbi-
trary normal fields.

(%) The statement of these problems in §§17, 21-23 may be read without detailed reference
to the remaining sections.
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CHAPTER I. FACTOR SETS AND ALGEBRAS

1. Preliminaries on factor sets. Let G be a group with an abelian normal
subgroup N and a corresponding factor group I'=G/N. In each coset o of
G/ N choose a representative %,, so that the coset ¢ is Nu,. This element #, in-
duces in N an automorphism

(1) Ao A’ = udu] (4 in N).

Since N is abelian, any other element v, in the coset Nu, will induce the same
automorphism A«<»4°. For o and 7in T, (47)?=A4°" (note the order!).

Conversely, let an abelian group N and a group I' be given, and let each
element ¢ of T be assigned to a definite automorphism A4 of N. We as-
sume that this assignment preserves the products, so that

)] Aor = (47)° (all o, 7in T).

A group extension of N by T', with the given assignment of automorphisms, is
then any group G with N as normal subgroup, and I'=G/N as quotient
group, in which each coset ¢ of T induces in N the given automorphism ()
Ae4ro.

To represent a group extension explicitly, use a fixed representative %, in
each coset ¢ of G/N. The product of two representatives #, and #, is in the
coset of g7, hence

(3) Ugthy = Fo rthor (each F,,; in N).

The associative law u,(u,u,) = (u,u.)u, implies that these constants F, , satisfy
the associativity conditions

(4) Fc.fFar,p = F:,pFa,‘rp (all g, T, p in I‘).

The equations (1), (3), and (4) determine the group extension G in terms of
the subgroup N, quotient group I, and constants F,,.. Any set F of constants
F,.in N which satisfy the associativity conditions (4) is called a factor set.
Every factor set for I in N determines a group extension G which consists of
elements Au,, for A in N, ¢ in T, which are to be multiplied by the rules (1)
and (3), or

(5) UsUr = Fa,'ruwn u,A = A"u,.

The product of two factor sets F and F’ is a third factor set with compo-
nents F.',=F, .F, ., for this set F'’ clearly satisfies (4). All factors sets F form
a group which we denote by Fp.N, or simply by (®) FN.

(4) See discussion in Baer [6, 7]; Zassenhaus [43].

(%) We shall adopt this abbreviation if there is no ambiguity about the group I'. Here and
subsequently, starred definitions are given special numbers. They introduce notation important
for later arguments.
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(*1.1) FyN =the group of all factor sets F with components F,, in N.

In a group extension the representatives u, of the cosets may be replaced
by new representatives 9, = N,u,, with N, in N. This replaces the factor set F
by a new set F/, given by F, ,=F, .(N,N?N."). These two factor sets F and F’
are called similar (notation F~F'), so

(*1.2) F~F' means F,,=F,.(N,NIN;"),

with suitable elements N, of N. Two factor sets determine isomorphic group
extensions (with V and T fixed) if and only if they are similar.

The added factors N,NIN;.! of (*1.2) themselves form a special sort of
factor set known as a transformation set. We write

(*1.3) TN=TN, for a transformation set N,N°N;}, N, in N.
If T is finite, each such set is derived from a vector
(*1.4) N,={N., Ny, - - -, No, },

where each N,, is in N and the subscripts ¢; denote the # distinct elements
of I'. The symbol N, denotes ambiguously the whole vector or just one com-
ponent.

LemMA 1.1. If T has order n, the nth power F* of any factor set F in FrN
is a transformation set TN.

Proof(¢). From the given factor set F construct the products
(6) C, = HF,,f ’ (over all 7 in T).

The associativity relations (4), multiplied together over all p in T', become

@) Fo.C.r = CIC..

This states that F is the transformation set TC,.
2. Crossed products. For the basic normal field K of our investigation,
we use throughout the following notation:

(*2.1) K, a fixed normal extension of an algebraic number field &,
(*2.2) n= [K:k], the degree of K over &,

(*2.3) A, a nonzero number of K, or (7) the group of all such numbers,
(*2.4) o, 7, p, automorphisms A<—A4° of K/k,

(*2.5) T, the Galois group of K/k, composed of all o,

(*2.6) F=FpA, a factor set of numbers F, . in 4,

(*2.7) (S), a class of normal simple algebras split by K over k.

(8) This proof is apparently originally due to Artin.
(7) As in Hasse’s group-stenographic method, a letter may denote ambiguously a group
or an arbitrary element of that group.



1941] NORMAL ALGEBRAIC NUMBER FIELDS 299

In connection with this last definition, we recall the properties of algebra
classes. Every normal simple algebra B over k has the form of a direct product
B=MXD, where D is a division algebra, M a total matric algebra. Two such
algebras By = M, XD, and By = M3;X D, are similar if and only if D, is equiva-
lent to D over k. The set of all algebras similar to B is termed an algebra class
(B). The field K is said to split an algebra B over k if the algebra Bx formed by
extending the coefficient field of B to K is a total matric algebra. If K splits B,
it splits every algebra of the class B. The direct product of two classes of
algebras, taken term-by-term, is a third class (B;) X (Bz) = (B1XBs). If both
B, and B; are split by K, so is their product. Therefore the algebra classes (S)
of (*2.7) form a group.

Every factor set F in K determines an algebra called a crossed product of
K by F. It consists of all sums Z,B,u., formed, with coefficients B, in K, from
n linearly independent elements #,, one for each ¢ in I'. These sums are to be
added term-by-term and multiplied by the distributive law and the rules (5)
of §1 for multiplying the elements %, in a group extension. With this convention,
the sums _,B,u, constitute a normal simple algebra (K, T', F)= (K /k, T', F).
It has order #? over k and contains K as a subfield. Conversely(?), every nor-
mal simple algebra S over k of order #? with the subfield K has a crossed prod-
uct representation (K, I', F) for some factor set F. Consequently every algebra
class (S) split by K contains a crossed product S= (K, I', F). Two crossed
products belong to the same algebra class if and only if their factor sets are
similar. The direct product of two crossed products ([2, pp. 67-73]) is given
by the product of the factor sets,

1) (K/k,T,F) X (K/k,T,F') ~ (K/k, T, FF').

Hence the correspondence F— (K, I', F) maps the group F of factor sets homo-
morphically on the group () of algebra classes split by K.

The explicit theory of the algebras .S depends on the valuations of the base
field k: the non-negative real-valued functions ||a|| defined on k with
llad|| =]|alll|3]], l|a+2]| = ||al| +/|2], ||a]| =0 if and only if a =0. Two valuations
are equivalent if the convergent sequences which they determine are the
same; they then determine the same minimal field k, Dk complete in the con-
vergent sequence topology. By a prime divisor (or prime spot) p of £ we mean
a class of equivalent valuations(®) of &, so

(*2.8) k,=the minimal complete field 2, Dk in the valuation at p.

There are two types of prime divisors. If a<a; is an isomorphic mapping
of & on the field of complex numbers, so that a; is a conjugate of a, then the

(%) See [2, chap. 5], or the parallel discussion in [13, chap. 5]. In our formula (3) of §1 the
coefficients F,,, appear on the left; in [2] and [13] the corresponding symbols are to the right
of us. This causes slight changes in the form of the associativity relations, etc.

(%) Discussion in [1, pp. 251-305], [13, pp. 93-105], [42, 2d edition, vol. 1].
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ordinary absolute value of a; gives a valuation [|a|| =|a:i| of k. The corre-
sponding prime divisor is called an ¢nfinite prime divisor p = p., and the asso-
ciated complete field %, is either the field of complex numbers or that of real
numbers (the latter if the conjugates a; of all a are real). If p is a prime ideal of
the number field &, there is a valuation function ||a||,=exp [— V,(a)], where

(*2.9) V,(a) =the exact power to which p divides the ideal (a).

The corresponding prime divisor p is said to be finite, and the complete field &,
p-adic. Every prime divisor of % is either finite or infinite in this sense.

Each prime divisor P of the extended field K determines a valuation and
hence a prime divisor p of the subfield k; call P a divisor of p. Every p has
at least one divisor P; the corresponding complete field Kp» may be considered
as an extension of the original complete field k,. This local extension Kp/k,
is normal, and its Galois group A(P) is a subgroup of the original Galois group
T of K/k. If P is finite and belongs to a prime ideal P, then A(P) is the Hilbert
decomposition group of this P, so

(*2.10) A(P)=all 8 in the Galois group I" with P*=P.

Conjugate prime ideals P have conjugate groups A(P), so the order of A(P)
depends only on the original p,

(*2.11) my=[Kpik,]= [AP):1].

If P is infinite, Kp is either the real or the complex field. If Kp=£k,, A(P)=1,
and P| p is said to be unramified. If Kp is complex, k, real, A(P) is cyclic of
order 2 with a generator 6=0p and Pl p is ramified.

Consider the corresponding local algebras for any p,

(*2.12) S,=a normal simple algebra of degree m over k,, split by Kp/k,.

A normal simple algebra of degree m over k, contains an isomorphic map of
every possible extension of degree m over k, (see [9, Lemma 0]), hence S,
contains an unramified cyclic extension W of degree m =m,. Therefore S, has
a cyclic representation (W/k,, o, a) where o generates the cyclic group of
W /k,, while a is an element of k,.

The symbol (W/k,, o, a) represents the cyclic algebra which has over W a
basis of m linearly independent elements 1, u,, %2, - - -, 47!, connected by

the multiplication table
(2) A =A"uyy  up =a; m=[W:ik,)

For such an algebra one may determine an integer which is invariant (inde-
pendent of the particular cyclic representation) by the formula(!®)

(19) In [22], Hasse uses as invariant the quantity pp,=(1/7)up, modulo 1, which is inde-
pendent of our fixed degree n.
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3) #(Sp) = w(W/ky 0, a) = (n/my)Vp(a) (mod n).

Two normal simple algebras over k, are similar if and only if they have the
same invariant 4 modulo 7.

Another invariant is the index 7, of S,/k,, defined as the degree of the di-
vision algebra (unique up to isomorphism) which is similar to S,. This index
is known [21, 22] to be the reduced denominator of u,/7; that is, it is the
smallest integer ¢, such that

4 ipp = 0 (mod ), i, = the index of the algebra S,.

For an infinite prime divisor p, k, is either the real or complex field, and the
only proper normal division algebra over k, the algebra of real quaternions
Q. The invariant of a normal simple algebra S,/k, may then be defined by

u(Sp) =0 if S, is a total matric algebra,

5
®) u(Sy) = n/2 if S, is similar to Q.

For the direct product S X S® of two algebras over k, (p finite or infinite)
one always has the formulas
(©) WSy X S5) = u(Sy

An algebra S over k has for each prime divisor p of k a local component
(S),=S,=SXk,, obtained by extending the coefficient field to the complete
field k,. This algebra S, is normal simple over k,. Hence S has a set of invari-
ants u,(S) =u(S,), one for each p. Conversely, it is known that S is deter-
mined up to similarity by the set of its invariants [2, 21, 22]. If S, is a total
matric algebra, S,~k,, then S is said to be unramified at p, otherwise rami-
fied. It is known that S is ramified at only a finite number of prime divisors
([ 2, pp. 148-149)).

]For a crossed product the local algebras can be explicitly represented ([21,
221) as

(7 Sy = (K/k, T,F)p~ (Kp/ky, A(P), F M A)

) + u(Sy) (mod ).

where FNA denotes the part of the factor set F applying to the group
A(P)=A; that is, FNA is the factor set with terms F;, , for {, nin A. Here A
may be the decomposition group for any one of the prime divisors P of p.
If P is finite and PI p unramified, the invariant u, may be explicitly calculated
from the factor set F. For, under these circumstances the local extension
Kp/k, is cyclic, and its group A has as generator

(*2.13) 8=8p=the Frobenius automorphism [(K/k)/ P] which is charac-
terized by the property (!)

(1) See [20, Part Ia, p. 71]; [23, pp. 36, 38].
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€)) 4% = A¥? (mod P), Np = absolute norm of p, Vp(4) = 0.

Because Kp/k, is cyclic, the crossed product (Kp/k,, A(P), FNA) can be
written as a cyclic algebra (Kp/k,, 6p, a), while the generator u; for this alge-
bra may be chosen as the corresponding basis element u; of the given crossed
product. By (2) the multiplication constant ¢ is then uj, where m is the
p-degree m =m, of (*2.11). However

m m—2 m—3
a=u; = (uug)us = Fss(upus)us = -+ =FsFs 5 Fgm1 supm.

But um =u,, and uyus = F su;, so uy= F; ;. Consequently

m—1

©) a=F1Fs;5 - Fp15 =[] Fss (6 = ép).

=0

According to the definition (3) of the invariant u,, we have

m—1
(10 . T, 8) = amyve| TTFwa ],
=0
where 6= dp is the Frobenius-Artin automorphism of order m =m,,.
3. The module M. As in the cyclic case, one must restrict the numbers
under consideration to those relatively prime to some divisor
(1 M= PP P,
where each P; denotes a finite or infinite prime divisor of K, while the %; are
"positive integers. The requirement “4 relatively prime to M” means that 4
is relatively prime to each factor P in M. If P;is a finite prime divisor, this
statement has its customary meaning, while “4 is relatively prime to an in-
finite P” means simply “4 #0.” It is convenient to say that a prime divisor p
of % is involved in M if some factor P of p is present in M (with a positive
exponent).
For M in the subsequent developments we use any module which satisfies
the conditions

(i) any p ramified in K/k is involved in M,
(i) if p is involved in M, every P|p is present in M.

For example, M might be the product of all P’s ramified in K/k. Alterna-
tively, M might be the factor-set conductor of K/k which is defined in §26.

A prime “’” will be used to denote elements or groups of elements rela-
tively prime to the module M.

(*3.1) A’=the group of numbers 4 #0 of K relatively prime to M.
(*3.2) F’'=the group of all factor sets of numbers F, . relatively prime
to M.
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(*3.3) S'=S8'(K)=the group of all normal simple algebras S relatively
prime to M.

Here we call an algebra S “relatively prime to M” if none of the ramification
divisors of S are involved in M; that is, if p involved in M implies
SXkp~1(12).

4. Ideal algebras. By an ideal algebra & over the field £ we simply mean
a specification of normal simple algebras S, over k,, one for each prime di-
visor p of k, such that S,~k, except for a finite number of prime divisors.
The algebra S, is the component (&),=6, of ©. We agree to call two such
ideal algebras ©; and &; equal if and only if their components (&;),~(S:),
are similar for every p. For each such p we have the corresponding p-index
1,(&) =1(S,) of the local algebra S,. We say that & is split by the given ex-
tension K/k if, for each p, 7,(&) is a divisor of the p-degree m, of K/k. In
case © has the components &,=.S, of an actual algebra S, this condition is
simply the usual condition that the algebra S be split by K [21, 22, 2]. Ideal
algebras form an abelian group under the operation of the direct product

1 (&1 X ©G3)p = S1p X Szp.
Under this operation the set of all ideal algebras split by K constitutes a sub-
group

(*4.1) &(K) =& =the group of all &'’s split by K,
(*4.2) &'(K)=&'=the group of all &’s relatively prime to M and split
by K.

Again, & relatively prime to M means S,~k, for all p involved in M. The
group S(K) =S of actual algebras forms, in natural fashion, a subgroup of &.
We propose to compute the index

(*4.3) J=[&":5"].

An ideal algebra & is determined uniquely by giving the set of its local in-
variants u, = u,(&) =p(S,), for each prime divisor p. Thus an ideal algebra &
split by K is completely specified by a list of integers u, subject to the condi-
tions

(2) Moy = 0 (mod n) for all p,
3) up = 0 (mod ») for all but a finite number of prime divisors p.

THEOREM 4.1. Theindex J defined in (*4.3) is J(T'), the least common multi-
ple of the orders of the elements of the Galois group T'.

Proof. The only relation between the invariants of a crossed product is
[2, 13, 22] > ppp(S)=0 (mod 1). In terms of the invariants u,, this becomes

(2) Remember that (K /k, T, F’),~1 need not hold for p involved in M.
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> otp(S) =0 (mod ). For a given ideal algebra the quantity
4 U) = 3 () (mod 7)
p

measures the divergence of & from “actuality.” More explicitly, the map
&—d(©) carries the group © homomorphically (see §2, (6)) into an additive
group of integers d mod #, in such a fashion that the subgroup carried into
0 mod # is the group of actual algebras. By the restriction (2), each d(&’)
satisfies the condition J(I')d(&')=0 (mod #). Therefore ©—d (&) maps the
quotient group &'/S’ isomorphically on the cyclic group of integers of order
J(T'), generated by #/J (') (mod =), provided there exists an ideal algebra &'
with d(&') =n/J(T'). It remains to construct this &. Recall that J(I") is the

least common multiple of the orders O, - - -, O:; of certain elements
gy, « - -, 0, 0f the Galois group. By partial fractions, we may express 1/J(T') as
1/J(T) = a1/01 + - - - + a./0; (a; integers).

The Tschebotareff density theorem (see [20, Part II, §24]) asserts that for a
given o; there are (infinitely many) sets of distinct prime divisors p; of k£ with
factors P; in K such that the Frobenius automorphism of P; is ¢;. One may
assume each p; to be relatively prime to M. By definition, the Frobenius
automorphism generates the decomposition group A(P;), so that the order m;
of this group is the given order O; of ¢;. There is thus an ideal algebra &
relatively prime to M and split by K, with invariants

bp; = na;/0; (mod n), i=1,2---,¢
e = 0 (mod 7), (g # p1, P2 -+, Po)-

For this algebra @ we get d(&)=%/J(T'), as desired for Theorem 4.1.
In this proof we may drop the requirement that the ideal algebras & be
relatively prime to M. The result is analogous.

THEOREM 4.2. The index [S:S] of the group of actual algebras in the group
of ideal algebras split by K equals Jo(T'), the least common muliiple of the orders
my, of the decomposition groups of the primes p in K /k.

5. Artin’s character method. An ideal algebra can be given by a factor
set of ideals in K, as we now show by computing the “invariants” u, of such
a factor set. We use the following notation, in which each letter may also de-
note the group of all objects so labelled, while a prime “’” will denote the
restriction “relatively prime to M”:

(*5.1) A=an ideal of K (possibly a fractional ideal),

(*5.2) A, =a vector of n ideals, one for each ¢ in T,

(*5.3) TA =a transformation set %, A ;' derived from U.,
(*5.4) § =a factor set §,,. of ideals of K, with ¢, 7 in T.
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For each such set we introduce a function kp(c), determined by ¢ in I" and a
prime divisor P of K,

(*5.5) he(0)=he(o, §) =2 Vr(§a.) (mod n),
where Vp is the P-adic valuation (see (*2.9)). If P is unramified in K/k, we

propose as an invariant of § the integer
(*5.6) pp=pp(F)=hrr(3, §) (mod n),

where §=6p is the Frobenius automorphism (see (*2.13)).
If p is the prime ideal of % divisible by P, each ideal in a factor set § may
be factored as

()

(1) %d,‘r = %a,r '$a,n ($0,71 ?) = 1

where the first factor %f,”,) involves only the prime factors P;, Py, - - - of p.
These ideals §&) constitute by themselves a factor set which is p-primary in
the sense of the

DEFINITION. An ideal factor set § is called p-primary if all prime ideal fac-
tors of any ideal . . of the set are prime ideal factors P of the given p.

The factor set § and its p-primary component §® clearly determine the
same function h,(a)(13).

LeEMMA 1. For factor sets of ideals F1 and F2, F1~Fe implies hp(s, Fi)
=hp(6, F2) (mod n) for all § in A(P).

Proof. Multiplication of factor sets is represented by addition of the corre-
sponding functions A, for the definition shows that

() ke (o, §12) = he(o, §1) + ke(o, §F2) (mod n).

But §1~$: means that F=F:F, where § is a transformation set. Hence we
need only prove kp(8, §) =0 (mod n), whenever { is a transformation set T9.
But

-1 o—1
3)  II [Les)] = 2{2( 112, ) ( II 2[,,) - 2{2‘( II 91,) )
For ¢ in A(P), V(%) = Vo(I.%.)°, since o leaves P fixed. Hence
hp(5, WATA,) = nVp(L,) = 0 (mod 7).

(1) The function % and its properties are due to unpublished work of E. Artin. The method
used will apply to factor sets § in any Fp(¥) for which the abstract group % with operators has
a suitable structure (generated by free generators P, Q, - - -, suitably permuted by TI'); see
the statement of Theorem 5 in [17].
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LEMMA 2. The function h corresponding to any factor set § is a character of
A(P) mod »; which is to say that

4) kp(§) + ke(n) = hp(fn) (mod n) (&, n in A(P)).
Proof. As in §1, (7) and (8), we introduce a vector €, for each {, with

(5) S, = I1So.n ow = 6,676, .

The function kp(c) is then given by

(6) kp(a) = Vp(€,) (mod 7).

By (5), the transformation set T'€ consists of nth powers, which means that

(7) Vp(G,) + Va(G)) = Va(C,.) (mod 7).

But Vp(€7), the exponent to which the prime P appears in €7, is simply the
exponent of the prime P in €,. If we set 6—1=p, (7) becomes

©) Ver(G,) = hp(p~'r) — hp(p~?) (mod m).

If in (7) we let o be an element §~! in the decomposition group A(P), the re-
sult, expressed in terms of 4, is

9) hp(8) + hp(r) = hp(d7) (mod n), (0in A(P), 7in T).

This includes the desired conclusion (4) as a special case. By a similar device
we may prove a partial converse to Lemma 1.

LemMA 3. If kp(8, F»)=0 (mod n), for all & in A(P), then the primary
factor set P is a transformation set.

Proof. By (9),hp(87) =hp(7) (mod #) then depends only on the coset of 7
modulo A(P). There is therefore an ideal € divisible by P* exactly to the power
hp(p~1), for each factor P¢ of p, or

Ver(R) = ke(p™, 3)-
Using (8), one may then show that Vs (2177€,) =0 (mod ) for every p, which
is to say that 877G, is the nth power of some vector of ideals 8B,
G, = ) (all 7 in T).

Substitution of this value of €, in the second equation of (5) yields §»=T3".
Since the nth roots can be extracted uniquely (if at all) in the group of ideals,
the last equation means that § =T8~1, as asserted.

LEMMA 4. Every character k() of the decorriposition group A(P) is the char-
acter h(8) =hp(d, §) of some p-primary factor set § of ideals.
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Proof. In I select for each coset ¢A(P) a representative ¢*, taking care to
select the identity as the representative of A(P) itself. A product oo*~! is then
always in A(P). From the given character %(8) of A(P) we define an extended
function A*(g) as

(10) 1*(0) = h(oo*Y).

By the assumption (4) on % one then computes that A* satisfies (9). This
implies that the expression k*(o7) —£*(7) is unaltered, modulo #, by replace-
ment of ¢ by another element 8¢ in the same coset. There must therefore be a
vector of ideals €, with

Ve(C,) = k*(r) — k*(1),

(11)
Vee(€:) = W*(p~'r) — k*(p7) (mod n),

in analogy with (8). From this definition one computes that V»*(€,E2€;;") =0
(mod 7), so that this transformation set must be an nth power T€ ={*. Here
& must be a factor set because it is the '(unique) nth root of the known factor
set TG. Furthermore this p-primary factor set § has the given function #%(8)
as character, for one computes by (11) that kp(8) = Vp(€;) =h(8) —h(1) =h(5)
(mod n).

These results may be summarized by

THEOREM 5.1. If the prime ideal factor P of p in K/k has the decomposition
group A(P) with the commutator subgroup A(P)', then the number of classes of
p-primary factor sets of ideals in K is equal to the index [A(P):A(P)'].

