ON THE BEHAVIOR OF TRIGONOMETRIC
SERIES AND POWER SERIES

BY
J. MARCINKIEWICZ AND A. ZYGMUND

INTRODUCTION

1.1. The present paper consists of two parts. The first part contains proofs
of theorems describing the behavior of the partial sums of trigonometric se-
ries. The second part gives corresponding results for the partial sums of power
series on the circle of convergence.

Let us consider the trigonometric series

(1.1.1) 1ao + 2 (a, cos v + b, sin »6)

v=1

and the conjugate series

(1.1.2) > (a, sin v8 — b, cos »f).

y=1
The partial sums of these two series will be denoted by s,(8) and 5.(8) respec-
tively. The Cesaro means of order « of the series (1.1.1) and (1.1.2) will be
denoted by o%5(0) and &;(6)(*). We also introduce the following notation:

lim inf 0,(0) = 0a(6), limsupon(6) = o (0), o () — ca(6) = wa(6).

The last expression represents the oscillation of the sequence {d%(6)} for
n—+ . If 05,(0) tends to + © or to — ©, we write w.(6) =+ . Hence the
condition w.(f) =0 is both necessary and sufficient for the series (1.1.1) to
be summable (C, «) at the point 6.

Similarly, we write

lim inf ,(6) = 64(0),  limsupa,(8) = & (), & (6) — 7a(6) = @a(6).

n— o0 n—o

Theorems 1 and 2 which follow connect the behavior of the series (1.1.1)
and (1.1.2). By summability 4 we mean Abel summability.

THEOREM 1. Suppose that the series (1.1.1) is summable A to sum s(0) at
every point of a set E of positive measure, and that for an a> —1

Presented to the Society, January 1, 1941; received by the editors October 10, 1940.
(1) In §1.5 below a few properties of the arithmetic means are collected which will be used
in the sequel.
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(1.1.3) 0.(0) > — for 6 € E.
Then at almost every point of E we have the following relations:

(1.1.4) c(0) < + o,

(1.1.5) — 0 < F,(0) £ 7%(6) < + o,

(1.1.6) 34(0) = wa(6).

Moreover the series (1.1.1) and (1.1.2) are summable (C, a+¢€), €>0, at al-
most every point of the set E, and

(1.1.7) s(8) = 3{0a(0) + o=(8)},
(1.1.8) §0) = 315.(0) + 5=(0) }

almost everywhere in E, where 5(0) denotes the (C, a+€) sum of the series (1.1.2).

Nl

If the hypotheses of Theorem 1 are satisfied, we have therefore that the
ath Cesaro means of the series (1.1.1) and (1.1.2) are bounded at almost every
point of E.

From (1.1.6) we see that the oscillations of the sequences { 03(0)} and
{52(6) } are equal at almost every point of the set E. In particular, if one of the
series (1.1.1) and (1.1.2) is summable (C, &) at almost every point of E, so is
the other.

The relations (1.1.7) and (1.1.8) show that the limits of indetermination
of the sequences {0%(0) } and {G2(0)} are situated symmetrically with respect
to the (generalized) sums of the series (1.1.1) and (1.1.2).

It follows at once from Theorem 1 that, if the series (1.1.1) is summable 4
at every point of the set E, and if 6,(0) = — » in E, then ¢%(6) = +  almost
everywhere in E. The question whether we also have

Fuld) = — », F(0) = +
almost everywhere in E is left open.

THEOREM 2. Suppose that the ath Cesiro means (where o> —1) of the series
(1.1.1) are bounded at every point of a set E of positive measure, that is, that

(1.1.9) a(6) = O(1) for every 6 € E.

Then at almost every point of E the series (1.1.1) and (1.1.2) are summable
(C, a+¢€) (¢>0) and we have the relations (1.1.5), (1.1.6), (1.1.7) and (1.1.8).

The hypothesis (1.1.3) of one-sided boundedness, in Theorem 1, is replaced
in Theorem 2 by the stronger hypothesis (1.1.9); but, on the other hand, no
assumption is made in Theorem 2 concerning the summability of the series
(1.1.1).

Theorems 1 and 2 are known. Special cases of Theorem 1 have been proved
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by Kuttner(2) and Plessner(®), and the general result stated above was proved
by the authors(*).

The original proofs of Theorems 1 and 2 are however rather difficult. In
the first part of this paper we give new proofs of these theorems, using certain
ideas of Plessner, in particular the application of summability (C*, «) (de-
fined in §2.1 below(®)). The chief simplification in comparison with the earlier
proofs (in particular with Plessner’s proof) is that we do not require the theory
of higher generalized derivatives.