Proof. The preceding lemmas show that the correspondence §—#p(8, §)
maps the group of classes of p-primary factor sets isomorphically on the group
of characters #(8) mod 7 of A(P). Hence we need only count the number of
such characters. Each character maps the commutator subgroup A(P)’ onto
zero, mod z. Furthermore, each character of A(P) is induced by a character
of the abelian quotient group A(P)/A(P)’. Conversely, this abelian group has
a number of characters equal to its order, which is the index [A(P):A(P)’ ]
of the conclusion.

COROLLARY. If PI p is unramified, the number of classes of p-primary factor
sets is the p-degree m, of K p over k,.

Proof. P| $ unramified makes A(P) cyclic. The character kp(8) is essen-
tially independent of the choice of the prime ideal factor P of p. If P is any
other factor, the decomposition group A(P*) of P’ is obtained from A(P) by
the isomorphism §—pdp—!. If § is the Frobenius automorphism of P, then
pdp~!is the Frobenius automorphism of P*.

LEMMA 5. For any prime factor Q= P*, the corresponding character is
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(12) ho(pdp™", §) = ke (3) (6 in A(P)).
If P | p is unramified, P and Q determine the same invariant up(F) = ue(F)-
For by (6), (8), and (9),
ha(pbe ) = Va(€pap-) = Ve(EL3,-)
= Vp(Cspm1) — Vp(€,-1) = hp(dp™Y) — hp(p~) = hp(d) (mod %).
It is useful to express the character % in several different forms.

LEMMA 6. The character of any factor set § is given by the expressions

he(8, §) = (n/m) 2 V(Fs.n) (summed over all n in A),
13 = (n/m) O Ve(Fa.s) (summed over all n in A),

where m =m, is the order of the decomposition group A=A(P). If ¢ lies in a sub-
group ACA of order r, then

(14) ke(, §) = (n/7) 2 Va(Gnr) (summed over all 4 in A).

Proof. In the second half of (5), set ¢=46, 7=1, take the order Vp and
sum over 7 (i.e., over &7). There results

1Y Ve(Fs.) = mVp(Cs).

By (6), we have on the right mhkp(8), hence the first result of (13). For con-
venience, we represent the exact exponent of P in the decomposition of §;,, by

et = Ve(§i.0)-

The second half of (13) reduces to proving that the “right” and “left” sum
functions

RE) = 2 erom LE) = 2 ent

are identical. But the associativity relations for {§ yield for the exponents ¢,
the analogous relations

(15) et €rng = €ng t er (&, m £in A(P)).
If this equation is added over { and then over £, one finds
L(n) + L(¥) = mey,; + L(nk), mer,, + R(Sn) = R(n) + R().

If we solve these equations for the common value me;,, we find

R(¢) + R(1) — R(n) = L) + L(n) — L(in).



1941] NORMAL ALGEBRAIC NUMBER FIELDS 309

In this equation set n= 6% { =34, and add for =0, 1, - - - , m—1. The result
is mR(8) =mL(d), and hence R(d) =L(9), as desired for (13).

The relation (14) describes in effect the behaviour of a character when ap-
plied to a subfield (corresponding to the subgroup A) of K. We set

La(§) = D2 eny (summed over all 5 in A).
n

The associativity relations (15), summed over all { in A, give
La(m) + La(%) = req,s + La(nf) (n, £ in A).
Combination with the similar equation for L itself yields

(m/r) [La(n) + La(§) — La(®) ] = L(n) + L(&) — L(nt).

As in the previous case this entails (m/r)L s(n) = L(n). This gives (14), for the
functions L can be written as

La(®) = 22 Ve(Fae) (nin A),
LE) = 2 Ve(Fao) (n in A(P)).

The invariant up(§) as defined in (*5.2) is the same for all prime factors Q of p
by Lemma 5, for it is known (see [20, Part II, p. 51]) that the Frobenius
automorphism for Q =P’ is obtained from that of P as §¢=p08pp—!. We write
uo(F) =up(F) =pe(F) for this common value. These invariants of § form a
complete set for ideals relatively prime to the module M.

THEOREM 5.2. Two factor sets §i, §: satisfy Fi~Ts if and only if
(L) =pp(T7) (mod n) for every p relatively prime to M.

Proof. According to Lemma 1 we need only show that a factor set § with
its invariants all zero is a transformation set. As in (1), consider some p-pri-
mary component §® of the given factor set. Since the ideals are all relatively
prime to the module M, we need consider here only prime divisors p which
are unramified in K/k. For such an unramified p the decomposition group
A(P) is cyclic with generator §p, and the invariant u, = hp(dp) determines the
whole character k(87). Hence u, =0 (mod #) implies 2p(8p) =0 (mod #), which
in turn makes §®~1, as in Lemma 3. Since this holds for any p-component,
g itself is ~1. In similar fashion we have

THEOREM 5.3. Let integers u, be given for every p relatively prime to M such
that, for every p,

mpp = 0 (mod 7),

and such that p,=0 (mod n) except for a finite number of prime divisors p. Then
there exists a factor set §' of ideals relatively prime to M with the invariants p,.
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The computation of u, may be summarized (see [13, 14]) by

LEMMA 7. If §=20p is the Frobenius automorphism of a factor P of p, then

(16) () = (n/m)vp[ 11 %] ——

i=0
Furthermore, for the product of two factor sets

17 bp(B182) = pp(F1) + pp(F2) (mod 7).
If 7= 08 generates in A(P) a subgroup of order r, then

r—1
(18 ws® = (o/r)Ve| Tt | ot .
=0
Note that formula (16) is just like the formula (10) in §2 for the invariant
1p of an actual algebra. Hence

THEOREM 5.4. Any factor set FA of numbers determines a factor set § = (FA)
of principal ideals, such that for unramified p the invariants u, of the ideal factor
set § and the algebra (K, T, FA) coincide:

(19) up((FA)) = up(K, T, FA) (mod n).

It is instructive to observe that the analysis of p-primary factor sets may
be reduced to the factor sets ¢, of integers with the associativity conditions
(15). Such a factor set determines a group extension of the additive group E
of rational integers by the group A(P), under the assumption that each { in
A(P) induces in E the identity automorphism ef =e¢, ¢ in E. One may prove

THEOREM 5.5. If P is a prime ideal factor of p, and if §o.. =P/ "B, ., with
(B,.r, P)=1, is a p-primary factor set § of ideals, then the exponents fr , for ¢, n
in the decomposition group form an additive factor set FE=f; ,of integers. The
correspondence F— FE maps the classes of similar factor sets § isomorphically
on the classes of similar factor sets of integers.

COROLLARY. The number of group extensions of the group of p-primary ideals
by the Galois group T is the same as the number of group extensions of the addi-
tive group of integers by the decomposition group A(P).

Here a “p-primary ideal” is one whose prime ideal factors are all factors
of the given prime ideal p of k.

6. Factor sets for ideal algebras. Following E. Noether, we consider the
factor sets given by

(*6.1) F''=factor sets FA composed of numbers F,, relatively prime to
M, and such that the algebra S= (K, T', FA) is relatively prime to M.

As before, “Srelatively prime to M” means S,~k, for every p involved in M.
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Such factor sets F'' determine certain factor sets of principal ideals (F,,,)
which are said to constitute the principal class(**) of ideal factor sets.

(*6.2) (F'')=the group of factor sets (F,,.) of principal ideals generated
by (*) factor sets F,, of type F'’.

This group is contained in the group §’ of all factor sets of ideals relatively
prime to(*¢) M.

The representation of an ideal algebra &’ by an ideal factor set in §' = FU’
may be stated as

THEOREM 6.1. The index J (the number of ideal algebras relatively prime to
M modulo the actual algebras relatively prime to M) is given by

(1) J = [&":8'] = [FU': T (F")],

where T - (F'') denotes the join of the subgroup TN’ of transformation sets and
the subgroup (F'') described above.

Proof. Each factor set §' = F¥’ of ideals determines a set of invariants
1,(§") which are the invariants of some ideal algebra split by K. The corre-
spondence

2 §' =& ifforall p, uy(F) = up(&) (mod n)

maps the group of factor sets §’ homomorphically into the group of ideal
algebras &’ relatively prime to M, for multiplication of factor sets corre-
sponds to multiplication of algebras (§5, (17), §2, (6)). For each &’ there is a
corresponding set of invariants u,, for which there must be, by Theorem 5.3,
a corresponding ideal factor set §’. Hence (2) is a homomorphism. To prove
the identity (1), it remains only to investigate the subgroup of § carried by
(2) into the group of actual algebras.

The subgroup T’ of transformation sets is clearly carried by (2) into a
certain group of actual algebras, for the invariants of a transformation set
are all zero (mod 7), as stated in Theorem 5.2, so the corresponding algebra
is similar to k. On the other hand, the principal ideal factor set (F’’) is mapped
by (1) on the actual algebra (K, I', F'’),according to Theorem 5.4. It remains
to show that every factor set mapped into S’ lies in the product T%’- (F’’). If
F—S’, then the algebra S’ has a crossed product representation (K, I', F)
in which the factor set F may be so chosen that its components are relatively
prime to(*") M. Thus F is a factor set F'’. According to the correspondence

(%) This principal class is narrower than that defined by Noether in [33], to the exact
extent of the requirement that each F,, be relatively prime to M.

(1%) In this definition, it is essential not only that (F,,,) be an ideal factor set, but also that
the numbers F,, , be themselves a factor set.

(*%) Note that the infinite prime divisors in M do not impose conditions on ideals.

(1) Proof is given below; see Theorem 6.2.
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(2), § and S’ have the same invariants. Hence, by Theorem 5.4, § and (F'’)
have the same invariants. Therefore their quotient is a transformation set
(see Theorem 5.2). This proves (1) completely.

In the above proof we have assumed part of the following characterization
of factor sets relatively prime to M.

THEOREM 6.2. Let S be a normal simple algebra over k with maximal sub-
field K. Then S has a crossed product representation S= (K, I, F') with a factor
set F' of numbers relatively prime to the module M if and only if, for every prime
ideal p involved in M, the p-adic component S, of S has a representation

3) Sy~ (Kp/kp, A(P), FEp)

in which FEp is a factor set for the group A(P) in the group Ep of units of the
field Kp('8).

Proof. If S=(K, T, F’), then each F,, is a unit of each Kp, so we have
the representation (3) by the usual formula of §2, (7) for the p-component
of a crossed product. Conversely, assume (3) for every p involved in M. The
algebra S has some crossed product representation S= (K, I', F) with a factor
set F not necessarily relatively prime to M. Then S, can be computed (by

§2, (7)) as
Sp~ (KP/km A, anr) ~ (KP/km A, E&’,»)

where E;,, denotes the given factor set of P-adic units and A=A(P). Since
similar algebras arise only from similar factor sets, one has

_ - [
Fi g~ Et,, or Fiq,= (4;4,4;,)E;,,

from some vector 4; of elements in Kp. One may then compute the character
function % associated with the factor set of principal ideals (F). By Lemma
5.6, putting m =m,,

he(s, (F)) = (n/m) 3 Ve(Fy.,)
= (n/m) X Ve(A4i47,)

= (n/m) [mva D+ T Veld) ~ Vp(An] = 0 (mod ).

Therefore the p-primary part of (F) has character 0 and so is similar to 1,

(13) Note that in the theorem we consider only finite prime divisors. For infinite unramified
prime divisors p there are no proper local division algebras. If p is ramified then there is the
algebra of all real quaternions. The condition F’ relatively prime to M admits in the latter case
the real quaternions. One finds that Fl,staf; <0 (4 in the decomposition group of the ramified
prime divisor) implies that (K, T, F’), is not similar to &,.
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which is to say that there are (p-primary) ideals B, for which the similar fac-
tor set (F)-(T'B) is relatively prime to p. This can be done simultaneously
for all the prime divisors p involved in M. One may then select another vector
of ideals €, such that €, is relatively prime to M and 8B,€, is a principal ideal
(D). We obtain then by the transformation

(F) ~ (F)(TB)(TC) = (F)(TBE) = (F)(TD)

a new factor set which is relatively prime to M. Thus F'=F-TD is a new fac-
tor set of numbers which is similar to F and relatively prime to M. This gives
the desired representation of S as S=(K, I, F’).

7. Crossed characters and principal genera. In considering transforma-
tion sets T4 we shall repeatedly deal with the group of those vectors 4, for
which the transformation set T4 is 1. Following a terminology suggested by
A. H. Clifford, we call these vectors “crossed characters” of T'. Specifically, let
H be any multiplicative abelian group with I' as a group of operators. Then a
crossed character of T' in H is any function U(s), with values U(s) in H for
each ¢ in T', which satisfies the identity

(*7.1) U(er)= U(e)[U()]° (U a crossed character).

The vector group of all such crossed characters we call UH. From a fixed ele-
ment H of the given group one may trivially obtain a crossed character
U(s) =H'°. We call this a unit character, while two characters are associates
if their quotient is a unit character. With the notation

(*7.2) UH =the group of all crossed characters in H,
(*7.3) H'-°=the group of unit characters=the group of vectors {H 1—e
allein '},

the index [UH: H'-] will measure the number of classes of associated crossed
characters of I in H.
A “principal genus theorem” is an assertion that every crossed character,

under certain conditions, is a unit character. The principal genus theorem for
ideals [33] is

THEOREM 7.1. Every crossed character of the Galois group T in the group N of
all ideals of K is a unit character. The same conclusion holds for crossed charac-
ters in the group N’ of all ideals relatively prime to M.

Proof. If G, is a vector of ideals, the theorem asserts that 7€ =1 implies
€, =B for some ideal B. Let B denote the greatest common divisor )_E,
of the given ideals. Then one computes that 7€, =9 ([13, p. 127]). One may
write B=B'L, where B’ is relatively prime to M and & contains only prime
factors of M. If each G, is relatively prime to M, then

1—0 — %l—-v/%’l—a = @‘7/58,1_'
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is relatively prime to M for every o, so that '-=1. Then €, =8-"=8'!-7,
so B’ is the desired ideal in the group A’.

There is also a similar theorem for numbers (Noether's principal genus
theorem(1?)).

THEOREM 7.2. Every crossed character of T in the group of all nonzero num-
bers of K is a unit character (2°).

LEMMA 1. Given a factor set F=TB, with F but not necessarily B, relatively
prime to M, there exists a vector B] relatively prime to M for which F=TB'.

Proof. Write the principal ideals (B,) as (B,) =2,&,, A, relatively prime
to M, where €, involves only those prime ideals p of K which are involved
in M. Then (F)=T(B)=T%-TG. Since (F) does not involve any p of M, the
transformation set TG has no prime factors in common with either (F) or T.
Hence T€=1, and €, =%B'"7, by the principal genus theorem. Choose A’ such
that BA’ is a principal ideal (D). Then

(B,/D**) = (B,)/ (D) = A C,/B—A = YA,
so that B/ =B,/D'"° is, like U,, relatively prime to M. Furthermore,
TB' = TB/TDY° = TB =F,

so the vector B,/ has the desired properties.

In order to clarify the meaning of the principal class (F'’) of ideal factor
sets which appears in our basic index §6 (1), we now quote Noether’s general-
ized principal genus theorem [33, 13]:

THEOREM 7.3. If the vector €, of ideals (not necessarily relatively prime to
M) yields a transformation set TG which lies in the principal class (F'") of ideal
factor sets, then there exists an ideal B of K, such that B~ and €, lie in the same
ideal class, for every o in T'. In other words, there exists a vector of principal ideals
(B,) such that

1) G, = (B,)B (all ¢ in T).

If G, is relatively prime to M, B and B, may be chosen relatively prime to M.
In other words, we have the implication

2) T€ = (F") » G, = (B,)B'.
Proof(?!). Let T€@=(F"). By definition (*6.2) of F", the algebra S

(1?) Principal genus theorem “im Minimalen” [33].

(2%) The corresponding assertion for the group A’ of all numbers relatively prime to M is
false. If p=(P; - - - P,)¢ is ramified in K/k, then there is an element B with (B)=P; - - - PG,
@ relatively prime to M. The vector C,=B' is relatively prime to M, but C,=B"""? can be
shown to be impossible.

(2!) We repeat a proof here to check the provisions “relatively prime to M” which are not
present to Noether's original theorem.
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= (K, T', F"") has S;~1 for any p involved in M. On the other hand, for a
prime divisor p not involved in M, we may compute the invariant

£o(S) = up(F") = pp(T€) = 0 (mod 7),

according to Theorem 5.4 and Lemma 5.1. Hence S,~1 for all p. This means
that S ~1, so the factor set for S is F''=TB, where the elements B, may
be chosen relatively prime to M, as in Lemma 7.1. Thus T€=(F’’)=(TB),
T[C,(B;1)] =1, so €, (B;!) =B, by the principal genus theorem for ideals.
This gives the result (2).

8. Cyclic analogues to factor sets. It has long been recognized that prop-
erties of factor sets provide parallels to the properties of the numbers which
appear in the usual class field theory for cyclic fields Z/k. The parallel is as
follows (we denote by N a generator of the cyclic group of Z/k): ’

Cycric Z/k ARBITRARY NORMAL K /k

1. A normal simple algebra S/k with maximal subfield Z (or K) may be
represented as

a cyclic algebra a crossed product
S =(Z,\ a), S=(&,T,F).
2. This algebra is then determined by
a, a number, F, a factor set.
3. The associativity of the products in the algebra gives the condition

a in k, F satisfies the associativity condi-
tions of §1, (4).

4. The algebra S is a total matric algebra if and only if
a is a relative norm in Z/k: F is a transformation set:
a = Nz/kc, F=TA.

5. The algebra S is a total matric algebra if and only if S,~k, for all p;
that is, if and only if, for each p,

a = N,C, FNA =TiAp
where N, is the relative norm in where T's is a transformation set
Zp/ky, for A=A(P), Apin Kp.

6. If B is a number of Z (B, a vector of K) then

NziB =1, TB, =1



316 SAUNDERS MAC LANE AND O. F. G. SCHILLING [September

holds if and only if, for some Cin Z (¢r in K),
B = C+ B, = C'~° (allgin T)
(Hilbert’s norm theorem), (minimal principal genus theorem).
7. A conductor
c(Z/k), C(K/k)
(see §26 below).

8. The principal genus consists of all ideals B (ideal vectors B,) relatively
prime to the conductor ¢ (to M) such that

Nz/k% = (V), ' T8 = (F”),
where the essential condition(22) is that, for every p in C(Z/k) or M,
(Z' A, V)p Nkm (Kv T, F”)P NkP°

In the cyclic case the precise results of the class field theory depend on
the computation that

[o': G)NU] = n

where a’ denotes the group of all ideals in & which are relatively prime to the
conductor ¢(Z/k). Since norms correspond to transformation sets, elements
of % to factor sets, ideals in % to ideal factor sets, and norm residues to factor
sets F'/, one sees that the corresponding index in the general case will be the
index

J = [FU:TUF")]
which has already appeared in Theorem 6.1 as our main index J.
Next we shall show briefly that the general index J specializes to

a’:(») N¥'] in the cyclic case. So suppose that the cyclic Galois group is
[ y PP y group
generated by \. We can normalize the factor set in the usual manner(®)

n—1
n
wy = Wty - - -y = || Faip
=0

We apply this process to the various groups involved in J, so

n—1
€)) FA' — H Tia =B,
@ E =TI Fer) = (B),

=0

(%2) The condition on » is equivalent to requiring that » be a norm residue for ¢(Z/k).
(%%) See, for example [13, pp. 64-65]; as well as §2, (9) above.
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n—1 :
3) T — T Q06 %) = Nz
i=0

gives a homomorphism of the various groups involved in J upon those of the
classical class field theory. We first remark that 6 is an ideal b of %, for B
is relatively prime to M and invariant under A. Inversion of the normalization
of factor sets proves that every ideal a’ in £ can be obtained as a B from some
FU’, and that every N’ has the form Ny for some TY of (3). It remains
to prove only that the norm residues » are the elements B obtained from the
principal class (F'’) in (2). Assume that the prime divisors p involved in the
module M are precisely those which appear in the conductor ¢(Z/k) (i.e.,
precisely those ramified in Z/k). Then B of (2) is in &, is relatively prime to
¢(Z/k), and is the normalized constant of the algebra S= (Z,\, B) = (K, T, F'’).
By definition of F'’, S,=(Z, N\, B),~k, for all p in ¢(Z/k). Therefore B is a
local norm for each such p, so is a norm residue for ¢(Z/k). Conversely, any
norm residue » is relatively prime to M and determines an algebra (Z, \, »)
which is relatively prime to M and so can be written, by the inverse of the
normalization process, as (Z, I', F'’). This completes the proof of the assertion
that J specializes to the classical index in the cyclic case(?4).

We propose to investigate how far the methods used for the cyclic case
. will carry in the calculation of J= [FU’: TA'(F'")].

CHAPTER II. INDICES FOR GROUPS OF ALGEBRAS

9. Group-theoretic principles. The usual computations for the group in-
dices in the cyclic case involve a number of principles for transforming given
group indices. These we now state for reference. It is customary to carry out
these group reductions formally, without any indication of purpose. Rather
than join in this type of obscurantism, we attempt to formulate some direc-
tions for such calculations. If R, S, T(%) are given abelian groups, the usual
problem is to compute the index [R:S] of some subgroup S in R.

The objective can be attained if R and .S are groups determined by simple
and explicit generators, so that the quotient group R/S can be described com-
pletely and its order [R:S] computed. For example, the group % of all ideals
has a simple generation by prime ideals. In order that this direct computation
be possible, it is necessary to change a given index to indices involving other,
simpler groups.

The simplest case is the introduction of suitable intermediate groups. In
the class field theory it is especially useful to introduce a subgroup from the

(*) For general abelian extensions K/k the general index obviously does not specialize to
[9: (») NU']. The fact that the latter factor group is isomorphic with I' cannot be explained
by referring to general factor sets. It is a consequence of the special structure of K over k.

(%) The letters R, S, T are used in this section without reference to their previous and later
meaning.
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base field corresponding to a given group in the extension K. (Thus the group
of numbers 0 of £ is a subgroup of the group 4 for K.) In general, if [R:T]
is finite,

1) RDOSDOT—[R:T] = [R:S]-[S:T].

A characterization of a given group in different terms is often an essential
preparatory step to a reduction. Thus the principal genus theorem for ideals
characterizes the vectors B1—7 as those vectors €, for which T°(€,)=1.

A reduction principle may be applied if a given group is a composite of
two groups R and S. Since the groups are abelian, this composite is

(*9.1) R-S=the set of all products rs, for r in R, sin S.
One has [23, p. 129],
(2) [RS:S] = [R:RN 5],

where RN\S denotes the intersection. This equality may be proved on the as-
sumption that either one of the two given indices is finite. If the composite
occurs as a subgroup ST CR, one may introduce a smaller subgroup S and
write, using (1)

3) [R:ST] = [R:S]-[ST:S]* = [R:S]-[T:SN T]+

on the assumption that [R:S] is finite, or that [R:ST] and [T:S] are both
finite.

The isomorphism principle is the well-known description of the effect of a
homomorphism upon suitable subgroups. If ¢ is a homomorphic map of R
on R’, while S’ is a subgroup of R’, the set ¢~1(S’) composed of all ele-
ments of R mapped by ¢ into S’ is a subgroup of R, and the quotient groups
R/¢~(S’) and R’/S’ are isomorphic. Hence

©) [R:¢73(s)] = [R":5"],

provided either index is known to be finite.

The homomorphism principle describes the similar computation for any
index [R:S] under a homomorphism ¢ mapping R into part of a group T.
Let $—1(1) denote the set of all elements mapped by ¢ onto the identity 1 in T.
Then

(5) ¢~1(1) N S = all elements of S mapped onto 1 by ¢.
One has
(6) [R:S] = [¢(R):6(5)]- [67(1) N R:¢~*(1) N S],

provided [R:S] is finite.
This principle will be applied to two homomorphisms occurring naturally
in our theory. The first is the map
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@) A— A = Y/A

carrying an ideal ¥ into the vector with components %'~°. The second is the
map

(8) A — TU, = TA = AN /A,

under which a vector U, determines its correspondent transformation set. The
analogous homomorphisms in the cyclic theory are

A— YA, A — Nzl

These homomorphisms have the convenient property that they may be ap-
plied in either order, one after the other, with the result always the identity

NI = (V)1 = 1.

This situation is exploited in the famous Herbrand group reduction principle
[23, pp. 130-131]. In the general case this cannot be done, for it is meaning-
less to apply (8) “followed by” (7). This is the root for some essential diffi-
culties in our computations (see §§18-23).

Another important homomorphism is

) 4—(4)

mapping the group of nonzero numbers on the group of principal ideals. This
homomorphism is often applied backwards, to reduce an index on principal
ideals to one on numbers. Under this homomorphism, the group mapped onto
the identity is exactly the group of units. This is the point at which the units
are inserted into the computations.

LeEMMA 1. Let RDS be multiplicaiive groups of numbers in K, while (R), (S)
are the corresponding groups of principal ideals, generated by these numbers. If E
s the group of units of K, then

(10) [(R):(S)] = [RE:SE],

provided either of the indices concerned is finite. If RDE, one also has
(11) [(R):(S)] = [R:S][E:S N E]!

provided the index [R:S] is finite.

The proof will illustrate the systematic application of the principles above.
Apply the homomorphism R—(R) and observe that the subgroup carried into
the identity is simply the group E. Hence by (6), one has

[R:S] = [(R):(S)][RN E:SN E],
which gives (11). On the other hand, the homomorphism RE—(RE) = (R) is
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one in which all elements mapped on 1 lie in the subgroup E of SE. Thus the
isomorphism principle of (4) applies to give (10).
For direct products, one has

LeEMMA 2. Let RiCR and SiCS be subgroups of the respective factors of a
direct product RXS. Then

(12) [R X S:Ry X S1] = [R:R,]-[S:54],
provided the indices on either side of this equation are known to be finite.

As an application, suppose that RD.S are groups of numbers of K, while
R, (S,) is the group of vectors with components R, (S,) in R (S) for every ¢
in T'. The group R, is thus the direct product of # groups R, where #» is the
order of T. Hence, if [R:S] is finite,

(13) [R,:S,] = [R:S]~

10. Invariant ideal classes. The basic index J can be transformed into a
form involving the number of ideal classes of K invariant under the group T'.
The results are stated in Theorems 10.1 and 10.2, while the method is directed
at successive applications of the basic homomorphisms A—%'~* and A,—TA.
We need the notation:

(*10.1) A-r=3 vector {2[1“’, o all elements of I‘}, for 9 a fixed ideal,
(*10.2) E=the group of all units in K,

(*10.3) H=[%:(4)]=the class number of K,

(*10.4) k= [a:(a)]=the class number of k.

Consider the index J= [FU’:TA'(F'")]. Since the second group is com-
posite, one applies the appropriate reduction of §9, (3), to get

J = [P @] (T N ED

This is valid because the second index is finite, as will appear in the course
of the subsequent computations of this section. The second member of J
arises from a homomorphic map A,— 7T, and the principal genus theorem
states that the vectors carried into the subgroup T2’ (F’'’) by this map
are exactly the vectors of the form H!'~7(4,), with % and 4, relatively prime
to M. Hence the isomorphism principle yields

(1) J = [FA':(F")][U) A4, ]
Here the vector groups occurring on the right are (temporary notation):
A, = the group of all vectors A, with components relatively prime to M,

A’'1—¢ = the group of all vectors of the form A’1~7, for an A’ relatively
prime to M,

the group of all vectors of principal ideals generated by numbers
A’ relatively prime to M.

(4"
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The composite appearing in the second index again suggests a reduction by
(3) in §9,

(2) B :A—(4n),] = [A7:(4), ][ W W1 N (47), ]

This step (and the previous one) is valid if the index [%/:(4’),] on the right

is finite. This it is, for such an index of two vector groups reduces, as in
Lemma 2 of §9, to(%)

7 :(47)e] = |W':(4))]" = H".

But the second member of (2) suggests the homomorphism A—Y'—°. For the
elements carried by this homomorphism into the subgroup A'~-M(4), we
use the letter D:

(*10.5) D=all ideals in K with D'~ principal for every ¢ in T.

For the moment we also denote by D’ the ideals of D relatively prime to M.
These ideals © might be called ideals in “invariant classes,” for by definition
D and D lie in the same ideal class, for every ¢. Under this homomorphism,
(2) becomes

(3) [ 01—~ 4"),] = H Y :D']-
The quotient H[¥’:D’]-! involved here suggests the elimination of the group
@ RO = [ )] = ).

In the latter index, one may drop the condition “relatively prime to M.”
Specifically, any ideal D generates an ideal class which contains some ideal B’
relatively prime to M, so D=9'(4). Here 8’1, like D', must be principal,
so that B’ is in D’, and D is the group join D’(4). By the reduction principle

[©:4)] = [PU):@)] = P:u)NY]
The intersection (4)ND’ is just the group of principal ideals (4'), so
(5 [©:(4)] = [':(4))].
A combination of the results of (1), (3), (4), and (5) yields

THEOREM 10.1. If H is the class number of K, while [D:(A)] is the number
of invariant 1deal classes of K (see (*10.5)), then the basic index is

(6) J = [FA:(F")][D:(4) ] tH"™,

where the first factor gives the number of ideal factor sets relatively prime to M
modulo the “principal class” (F'’) of (*¥6.2).

(%) Note that the class number H may be computed with a restriction to ideals relatively
prime to M (any ideal class contains an ideal relatively prime to any given module).
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To study the index [D:(4)] appearing above, we use the definition of D,
which involves the mapping of D on the vector D'~ of principal ideals. The
subgroup carried into the identity by this mapping is the group of invariant
ideals &,

& = all ideals of K with & = 3, for every ¢ in T'.

The corresponding subgroup of invariant principal ideals is (A), where
(*10.6) A=all numbers #0 of K with (A!=7) =1, for every o.

According to the homomorphism principle we get,

(M [©:(4)] = [Pr:(4)][3:@)].

The group of principal ideals (A) certainly includes all principal ideals (@)
of k. The introduction of this subgroup in the second factor of (7) yields

() [3:(0)] = [3:@][@): (@]

provided the first index is finite. To see this, use the subgroup of ideals a in &,
for which

[3:(a)] = [3:a][a: (@) ].

The second factor is the (finite) class number %, while the first measures the
number of invariant ideals & which are not extensions of ideals in k. But an
invariant ideal & involves with each prime factor P every conjugate P°. If P
is unramified in K/k, the product PiP; - - - P, of all conjugates P; of Pis a
prime ideal p of k, consequently is in the group a. Hence any & is congruent
modulo a to an invariant ideal & involving only prime factors P ramified in
K/k. If p is a ramified ideal in K/k, with

) p=(Pi- - Pye e = ep

then the invariant ideals involving only factors of » must all be of the form
(P - - - P,)t For these ideals we get a complete set of representatives modulo
aif s ranges from O toe—1, for (P, - - - P,)¢=p is an ideal in a. Combining the
effects due to the different ramified primes (according to the direct product
of the partial groups 3) one finds '

[S:a] = ITes (over all finite p of ).
Therefore the first factor on the right of (8) is indeed finite, and the result is
(10) [3:(0)] = a1 ) [(A): (a) ]

The index [(A):(a)] may be shifted to one involving only numbers. Since
every unit E is by definition (*10.6) a number A, one has, by equation (10)
of §9,

[(4):(a)] = [A:aE].
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To exploit the definition of A one clearly must use the homomorphism
A—A'™7, In this homomorphism the only elements mapped on the identity
are in @, so the isomorphism principle yields

[(8):(a)] = [are:Er—].
The vector A'=? can be characterized as a vector of units E, which can be
obtained as E,=A'~ for a number 4 =A. By the principal genus theorem

for numbers, the vector E, has this form if and only if TE,=TE=1, i.e., if
and only if E, is a crossed character U(c) (see §7).

(*10.7) UE=the group of all crossed characters of I' in the group of
units =all vectors of units U(e) with U(s) [U(r)]* = U(o7).

Then

(11) [(8):(a)] = [UE:E*~].
THEOREM 10.2. The number of invariant ideal classes of K is
(12) [D:(4)] = [@7: (4 [[UE: E~]"h]] e,

where [UE: E'=°] denotes the number of non-associared crossed characters in E,
h is the class number of the base field k, and the product [ [ e,, taken over all finite
prime divisors p, uses

(*10.8) e, =the ramification order of the prime ideal pin K/k.

The crossed characters of units are closely related by (11) to the principal
ideal theorem [30]. The group (A) of principal invariant ideals includes the
group ag of those ideals in 2 which become principal ideals in K, so that

(13) [a::(@)] < [UE: E*].

In case K /k is unramified, the above computation of [3:a] shows that all (A)
lie in ax, so that this inequality becomes an equation. We state the result as

THEOREM 10.3. The number [ax: (a)] of ideal classes of k which become prin-
cipal in K is at most equal to the number of classes of associated crossed characters
of T in the group E of units. If K/k is unramified, these two numbers are equal.

The equation (11) in reality involves an isomorphism (A)/(¢)~UE/E'~°.
As Moriya ([30]) has done in the cyclic case, one may call those crossed
characters, which in this isomorphism correspond to elements in the subgroup
ax/(a), crossed characters of the “first kind.” This allows an obvious restate-
ment of Theorem 10.3.

11. Reduction to unit factor sets. A further reduction leads now to the
formula for J given in Theorem 11.2 below. We use the notation

(*11.1) FE=the group of factor sets of units,
(*11.2) TE=the group of all transformation sets of units.



324 SAUNDERS MAC LANE AND O. F. G. SCHILLING [September

The index [D!~:(4'7)] of Theorem 10.2 may be shifted from ideals to
numbers if one observes that by definition (*10.5) each ©!~7 is a principal
ideal (8,). Let 0, temporarily denote any vector of numbers so obtainable,

0,) = D1, for some ® and all o.

Surely a vector of units E, is such a vector, for each (E,) is 1. Therefore the
principal ideal shift of §9, applied to these vector groups, yields

D (41)] = [(6,):(4¥)] = [6,:4E,].

Now apply the homomorphism 0,—70,=76. The elements mapped on 1 by
this homomorphism are all in the group of vectors 4!~?, according to the
minimal principal genus theorem (see §7). Hence the isomorphism principle
yields

(1) [®1:(417)] = [0,:47E,] = [T9:TE].

We next investigate the group 79. By definition, (6,)=D'7 so
T(0)=TD'-*=1. Each element of the factor set 70 is thus a unit of K,
so T0 is contained in the group FE of factor sets of units. On the other
hand, T6 is a transformation set of numbers, hence the corresponding crossed
product algebra S= (X, I', T9) is a total matric algebra. Since each p-adic
component S, of this algebra is then similar to k,, it follows that T is one
of the factor sets F'’ considered in our basic index.

We now assert that these two groups FE and F’’ not only both contain 79,
but that their intersection is 76,

) FENF" = To.

For, let F be a factor set in the intersection(?’), and consider the invariants
of the crossed product (K, I', F) =S. If p is ramified in K/k, the assumption F
in F'’ means that S,~1, hence that the corresponding invariant p,=0
(mod 7). If p is finite and not ramified in K/k, the invariant p,(S) may be
computed by the explicit formula of §2, (10). Since all the F,,, of the factor
sets are units in K, the invariant turns out to be =0 (mod 7). If p is infinite
and unramified the invariant is also =0 (mod 7). As the algebra S is com-
pletely determined (up to similarity) by its invariants, this proves S~1.
Therefore the factor set Fis a transformation set F=TA4,=TA. The principal
ideals T'(4,) = (TA4,) = (F,..) are then all equal to 1. The principal genus theo-
rem for ideals then asserts that (4,) =9 for some ideal D. Therefore the
vector 4, is one of the vectors 6,, F=TA lies in the group T0,, and (2) is
established.
Introducing this expression in the index (1), we have

THEOREM 11.1. The first index of Theorem 10.2 is

(27) This proof is essentially due to E. Noether [33].
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(3) [®rr:(4)] = [FENF":TE].

The same intersection group may be extracted from the first factor of J,
as found in Theorem 10.1. In [FY’: (F’’)] insert the intermediate group (F’)
of ideal factor sets (see (*3.2)):

[F:(F")] = [FU:@)][E):E")].
Here the second index may be shifted to numbers, after the manner of §9,
(11), with the results
4) [Fa:(F")] = [FY:(F")][F':F"]|FE:F"" NFE]!

which is valid provided [F’:F'’] is finite.

When this result is inserted in the expression (6) for J in Theorem 10.1
and combined with the results of Theorems 10.2 and 11.1, we find a formula
for J, the denominator of which involves parts of (4), as

[FE:F"NFE][FENF".TE] = [FE:TE].
All told, one has
THEOREM 11.2. If the factor set index [F':F''] is finite(?®) (see (*6.1)), then
J = [F: @) H -t [F P (1] en) I (B),
J(E) = [UE:E*][FE:TE],

where the product is taken over the ramification orders e, of all finite primes,
where H and h are class numbers, and [FU': (F")] is the number of ideal factor
sets relatively prime to M modulo the principal ideal factor sets.

®)

The group E of units in K appears in (5), as the quotient J(E): the num-
ber of classes of crossed characters of E divided by the number of group
extensions of E. In the sequel we turn to the separate investigation of the
terms in (5). We first compute [F’:F’’], proving it finite, then reduce the
index [FY’:(F’")]in terms of a certain group-theoretic “deficiency” index, and
finally devote a chapter to the index J(E).

12. Local algebras with factor sets of units. The study of factor sets F”’
for algebras unramified at the divisors of M will subsequently be reduced to
questions on local algebras S, with factor sets of p-adic units. For any local
algebra S, split by Kp/k, we consider the possible crossed product representa-
tion

€Y Sy = (Kp/kp A(P), F)

in which F=F, , denotes now a factor set defined for the elements ¢, 5 in
the Galois group A(P)=A of Kp/k,. Since the invariant u of this algebra is

(28) The finiteness [F’: F’’] will be proved later, in Theorem 13.1.
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an element of an additive cyclic group, the class group of these algebras is
cyclic of order m,=m = [Kp:k,]. Consider now only those factor sets F which
consist of P-adic units.

THEOREM 12.1. The p-adic algebra classes S, which have a crossed product
representation (1) with a factor set FEp consisting of P-adic units E;, form a
cyclic group of order e,, where e, is the ramification order of Kp/k,.

Proof. If K, is unramified over k,, e=e,=1, and the theorem follows
readily. For A= {6} is then a cyclic group, so the invariant u(S,) can be
computed as in (10) of §2. The result is a sum of terms Vp[Es ;] which are
all zero because the P-adic order of a unit Ej ; is zero. Since the invariant is
zero, the algebra S,~k,, as asserted. In the general case the maximal un-
ramified subfield W of Kp has over %k, a degree f=m/e. Any algebra S, has
as index a divisor of m, and the index is the same as the exponent of S, in
the group of algebra classes. Hence the index of the power S; is a divisor
of m/e. This means that S; has W/k, as splitting field, so that S}, is similar to
some crossed product of W. By a formula due to Witt [41], one can explicitly
calculate this representation of S;. If Q is the subgroup of A corresponding
to W according to the Galois theory, the extension W/k, has the factor group
A/ as Galois group. If for each coset 7% of this factor group a representative
7’ in A is selected, Witt showed that

() Sy = (Kp, A, FEp) '~ (W/ky, A/Q, B)

where the factor set B consists of quantities given in terms of FEp=E; , as
w -1 .
B;Q,ﬂg = H E;",,rE@_g-l,,'Ew,(g-,,)l (OVCI’ all w 1n Q)
w

For our purpose we need only note that if the original factor set FEp con-
sists of units, then this derived factor set will also consist of units. By the com-
putation already made for the unramified case, the algebra (W, A/Q, B) of (2)
is then similar to k,, so that S;~k,. In the group of all algebras with factor
sets of units any algebra thus has order at most e. This group must be cyclic
by the remark at the beginning of this section. Consequently to complete the
proof of the present theorem we need only show that some algebra with factor
set of units has order at least e. In the whole (cyclic) group of all local alge-
bras S, there is one algebra of order m =¢f. Hence it will suffice to show that
the fth power of this algebra has a factor set of units. This is indeed the case,
as we shall prove in

THEOREM 12.2. Any factor set F for Kp/k, has its fth power F' similar to a
factor set of units.

Proof. The integer f=m/e can be described as the inertial degree of K,
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over k,. If the factor set F does not already consist of P-adic units, denote
by e, the P-adic orders Vp[F;,,] of its elements. The associativity relations

FraFrae = FriFro
if multiplied over all values of ¢ (in A), yield for the e’s the relations
(3 by + be = mey; + by
Here b, denotes the P-adic order Vp(B,) of a vector B,, with
B, = I{IF;,,,, Cr = I"IF;,,,.

For these two vectors the associativity relations, multiplied over all values
of 7, yield

¢
C!‘BE = BECK’

which is to say that Bf=B;. The invariant element B; must therefore lie in
the subfield k,, which implies in turn that its P-adic order b; is a multiple of
the ramification order e. Hence b;=ea; for a suitable integer a;, and (3) can
be rewritten as

Jene = ay+ ag — ay.
If A; is a vector of elements of the respective orders —ay, this means that
(Fa,0)' TA¢

will be a factor set each of whose elements has P-adic order zero (i.e., is a
P-adic unit). In other words F’ is similar to a factor set of P-adic units, as
asserted.

If p is an infinite prime divisor, Theorem 12.1 still is valid, if we adopt the
usual convention as to ramifications at infinity. If Kp=£k,, the extension
Kp/k, is, of course, unramified, and e,=1. If Kp is the field of complex num-
bers, k, is that of real numbers, then Kp is ramified over k, with ramification
order e, =2. Theorem 12.1 then holds because the group of algebras S, over &,
is then generated by the algebra of real quaternions.

13. Algebras with factor sets relatively prime to M. One of the partial
indices in the formulas (5) of §11 is [F’: F"’], for the group F’ of all factor
sets of numbers relatively prime to M and the subgroup F’’ consisting of those
factor sets F’ for which (K, I', F''),~k, whenever p is involved in M. To
reduce this index, we apply the natural homomorphism carrying F into a
crossed product

¢)) F—S=(K,T,P).
According to Theorem 6.2 we map F’ on the group S., defined by
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Se=all normal simple algebras S/k split by K/k such that, whenever p
isinvolved in M, S, has a crossed product representation (Kp/k,, A(P), FEp),
with a factor set FEp of P-adic units.

The subgroup F'’ is, by its very definition, the group of those factor sets
carried by the homomorphism (1) into algebras S’ relatively prime to M.
Hence, by the isomorphism principle(??),

) [FF:F"] = [S.:8].

The index on the right can be computed in terms of the behaviour of local
algebras .S, at the ramified prime divisors. Let us use the following notation:

(*13.1) pu1, p2, - - -, pe all (finite and infinite) prime divisors of k which are
ramified in K,

(*13.2) e;=the ramification order of a divisor P; of p;,

(*13.3) m;=[Kp,:k,,] =the local p;-degree of K/k.

Then e;]m; and m.-I n (n/m; is the number of distinct prime factors of p).

THEOREM 13.1. The index [F':F''] may be computed in terms of invariants
of K/kas

3) [F'iF"] = n=Y(n, J(D)n/ey, - - -, T(@)n/e) ][] en

where the product is taken over all (finite and infinite) ramification divisors of
K /k, while J(I') is the least common multiple of the orders of the elements of the
Galois group T of K /k.

For a proof we appeal to the local invariants of the algebras S.. If p;is a
ramified prime divisor, the component S, of an algebra in S, has by definition
a factor set of P;-adic units. In the group of all algebra classes split by Kp/k,,
Sp consequently has an order which divides ¢; (Theorem 12.1). The integral
invariant of S at p; thus equals(*®) u:(S)=x:(n/e;), where x; is an integer
which is uniquely determined mod e;. We map the group S, on a vector group
of these invariants,

(4) X = (xl, Koy * * 0y xt), nx; = eiﬂi(s)-

(%) This equation may also be viewed as follows. The homomorphism which carries a fac-
tor set Finto an algebra S is in effect the reduction of the group of factor sets modulo the trans-
formation sets. The group of algebras S, obtainable from F’ is therefore isomorphic with
F'/(TAMF’). Similarly, S’ is isomorphic with F’’/(TA/M\F’’). But the intersections TA /M F’
and TA/MF’’ are identical, for a transformation set T4 which is relatively prime to M will nec-
essarily determine a total matric algebra. Hence it will lie in F’’. Consequently [S,:S5’]
- =[F/(TANF):F'/(TANF)]=[F:F"].

(3%) For simplicity we write the local algebra S and the invariant u with 7 instead of p; as
subscript.



1941] NORMAL ALGEBRAIC NUMBER FIELDS 329

For all the unramified prime divisors p which are involved in M we have
Sp~k,. Hence an algebra S of S, belongs to the subgroup S’ if and only if
each S;~k;; that is, if and only if the vector X of invariants corresponding to
S has the form

= (y1€1, yaez, = - -, yees),
with invariants u;(S) =v.e:(n/e;)=0 (mod 7). Therefore our index becomes
[F:F"] = [S.:8"] = [Xx:7].
If we introduce the group of all vectors
Z = (31, 85+ +,2) (each z; a rational integer),

this index will become

(5) [F:F'] = [z:¥]/[z:X] = IIep/[z x],

where the product is taken over all prime divisors of .

It remains only to compute the index [Z:X], which measures how many
of the a priori conceivable sets of invariants z; are possible for an actual alge-
bra S. The only condition on the invariants of an algebra S is the sum rela-
tion (see [22]),

=1 =1

6)  0=2 uy(S) = Em(S) + E 1o(S) = Z xi(nfes) + E 1g(S) (mod n),

where ¢ runs over all prime divisors distinct from ¢y, - - -, p¢. The invariants
1¢(S) =p, can be considered as the invariants of an ideal algebra & which is
unramified at every p; (¢=1, 2, - - -, t), but which otherwise has the same
components as does S. We have

LEMMA 1. An integer r can be the sum Y_u,(S") of the invariants of an ideal
algebra &' if and only if J(T')r=0 (mod n).

Proof. In establishing Theorem 4.1 we showed that any 7 satisfying the
above condition is the invariant sum of a suitable ideal algebra &’. Con-
versely, an invariant u,(&’) for an unramified p has by definition (see §2, (3))
the form sn/m,, where s is an integer and m, is the order of a correspond-
ing Frobenius automorphism. Since m,,l](I‘) we have J(T)u,(&’)=0, and
J(T)2 k(&) =0 (mod 7).

Z‘ LEMME& ? /A )set oj(’ intgge;s x; belongs to the group X of (4) if and only if
txs(J(D)n/e;) =0 (mod n).

Proof. The relation (6) characterizes the integers x; by the condition that
—Z;,lx,-(n/e,-) be congruent, mod #, to the invariant sum of an ideal alge-
bra &’. Lemma 1 now gives the result desired.
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By the elementary theory of congruences it is now possible to find a basis
for the group X. One need only select from those vectors in which the first
2—1 components are zero a vector (0, 0, - - -, 0, x;5, - -+, x;) in X with a
minimal sth component x;;>0. The index [Z:X] of (5) is then [[‘_ x::. This
product can be computed as # divided by the greatest common divisor

(*13.4) n*=(n, JD)n/ey, - - -, J(T)n/ey).