1.2. Theorems 1 and 2 raise the problem of the behavior of the Cesaro
means of a power series on the circle of convergence. Let us begin first with
the case of partial sums.

Let

0
(1.2.1) F(z) = 3 a2, |z <1,
y=0
be a function regular inside the unit circle. We may suppose for the moment
without loss of generality (subtracting a constant from F(z) if necessary) that
coisreal. If
Cn = @y — b, forn=1,2,3,---,

then the real and imaginary parts of the series

(1.2.2) > cet
v=0
-may be written in the forms (1.1.1) and (1.1.2) respectively.

Let us assume that the partial sums of the series (1.2.1) are bounded at
every point z=¢% of a certain set E situated on the circumference |z| =1. We
shall also denote by E the set of the corresponding arguments 6; this, however,
will not lead to any confusion. By Theorem 2 the series (1.2.2) is summable
(C, 1) to sum ¢(0) at almost every point of E. It follows from Theorem 1,
therefore, that for almost every point 8 of E the limit points of the sequence

tn(o) = Z c"ei”oy n=2012--- )

v=0

() Kuttner [1] proves that if the series (1.1.1) converges in E and the series (1.1.2) is
summable (C, 1) in E, then the latter series converges almost everywhere in E.

(3 The result of Plessner [1] coincides with Lemma M of the present paper in the case
B=0,1,2, - - - . Plessner only sketches the proof of the result.

(%) See Marcinkiewicz and Zygmund [1].

(®) That notion was considered independently by one of the authors and applied to the
theory of Fourier series. See Zygmund [1, p. 61, Example 4].

It must however be observed that the expressions

00 + h) + on(0 — hn)

which play an essential part in our argument have been studied for the first time by Rogosinski
[11.
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belong- to the square with center £(f) and sides wo(8), parallel to the axes.
Here wo(0) denotes the oscillation of the real part of the series (1.2.2). By
Theorem 2, this square cannot be replaced by a smaller rectangle with the
same center and sides parallel to the axes. On the other hand, not every
point of the square need be a limit point of the sequence {t,.(G) }, as simple
examples show.

In fact, take the series

(1.2.3) 1424224,

the partial sums of which are bounded and summable (C, 1) at every point z
of |z| =1 except z=1. Here

ei(n+l)0

16) = v 1a(0) — 1(0) = —

)
1—¢® 1 —e®
so that all the partial sums of the series (1.2.3), with z=¢%, §0 (mod 27),
are situated on the circle with center (1—e#)~! and radius |1—e®|~1. The
same is of course true of the set of the limit points of the sequence {£.(6)}.
Moreover, if § is not commensurable with m, every point of the circle just
defined is a limit of the sequence {t.(6)}.

Let us modify this example slightly by considering the power series

(¢ +B) +az+ (e + Bz + az® + - - -
—a(ltsta+ )+ Bttt ),

where @ and 8 are any constants. It may be verified without difficulty that in
this case, for 0 different from 0 and w, the partial sums £,(0) are situated on
two concentric circles, with center

(1.2.4)

a B
1 — eio 1 p— e2i0
and radii
1
— - [a+ B —|.
|1 — | 14 et

These two circles are different if the ratio 3/« is not real. If 8 is incommensur-
able with 7, every point of these two circles is a limit point of the sequence

{t.(0)}.

Similarly, in the case of the series
1.2.5)a(l 424224 - )+l +224244+ - )+ (1 +22+25+ -

the partial sums ¢,(6) are situated on six (generally distinct) circles with center -

K®=if P Y

)
ew 1 —_ 6210 1 — 6319
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and if 0 is incommensurable with 7, every point of each of those six circles
is a limit point of the sequence {t,.(0) }
A slightly different example may be obtained by considering the series

A+z+224+---)Fal +etz+ 252 4 -..), z = e¥,

where a0 and \ is a real number incommensurable with . If 0 is linearly
independent of \, and # is suitably chosen, the fractional parts of (n+1)8 and
(n+1)\ may be as close as we wish to any preassigned numbers of the interval
(0, 1). Using this fact, we easily obtain that, except for a denumerable set of
values of 6, the limit points of the sequence of the partial sums of our series,
with z=¢%, form an annulus not reducing to a circle or a circumference.

By combining this example with the preceding ones, we may obtain a
power series such that for values of  belonging to a set of positive measure the
set of limit points of the partial sums will consist of several concentric annuli.

The particular series which we have just considered illustrate some gen-
eral theorems which will be stated in a moment. It will be convenient to in-
troduce certain notations.