The formula (5) then becomes the assertion (3) of Theorem 13.1.

We pause to discuss the invariant #* of (*13.4), which appears in the for-
mula (3). Clearly J(F)[n*ln. In the definition (*13.4) one may omit any e;
which divides J(I'). Suppose in particular that some p; has no higher ramifica-
tion(3!). Then the ramification order e; is the order of the inertial group of
P,«Ip,-, which is cyclic, so certainly eilJ(I‘). The formula (*13.4) thus need
include only the prime divisors p; with higher ramification.

THEOREM 13.2. The tnvariant of (*13.4) satisfies n*=n if and only if the
ramification order e of every p in K/k is a divisor of J(I'). In particular, n*=n
whenever J(I') =n, or whenever there is no prime ideal p in k with higher ramifi-
cation in K.

THEOREM 13.3. Let I” be the exact power of a rational prime | which divides
the degree n= [K:k), while I* is the largest power of | which occurs as the order
of an element in the Galois group T'. Among the prime ideal divisors P of I in K
select one whose Hilbert ramification group Vi has as large an order 1’ as possible.
Then the exact power I* of I dividing n* is given by ’

u=r (ifv <),

u=r—@—ys) Gf v = 5).

Proof. This theorem follows at once from (*13.4), for the ramification order
e of a prime ideal which divides the rational prime / has the form e=¢y”,
where (eg, ) =1, while /* is the order of the first Hilbert ramification group.

The inequality #* <# can actually arise, even though an earlier summary
of these results ([29]) was based on the assumption #n*=#x. For a simple ex-
plicit example, let & be the field R of all rational numbers, while K = R(6/2,7'/2)
is a quartic field with the four group as Galois group. In each of the three
quadratic subfields R(6'/2?), R(7'/?), and R(42'/?), the rational prime 2 is rami-
fied, since each field has an even discriminant. It follows that the ideal (2) is
‘totally ramified in K/R, for in any other event, K would have a quadratic
subfield which is an inertial or decomposition field for (2), counter to the
observation above. Since (2) has ramification order 4, while J(I') =2, we con-
clude by Theorem 13.2 that n*=2, n=4.

A more general construction is embodied in

(3) Each prime factor P; of p; has its first ramification group Vi =1. See [20, Part Ia, p. 70].
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THEOREM 13.4. Let I be a rational prime which is not totally decomposed in
an algebraic number field k. Then k has an abelian extension K with a degree
n=112 P such that the invariant n* is at most 12.

Proof. The local class field theory [9] may be used to construct an abelian
extension of type (J, ], - - -, 1) with sufficiently complicated ramifications. By
hypothesis, / has in & some prime factor p with a local degree n,= [k,:R;]=2.
Consider the corresponding group k;*/k. This group can be explicitly ex-
pressed by using a basis of the units in k,. In the regular case, when &, con-
tains no primitive /th roots of unity, the group k.f/k;*! is abelian of type
(1, - - -,1), with n,+1 generators. In the irregular case, when k, contains all
Ith roots of unity, the group k;*/k*! is abelian of type (I, 1, - - - , 1) with n,+2
generators. (See [18] and [24].) In either event the existence theorem of local
class field theory asserts that k, has an abelian extension 4, with a Galois
group isomorphic with kJ/k*!. The degree of this extension is at least
In»t1 >3 since by hypothesis #,=2. In 4,/k,, the Galois group modulo the
inertial group is cyclic, consequently it has order at most . By Grunwald’s ex-
istence theorem [16], the local extension 4,/k, can be obtained from infinitely
many abelian extensions 4 /k with the same Galois groups as 4,/k,. The in-
variant #* of (7) is then n*=<(n, J(I')n/e) < (n, Il) =12, as asserted.

These examples may be combined to give the following conclusion:

THEOREM 13.5. Over any algebraic number field k there is a normal (abelian)
extension K with(3?) n* <n.

14. Algebras with given local components. The questions raised in §13 as
to the existence of local algebras with specified local components suggest an
analogous inquiry: when is a given local algebra a component of an actual
algebra? This leads to a certain index [&®:S®], analogous to the main in-
dex [&’:S’], where

(*14.1) ©® =the group of classes of normal simple algebras S® split by
KP/kpr

(*14.2) S® =the group of those algebras &® which are components of
some S split by K/k.

If p is unramified, the invariant of &® has the form u,(&®)=x(n/m,)
(mod 7). By the Tschebotareff density theorem we know that m,=m, for at
least one other unramified prime ideal g of k. There is thus a local algebra S,
with an invariant p,(S,) = —x(n/m,) (mod 7). These two invariants add up to
1q(Se) +up(S®) =0 (mod #), so there is an actual algebra Swith @® and &,
as its only non-trivial components. Therefore S® =& ® for any unramified p.

Consider next the ¢ ramified prime divisors p; with associated decomposi-

(®) For the existence of suitable primes I consult the density theorems. See [20, Part II].
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tion groups of order(®?) m;. The invariants of an actual algebra S must satisfy
the relation ‘

t
#a(S) + 22 1iS) + 22 u(S) = 0 (mod #) (g # pu- -+, p0).
i, =1 a
The terms here can be arbitrary multiples of n/m;, n/m;, and n/m, respec-
tively. The possible values for u;(S) are then found by elementary number
theory.

THEOREM 14.1. Atan unramified prime divisor p every local algebra S, split
by Kp/kyis a component(34) (S), of an algebra S split by K /k, while at a ramified
prime divisor p=p; of p-degree m; (i=1, - - -, t) the index of the group S®
in &W gs

[@(p);S(p)] = m,~[(m.~, ) ]—1,

#i; = Lem. [my, - -+, mi_y, migy, - -+, my, J(D)].

6

Specifically, a local algebra S® is a component (S), of some S if and only if
its tnvariant satisfies the condition

(mi, A)u(S®) = 0 (mod n).

That the indices (1) are drastically limited is indicated by the following
calculation. In [©:S] introduce as an intermediate group the composite S&’
and apply the reduction principle (2) of §9. Then

) [©:5] = [&:@'s][e's:S] = [&:&'s][&:5].

The second index was computed in Theorem 4.1 to be J(T'). The first index
may be transformed by the homomorphism which carries each ideal algebra &
into the vector {(@)1, «++, (®):} of its components (S); at the ramified
prime divisors p;. Under this homomorphism each algebra of the join &'S

goes into the vector of components {(S)y, - - -, (S)¢} of the actual algebra S.
Hence, by the isomorphism principle,

[@:@,S] = [{(@)lr Tt (@)t}:{(s)ly ) (S)l}]'

On the right we obtain a larger group if we allow distinct (S);’s to arise from
different algebras S. The group index is then that for a direct product, so that

t t
[@:@'S] = H [@“’O:S(Pﬁ] = Hm.-/(m.-, 7ii).
=1 =1
Ifin (2) [©:S]=Nand [&’:S’]=J(T) are evaluated as in Theorems 4.2 and

4.1, we obtain

(%) Notation as in (*13.1).
(*) For the time being, we denote the p-component of an actual algebra S by (S),.
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THEOREM 14.2. The local algebra indices of (1) are limited by

3) fI [&@o:s@] < N/J(T).

=1
However, these local indices are not necessarily all 1.

THEOREM 14.3. Over any algebraic number field k there is an (abelian) nor-
mal extension K for which [S® :S® ] >1 for at least one prime divisor p.

Proof. If £ is not the rational number field, there is at least one (%) rational
prime ! which has in % a prime ideal divisor p of absolute local degree greater
than 1. We assert then that [S®:S®]>1. As in Theorem 13.4, the local
class field theory gives an extension 4 p/k, which is abelian of type (},7, - - -,1)
with at least three generators. According to the Grunwald existence theorem
there is a field 4 /k with the same Galois group as 4 p/k, which has at p the
local component 4 p/k, and which has at each other prime ideal divisor ¢ of /
some specified local component 4dgq/k, of degree (say) /2. Then in the index
[®:5®] of (1), the p-degree m; corresponding to p;=p is at least 3. If any
g=g; is ramified, the corresponding degree m; is at most /2, by construction.
Finally, if there is a ramified p; not a divisor of /, this p; cannot have higher
ramifications because the degree of the extension 4 /k is a power of /. By the
Hilbert theory, the p;-degree m; can then be at most /2. In (1), each degree m;
(with 1) is at most /2, while J(T') is L. It follows that [S®:S®] =1,

It remains to consider the case when 2 =R, the field of rational numbers.
The extension K =R(2'/2, (—1)¥/2, 51/2) is abelian of type (2, 2, 2). The prime
ideal (2) of R is ramified in six of the quadratic subfields of K, while in the
seventh field R(5%/2) it is inert. By the Hilbert theory it follows that (2) =P*
in K. Therefore the degree m; corresponding to p,=(2) is m, =38, any g2
in R has no higher ramifications, hence has degree m, at most 4. By formula
(1) it follows that(®) [S®:S®]=2,

Certain properties of the norm residue symbol (37) suggest also the consid-
eration of algebras with unit factor sets

1 ® =the group of classes of algebras &(» with factor sets of P-adic units.

By Theorem 12.1 the group U has order e,. As in Theorem 6.2 one may
prove

THEOREM 14.4. An algebra S has its p-component in W if and only if S
has a crossed product representation with a factor set F of numbers relatively
prime lo p.

(3%) For example, one might select any 7 which is ramified in 2/R.

(%) The extension K might also have been constructed by local class field theory. Indeed,
2, —1, and 5 are the generators of the factor group Rs*/Rz*? in the dyadic field R..

(37) See Chapter V, §27, Theorem 27.4.
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The previous methods also enable us to determine when a local algebra
U® with an invariant x[n/e,] (mod #) can be realized as the component of
an actual algebra S.

THEOREM 14.5. A: a ramified prime divisor p =p; the number of algebras
;= U which cannot be realized as components S;=S®9 of an actual algebra
S is given by ,

© [N (S):] = e/ (e, 72),
where #i; is determined(*®) as in (1);4=1,2, - - - , 4.

By the devices used in the proof of Theorem 14.3 one may demonstrate
that this index necessarily exceeds 1 if p is a prime divisor of % of absolute
degree at least 3, and if K is suitably constructed.

15. An invariant of a group pair. For the convenient statement of subse-
quent results we need a certain “deficiency” invariant for homomorphisms of
groups. Consider any abelian group R for which I' is a group of operators, with
a T'-allowable subgroup S(3?), and

1) R = R/S, a group with operators in T,
2) ¢, the natural homomorphism of R on R/S = R¢,
3) G(R) = G, a group extension of R by T.

Since S is a I'-allowable subgroup of R, it follows that S is a normal subgroup
of the extension G, so that the quotient group G/S is a group extension of R/S
by T. The set of all such extensions G¢ =G/S forms a subgroup of the group
of all extensions of % [6, 43]:

4) G(R) = ©, a group extension of R by T,
The index of this subgroup in G is our deficiency index.

DEFINITION. If the homomorphism ¢ of R has S as the subgroup of elements
mapped into 1, the deficiency of R modulo S is

(*15.1) w(R, S)=[C(R¢): {E(R)}9].

The special extensions G may also be described in the following terms,
due essentially to A. H. Clifford. Given an extension G of R, an extension &
of N by the same group TI', and a homomorphism ¢ of R to R, we say that G
is a ¢-prolongation of @ by S if and only if the homomorphism ¢ can be so
extended to a homomorphism of G to ® that the subgroup of those elements
of G mapped into 1 is exactly the given subgroup S of R. The extensions G¢

(38) For the notation see the preceding developments.
(3%) That is; s? is in S for every sin Sand o in T.
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of our definition can then be characterized as those extensions & of i which
admit a ¢-prolongation by .S. The problem of prolonging a given group & by S
may also be described as the problem of superimposing two group pairs,

GDORD1, RDOSDY, R/S =R,
in such a fashion that they “overlap” properly in a combined group
GORDSDI, G/S = © extending R/S = R.

This combined group may be viewed as a specially restricted extension of S
by ®, where S is considered as a group with operators in & according to the
natural rule S¥ =S7 for all elements u, in a coset ¢ of @/NR.

In less invariant fashion, the same deficiency index may be described in
terms of factor sets. If R, . is a factor set FR, then the elements (R,..)¢ con-
stitute a factor set for Rp =R.

THEOREM 15.1. The deficiency index, in terms of factor sets, is
() (R, S) = [F(R$):(FR)$],
provided one of these indices is finite.

Proof. Each factor set F(R¢) determines in the usual manner a group ex-
tension @ = (R¢, I', F(R¢)), while a factor set (FR)¢ yields under this map one
of the “prolongable” extensions G¢ = (R, I', FR)¢. We shall have proven (5)
in accordance with the isomorphism principle of group theory, provided we
show conversely that

(Re, T, F(R¢)) = G¢ implies F(R¢) = (FR)¢.

Now G is given by a factor set as G=(R, I', FR), so G¢ also has the factor set
(FR)¢. The sets F(R¢), (FR)¢ thus determine the same extension of R, hence
are similar,
o .—1
F(R¢) = (FR)$[R.R R |.
The transformation set T9R, can clearly be written as the homomorphic image
of a transformation set TR,, where R, is chosen in the coset Ri,. Hence

F(R¢) = {(FR)[R.R'R,]}9,

as required for our proof. )

16. Factor sets of principal ideals. In the formulas of §11, there appears
the index [FA’: (F’)], known to be finite. Between these two groups we may
insert the group F(A4'’) of factor sets of principal ideals. This group need not
be the same as the group (F’)=(FA’) of principal ideals derived from factor
sets of numbers. In fact, the index of (F’) in F(A4’) is exactly a deficiency
index, in the sense of §15, for the homomorphism 4'—(A4’) belonging to the
subgroup E of units; or
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(1) [F(4"):(F)] = [F(4)):(FA")] = o4, B),
2) [FU':(F)] = [FA':F(4")]w(4’, E).

The first index here suggests the use of the group of ideal classes in K.
Specifically, set

(*16.1) Af =the ideal class determined by the ideal ¥.

Then ¥A* will also, as usual, denote the (finite) group of all ideal classes in K.
Applying to part of (2) the homomorphism ¥—%*, we have

3) [FU:F(4")] = [FA)#:1] = [F:1][F#: (FA')#]L

The second index is by definition a deficiency index

(4) W@, (47) = [FU#:FA)F] = [FUr:(FA)1],

for A*=A"*. The first index [FYA'*:1] may be reduced to group extensions,
(5) [Fur:1] = [Fu#: TU#][TA#:1].

The homomorphism which carries a vector of classes 9 into a transformation
set TU* will introduce the group of crossed characters U¥Y, as

[Taf:1] = [Uz:1][vAF: 1]
= [W: 1] [UAF: AP ][ U 1]
The index [%*:1] is the class number H, while the homomorphism §f—f1—o
will give
(6) [Ta:1] = H1[UA#: A+~ k.
The results (2) through (6) may now be combined as
THEOREM 16.1. In terms of the group A* of ideal classes in K and the de-
ficiency index w of §15, we may write
[FU':F)] = H'ho(4’, E) [w@', AN ] [T@H],
J@¥) = [UAF: A+~ ] [FA#: TAF] .

In this formula there appear two indices w depending on the module M.
We inquire now how each depends on the nature of M.

THEOREM 16.2. The index w(N’, (4’)) is independent of the choice of the
module M, provided only that this module involves all ramified prime divisors
for K/k.

Proof. We may consider two such modules M; and M with M1| M. The
respective indices are (4) and

O]



1941] NORMAL ALGEBRAIC NUMBER FIELDS 337
w@{, (41)) = [Fut:(FUL)#],

where A/ (4/) are ideals (elements) relatively prime to M;. Hence the con-
clusion of the theorem will follow if we prove (F{)*=(F%’)*. This will be
the case provided the factor set FA{ can be turned into a factor set relatively
prime to M by multiplication with a suitable factor set of principal ideals,
as asserted in the following lemma:

LeEMMA 1. If p is unramified in K/k and § is a p-primary factor set of ideals
in K, there exists another factor set F1 relatively prime to any specified module
such that FF1 is a factor set of principal ideals.

Proof. Our chief concern is to show that $§; can be chosen so as to be a
factor set. Select P, a prime factor of p with the decomposition group A(P),
and let L be the corresponding decomposition field in K/k. Since P is un-
ramified the ideal P is present(*’) in L. There is then in L an ideal € relatively
prime to M such that PG is principal. Furthermore €, like all the elements
of L, is invariant under all automorphisms 8 of the group A(P). Because of
this invariance, we can, in an unambiguous fashion, set up the following ex-
teri§Iion of the correspondence ¥ (P) =@ to all p-primary ideals (see §5). If %A
=] |, P>, let

@) = J] 6.

For arbitrary p-primary ideals o, 8 this function has, according to its origin,
the properties

(8) "~ () is relatively prime to M, A¥ (%) is principal,
9 YEAB) = YA¥(B), ¥B) = [¥®],

for every 7 in T'. In other words, the mapping A—¥ (%) is an operator homo-
morphism of the group A‘» of p-primary ideals on a subgroup of the group A’.
It follows that the map ¥(F) of a p-primary factor set will be itself a factor
set. Consequently, the product F¥(F) will be a factor set of principal ideals,
as asserted in the lemma.

The dependence of the other deficiency index of (7) on M is exhibited by

(10) M| M, implies w(4{, E) < w(4’, E).

For, the index w(A4’, E) of (1) involves the subgroup (FA'’), which may be
written as the intersection (FA’)=(FA)N\F(A’), since a factor set of princi-
pal ideals is relatively prime to M if and only if the generators of the ideals
are relatively prime to M. Hence

(49) Subject to the usual convention that an ideal in L is to be identified with its extended
ideal in K.
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(11) w(4’, E) = [F(4"):(FA) NF(4")] = [FAF(A"):(F4)].

In this form the conclusion (10) is immediate. It implies that w(4’, E) is
eventually independent of the module M. In order to obtain a more precise
result we must employ a roundabout method.

THEOREM 16.3. The index w(A’, E) is independent of the module M, pro-
vided only that this module M involves all ramified prime divisors of K/k.

Proof. If the formula (11) is substituted in the final formula (5) of Theo-
rem 11.2 for the basic index J, one obtains a relation (see (15) below) between
various indices which are all independent of the module M, with the exception
of the indices w(4’, E), w(A’, (A4")), and [F’: F'’]. The latter index was shown
in Theorem 13.1 to be independent of M, while we have just shown that the
index w(Y’, (4")) is independent of a module M of the type under considera-
tion. This gives the result of Theorem 16.3.

THEOREM 16.4. If K/k is a normal extension such that K and all subfields
L over which K 1is cyclic have class number 1, then w(4', E)=1.

Proof. The proof of the theorem depends on a choice of special prime ele-
ments in K. Let p be an unramified prime ideal for K/k, %™ the group of
p-primary ideals in K, P a typical prime divisor of p in K, A= { B} the asso-
ciated decomposition group. Then P is an ideal of the decomposition field La,
over which K is a cyclic extension. By hypothesis L, has class number 1, hence

(12) P = (m), with 7 in L, and 7% = 7.
Next write I' in terms of cosets
I'=A+oA+ - +0,4, g=[[:A]

The prime ideal factoriza?ion of p in K is given as

g
(13) p= H P, Poit = (P&)v; = poi,

=1

Now select for each prime ideal P?i= P; the prime element 7°:=m; as gen-

erator, P;=(m;) in K. Let II® be the group of power products of all the prime
elements m;. By construction A® and II» are groups with I' as operator
group. We assert that they are operator isomorphic with respect to I'. For
the proof we use the correspondence

4101 agog

(14) T omy (- my) =P - P
We have to investigate the effect of an element ¢ in T'. By the coset decom-
position of T, we get ¢ =08, 0o;=0;8,, where §;in A and j’in {1, - - - , g}
are both determined by j. Consequently
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g AN g U g MY g e
ojaj gojaj oj’djay oj’aj
5 = I I T = I | ™ = T
i=1

i=1 i=1 i=1

is an element of II‘®. Similarly

g (4 g g g
ijaj - Pvajaj — Paj'&jaj — Pv,"aj.
(f7) -l = frm- 1
Thus the correspondence (14) is an operator isomorphism with I' as allowed
set of operators.

- Choose now for every p relatively prime to M such a group II”, and let B’
be the group of numbers generated by all groups II». Then A’ is operator
isomorphic with B’ under the natural extension of the mapping (14). For the
proof remark that A’ is the direct product(*!) of the groups A®. By the corre-
spondence B’ (B’) we map B’ in an operator isomorphic fashion in ’. This
rule is, in fact, the rule (14). It is an isomorphism by the behaviour of the ex-
ponents. Finally, we remark that every element 4 in A’ has a unique repre-
sentation 4 = EB where E is a unit of K and B an element of B’. By the prime
ideal decomposition of (4) we first determine an element B in B’ such that
(B)=(4). Then (AB~')=1, whence 4 = BE with a unit. This representation
is unique, for 4 =E,B;=EB implies (B)=(B;) and therefore B=B; and
E=E,. Consequently, 4’ is equal to the direct product B’XE with T as
operator group. Therefore by Lemma 2 of §9(4?), w(4’, E)=1.

To summarize the results thus far obtained, use the basic formula (5) of
§11 with the value for [FU’: (F’)] obtained in Theorem 16.1 and the formula
for [F’:F"'] obtained in §13. The latter formula involves the product []e,
of the ramification orders for all prime divisors p. Part of this will cancel
against the product [ Je, over all finite prime divisors, as in (5) of §11. There
remains the product ] Je,, over the infinite p’s. This is just 2¢, where p is the
number of infinite prime divisors of k ramified in K/k. All told, the basic index
J=J()is

J = w*n~1w(4’, E)o’, (4"))~VJ(E) [J(#) 12,
(15) J(E) = [UE:E—|[FE:TE]™,
JQ) = [UAF: A+~ | [FA+: TA+]-.

CHAPTER III. FACTOR SETS OF UNITS

17. The Herbrand unit group. The analysis of the index J(E) entering in
our formula is based on the explicit structure of the group E of units. This
in turn depends on the classification of the infinite prime divisors of £ and K.
Recall that a prime divisor p =p,, of & is called real or complex according as

(41) With T as set of operators.
(42) Lemma 2 of §9 obviously generalizes to the kind of direct product we consider here.
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the corresponding complete field %, is the real or the complex field (see §2).
The infinite prime divisors of k then fall into three classes according to the
types of their divisors in K (see [5]):

1) pui (i=1, - .-, py) real in &, with % real divisors in K,
(2)  pwi G=p+1, - -, n)real in &, with n/2 complex divisors in K,
3) pw.i (G=n+1, - -, rn+r) complex in k, with #» complex divisors in K.

In each case let P,,,; be any one prime divisor of p,,:, while A(P,,;) is the cor-
responding decomposition group (composed of all automorphisms of I' which
leave fixed the valuation belonging to P,,;). For a prime divisor of the first
or the third type, A(P.,:) consists only of the identity, and Pw| Do 1s said to
be unramified. For a prime divisor of the second type, A(P..:) is a cyclic
group of order 2, while P.a| P is ramified. For all cases, set

(4) d:=the generator of the decomposition group A(P.,:),
(5) Ki=the decomposition field of P, ; (the field left invariant by 8;).

Then in case (2), §; has order 2= [K:K;], while in cases (1) and (3), 8;=1
and K =K.

The unit group of k contains 7=r,+7,—1 independent units €, - - -, €
which, together with a suitable root of unity, generate the whole group of
units in k. For the same reason there will be a maximum of R=up;
+ (n/2)(r,—p1) +nr:—1 independent units in K. Herbrand’s generalization
of Minkowski’s theorem [5, 23, 25, 26] asserts that one can find in K 741
units Hy, Hs, - - -, H,41 which with their conjugates Hy and with the units
€, €, * - -, € will generate a group of units which has finite index in the whole
group E of all units in K. Furthermore, the multiplicative relations between
these units are all consequences of the simple relations(#)

(6) HY =H, NH =1 (=1, ,r41),

where N; denotes the relative norm of K;/k. By an Herbrand group E* of
units in K we mean a group generated by such a basis €;, H;, Hf, - - - . In
other words, E* is a direct product

N Ef= X - - Xe&XHi X+ X Hepy

of infinite cyclic groups e;, each generated by a basic unit e; of , and of groups
H,, where each H; is generated by a unit H; and its conjugates

®) H;={H,H - }.
(#8) This provides the proper number of units. If p,,; is unramified, H; and its conjugates

provide 7 —1 independent units, ¢; one more; if p,,; is ramified, H;=P; and its conjugates H;
provide /2 —1 independent units, the total number being in agreement with the value of R.



1941] NORMAL ALGEBRAIC NUMBER FIELDS 341

The groups €; and H; which figure in (7) are groups which have T as group
of operdtors. They can be described in purely group theoretical language.
Thus e, is an infinite cyclic group with a generator ¢; which is invariant under
all operators of T'.

To describe the group H; belonging to an unramified prime divisor p.,s,
consider first the operator free abelian group G(T') belonging to any finite
group I' of order #. As in Hall’s paper ([17]) the group G(T') is an abelian
group with » free generators G?, one for each element ¢ in T'. To these genera-
tors the elements 7 of I are to be applied by the rule (G°)*=G°. In this group
G(T') the elements left unaltered by all operators of I form an infinite cyclic
subgroup N(T') which is generated by the “norm” NG =G'to++-.-, The quo-
tient group G(I')/N(T") belonging to this subgroup N(T') is then isomorphic
to the unit group H;=H. This quotient group is an abelian group with % gen-
erators H’(#) subject only to the relation NH =1. We call this quotient group
H=G(T')/N(T') an abstract unramified unit group: ‘

9 H=1{HH,H,---}, JlH =1, (H) =H"™
In the ramified case let § = §; be the generator of the decomposition group

of some ramified prime divisor P,,;, and let T' be decomposed modulo the
subgroup {1, 8} into left cosets

T =oa:{1,8} +02{1,8} + -+ +o,{1, 8}, g =n/2.

Then the abstract 8-ramified unit group is an abelian group described by gen-
erators

(10) Por, Poz, - . - | P, with Pa1Poz. . . Poo = 1,
The operators of T' are applied to this group according to the rules
(11) (Pa.')r = Proi, Poid = Prs, i=1,2 -, g.

The Herbrand group E* of (7) is thus represented as a direct product whose
factors are

7 infinite cyclic groups,
p1-+r2 abstract unramified unit groups,

r— py abstract §;-ramified unit groups belonging to the prime divisors p,;
of type (2).

18. Reduction to the Herbrand unit group. The formula of Theorem 11.2
involves the units of K in the index

(%) Each H is the coset of the original generator G°.
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(1) J(E) = [UE:E**]|FE:TE].

We desire to relate this index to the corresponding index for the Herbrand
unit group E*

(2) J(E*) = [UE*:E*~][FE*: TE*]-L.
THEOREM 18.1. The indices involved in J(E¥*) are both finite, and
(3) J(E) = J(EX){[E: E*]*[e:e N E*][FE:FE*]-1}

where all the indices on the right are finite, and where e \E* is the group of all
units of k which lie in the Herbrand group E*.

Proof. We first show why the indices in (3) are finite. If E, is the group
of all vectors with components in the group E, with a similar meaning for EJ,
then E, is the n-fold direct product of E by itself, so that

[E:E] = [E:E]

is finite. Apply next the homomorphism E,—TE,. By definition, the subgroup
of E, mapped onto the identity is the group UE of crossed characters. Then,
by the homomorphism principle of §9,

[E:E*]» = [TE:TE*][UE:UE*],
where both indices on the right must be finite. This may be written as
(4) |[UE:UE*] = [E:E*]"[TE:TE*]-.

Secondly, apply the homomorphism which carries a unit E into a vector with
components E'=?, The subgroup mapped on the identity is €, the group of
units in k. Hence

(5) [E:E*] = [E*:E**—][e:e N E*],

where both indices on the right are finite.

Next we return to the index J(E). In the numerator the index. [UE: E*=7]
suggests two chains of groups UED E'-*D E*'=? and UED UE*D E*'~° which
join the same groups UE and E*1=. The whole index [UE:E*!~7] is known to
be finite. It can be computed in two ways from these chains, with the result

[UE:E*~] = [UE*: EX'~][UE: UE*|[E*—7: E*'— %,
Inserting the values of these indices from (4) and (5), we get
(6) [UE:E\—~] = [UE*: E¥\~o][E: E*]*[e:e N\ E*][TE:TE*]-\.

One may similarly run two chains from FE to TE*, through the intermediate
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groups FE* and TE. The indices [FE:TE], [TE:TE*] are known to be
finite, hence the indices are all finite and

©) [FE:TE] = [FE*:TE*|[FE:FE*]|[TE:TE*]-.

Division of formula (6) by (7) yields the desired reduction formula (3).

19. The correction factor for the reduction. The replacement of the index
J(E) by the corresponding index J(E*) for the Herbrand unit group involves
a “correction factor” found in equation (3) of §18,

(1) ¢ = J(E)/J(E*) = [E:E*]"[e:e N\ E*][FE:FE*]-.

In the computations for the cyclic case in the classical theory it turns out(*)
that the corresponding correction factor is always 1, which is to say that the
indices involving the units can be computed directly from the Herbrand group
E¥* itself instead of from E. It would be convenient to have also ¢ =1 in
general(*®). This is not the case. We shall prove ¢ =1/2 for a suitably se-
lected pair of fields K, k.

Before actually proving this assertion we shall establish some lemmas re-
ducing the problem to a simpler problem involving “normalized” factor
sets.

Let I' be the four group, with generators v, §:

(2) = {1,788}, ~2=8=1  By=18=4.

A factor set E,, determines a group extension of the unit group E by the
group I'. Any such group extension is completely determined by the multi-
plication table for elements u, and us which represent the two generating
cosets ¥ and B in the extension. This multiplication table(4”) has the following
form
3) uE = Evu,, ugE = FPug, (for any E),
(4) Mi =C, “; = B, Uty = Du-y%ﬁ,
where C, B, and D lie in the group E. The multiplication determined by this
table will be associative if and only if C, B, and D satisfy the conditions

(5) Cr=_, Bf = B, Dty = Ch-1) D8 = Bl—7,

The necessity of these conditions is readily proved by “multiplying out” in
two different associations the products %3, 3, #ju, and ugu2. Thus, any group

(45) See Theorem 19.2 below.

(46) This was actually conjectured by Deuring in a letter to Hasse in 1933, relating to some
investigations on the principal ideal theorem of Hilbert.

(47) Similar normalizations considered as generalizations of the formulas for cyclic algebras
were used in the investigations of Dickson on crossed products [14]. Our normalization is a
special case of the normalization of factor sets for abelian groups as set forth in [43, pp. 95-97].
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extension of E by T is determined by a vector of three constants {C, B, D}
satisfying (5).

The fact that any group extension can be normalized in this form means
that there is a homomorphic mapping of the factor sets E,, onto the “nor-
malized” factor sets. To obtain explicitly this homomorphism, let the factor
set E,, generate a group extension in which the representatives v, of the
cosets ¢ multiply according to the table v,9,=E, ,v,,. A corresponding nor-
malized factor set then can be obtained by setting #,=v,, #s=vg and com-
puting C, B, and D from the table of the E, ,’s. One finds

(6) C = EyyEiy, B = EsgE,, D= Eg,Eqg.
These formulas provide a homomorphic mapping
(7 FE = E,,.— {C, B, D}.

What factor sets E,(,ol are mapped by this homomorphism onto the iden-
tity? If EX belongs to the multiplication table v,2,=Ev,,, then us=1s and
uy=v, multiply as in (4) with constants C=B =D =1. Furthermore the two
remaining coset representatives must have the form v, = E;, v; = Esvgv,, where
E, and E; are elements(*®) of E. From these constants we may calculate the
whole multiplication table, getting
(8) EY = E,E/E,., where Eg = E, = 1.
Furthermore, the given factor set E§°Z uniquely determines the two constants
E, and E; as E1=E§?}, E;=E§?}. Conversely, any two elements E; and E;
determine through the formulas (8) a factor set Ef,ol which has the property
that it is mapped by the homomorphism (7) on the identity. Hence (8) pro-
vides an isomorphism
©) {Ey, B} & E.,
between the group of pairs E;, E; and the group E,(,"Z An analogous isomor-
phism applies to the group E*.

Now apply the homomorphism (7) to the index [FE: FE*]. This maps FE
on the whole group of vectors { C,B,D } , because any such vector determines
a group extension and hence a factor set of which it is the map. Furthermore,
this homomorphism carries the group FE* of factor sets belonging to the
Herbrand subgroup E* into the group {C*, B*, D*} of vectors from E* satis-
fying (5). Therefore, by the homomorphism principle,

[FE:FE] = [{C, B, D}:{C", B", D"} ] [E.7: (E:.,)

The second index, involving the group of factor sets mapped by (7) into the
identity, may be computed by (9) as

©
]

(*¢) That is to say, they are part of a vector E, used to transform a factor set.
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[ED:ER N ] = [{ By Bs):{ES B3} ] = [E:E°T.

This proves
LeMMA 1. If T is the four group, the factor set index is
(10) [FE:FE*] = [{C, B, D}:{C*, B* D*}][E: E*],
where the elements C, B, D of E (or C*, B*, and D* of E*) are restricted by the
associativity conditions (5).
LEMMA 2. If T is the four group, the unit “correction factor” of (1) is
(11) ¢ = [E:E*][D:D*]*[e:e N E*],
where D is the group of all elements in E for which there exist solutions B and C
of the equations (5), and D* is analogously defined in E*.

Proof. The group of vectors {C, B, D} of equation (10) may be mapped
on the group D described in the lemma by the homomorphism

(12) {C, B,D} —D.

The vectors thereby mapped into the identity (D =1) are the vectors {C, B}
which satisfy the relations (5) with D=1, or C*=C#=C, Bf=B7=B. These
relations mean that C and B are both invariant under all elements of the
Galois group T', which is to say that C and B are both units in the group e.
The group mapped by (12) on the identity is therefore {e, € 1 }, SO

(13) [{c, B, D}:{c* B* D*}] = [D:D*][e:e N E*]2.

Inserting the values (13) and (10) in the correction index (1) we get the asser-
tion of the lemma.

We remark in passing that the conclusion (11) is still valid if T' is an
abelian group which is the direct product of two cyclic groups with genera-
tors B and v of respective orders s and ¢, provided the condition (5) is replaced
by

(14) Cv=C, Bf =B, Dvrt+'" =1, pust--+'" = i,

Consider now the particular field (**) K = R(15/2, (—2)'/?) which is normal
over the field of rational numbers R and has the four group as Galois group.

LeEMMA 3. The only units in R(1512, (—2)'2) are + ™, where n=4-+415'2.

Proof. One verifies at once that the only roots of unity present in K are
+1. In the quadratic subfield R(15'2) it is known that the units are all of the
form 4 7™ Let N denote the norm from K to R(15'2). Then N(n)=n? Since

(#) In the elaborate search which ultimately led to this example, considerable use was
made of the tables for units in the back of Sommer’s textbook [35].
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there can be only one independent unit in the totally complex field K, any
other unit E in K is dependent on 7, hence has NE= + 5™ for some m,7#0.
We can therefore prove that + 7™ exhaust the whole unit group of K if we can
assgrt that no unit E has NE= +1.

Since E is an integer, it is readily shown that E must have the form

E = (a + b15Y2 + ¢(— 2)V2 + d(— 30)1/2)2-1 (a, b, ¢, d are integers).

If one calculates NE, one finds that NE= —7 is impossible, while NE=1
leads to the diophantine equations

a? + 1562 4+ 2¢% 4+ 3042 = 16, 2ab + 4cd = 4.

By trial of a small number of cases it results that these equations have no
integral solutions. Thus the lemma is proved.

THEOREM 19.1. There exists a normal extension K/k with the four group as
Galots group for which the correction factor ¢ of (1) is different from 1.

Proof. Take the field K = R(152, (—2)'2), The Herbrand group E* of this
field is any group of units generated by a unit P invariant under the auto-
morphism carrying K into its complex conjugate. The unit P=7% is such a
unit, hence we may take for E* the group of all ™. Then E is the direct prod-
uct E={+1} XE* where { +1} is a cyclic group of order 2. One verifies
readily that if D= —1 the equations (5) defining the parameter D have a solu-
tion B=C=1. Hence the group D is given as { +1} X D*. Finally, e= {+1},
eNE*=1. With these values in the formula (11) for the correction factor we
get p=2/4=1/2.

The result for this particular field has been checked directly, independ-
ently of the normalized factor sets, by the laborious process of explicitly solv-
ing the associativity conditions for all factor sets E,, in the unit group
{ £4m}. Using the normalization again, the unit group has been computed
also for the fields R(30V2, (—2)%2), R(42V2, (—2)¥2), R(2V?, (—1)V?). In
these three cases one finds again that ¢ =1/2. The first two cases have unit
groups isomorphic to the group of our example R(15'2, (—2)Y/?), while in the
third case the unit group involves more roots of unity.

The correction factor ¢ is not the same for all fields with the four group.
For the field R(3'/?, (—2)’2) it turns out to be 1.

THEOREM 19.2. If the Galois group T of K/k is cyclic, the correction factor ¢
s 1(59).

Proof. The proof depends on a normalization of the factor sets FE which
appear in formula (1). Just as in the formula (9) of §2, each factor set of

(%°) This theorem simply asserts that the correction factor ¢ of (1) does in fact behave like
the analogous correction factor of the cyclic theory.
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units E, ; for a cyclic group with the generator N determines a single quantity
C which functions as the usual “normalized” factor set,

n—1
(15) C = I1 Ex.

=0
The associativity condition becomes C*=C, so that C is a unit € in the base
field k. The equation (15) thus provides a homomorphic mapping E,,.—C
of the group FE onto the units € of k. This mapping carries FE* into e\ E¥*,
and one may establish as in Lemma 1 above that the factor sets E® mapped
by (15) into 1 have the form of transformation sets E§?2=E,E:E;l for which
E\=1. By the homomorphism principle we have

[FE:FE*] = [e:e M\ E*][E,: E*] = [e:e N\ E*][E: E*]»,

According to (1) this proves ¢ =1.

20. An additional reduction for unit factor sets. In this section we
give another way of reducing the basic index involving the units, J(E)
=[UE:E'-°]/[FE:TE]. The result will also be used to get an estimate
for [FE:FE*] and for the correction factor J(E)/J(E*). The group E may
be analyzed into the subgroup € and the groups

1) Z = all roots of unity in K; ¢ = Z M k;
(2) B = all units E with NE a root of unity ¢;
(3) Q = Be.

We introduce also the integer y=[Z:1].
Under the homomorphism 4—A47 the subgroup mapped on 1 is the group
Z, hence the isomorphisms

4) Ev>~ E/Z, Bv= B/Z, € eft.

Clearly these isomorphisms hold also if y is replaced by any proper multiple
of [Z:1].

THEOREM 20.1. The index J(E) is given by
J(E) = J(Bv)J(eV)J(Z)w(E, B)w(B, Z)/[E: Be],

where each w represents a deficiency index, where for any group R J(R)
= [UR:R']/[FR:TR], and where [E:Be] depends on the norms within € as in

[E:Be] = [NE:e"]/[NEN ¢:¢m].

Since € is generated by { and r independent units €, - - -, € of infinite
order, €? is isomorphic to a subgroup of the group generated by ¢, - - -, ¢,
Hence eV is the direct product of 7 infinite cyclic groups. As will subsequently
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be shown (§21, (4) and §23), one may then compute that J(e¥) = [[':T’]-,
where I' is the commutator subgroup of T.

The proof of Theorem 20.1 will depend on systematic use of the subgroup
Q of E, as defined in (3). The index [E: Q] can be evaluated in several differ-
ent ways.

LEMMA 1. The index [E:Q] is finite and is given by

(5) [E:0] = [Ev:0v],
(6) [E:e] = [NE:e]/[NEN {:¢7],
(7 [E:Q] = [(E*o)v:(Qi—)v][Eto N Z,:217].

Proof. If [E: Q] is finite, the expression (5) is obtained at once by applying
the homomorphism principle to the map E—E?, for the elements mapped
thereby into 1 all lie in the subgroup Z of Q. To get (6), apply the homo-
morphism E—NE, with the result

[E:@] = [NE:NQ] = [NE:(NB)e*] = [NE:(NEN {)er]
= [NE:er]/[(NEN {)erzer],

for NBC¢ by the very definition of B. Since NE is a subgroup of ¢, [NE:e"]
is less than the finite index [e: €], which proves that [E:Q] and all other in-
dices here present are finite. If one observes that the intersection of (NEMN{)
with €” consists of all roots of unity in & which are nth powers, and hence is
just {*, this formula will give the result (6) by the reduction principle (§9).

Finally, to prove (7), apply the successive homomorphisms E—E-°
—(E~9)v. They give

[E:q] = [Eve:Qt—] = [(Er)v:(Q)v][E}" N Z,: Q7 N Z,].

This will give (7), if we can prove that Q'-'N\Z,=7Z,. By definition, 2= Be,
so —=B!=? Since B contains all units with norms in {, BDZ and
B=*MZ,DZ'°. Conversely, suppose that B is a unit of norm NB={ with
Bl=e=1Z, for all ¢. Then (B'-?)¥=2ZY=1, so (B¥)1-*=1, and Bv=¢ is in k.
Therefore NBv={¥=1=¢", so the unit e must be a root of unity. But Bv=g,
so B is also a root of unity Z. Therefore B'=*MZ,CZ'~?, and the lemma is
established.

LemMA 2. If R and S are T'-allowable subgroups of K such that [R:S] and
[FR:TR] are both finite, then [FR:FS] and [FS:TS] are finite.

Proof. The index [FR:FS] can be written formally as
[FR:FS] = [FR:(TR)(FS)][(TR)(FS):FS].

The first index does not exceed [FR:TR], and the second can be changed
by the reduction principle to [TR:FSNTR], which does not exceed
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[TR:TS]. The latter index is finite, and bounded by [R:S]» Hence
[FR:FS] is finite. Therefore [FS:TS] is finite, because it can be expressed
as [FR:TR][TR:TS]/[FR:FS].

The expression J(E) of the theorem has as denominator the index
[FE:TE). This may be reduced by applying the homomorphism 4—A4%, to
get

(8) [FE:TE] = [FE)v:(TE)¥]|FZ:TE N\ FZ].

Here [FE:TE] is known to be finite, while [E: Ev] is also finite because E has
a finite number of generators. Therefore [FE: FEv] and [FEv: TEv] are both
finite indices (Lemma 2). The latter may be introduced in (8) if we divide by
the deficiency index w(E, Z)= [FEv:(FE)v] (see Theorem 15.1). The sub-
group Q¥ of (3) may be introduced in terms of the finite indices [FEv: FQv]
and [TEv:TQv]. Then

[FE:TE] = [FEv:FQv][FQv:TQv][TEv: TQv]!

®) X [FZ:TZ][TENFZ:TZ][w(E, Z)].

The index involving TE¥ and TQ¥ may be found by a homomorphic map
of the group (EY), of vectors with components in EY, as

[(E¥),:(Qv),] = [TEv:TQv][UEv: UQv],

(10) [TEv:TQv] = [Ev:Qv]|»[UEv: UQv]-.

In (9) we next attack [FEv: FQ¥] by the norm homomorphism
[FEv:FQv] = [N(FEY): N(Fev) ).

One proves easily that the norm of a factor set is itself a factor set. The group
N(Fev) = (Fe¥)" is then contained in F(Nev) = F(e*?). Since each element of e"v
has a unique nth root, the two groups are equal, or N(Fe¥) = F(e"¥). On the
other hand, the index [F(NE¥): N(FEvY)] is a deficiency index w(E¥, BY) be-
longing to the norm homomorphism. All told

[FEv:FQv] = [F(NEVY):F(e™)]/w(Ev, BY).

Now NEv and €™ are both subgroups of finite index in the group e, which
is a direct product of r cyclic groups. Hence both NEv and e"¥ are them-
selves direct products of 7 cyclic groups. Therefore [F(NEv):T(NEv)]
= [F(e*): T(e"v)]; in fact, they are each equal to [I':T']7, by §21, (4). The
factor sets on the right in the last equation may therefore be replaced by
transformation quantities,

(11) [FEv:FQv] = [T(NEY):T(e")]/w(Ev, BY).

Since each NEY is invariant under any o, every crossed character of I' in the
group NEY is an ordinary character of ' in NEv. But T is finite and (NE)¥
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contains no element of finite order, so that all these ordinary characters are 1.
This means that the homomorphism (NE¥)—T (NEY), which carries a vector
into a transformation quantity is an isomorphism. With this isomorphism,
the last equation becomes

[FEv:FQv] = [NEv:env]"/w(Ev, BY).
On the other hand, the homomorphism NE—(NE)Y gives
[NEv:iew] = [NE:e]- [NEN ¢:¢n]-t = [E:Q],
according to (6). These two formulas, combined with (11), yield
(12) [FEv:FQv] = [E:Q]*/w(EY, }Bv).

The deficiency index w which is present here may be reformulated by com-
bination with the deficiency w(E, Z) present in (9). By the norm homomor-
phism

w(E, Z) = [FEv:(FE)v] = [N(FEY):N(FE)v][FBv:(FB)v],
while
w(Ev:BY) = [F(NEY):N(FEY)],  «(E, B) = [F(NEY):N(FE)v].
Combining these results, we find
(13) w(E, Z)w(EY, BY) = w(E, B)w(B, Z).

Turn now to the numerator [UE:E!-7] of the expression J(E). To each
vector in the principal genus UE apply the homomorphism UE—(UE)v.
Then

(14) [UE:E*~] = [(UE)v:(E¥)‘*—][UZ: E** N Z,].
We may introduce the group U(Ev¥) D(UE)Y by

LEMMA 3. The index [UEv:(UE)"] is finite, and is given by
(15) [UEv:(UE)] = [TENFZ:TZ].

Proof. Let U’E temporarily denote all those vectors E, of units such that
the transformation set TE consists of roots of unity. Then U’E contains the
crossed characters UE, and the homomorphism T gives

[U'E:UE] = [TENFZ:1] = [TENFZ:TZ][TZ:1].

Since Z is a finite group, the indices involved here are all finite. On the other
hand, the crossed characters U(EY) are all yth powers of elements in this tem-
porary group U'E, so the homomorphism UE—(UE)¥ will prove

[U'E:UE] = [U(EY):(UE)¥][Z,:UZ].
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This proves that the desired index [U(EvY):(UE)¥] is finite. Furthermore we

get (15) by comparing these two expressions for [U’E: UE], observing that

[Z,: UZ]=[TZ:1] by the very definition of the crossed characters UZ.
Using the result of Lemma 3, we may now rewrite (14) as

(16) [UE:EY*]=[UEv:(E¥)']|[UZ: 2" [TENFZ:TZ][E"-"NZ,: Z~ |1

The first index in this formula may be transferred to the group Q¢S since
[Ev: Qv] is finite, so are [UEv: UQv] and [(E¥)'~7: (Q¥)*~7]. Therefore

[UEv:(E¥)t—] = [UEv:UQv][UQv: (Qv) '] [(E¥) '  (Qv) =]~

On substitution in (16) and application of (7) this gives an expression for
[UE:E'-7] as

17) [VEv: U] [UZ: 2] [UQv: (@)~ ][TE N\ FZ:TZ][E: Q]

The results can now be combined to give J(E)= [UE:E'-]|/[FE:TE] by
dividing the expression (17) for the numerator by the expression (9) for the
denominator, using (10) and (12) for substitutions. The result is

(18) J(E) = J(QV)J(Z)w(E, Z)w(E¥, BY) [E: Q]

Since Qv=Bvev, and since E¥ contains no roots of unity, and hence no ele-
ments in the group B¥ of elements of norm 1, Qv is a direct product B¥ X ev.
The corresponding J index is therefore also a product J(Qv) =J(Bv)J (e¥).
Putting this in (18), reducing the product of the two deficiency indices as in
(13) and replacing [E: Q] by (6), the result (18) becomes that of Theorem 1.

The indices involved in this expression for J(E) are all reasonably explicit
except for J(B¥). As indicated in (4), the group B¥ here may be replaced by
B=, where x= [E: E*] is the index of the Herbrand group. Hence the problem
is essentially that of computing [FB=:TB=], the number of group extensions
of a certain subgroup B* of the Herbrand group. The computations of §§22, 23
solve this problem for the special case when B¢ is a subgroup isomorphic to
the group H* generated by all the Herbrand units of norm 1.

This type of computation can also be employed to give a new expression
for the correction factor of §19.

THEOREM 20.2. For an Herbrand subgroup E* of E
J(E)/J(E*) = [J(BY)/J(H*)]J(Z)w(E, B)w(B, Z)[E: Be]™,
where H* is the subgroup of E* consisting of all units of norm 1.

This conclusion can be obtained by a suitable direct analysis of the cor-
rection factor, using the index x= [E:E*] much as the index y of the above
computation. A quicker method is to apply the computation underlying Theo-
rem 20.1 to the group E* as if E* were the whole unit group of a field. Since
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¢*=E*Nk, the Herbrand group is as in §17 the direct product E* =¢* X H*,
and contains no roots of unity. The result analogous to Theorem 20.1, using
y=1, is then

J(E*) = J(H*)J(*)w(E*, H*)/[E*: H*¢*].

But E*=H* X e* means that the deficiency index w here must be 1, because
every factor set in H* is automatically a factor set in E* and thus a homo-
morphic image of a factor set in E*. Furthermore €* is isomorphic to e?, as
both are free abelian groups on 7 generators. Hence J(e*) = J(e¥). This result,
combined with Theorem 20.1, then gives the formula of Theorem 20.2.

21. Extensions of unit groups. The denominator of the index J(E*) is
[FE*:TE*], the number of group extensions of the Herbrand unit group E*
by the Galois group T'. Since E* is a direct product (see the end of §17), this
index reduces at once to

r r+1
(1) [FE*:TE*] = ( II [Fei:Te;]) <H [FH;: TH,«]).

=1 =1
Here the index [Fe,;:Te;] is simply the number of group extensions of an
infinite cyclic group €; by the Galois group T, it being assumed that ¢; lies
in the center of the resulting extension(®!). These group extensions can be
counted by the character method applied in §5, to p-primary factor sets of
ideals. In fact, the group extension problem is formally exactly that of finding
the number of classes of p-primary factor sets in the special case when p is a
prime ideal(%?) of K. The number of such classes was shown in Theorem 5.5
to be the index [A(P):A(P)’] of the commutator group A(P)’. Since the for-
mal analogue of the decomposition group A(P) is the whole group T', we find
in this case

(2) [Fe;:Te;] = [r:17], I’ the commutator group of T
The index (1) thus reduces to the following group-theoretic expression.

THEOREM 21.1. The number of classes of associated factor sets from the Her-
brand unit group E* is
3) [FE*:TE*] = [0:0' ] [FH:TH]rwt: ][] [FPs: TPs]
Poo

where H is the abstract unramified unit group of (9) in §17, P;s is the abstract
d-ramified unit group of (10), (11) in §17, the product is taken over all p,, which
are ramified in K/k and 6 =6(P,,), where Pw! Do

The group-theoretic indices in (3) can be evaluated in some special cases.

(%)) That is to say, the coset belonging to each ¢ induces in ¢; the identity automorphism.
(52) In this case the p-primary ideals form an infinite cyclic group.
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If T is abelian and is the direct product of cycles of orders my, - - -, m,,
then (%)
4) [FH:TH] = ] (m4) m)).

i<j

Exactly the same formula holds for an abstract ramified group P, as will be
proved by the computations() of §22. These results prove

THEOREM 21.2. Let T be an abelian group represented as the direct product
of t cyclic groups of respective orders my, me, - - -, m;. Then

r+1
5) pEe7] = (02| L o) |
i<i
where (m;, m;) denotes the greatest common divisor of m; and m;.

22. The number of extensions for a unit group. This section is devoted
to group-theoretic computations leading to

THEOREM 22.1. If P is an abstract ramified unit group belonging to an abe-

lian group T which is the direct product of cyclic groups of orders m, - - - , m,,

then the number of group extensions of P by I' is

(1) [FP:TP]'_'H(mi’mi); 5,7 =0,--+,s
i<j

The ramified unit group P is defined with reference to an automorphism &
of order 2 in I" (8 is the generator of the decomposition group of a correspond-
ing infinite prime divisor of K). Write the abelian group T as a direct product
of s+1 cyclic groups {a:},

() T = {a} X {ar} X -+ X {au}; order of a; = m;.

A simple computation shows that this representation may be so modified that
the given 4 lies in one of the cycles, as

r

(3) 6 = o, my = 2r.
In each coset of T modulo {1, 8} there is a representative of the form

€0 €1 €s

4) B=oagar - a; 0<e <r0=e <m(i#0),

with an exponent less than 7 for ay.
By definition, the abelian group P is generated by elements P# subject

(®%) Dr. A. H. Clifford has pointed out to us that this product is exactly the order of the
multiplicator M of T in Schur’s theory of collineations (see [15, 36]). Moreover, Clifford and
MacLane in [12] have proved by more general methods that FH/TH is isomorphic to 9% when-
ever I'is solvable.

(%) We omit the analogous computations for (4), since the result is given by [12].
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to the relations (%)

5 II¢=1 p=r
Any element A4 of P can be expressed in the form

© A = TL 0o = gt = exp (5 o)),
[ 8

(“exp” for convenience!). Since P®=P, it is convenient to define the integer
a(y) for all v in T' by the convention a(8og) =a(86) =a(8). Because of the first
relation of (5), the representation (6) is not unique; the exponents a(8) may
all be changed simultaneously to a(8) +g¢, for any integer g. We call g a change
of gauge.

In any group extension € of P by I pick a fixed representative u;=u(a;)
for the cosets a; of €/P~T". Then use for any element v of T the special repre-
sentatives generated by the u;,

@) w(ao'ar -+ ant) = uouy - - - g 0= e < mu

The multiplication table for these representatives is then

(8) u:ni = C,‘, Uu; = D.~,~u,~u,~ (t < j; i,] = 0, ity S);
these constants C; and D;; from P form a normalized factor set. The multi-
plication table for € is completed by the commutation rule

9) u;A = A%u,; (for all 4 in P).

If the original coset representatives are changed to v;=A4,u;, for constants
Ay, - -+, A, in P, the constants C; and D;; of the factor set are multiplied
respectively by the transformation quantities

(10) Ndy  A75ATT (<4 i j=0,--1,9);
here N; (the “relative norm for «,”) denotes the expression

1

(11) NA; = Alret--+a" ,

The factor set {C,«, D;;} must satisfy the associativity conditions ()

(a = ai;,m = m;).

aj—1 ap—1__ai—1_aj—1

(12) Ci'=Cy €7 =NDiy, Dij Dj Di =1
for all ¢, 7, k, with D,~,~=D,}1 and D;;=1. Our problem is to count the number

(%5) Here and subsequently 8 denotes an index which runs over the elements (4).
(%) The fact that these conditions are necessary and sufficient to insure associativity is
proved by Zassenhaus [43, p. 97]. His 45 1 is our Dg.



1941] NORMAL ALGEBRAIC NUMBER FIELDS 355

of non-equivalent solutions of these equations, where two solutions are called

equivalent if their quotient is a transformation set (10). A preliminary is
Step I. Removal of the constants C;.

LeMMA 1. For each group extension € of P by T there is a normalized factor
set with C;=1, fori=1, - - - ,s.

Proof. If C; is written in the exponent form of (6), then
19 Comew(Ta@s), = e ( T aai'np).
8 8

According to the associativity condition (12) these two representations can
only differ by a change of gauge g, so (12) becomes

(14) ci(ar B) = ci(B) + g @l B;i=0,---,5).

For a fixed 7, add these equations over all 8. Since Y _sc;(ai'8) =Y 4ci(8), each
g:=0. Therefore c;(8) =c:(Bcf) for every k. If B’ runs over the elements 3 of
(4) which do not involve «; (i.e., which have e;=0), the C; of (13) becomes

(15) Ci= exp[ Y@ 4Bt + a'a:"“‘)c.-(ﬂ'>]; (i % 0).
>

Thesum (1+a+ - - - +am 1) is the exponent involved in the norm N;of (11),
so Ci=Ni(exp >_gc:(8")). This means that C;is a transformation quantity
N:A4; for a suitable 4;, so that this transformation will reduce C; to 1, q.e.d.

For 1=0 the argument fails. Since 8 involves o only up to e=r—1, (15)
becomes

(16) Co = exp[ 2B+ Bt + 3'03_1)00(#‘3')]; (8 in {ay, -+, a}).
pl

The corresponding transformation quantity Nod,is (with a=ay)

Lyate«4a™ ! (4+at- - +a" 1) (1+a") 2(14a+t---+a™h)
Nvo = Ao = Ao = Ao )

for ar=0 leaves A, fixed. The exponents in N4, are all even, so Cp of (16)
can be brought to this form only if its exponents co(3’) become even after a
change of gauge. This proves

LEMMA 2. The constant Co may be reduced to 1 by a transformation quantity
if and only if its exponents co(B’) satisfy co(B’) =co(1) (mod 2) for every B’ in
the group gemerated by o, - - - , Cts.

Henceforth we consider only factor sets reduced, as in Lemma 1, to

(17) Ci=Cy=---=Cs=1, Nd4d,=---=Nd,=1.
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Step II. Construction and counting of the invariants. The essential device
for our computation is the reduction of factor sets in P to factor sets of in-
tegers. This is done by using the trace of each element 4 of the group P,

(18) a=14) = t{exp > a(B)B} = > a(B) (mod 7/2),
8 8
where n=mom, - - - m, is the order of the group I'. The change of gauge

a(B)—a(B)+g changes the sum over n/2 terms $ by (#/2)g, hence t(4) is
uniquely determined modulo #/2. Furthermore

(19) (AB) = (4) + ¢(B), 1(47) = ¥(4) (mod 7/2).

Therefore ¢ is an operator-homomorphism of the group P of units on the addi-
tive group of integers modulo #/2, so ¢t maps the given factor set {Cy, Di;}
onto a factor set of integers

(20) Co = t(Co), dij = t(D,’,‘) (‘L < j, i,] = 0, ey, S).

The homomorphism ¢ applied to the associativity conditions (12) yields 0 for
every term of the form Be~!, because {(B*)=¢(B). There remain only the con-
ditions derived from the norms in (12). The norm N;B of (11) contains m;
exponents, so ¢(N;B) =mi(B), and the associativity conditions (12) yield the
trace conditions

21 midi; = 0 (mod #r/2), m;d;; = 0 (mod n/2).
These must hold for all 253, with d;;= —d.;.

LeMMA 3. The number of integers di; modulo n/2 which satisfy a trace con-
dition (21) s the g.c.d. (m;i, m;).

Case 1: 0<7<j. Here (21) states that d;; is a multiple of the integers
n/2m; and n/2m;. The smallest such multiple is the l.c.m. [#/2m;, n/2m;]; the
the number of multiples (mod 7/2) is

(n/2) [n/2ms, n/2m;]* = mamn[mm, mn]—t = (mi, m;),

according to the relation (m;, m;) [mi, m;] =mm;.

Case 2. 1=0, n/my=0 (mod 2). Here n/2m, is an integer, so the argument
proceeds exactly as in Case 1.

Case 3. 1=0, n/mo#0 (mod 2). The congruence mdo;=2rdo;=0 of (21)
becomes here 2do;=0 (mod #n/m,). The latter modulus is odd by assumption,
s0 do;=0 (mod n/m,). Computations now give (m;, r) solutions dy;. But the
hypothesis n/my#0 (mod 2), where n/mo=m; - - - m;, means that each m;
must be odd. Therefore (m;, ) = (m;, 2r) = (m;, m,) is the number of solutions.

Because this lemma gives the same total count ] [;<;(;, m;) as that stated
in our theorem, it will suffice to prove that each set of solutions d;; of the trace
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conditions (21) is the trace belonging to one and only one group extension.
Because a transformation quantity D;; of (10) has trace zero, each group ex-
tension € determines the trace d;; uniquely. It remains only to prove that each
set of solutions d;; is the trace of some factor set and that a factor set with
traces d;;=0 is a transformation quantity (and so belongs to the unit exten-
sion).

Step II1. The realization of invariants by factor sets. To given d;; we wish
to construct a factor set

(22) Co = exp [ ; Co(ﬁ)ﬂ], D;; = exp [ Eﬂ) dii(ﬁ)ﬁ].

The integral exponents ¢,(8) =c(8) and d;;(8) must satisfy the associativity
conditions (12). The second condition of (12), after substitution of the expres-
sions (22), takes on the forms (the first for =0, the second for 750)

r—1

(23) goi + co(Ba; ) — co(B) = 23 dos(Bas), (G # 0, all B),
k=0
m;—1

(24) gii = 3 dij(Ba),  (allj 5 4, i % 0),
k=0

where g;; represents a change of gauge. These gauges may be determined in
terms of the traces. In (24) let 8’ run through all elements (4) not involving ;.
By adding these #/2m; equations, one gets

mi—1
ngii/2mi = D, D dij(Blot) = 2 dii(B) = dij.
8 k=0 s

Hence g;;j=2md;;/n. A similar addition of (23) gives go;. For a fixed choice
of gauge for Cy and D;; in (22) we have

(25) gii = 2mqd;i/n, (all 7 5 7).

The trace conditions (21) assert that these constants g;; are integers.

Since (4 B)=t(4)+t(B), it will be possible to realize any allowable set
of invariants d;; if these invariants can be realized one at a time. The cases
2=0 and 0<7<j behave differently, as we now show by treating the typical
cases d12 and do;.

LEMMA 4. If di2 is a solution of the trace conditions (21), with 1=1, j=2,
there exists a factor set {Co, Dij} with Co=Dij=1 for (i, j)#(1, 2) and with
t(Dlz) =d12.

Proof. The essential associativity condition is (24) with 1=1, j=2 and
1=2, j=1; the trace conditions insure that g2 and gy are integers. If we regard
the exponents dis(0cfaf) = —dn(odas) for fixed o as the terms of an m; by m;
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matrix, condition (24) requires that each column (=0, - - - , m;—1) add up
to g, and that each row (k=0, : - -, me—1) add up to —ga. These two re-
quirements are consistent because the sum of all terms by rows is —m;gz, by
columns is m.g1s, and these two sums are equal by (25), with dis= —ds. The
requirements may be met by making the matrix ||di(co}a})|| zero except in
the first row and column, as

dm(aafalzc) =0, du(aa';) = —ga, dm(aa:) = g (b k #0),
dm(o') = 812 + 821 + miger = g1z + ga1 — Mmeg12.

For any 0 =0{%3 - - - o in the group generated by the remaining a's we take
these equations as defining the quantity D;.. They satisfy the associativity
conditions (24), as may be seen by substitution. Furthermore this definition
is independent of the choice of o, so the resulting Dy, is invariant under any
a7#a; and ay. Therefore Df; ! =1. Every other D;; is to be 1, so the last associa-
tivity condition connecting any three D’s as in (12) is satisfied, and the lemma
holds.

LEMMA 5. If d is a solution of the trace conditions (21) with =0 and j=1,
there exists a factor set {Co, D;,-} with Diy;=1 for (¢, 7)#(0, 1) and with
l(D()l) =d01.

Proof. Much as in the proof of Lemma 3, a separate treatment is necessary
in the case when m; =0 (mod 2) (i.e., when «; has an even order).

Case 1. m;#£0 (mod 2). If we set Cy=1, the associativity conditions ((24)
with =0, =1 and (23) with j=1) become

m-l Bk i bk
Z dm(daoal) = — £, Z d01(aa0a1) = 801/2-
k=0 h=0
By (25) the integers g1 and go satisfy migan= —mogi. Since mo=2r is even

and m; is odd, gn must be even and gy /2 is an integer. These equations again
specify the row and column sums of a matrix, and may be solved exactly as
in the previous lemma.

Case 2. m;=0 (mod 2). We choose dio= —dpn. By the trace condition on
do, the constants gg and gip of (25) are integers, and by (25) they satisfy
mago = —mogo. We no longer choose Co=1, but set instead

h ok
Co(daoa1)=kg01,
(26) & s
(e=a; - az;h=0,---,r—1;k=0,--+,m — 1),

For 8 =0d)o} the quantity co(Bai) —co(B) of (23) is, according to this agree-
ment, (k—1)go—kgn= —go, provided k0. If k=0, it is (m1—1)gon. Therefore
(23) and (24) give the associativity conditions



1941} NORMAL ALGEBRAIC NUMBER FIELDS . 359

r—1 A r—1
@7) 3 du(oas) = miger/2, 3 doioawar) = 0, (k = 0),
hem0 h—0
m—1 bk Py e
(28) Z doi(oaoas) = — g, (c=as « - a).
k=0

These requirements once more specify consistent row and column sums for a
matrix ||do(oefod)||. A solution is given by

(29) d01(aa:af) =0, (k=0); dox(ﬂa:) = — g,

where o again is any element in the subgroup generated by as, - - -, a,. These
formulas provide a construction of a Dy, from the given integer dy. Because
the formulas (29) do not depend on ¢, Dj; = Dy, for any a not «, or ;. For this
reason all the associativity conditions of (12) are satisfied if the remaining D;;
are all 1. This proves the lemma. Combination of these results proves

LEMMA 6. Any set of integral solutions d;; of the trace conditions (21) is the
trace of some factor set {Co, D,~,~}.

In Case 2 of the proof of Lemma 5 the use of the constant Co#1 is essen-
tial (at least whenever gn#0 (mod 2)). One may show by examples that this
is the case; the result will subsequently throw some light on the relation of
the ramified group P to Schur’s multiplicator.

LEMMA 7. For some abelian groups T there is a factor set {Co, D,~,~} with
t(Co)#0 (mod n/2).

Proof. The expression Cy constructed in (26) has
t(Co) = (n/2)(m1 + 1)g01/2.

This will satisfy ¢£(Co) =0 (mod 7/2) only if m, is odd or gn is even. Sometimes
neither will be the case, as for instance when I' = {ao} X {1} with & of order
2, a; of order 6. Then m;=6=0 (mod 2), n=12, and the constant do = 3 satis-
fies the trace condition. It gives g =1 by (25). Hence ¢(Co) =6(7/2) =210
(mod 6). Since ¢(Cy) cannot be altered, mod 2, by the insertion of any trans-
formation quantities (10), the factor set so constructed cannot be equivalent
to any factor set with Co=1.

Step IV. The reduction of factor sets with zero traces.

LemMma 8. If a factor set {Co, Di;} has traces t(Di;) =di;j=0 (mod n/2),
then Co may be reduced to 1 by a suitable transformation set

Proof. By suitable choice of gauge in (22), all d;; are zero identically. Then
20;=0 by (25), so the associativity condition (23) makes c(Ba;j!') —co(B) =0
(mod 2). By applying this repeatedly for all j=1,---, s, one proves
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c(B’)=co(1) (mod 2) for every B’ in the group generated by oy, - - -, a,.
According to Lemma 2, C, may then be reduced to 1.

After this reduction the associativity conditions (12) satisfied by any one
constant D;; have the form

(30) N,‘D;i =1, NjD,',' =1, t(D,',’) =0 (mod n/2)

The essential step is the demonstration that each D which satisfies conditions
of this form may be removed by an appropriately chosen transformation

quantity. This is essentially accomplished by a lemma related closely to a
lemma of Clifford’s [12].

LEMMA 9. If an element D in the unit group P satisfies conditions t(D)=0
(mod #/2) and N;D =1, there exists in P an element A such that D =A==, where
a=a; The quantity A may be so constructed that, for every j#i, N;D =1 implies
N;A=1and D=D* implies A = A,

Proof. Write D =exp (Q_gd(8)8). The hypothesis {(D)=0 means that
d=Y sd(8)=0 (mod 7/2). By a suitable choice of gauge for D we may ac-
tually get d=0. The hypothesis N;D =1 may now be expressed in terms of
the exponents d(B) exactly as in (23) and (24). Because the trace d is zero,
the gauges gi;, computed as in (25), are also zero, so the condition N;D =1 be-
comes

(31) > d(Bai) = 0 (=0, ,m—1).

We seek an A =exp {Y ga(B)B} to satisfy the equation A~*=D, where
a=a;. In terms of the exponents a(B) this equation is

(32) a(B) — a(Ba~Y) =d(B) + g (g a constant for all B).

To solve this explicitly, write 8=7a¢ in such wise that 7 involves only the
generators a;#a, and try

(33) a(ra®) = Y d(rak), (e=0,1,---,m; —1,if 1 % 0).

k=0
If e=m;, then 7a®*=7 and this equation is still valid in virtue of the hypothesis
(31). Therefore (33) holds for every integer ¢= 0. By substitution we then find
that this proposed 4 does satisfy the required condition (32), with a gauge
g=0.

The case @ =ay may be treated by a minor modification of this argument.
For a solution 4 we need define the exponent a(ra®) only in the range
e=0, -, r—1, where r=my/2. Again we adopt (33) as the definition in
this range. Since the original exponents d satisfy d(Ba") =d(B), the hypothesis
(31) may now be written 2 _d(Baj) =0, where % runs from 0 to r—1. There-
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fore (33) again holds for all integers e outside the original range of definition,
and we have constructed A4 to satisfy a(Ba”) =a(8), as desired.

The construction (33) gives an element 4 with the added properties as-
serted in the lemma. Because ¢(D)=0, an added hypothesis N;D =1 would
again mean

(34) E d(ﬁa?) = 01 (h = 0’ 1; My — 1)'

On the other hand, N;4 is by definition

N;A = exp { 2 a(B)B( ; a?)} = exp { Eﬂt( 2 a(ﬁa?')ﬁ)}.

8 R
SetB =70, and compute each exponent, by (33), as

P N . k h kR
T alra'a) = X Y dra'a)) = X 3 d(ra'a)).
3 h=0 k=0 P
This sum is 0, by the hypothesis (34); hence N;4 =1.

Suppose next that D =D<i. Exactly as in the argument in (14), this means
that the exponents satisfy d(8) =d(Be;). With the definition (33) one then has
also a(B8) =a(Ba;), hence A =A<, q.e.d.

By this lemma, any individual D;; may be reduced. For example
NoDop=N1Dp=1 by the associativity conditions (30), so there must exist
an A, with Aj~ =Dy and N¢4,=1. According to the formulas (10) for trans-
formation quantities, a change vo=A4 7%, in the coset representation will then
replace D by 1 without disturbing the normalization Co=1 already achieved
in Lemma 8. This process continues as in

LEMMA 10. If 1<k<s, every factor set {Ci, Dij} with traces #(D:;)=0 is
similar to a factor set with C;=1 for all i and D;;=1 for all i and j which satisfy
0=:<j=<k.

Proof. The above reduction of Dy; takes care of the case k=1. Assume by
induction that the lemma is true for k—1, and by a second induction that
Doy= -+ =Dj, =1 (the case j=0 will be included in the induction argu-
ment). For the next constant Dy use at long last the third associativity con-
dition of (12), which enforces a relation between three constants D. For each
1<j the constants D;; and Dy;=Dgz"' have already been made equal to 1, so
this third condition becomes Dy '=1 for a=ay, - - - , @j_1. The other condi-
tions on Dy are N;Dy=N;Ds=1. By Lemma 9 there exists an 4; with

Dp=A4y", Ndi=1 AQ= - =47 =4
Make the corresponding change v,=A;u; in the coset representatives (7).
According to the list of transformation quantities (10), this change reduces
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D to 1 and modifies each of C; and Dy for t=0, - - -, j—1 by 1. In other
words, the new reduction D, =1 is accomplished without disturbance of the
results of previous reductions. This completes the induction, and proves

LeMMA 11. Every factor set with traces zero is similar to 1.

With this lemma the proof of Theorem 1 of this section is complete. Our
argument has actually shown that the group of classes of factor sets is iso-
morphic to the additive group of traces di;. Each trace by itself gives a cyclic
group of order (m;, m;), hence

THEOREM 22.2. The group FP/TP of group extensions of P by an abelian
group T is the direct product of cyclic groups of orders (ms;, m;), for all 0 < <j<s.

For an unramified unit group H exactly the same two theorems are true;
they have been established by more general arguments than ours in Clifford
[12]. 1t is proved there that FH/TH is isomorphic to the multiplicator I
of T' in an algebraically closed field of characteristic . This multiplicator
can be represented by factor sets of nth roots of unity or, equally well, of
integers modulo 7, but the resulting factor sets of integers can always be
normalized so that the constants for ¢;=u}% are all 0. In the unramified case,
the trace maps the group FH/TH isomorphically on this representation of
the multiplicator I, as is proved by Clifford. In the ramified case the group
FP/TP is still isomorphic to the multiplicator, in virtue of Theorem 22.2;
however, the trace t(4) no longer provides an isomorphic map of FP/TP
on M. This curious anomaly is a consequence of Lemma 7 above, which as-
serts that for the ramified case the constant Cycannot always be reduced to 1,
although it can be so reduced in the case of the multiplicator.

23. Crossed characters for abstract unit groups. The index J(E*) for the
Herbrand unit group E* has as numerator [UE*:E*!-¢], the number of
classes of crossed characters (see §7) of ' in E*. Since E* is a direct product
(see the end of §17), this index can be written as a product

r r+1
(1) [VE*:E*"] = ][ [Uete "] TI [UH::H:)
=1 =1

The first 7 factors in (1) involve the number of classes of crossed characters
of I' in an infinite cyclic group ¢; generated by one of the 7 chosen independent
units €; of eN\E*. Since the elements of € are invariant under the operators
of T, it results that these crossed characters are all ordinary characters. But
T is a finite group, hence it has no non-trivial ordinary characters in an infinite
cyclic group. The first product in (1) is therefore 1.

The second product in (1) involves both ramified and unramified unit
groups H;. Consider for the moment a ramified group P, associated with an
automorphism 6 of order 2, which generates the corresponding decomposition
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group. As in definition (10) of §17, the group P then has n/2 generators P°,
where ¢; are representatives of the left cosets of I' modulo {1, 8}. An element
A of the group P can be represented (but not uniquely!) in the form

(2) A = Puoipaa . . . Pam"m, m = n/Z.
We again associate with 4 the “trace” as an essential invariant(%7),
3 a=tA)=a+a+ -+ an(modm).

Since the representation (2) of 4 can be altered only by using the relation

1=Po ... Psn the function £(4) is uniquely determined by A4, modulo m.
Furthermore

#(AB) = #(4) + #(B) (mod m),

’ ,

) 1(A7) = (4) (mod m), 7in T.
Given a crossed character U(g) of I in this group P, we define

(5) x(o) = t[U(0)], alloin T.

The definition of a crossed character (§7) implies at once that this function
is an (ordinary) character of I' in the group of integers modulo m, with

(6) x(o7) = x(0) + x(7) (mod m).

We say that a crossed character UP lies in the principal genus GP if and only
if the corresponding function x is the identity, so that the principal genus
consists of all functions G(¢) on T' to P with the properties

(*23.1) G(a7)=G(0)[G(T)]°, t(G,)=0 (mod m).

By using the homomorphism which carries each crossed character U into the
character x of (5), we shall prove

THEOREM 23.1. For a ramified abstract unit group P whose decomposition
group is generated by 8 (82=1) the number of classes of crossed characters is given
by

) [UP:p—] = [GP:P—][r: {1, 5}],
where the first index measures the number of classes of crossed characters in the

principal genus, while the second factor is the index in I' of the subgroup gen-
erated by & and the commutator group T''.

Proof. The index [T': {T, 3} ] is simply the number of (ordinary) char-
acters of the abelian factor group T'/{I, §}. The homomorphism principle
of §9 applied to the map U—x will therefore yield the conclusion (7) directly,

(57) The character group of P in the group of real numbers modulo 1 is a cyclic group gen-
erated by x(4) =t(4)/m. This is the reason for the importance of ¢.
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once we prove that the characters x obtained by this homomorphism are in-
deed the characters of I'/ {I'/, §}. To achieve this goal we prove two lemmas,
from which the desired description of the x will follow immediately.

Lemma 1. For any o in {I", 6}, x(0)=0 (mod m).

Proof. This lemma asserts that x can be considered as a character defined
for the cosets of the factor group I'/{I", 8}. First observe that (6) shows
that x(¢) =0 (mod ) whenever ¢ is a commutator in I'’. It remains only to
prove x(8)=0 (mod m). By the definition (5), x(8)=¢t[U(8)]. As in (2), we
use for U(8) the notation

(8) U@®) = I:’i Pdivi, x(8) = i d; (mod m).

=1
For a crossed character, U, U] = U,,, by definition. With c=7=1ando=7=14§
this gives the conclusions
9 ui) =1, [U@)]+ = U@ = 1.

We proceed to express the second of these conditions in terms of the expo-
nents d; entering into the value x(8) of (8). For

[U(‘s)]a = H (Pdivs)s = H Pdidoi = H Pdicj
i=1 i=1

i=1

where o; (j=3:) is the representative belonging to the left coset a;{1, 8} in
which the product do; lies. The correspondence 7<>j;=j is an involution, so

> dwoj=2 djoiand

[U@)]+e = H Pdia.'H Pdivi = H peivi
=1 i=1 =1

where s;=d;+d;. This product is 1 by (9), and this must be a consequence
of the basic relation [ [, Pei =1 for our abstract ramified unit group P. There
is therefore an integer g such that

(10) dit+d; =g, i=1,2,--,mj=ju

If =1 belongs to the coset of 1, j; is also 1. Consequently g=d1+d1=2d, is
even. If 4 runs over all integers from 1 to m, so does j;. Adding (10) over all 7,
we get

Zi d; = gm, i d; = (g/2)m = 0 (mod m).

According to the formula (8) for x(8), this yields x(8)=0 (mod m), as re-
quired for the lemma.
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LEMMA 2. Any character x of T'/{T’, 8} can be realized as a trace (5) of
some crossed character UP.

Proof. We observe first that & has order 2, whence {I", 8} has even order
and T'/{I", 6} has as order a divisor of m =n/2. This means that any one of
the [T': {I”, 8}] characters of the abelian quotient group I'/{I", 8} can in
fact be expressed as a homomorphic mapping o—x(c¢) of I' on the integers
modulo 7. As is well known, the representation of the abelian group I'/ {T”, 8}
as a direct product of cyclic groups makes it possible to write any character of
T/ {I" , 6} as a product of characters, each of which is defined on a cyclic
quotient group of I'. To consider such a sample quotient group, let 2O { T, 8}
be a subgroup of I" such that I'/Qis cyclic of order %, and let @ be a representa-
tive of some coset of T'/Q which generates this cyclic group. Then any ¢ in T’
can be written as

(11) ¢ = a'w; i=0,1,---,h—1; ©in @, a*in Q.

To realize all possible characters x of T' by crossed characters it will thus
suffice to realize any character of the form

x(a) = m/k (mod m),

(1) |
x(w) = 0 (mod m), all w in Q.

Let Q be decomposed modulo {1, 8} into m/k left cosets, @=2_w;{1, 8},
with representatives w; Define next an element C in P by the equations

(13) C=prf, j=1,2,-++,m/h
i

This element C has the properties
t(C) = m/k (mod m),
(14) (C) = m/k (mod m) .
v = C, for w in Q.

In terms of this element C we propose to define for every group element o,
given asin (11), a value

(15) Ulaiw) = cttat:-+ai 7 = a'o,

of a crossed character U(c). This definition is given only for¢=0, - - - , A—1,
but the formula holds good for all values of ¢, because a* lies in Q and because
the definition of C implies that Ct*e+---+"" =1, With the formula (15), so
generalized, a straightforward computation then shows that the function U(c)
is a crossed character. By (14) and (15)

x(@) = t[U(a)] = #C) = m/h (mod m),
x(w) = {(C% = 0 (mod m).



366 SAUNDERS MAC LANE AND O. F. G. SCHILLING [September

Therefore this crossed character does realize the sample character x given in
(12). This completes the proof of Lemma 2 and with it, of Theorem 23.1.

It remains to consider the unramified abstract unit groups H. In such a
group an arbitrary element 4 =] [,H*(” again has a trace, given by

(16) #(4) = 3 a(e) (mod n).

The principal genus consists of those functions G on I' to H which satisfy
(*23.2) G(o7)=G(0)[G(m)]°, t[G(e)]=0 (mod n).

The subsequent argument proceeds as in the ramified case, with appropriate
simplifications. The result is

THEOREM 23.2. For an unramified abstract unit group H the number of
classes of crossed characters of T in H s

@17 [UH:H] = [GH:H-*][T:1"],
where GH 1is the principal genus, I'' the commutator group.

In many cases this approach will actually yield explicit answers. For a
solvable group T, A. H. Clifford has shown [12] that the principal genus index
in the unramified caseis 1,

(18) [GH:H—] = 1.

The authors have extended Clifford’s proof to the ramified case, for I" abelian.

These results can be combined to give the number of crossed characters
for the whole Herbrand unit group E*. For the ramified cases this will involve
the index [I': {T", 8} ] which will have the value [I':T'"] or [I':T]2~* accord-
ing as the automorphism & of order 2 does or does not lie in the commutator
group I''. Now & was introduced as a generator of the decomposition group
of a factor P, of one of the ramified infinite prime divisors p., of K/k. The field
of elements left invariant by 8 is then the largest subfield of K in which p,
is unramified. Consequently the statement that § liesin I'' is equivalent to the
statement that p,, is unramified in the field K’ corresponding to I'". Only in
this case is the index [I': {T", 8} ] equal to [T':T'"’]. All told, the 7, — p; ramified
unit groups P; contribute to the crossed character formula (1) a term
[T:T7]n=p 2-¢', where

(*23.3) p’=the number of infinite prime divisors of # which are ramified
in K'.

The combination of Theorems 23.1 and 23.2 yields

THEOREM 23.3. The number of classes of crossed characters for any Herbrand
unit group E* is
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(19) [UE*: E¥—] = [I: ']+ [GH: H'~]et2—']] [GP:P'],
P

where H is an abstract unramified unit group, and where the last product is taken
over all the unit groups P="P; belonging to the ramified prime divisors p. of
K /k, while GH, GP refer to the principal genus defined in (*23.1), (*23.2).

CHAPTER IV. THE FINAL FORMULA

24. The composite result. The unit index J(E) has now been evaluated
in terms of the correction factor ¢ = J(E)/J(E*) and in the explicit computa-
tions of Theorems 23.3 and 22.1. If these results are put in the formula (15)
of §16, we obtain

THEOREM 24.1. For any normal extension K/k and any module M which
involves all prime divisors p of k ramified in K/k, the least common multiple
J=J(I") of the orders of the elements of the Galois group I' can be expressed as

¢)) J = wn"lw(d’, E)o(, (47))712°] (A9)"J(E),

where J(A) = [UA: A= [FUA*: TUA* -1 depends only on the structure of the
class group A, while J(E) depends only on the structure of the group of units
in K, by

@ J(E) = ¢[0:1 ]2~ { [GH: H'|[FH: TH]}prn
. fI {[GP:: 2 [FP::TR;] 7).

3=l

Alternately, J(E) may be expressed by the formula of Theorem 20.1. All the in-
dices appearing in these formulas are finite.

We pause to identify the various invariants which appear in these formu-
las. In J, »* is an integer which is a divisor of #» and a multiple of J(T'), as
given explicitly by formula (*13.4);

I’ =the commutator group of T;

p’ =the number of infinite prime divisors in %k ramified in the com-
mutator subfield K’ of K;
A* = the groups of ideal classes in K; -

A'(A’) =the groups of numbers (ideals) in K which are relatively prime
to M.

The class group enters in the numerator only in terms of [FY*: T%*], the num-
ber of extensions of A* by T, in the denominator only in terms of [ UY*: Yf1—],
the number of classes of crossed characters (see §7) of A*. The groups 47, A’
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occur only in connection with the deficiency invariants which were defined
in §15.

In the unit index (2) the correction factor J(E)J(E*)~!=¢ is the quantity
considered in §19. It need not be 1, as it would be in the cyclic case. It depends
on the position of the Herbrand unit group E* within the whole group E of
units in K.

p=the number of infinite prime divisors p of k ramified in K;

p1+7.=the number of infinite prime divisors p of & which are unramified
in K;

H =the abstract unramified unit group for I';
P;=the abstract ramified unit groups belonging to 8;: the generator

of a decomposition group for the sth ramified infinite prime
divisor of k.

It should be noted that the group H, as described in §17, depends only on
the Galois group I' of K/k and not on the further structure of K/k, while
the various groups P; depend only on T' and the position in I' of the auto-
morphisms §;. Each §; may be described as an automorphism in I' of order 2,
such that the corresponding ramified infinite prime divisor p.,; of & has a fac-
tor P; which is unramified in the subfield of K left invariant by 4.

The groups H enter into the formula (2) in two fashions:

(a) through the number [FH:TH] of extensions of I' by H, and
(b) through the number [GH: H'-7] of classes of crossed characters in the
“principal genus” of crossed characters, defined by (*23.2).

These quantities are explicitly computed in the case of abelian groups, as
stated in §§22 and 23. Furthermore I'=T" in these cases.

THEOREM 24.2. If the Galois group T of K /k is an abelian group, the direct
product of t cyclic groups of the respective orders m;, then the least common multi-
ple J=[my, - - - ,m.]is

® T =en{ad’, B, <A')>-1}J<w>-l{ 1 (m, m»}ﬁb

i<i
where r+1 is the number of infinite prime divisors of k.

The quantities which appear in our formulas (1) and (2) are all invariants
of the extension K/k. This follows at once 1rom the definition of the quanti-
ties, except for the quotient ¢ = J(E)J(E*)~! and the deficiency invariants w,
which apparently depend on the module M. That the deficiency invariants w
are in fact independent of M, if M has the properties of Theorem 24.1, was
shown in §16. Since all the other indices in the formulas (1) and (2) are then
invariants of the field K/, it follows that the correction factor ¢ is an invari-
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ant, too. In other words, ¢ is independent of the particular way in which the
Herbrand unit group is chosen.

The invariants of K/k which we have connected here are, roughly speak-
ing, of four types: well recognized invariants, such as I', py, p’, #n* (in essence);
invariants depending on the number of certain group extensions of groups be-
longing to K /k;invariants having to do with crossed characters; the invariant
¢ depending upon the explicit structure of E. In particular, all these invari-
ants can be defined without reference to the auxiliary notion of factor set,
except in the case of the invariant ¢.

One may also specialize the composite formula to the cyclic case. The in-
variant n* is a divisor of the order # and also a multiple of the order %, so that
n*=n. The correction factor ¢ is 1 according to Theorem 19.1. The order of
the multiplicator [ [i<;(m:, m;) is always 1.

THEOREM 24.3. If Z/k is a cyclic extension of k with the class group A
then the number [FUA*: TA?] of group extensions of this class group by the Galoi®
group is related to the number of crossed characters of the Galois group in UA* by
the equation

4) W@, (A7) [UA#:A#—] = w(A4’, E) [FU#: TAF].

If the cyclic field and all its subfields have class number 1, all the terms in the
equation (4) turn out to be 1.

25. Examples. As an illustration and check of our composite formula we
consider in this section some examples of biquadratic fields. We take biquad-
ratic fields over the field of all rational numbers which have, with all their
quadratic subfields, the class number 1.

The field K =R(7'2, 1), with = (—1)Y2, is the join of two quadratic fields,
R(7) and R(7'?), each of which is known(®®) to have class number 1. By
Hilbert’s form of a theorem of Dirichlet [27, p. 51] the class number of K
is a factor of the product of the class numbers of R(¢) and R(7%/2). Hence in K
every ideal is principal. The same is true for the third quadratic subfield
R((—7)'?) of K. The terms involving the deficiency w and the terms involv-
ing ideal classes %f in the final formula for the abelian case are there all 1,
hence formula (3) of §24 becomes

—1
M 7 = w@IE) | Lonam| -
i<i
The Galois group of K/R is the four group, so the least common multiple J
of the orders of the group elements is 2. The order [ [:<;(m, m;) of the multi-
plicator turns out to be 2. The quantity »* can be computed, as in §13, in
terms of the ramification orders of the various rational primes in K. The three

(%8) See the list of quadratic fields in the back of [35].
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quadratic subfields R(7'/2), R(z), R((—7)Y?) have respectively the discrimi-
nants 7-22, —4, and 7. It follows then that the only ramified prime divisors
for K/R are 2, 7, and p., the infinite prime divisor of R. The ramification
orders are e;=e;=e,=2. All the ramification orders are thus divisors of the
index J, so that, according to Theorem 13.2, n*=n=4.

Finally, the correction factor J(E)J(E*)~! may be found directly, by the
normalization method of §19, if one first computes the group E of units in K.
In the field R(7%2) the basic unit is p=8+43(7'2). By a computation resem-
bling that in Lemma 3 of §19 one finally discovers that p is the relative norm of
a unit n=(34+7Y2)(1+4+%)2-! in the field K. One then shows that every unit
in K has the form 7%¢%. In the Galois group of K/k let 3, v, and & denote re-
spectively the automorphisms which leave fixed the subfield R(7), R(7'/%), and
R((—T7)Y2). The generating units ¢ and 5 then behave under the various auto-
morphisms as follows:

=1 17 =18 = 43,
=t g =4, gt =gl

As an Herbrand subgroup one may choose the group generated by the unit
P =1%y?, which has the appropriate behaviour, P#=P, P1*7=1, relative to the
generator 8 of the decomposition group {1, 8} belonging to the only infinite
prime divisor of R. The correction factor then involves the groups D and D*
defined in Lemma 2 of §19. One finds that D is the group generated by ¢ and
72, while D* = E*. Therefore

J(E)J(E¥)~' = |E:E*][D:D*]"'[e:1]-! = 8(4.2)~1 = 1.

These values, substituted in (1), give an identity.

A similar check has been carried out for the field R(2'/?, 7). The ramifica-
tions are e, =2, e2=4, consequently #n*=2. The class numbers for this field
and its quadratic subfields are again all 1, so that (1) holds. The group of
units E is generated by a primitive 8th root of unity A= (141%)(2¥/?)~! and
by p =122 The unit p?> may serve as generator of the Herbrand subgroup
E*. One finds D* = E¥*, while D is generated by 7 and p?, whence the correction
factor J(E)J(E*)~1is 2. This again checks equation (1).

Another biquadratic field with class number 1 and with quadratic sub-
fields of class number 1 is R(3/2, 7). The equation (1) again holds, this time
with ee=es=e, =2, n*=4, E= {\, (143Y2)(144)2-'}, N a primitive 12th root
of unity, and J(E)J(E*)"1=1.

CHAPTER V. GENERALIZATION OF THE CLASSICAL SYMBOLS

26. A conductor for factor sets. One can construct an analogue to the con-
ductor of the classical theory if one recalls that the conductor of a cyclic field
Z/k can be defined in terms of the local conductors (see [37]). For a local
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cyclic extension Zp/k, the conductor ¢(Zp/k,) =p" is defined as the smallest
power of p such that a=1 (mod p*) implies that @ is a norm.

We first prove the existence of a power of P which will have the analogous
property for factor sets. Consider a normal extension Kp/k, of degree m,=m
with Galois group A(P) =A. Denote by Ap =4 the multiplicative group of the
field Kp. Let 4¢,, denote the components of the factor sets in FA, while T4
are the analogous transformation quantities(®?).

THEOREM 26.1. For any normal extension Kp/k, there is a non-negative
power P* of the prime divisor P of Kp such that every factor set FA with com-
ponents Fy ,=1 (mod P*) is a transformation set; in other words,

1) F:, =1 (mod P*) implies Fy,, = TB; for suitable B; in A.

Proof. Consider first the case where P is a finite prime divisor, so that (1)
is an ordinary congruence modulo the ideal P*. As in the cyclic case, we may
then furnish a proof by using the P-adic logarithm, log 4, and the correspond-
ing exponential, exp [(log 4)/m]. The exponent » may be chosen so large
that these expressions are uniquely defined(®?) whenever 4 =1 (mod P*).
Each such 4 then has in Kp a unique mth root, B=exp [(log 4)/m]. For
any factor set F¢,, of (1) there will thus be a set of mth roots

2 Bt., = exp [(log Ft.,)/m].

The associativity conditions for this set can then be derived from the condi-
tions for Fy,, by elementary properties of exponent and logarithm. Conse-
quently F;, ,= By, is the mth power of a factor set, so it is a transformation
set(®!) by Lemma 1 of §1.

It remains to establish (1) in the case when P is an infinite prime divisor.
To insure the validity of the theorem in this case, we must use a new conven-
tion as to congruences modulo such a divisor. An infinite prime divisor p,, of &
is in effect an isomorphic map ¥ ,(a) =a’ of k in a subfield &’ of the field of all

complex numbers: The valuation belonging to p. is the valuation ||a|| =|a’|
induced on & by the natural valuation of &’. If p, is real(®?), then
3) = 1 (mod p.) if and only if ¢,(a) > 0.

On the other hand, if p,, is complex(®3), we define

(5%) We omit the subscripts P. Of course, all terms are defined with respect to P.

(5°) According to [23, p. 149], it suffices to take A2 [s/(po—1)] 41+, where p, is the ra-
tional belonging to p and where Vp(p,) =s, Vp(m) =t in the P-adic valuation Vp of Kp, normal-
ized by Vp(P)=1. Logarithm and exponential are also defined by Chevalley [10].

(81) This proof is a slight variant of the one given by Tannaka [38, Theorem 2]. We do not
follow his exposition because in his conductor in the large he has omitted the (essential) infinite
prime divisors.

(%2) In other words, if 2’ consists of real numbers.

(%) In other words, if 2’ contains complex numbers.
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4) a =1 (mod p.) : if and only if @ # 0,
(5) ¢ =1 (mod P:) if and only if ¢,(a) is real and positive.

A congruence modulo p%, £>2, is to have the same meaning as the same con-
gruence for p%. This congruence (5) is an acceptable definition, because the
elements =1 (mod p%) do form a multiplicative subgroup of the group of all
nonzero elements of k.

These conventions differ at (5) from the usual ones (see [20, 22]). Our
reasons for the adoption of such a definition are: first, we need a congruence
modulo p% which is not trivially true for all ¢ £0; secondly, the convention (5)
agrees with the convention as to the ramifications. For, let %, be the field of
real numbers, K, the field of complex numbers. Then the prime divisor p.,(54)
of k. is ramified in K, with p, = P%, according to the usual convention. The
possible congruences then agree for any a in k,:

6) a =1 (mod p.) if and only if ¢ = 1 (mod P:).

In other words, the formal decomposition p,=P% may be actually substi-
tuted in congruences. This possibility of substitution may be readily extended
to the decomposition of any p. in a normal extension K /&, which would not
be possible with the conventions of Hasse.

The infinite case of Theorem 26.1 is embodied in the following:

THEOREM 26.2. Let A,,. be a factor set of complex numbers belonging to the
(cyclic) Galois group of the field K., of complex numbers over the field k., of real
numbers. Then A,,.=1 (mod P%) implies that A,,. is a transformation set from
K., provided this congruence is interpreted as in (5).

Proof. The proof will depend on the analysis of the algebra determined by
4,,. as a quaternion algebra. The Galois group A of K. /k. is a cyclic group
of two elements {1, ¢ } Consequently the crossed product (K./k, A, 4,..)
has a cyclic generation (K,/k, {, a) where the constant a in the normalized
generation may be computed as ¢ =A; A4;;. The condition 4A;;=4:,=1
(mod P%) means that a is real and positive, hence a norm in K,/k,. The
algebra is therefore a total matric algebra, as asserted in Theorem 26.2.

The local conductor Cp(K/k) for any P of K may be defined as the least
power P* with =0, for which the conclusion (1) of Theorem 26.1 will hold
for the corresponding local extension. The conjugate prime divisors P¢ of P
determine equivalent extensions, thus

) [Co(K/R)]" = Cpe(K/E).

The characteristic property of these local conductors can be stated “in the
large” as follows:

(%) That is to say, the natural valuation.
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THEOREM 26.3. Let F, G be two factor sets for T' in K, such that at every
prime divisor p of k one has for at least one factor P of p the multiplicative con-
gruences

(8) F,, = Gty (mod Cp(K/k)); $ min A(P).
Then one can conclude F~G; that is, that there is a transformation set TA with
F =GTA.

Proof. The hypothesis, as a multiplicative congruence, means that the
quotient factor set FG™! satisfies the conditions (FG~')=1 (mod Cp(K/k)),
for all P. According to formula (7) of §2 this factor set (FG—!);,, is exactly
one giving the local component (K, I', FG™1), of the algebra determined by
FG—'. The congruences (1) therefore just suffice to insure that every local
component is similar to one, which in turn implies FG~'~1 in the large, by
the fundamental theorem for algebras over algebraic number fields.

As a matter of fact, the congruences (8) in this theorem need only be as-
sumed for a finite number of prime divisors P.

THEOREM 26.4. The local conductor Ce(K/k) is 1 if and only if P is un-
ramified in K /k.

Proof. This conclusion is trivial for an infinite prime divisor P. For a finite
P we recall the convention ([20, 23])

9 A =1 (mod PY) if and only if 4 is relatively prime to P.

Suppose first that P is unramified in K/k. Then the requirement F¢, ,=1
(mod P°) means that F; , is relatively prime to P. But by Theorem 12.1 a
factor set of P-adic units is always similar to 1 for an unramified local exten-
sion. Hence P? is the local conductor. Conversely, suppose that the power P°
functions as the local conductor. This means that every factor set of units is
similar to 1. According to Theorem 12.1 the factor sets of local units yield a
group of algebras with order equal to the ramification order e,. Therefore they
can all be similar to 1 only if e,=1.

This theorem suggests that we introduce as the conductor for factor sets
of K /k the finite divisor

(10) C(K/k) = [] Co(K/E).
P

This conductor need not agree with the ordinary conductor for abelian (non-
cyclic) fields. We remark that our principal class (see §6) T’(F’’) contains
the “ray” modulo C(K/k). This is a strict generalization of the classical re-
sults, provided we take for the module M a multiple of C(K/k).

Theorem 12.1 can also be used to obtain a somewhat closer estimate of
the size of the conductor. According to this theorem, the eth power of any
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factor set of local units is similar to 1. To make F~1 we may then, as in (2),
represent F as the eth power of a set: B;,, = exp [(logF;,,)/e0]; ¢y A(P).
The original congruence F;,,=1 (mod P*) must then have a module % so
chosen as to make the exponential and logarithmic series converge. Let Vp be
the P-adic valuation of K, and assume

VP(ep) =7, VP(PO) =9,
po the rational prime which is divisible by P.

Then, if #>s/(po—1), log F converges and has P-adic order k. The exponen-
tial function has as argument a quantity (log F)/e, of P-adic order h—r. To
insure the convergence of the exponential series this must again exceed (see
[23, p. 149]) s/(po—1). Therefore h>r+s/(po—1) suffices.

THEOREM 26.5. If a finite prime divisor P is ramified in K/k in such a
fashion that Pr is the highest power dividing the ramification order e,, while P*
is the highest power dividing the rational prime po, then the local conductor
Cp(K/k) is a divisor of P*, where h=r+1+[s/(po—1)].

COROLLARY. If a finite prime divisor P has no higher ramifications in a nor-
mal extension K /R of the field of rational numbers, and if P is ramified in K/R
and relatively prime to 2, then the local conductor Cp(K /k) is P.

In the case of a cyclic extension the factor sets can be normalized to single
quantities. It follows that the conductor for factor sets is identical with the
ordinary conductor (%%).

27. A generalized norm residue symbol. The investigations of Chevalley
and Hasse [9, 11, 21, 22] showed that the norm residue symbols ((a, Z)/p)
for a cyclic field Z/k can be defined purely locally, in terms of the invariants
of the corresponding algebra (Z, N, a). In a similar fashion, crossed products
may be used to define a generalized “norm residue” symbol for a factor set F
of a normal extension (%) K/k. Unlike the classical symbol, this new symbol
is not an element of the Galois group I" of K/k, but its formal properties are
similar to the ordinary ones (see [20, Part II]).

Let F be a factor set for K/k, p a prime divisor of k, and define

(*27.1) (K/k, F; p) =exp (up/n) =evirsln,
where
Bp = ﬂP(K/k: T, F) = P'(K/k, T, F)p (mod n)

is the additive invariant, mod #, of the algebra determined by F. Immediately
one establishes the following properties of this svmbol:

(%) [37, Theorem 3]. Here also other inequalities for the conductor are given.
(%6) The introduction of such a general symbol is originally a suggestion due to Hasse.
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(1) (Kr Fl; ?)(K: F2; ?) = (K1 Fle; P)!
2 (K, F; p)™ = (K, F7'; p),
(3 (K, T4;p) = 1.

Hence the norm residue symbol maps the group FA/TA of similarity classes
of factor sets homomorphically in the cyclic group of nth roots of unity.

To further analyze (3), recall that the p-component of a crossed product
(see §2, (7)) is (K, T, F),~(Kp, A(P), FNA) where FNA is the factor set
consisting of those elements F;,, of F whose indices {, 7 lie in the decomposi-
tion group A =A(P) of a fixed factor P of p. Hence

4) (K,F;p) =1 ifand onlyif FN A~ 1,
In terms of the local conductor Cp, this may be written as
(5) (K,F;p) =1 if and only if (F M A)(TAp)~! = 1 (mod Cp)

for a suitable transformation set(®’) TAp. In terms of multiplicative con-
gruences (see [10, 20, 23]), this last congruence can be written as
Fi ,=(A4p);(4 p)f,(A P)&y' (mod Cp). Thisresult specifies the sense in which our
symbol is a “norm residue” symbol. Thus we have proved

THEOREM 27.1. The symbol (K, F; p) depends only on the (multiplicative)
residue classes of the elements Fr, , modulo the conductor Cp, where ¢, n run over
the elements in the decomposition group of some prime factor P of p in K.

THEOREM 27.2. If (K, F; p)=1 for every factor set F, then p is totally de-
composed in K; that is, p has in K n distinct prime factors p=P,P, - - - P,.

Proof. If P is not totally decomposed in K, then each factor P of p has a
decomposition group A(P) of order [Kp:k,]=m, greater than 1. If [ is any
rational prime factor of the degree m,, there must then be a local algebra S,
which has the invariant u(S,) =7/1#0 (mod 7). By Theorem 14.1 the algebra
Sy is the component of an algebra S in the large. Any factor set F for such an
algebra S would have (K, F; p)#1, counter to the assumption of the theorem.
The sum relation (°®) for the invariants of an algebra implies a product formula
for the norm residue symbol

(6) I1x. F;p) =1

The question of the existence of a factor set F with certain given values for
(K, F; p)isidentical with the question (see §§13—14) of the existence of actual
algebras S with specified local components.

Consider next a normal subfield L/k of K, belonging to the subgroup A

() The associated vector (4 p); has components in Kp for { in A.
(%) As stated in the proof of Theorem 6.1.
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of I'. Let Fa=F’ be a factor set belonging to L/k. A formula of the theory of
algebras (see [13, p. 63]) expresses the crossed product given by F’ as a
crossed product for K /k by the relation

©) (L/k,T/A F') ~ (K/k, T,F'\UT),
where F'UT is the factor set obtained by extension of F’ with T', as in
(8) F'ur = {F,.} where F,,, = For,a = F 7,

for 7, 7 in I'/A and o, 7 arbitrary representatives of the cosets @, 7. The fac-
tor set F/\UT is “A-symmetric.” In general, a factor set F,,, is called A-sym-
metric if the components F,,, depend only on the position of ¢ and 7 in the
cosets of T'/A.

Since similar algebras have the same invariants, (8) yields

©) (L/kF';p) = (K/k, F'\JT; p).

This rule determines (K, F; p) only for those factor sets F which are similar
to A-symmetric factor sets(®®). Rule (9) is the analogue of the simple rule
“((a, K)/p) induces ((a, L)/p)” of the classical theory.

Consider next an arbitrary finite extension L of the base field k, which
“translates” the extension K/k to the extension KL/L. The Galois group of
the join KL/L is isomorphic to that subgroup A of T' which leaves fixed all
elements of the intersection KMNL. On a crossed product the extension of the
base field & to L has the effect (see [13, p. 61]):

where FNA is the factor set whose components are those elements F,,, of F
which have subscripts ¢ and 7 in the group A. On the other hand (see [28,
Theorem 5]), it can be shown that for any prime divisor ¢ in L the g-invariant
of an extended algebra Sy, is obtained by multiplying’ the additive p-invari-
ant (mod 1) of S by h=[L,:k,], where g|p. In terms of the norm residue
symbol, these two facts may be combined as the “translation law”

11 (K/k, F; p)*» = (KL/L,F M A; g).

A special case of (11) is the rule for a subfield: if :)CLCK, while P'}p
is a prime divisor in L, A the corresponding group, then

(12) (K/L, F N\ A; P') = (K/k, F; p)*

where h=[Lp':k,].
Consider a field K which is the join over & of two fields K; and K3, each
normal over k. In the Galois group T' of K/k each automorphism o induces

(¢%) Even if Fis not A-symmetric, its local component F/ A at some of the PI p may be so
symmetric; this makes possible a slight extension of (9).
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an automorphism ¢; of K;/k and an automorphism o2 of K./k. Since K is
generated by K; and K, the original ¢ is uniquely determined by its homo-
morphic maps o1 and d,, so ¢ may be represented by the formal product(??)
g =010s. As in (7) a crossed product (K./k, I'1y, F1) for the first extension is
similar to a crossed product (K1K,/k, T, F), where the factor set F is obtained
from F, by the formulas (8) as

(13) Fﬂag,n‘rg = Fl;al,rp 0102 and T1T?2 inT.
The crossed products (K»/k, I's, Fo) are similarly extended. For the direct
product of two such algebras, we then have

(14) (K1/k, T, F1) X (Ka/k, Ta, F2) ~ (K1Ka/k, T, F)

where the factor set F is given by formulas such as (13)

an'nn = F1:71,11F2;n,1-2 with ¢; and 71 in Iy, 02 and 72 in T,
This means that the matrix of F is obtained from the Kronecker product
F1® F, of the given matrices by taking that submatrix belonging to the group
T (see [34, p. 691]). This yields for the norm residue symbols a rule

(15) (K1K2/k, (Fl ® F2) ! F) 1’) = (Kl/k) Fl; P)(K2/k1 F2) 1’)-

Formula (15) is a direct generalization of one of the rules for the ordinary
norm residue symbol (see [20, Part II, p. 27, (8)]).

The rules for the values taken on by the classical norm residue symbol
(see [20, Part II, p. 35, VI and VII]) break down in our case. The p-invariant
of an algebra S always has the form x(n/m,) for an integer x. Hence the corre-
sponding norm residue symbol is an m,th root of unity. Not all such roots
need occur, because not all local algebras are components of algebras in the
large (see §14).

THEOREM 27.3. If p is unramified in K/k, the norm residue symbol
(K /k, F; p) for variable factor sets F takes on all values exp (1/my) in a cyclic
group of order my. If p is ramified, the norm residue symbol takes on some, but
not necessarily all, of these values.

For factor sets F which are relatively prime to a given prime divisor p
the corresponding local factor set consists of P-adic units, and the results of
Theorems 14.4 and 14.5 determine the range of values of the norm residue
symbol in this case.

THEOREM 27.4. If p is unramified in K/k, the norm residue symbol
(K /k, T'; p) for variable factor sets F which are relatively prime to p is always 1.
If p is ramified, the norm residue symbol for F relatively prime to p takes on all

(7°) Here o, is an automorphism of K; (not of K). This formula represents I as a subgroup
of the direct product I'; X T'; of the groups I's and T of K1/k, K:/k, respectively.
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values exp (y/(ep, %)), with y integral, in a cyclic group of order (e,, 7). Here
fi="i; is determined from p=p; as in Theorem 14.5.

28. A generalized Artin symbol. The invariants of ideal factor sets, as in-
troduced in §4, may be used to set up an Artin symbol resembling the symbol
(K/a) of the classical theory ([20, Part I1]). The ideal a which is relatively
prime to the conductor is to be replaced by a factor set § of ideals which are
relatively prime to the conductor C(K/k). We define("?)

*(28.1) (K|§)=(K/k;F)=exp {2 pmr(®n1},

where the sum is to be taken over all unramified prime divisors p for K/k,
while p, is to be the invariant defined in (*5.6). In terms of the explicit for-
mula §5, (16) for this invariant we may also write, for any factor P of p,

m—1
(1) (&%) = exp { =T mvecua) |
» =0 .
where Vp(2) denotes the P-adic order of an ideal ¥, while 6= [(K/k)/P] is
the Frobenius automorphism for P, of order m=m,,.

Our symbol may be obtained for any § once its values are known for the
p-primary factor sets. We know that the invariant u,({) depends solely on
the p-primary factor §® of §. Specifically, any § which is relatively prime
to the conductor can be represented uniquely by a product

(2) §F = FOg@ ... FO,
where § ¥ is a pi-primary factor set, while p1, p2, - - -, p, are all the various
(unramified) prime divisors of & involved in §. Since u:(§) =u:i(F?), we have
3) (K|® = &|FONEK|FD) - - - (K|FW).

For a p-primary factor set §® all invariants u.(§®) for g are zero, so the
original definition of the symbol may be rephrased as

4) (E|§D) = exp {ns(F®)/n}.

The equations (4), (3), (2) might have been adopted to define the Artin sym-
bol (K | &). Alternatively, (4) may be inverted to give a definition of the p-in-
variants in terms of the Artin symbol:

©) 1o(§) = (n/273) log [(K|F®)],
where §® denotes the p-primary factor of the given ideal factor set §.

THEOREM 28.1. The Artin symbol affords an isomorphic mapping — (K |F)
of the group FN'/TU'(F'") onto the group of Jth roots of unity.

(M) We let exp u =¢?™iy,
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The quotient group in question is exactly the group whose order was com-
puted in Theorem 6.1. Much as in Artin’s reciprocity theorem, the Artin sym-
bol thus furnishes an explicit realization of the isomorphism of the class group
FA'/TUA'(F'") to a substitute for the Galois group (Jth roots of unity).

Proof. To show that §F—(K | %) is a homomorphism, we need only refer to
the corresponding properties of the invariant u,(g), as given in §5. We find

(6) (K| (K| F) = (K| §:32),
(1) (K| = (K|§,
(8) F1~ T2 implies (K |F1) = (K| Fo).

Lemma 5.1, combined with the Tschebotareff density theorem, indicates that
every Jth root of unity appears as the value of some Artin symbol (K|§).
If § is taken as the principal ideal (F’'’), then by Theorem 6.1 § has the same
invariants as the algebra (K/k, T, F’’). The sum of these invariants is 0
(mod #), hence

9) & in (F”) implies (K| §) = 1.
It remains only to prove
(10) (K|g) = 1 implies § lies in TU'(F"").

But (KI &) = 1 means according to definition (*28.1) that Y_,u,(§) =0 (mod 7).
This implies that the invariants u,(g) are the invariants of an actual algebra
S’ relatively prime to M. By Theorem 6.2, S’ has a crossed product represen-
tation with a factor set (F’’). By Theorem 5.4, u,((F'")) =pu,(S") =u,(F), so
that, by Theorem 5.2, §(F’’)~!is a transformation set 79’, as asserted.

Since the norm residue symbol can also be defined (see §27) in terms of
invariants of algebras, we may obtain it from the Artin symbol, applied to
the p-primary component (F)® of a factor set of principal ideals

(11) (K,F; p) = (K| (F)®), if p is unramified in K/k.

According to Lemma 4 of §5 the p-invariants u,((F) ®) run over all multiples
of nm; 1. Hence we obtain the following result, which resembles the deter-
mination of the decomposition of unramified prime divisors in terms of the
abelian class groups (see [20, Part IT]).

THEOREM 28.2. If p is unramified in K/k the degree f =m, of a prime fac-
tor of p is the least integer f such that (K I F@) =1 for every p-primary factor
set FP.,

Remark. In general not every coset of FU’/TU'(F'') will contain p-pri-
mary factor sets. The least common multiple J(I') may be a proper multiple
of every residue class degree f which is permitted by the structure of the
Galois group. The simplest example is furnished by fields K /k with the sym-
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metric group of 3 letters as the Galois group. Here J(I')=2,3 and f=2,3.
Thus, the two classes of order 6 in the cyclic group FU'/TYA’'(F’') are free
from primary factor sets. This is another instance which illustrates the dis-
crepancy between the classical class field theory and our theory.

The cosets which contain primary factor sets can easily be determined
by means of Theorem 28.1. A coset contains a p-primary factor set if its
order in the class group is equal to a permissible residue class degree of an
unramified prime divisor. These degrees are exactly the orders of the cyclic
subgroups of T', as follows from the ramification theory. Now J(I') is the
least common multiple of the orders of the group elements, hence J(I')=0
(mod f) for every possible f. The Frobenius density theorem then proves that
at least one class of order f must contain infinitely many primary factor sets.

Consider next the symbol referred to a subfield L of K such that

(12) kCLCK, L/k normal.

If A is the subgroup of I' belonging to L, then the Galois group of L/k is T'/A.
If a prime divisor P of K has a multiple Q in L, then the Frobenius auto-
morphism [(K/k)/P]=28 of P induces in I'/A the Frobenius automorphism
[(L/k)/Q]=08A=¢ of Q (see [20, Part II, p. 6, Rule III]). A factor set ®
for A can be extended to a factor set § for K by the rules

(13) %0,1’ = @vA,'rA;
the result is a A-symmetric factor set of K. By (1), the Artin symbol is

(K|§) = exp { Zmi m_lVP(%rf.r)} ) m = mp.

p j=0

The order Vp is the same as VY, since p is unramified, while the order #,
of the automorphism ¢ is a divisor #, =m,/r of the order m, of 8, so this equa-
tion becomes

KI®) = { S O/m)EVe®rdf, =01 m =L

Since 7/m,=1/n,, this yields the result
(14) (K/k; ) = (L/k; ©).

Given the situation (12), with § defined by (13), this gives the Artin symbol
0:¢ | &) for the A-symmetric sets §.
On the other hand, one may consider the symbol for K/L.

THEOREM 28.3. If the subgroup A of T' corresponds to the subfield LCK,
while F'MNA denotes that part of the factor set F' which refers to the subgroup A,
then
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(15) (K/L; §F N A) = (K/k; §)4, where d = [L:k].

This is a special case of the following general “translation law” for the
norm residue symbol:

THEOREM 28.4. Let L be any finite extension of k such that the intersection
LNK belongs to the subgroup A of T'. Then

(16) (KL/L; F N A) = (K/k, §)°¢ where d = [L:k].

Proof. It will suffice to prove (16) for the case of a p-primary factor set
F=F®, where p is unramified in K/k. Let the decomposition of p in L be

7 p=qige Ning; = Pfj G=1,---,h.

In the join KL choose for each j a factor Q; of ¢;, and let P; be the prime fac-
tor of Q; which lies in K. The translation rule for the ordinary Artin symbol
asserts that g; is unramified in KL/L and that the Frobenius automorphism
d; of Q; (see [20, Part II, p. 8]) is

8; = [(KL/L)/Q;] = [(K/k)/P;)%i.

Since the original Frobenius automorphism 8= [(K/k)/P;] has order m,, the
derived automorphism §; must have the order

-1 ™5
n;g = Mp(mpv f)) ’ where Nx1/1Q; = l]j,~

In L the only primary components of § are the g;-primary ones, forj=1, - - -, k.
Hence the translated Artin symbol has by definition the value

h nj—1
(KL/L; TN A) = exp { 2 n‘( 2 W;-[&;.»,])} )
. =1 t=0
where W; denotes the valuation belonging to Q;. Since Pi[ p is unramified,
the ramification order of le P, must be exactly the ramification order e; which
figures in the decomposition (17). Therefore the power W;[] to which Q;
divides any ideal % of K is e; times the power V;[¥%] to which P; divides the
same ideal, and

(KL/L;F O W) = exp 3 (ei/m) (i’_f;v,v[%sas])} .

i=1

But the order V;of the product involved here was computed in (18) of Lemma
5.7, and is (n;f;/n)us(§), where r=n; is the order of the cyclic group on §;,
while ¢ =f; is the exponent in §;= % Therefore

1 KULEOAN = ep | S Chimm®)-

=1
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But Y _e;f; is exactly the degree d=[L:£], while exp {us(§)/n} is exactly
(K | &) by (4). Therefore (18) gives the desired conclusion (16) of the theorem.

This translation law seems superficially out of agreement with the analo-
gous law (see [20, Part I1]) for the norm residue symbol, because in that case
the exponent was [L,:k,], while here it is [L:%]. The divergence disappears
if one recalls that the factor set §® splits up into & p-primary factor sets over
L, each of which involves an exponent [L,:k,], for a total [L,:k,]h=[L:%].
This remark may be explicitly checked by using the theorem of (11).

As in §27 we may consider the case of the join K =K;K; of two normal
fields, and a factor set (§: ®F2) T obtained from the Kronecker product of
two ideal factor sets §: and . which are relatively prime to the conductor of
K /k. This factor set can be represented as a product(™2)

[(F®I)NT]- [(I: ® )N T,

to each factor of which the subfield rule (14) for symmetric factor sets may
be applied. The result is

(19) (K1K:| (§1® §) M) = (K1| ) (K2 | Fo)-
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