By

A 1205 6}

where 0Sa <8 =< », we shall mean the annulus consisting of the points 2
satisfying the inequalities o < |z—zo| =<p. The circle A{zo; 0, B} will be de-
noted simply by

K {20; 8},
and the circumference |z—z0| =8 by
C{z; 8}.

We shall say that a plane set Z is of circular structure, if there is a point
2o (center of Z) such that whenever a point { belongs to Z so does the whole
circumference C{zo; |{ —20| }.

Given a function F(z) defined by (1.2.1) we shall write

M) = Mp(9) = limsup | .(6) — #(6) |,

n— o

m(6) = mp(9) = lim inf | £,(0) — #(6) |,
n—w
where £(0) is the (C, 1) sum (provided it exists) of the series (1.2.2). The set
of the limit points of the sequence {t,.(O) } , when 0 is fixed, will be denoted by
Lr(6), or simply by L(#8).
Now we may state the following

THEOREM A. Suppose that the partial sums of the series (1.2.1) are bounded
at every point of a set E situated on the circumference C {O; 1 } and let t(0) denote
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the (C, 1) sum (existing, by Theorem 2, almost everywhere in E) of the series
(1.2.2). Then, for almost every 0 E, the set L(0) is of circular structure, with
center t(0).

In other words, for almost every value of 8 contained in E the set of the
limit points of the sequence {#.()} consists of a finite, denumerable, or non-
denumerable set of circumferences with center at £(8). The set L(6) is obvi-
ously contained in the annulus A {#(8) ; m(8), M(8) } . The set L(8) being closed,
the extreme circumferences C {t((i); m(G)} and C {t(@); M) } of that annulus
belong to L(6).

If the partial sums of the series (1.2.2) are bounded for some 0 =6,, the
coefficients ¢, are bounded. The examples of the series (1.2.4) and (1.2.5)
show that the set L(8) need not coincide with A {¢(8);m(8), M(8)}. This how-
ever will be the case, if we assume additionally that the coefficients ¢, tend
to 0.

In other words, we have the following theorem:

THEOREM B. Suppose that the series (1.2.2) satisfies the conditions of Theo-

rem A and that ¢,—0. Then
L(6) = A{«6); m(©®), M©)}
for almost every 0 of E.

The deduction of this theorem from Theorem A is obvious. Since
tn(0) —tn_1(0)—>0, every annulus A{t(0); r, 7}, with m() <r<r,<M(6),
contains infinitely many points £,(6), and so also points of the set L(8). For
every value of 6 for which the set L(6) is of circular structure that set must
contain all the circumferences C { t(0); r} with m(0) <7 =< M (0). This completes
the proof.

Assume that for almost every 0 EE, m(0) =0; that is, that for almost every
value 0 of E there is a sequence {nk} (which may depend on 0) such that

(1.2.6) 1.,(0) — £(6).
Let us suppose furthermore that c, tends to 0. Then obviously
L(6) = K{«0); M(©)}

almost everywhere in E. This is certainly the case if the real part of the series
(1.2.2) is a Fourier-Lebesgue series. For then, as is well known,

27
f I 8(6) — £.(6) |*d@ — 0  for every 0 < pu < 1(5),
0

and so there is a sequence {7}, independent of 6, such that (1.2.6) is satisfied
almost everywhere.

(¢) See, e.g., Zygmund [1, p. 153].
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1.3. The results stated in the preceding section for the partial sums of
power series can be extended to the arithmetic means of power series(”).
Let 75(6) denote the ath Cesiro means of the series (1.2.2). By

Lr(6) = L%(0)

we shall denote the set of the limit points of the sequence {7%(6) }.

THEOREM 3. Suppose that the series (1.2.2) is summable (C, a+1) (where
a> —1) at every point 0 of a set E, to sum t(0). Then at almost every point 0
of E the set L=(0) is of circular structure, with center t(6).

In particular, the set L=(0) is of circular structure almost everywhere in E, if
the arithmetic means 75(0) of the series (1.2.2) are bounded at every point 6 of E.

That the second part of this theorem is a consequence of the first part fol-
lows at once from Theorem 2.

1.4. THEOREM 4. Suppose that the conditions of Theorem 3 are satisfied for
some =0 and that c,—0. Let

(1.4.1)  m"(6) = lim inf | 7,(6) — #(8) |, M"(6) = lim sup | 7.(6) — #(6) |.

fn— o n—r0

Then
Le(8) = A{#(8); m(6), M(6)}

almost everywhere in E.

This theorem follows in the same way from the preceding theorem as
Theorem B follows from Theorem A, provided we prove that

(1.4.2) n(8) — Tn_1(6) — 0

which is immediate (cf. §5.3).

In the remainder of Part II we give a proof of a theorem (Theorem 5 be-
low) which was already stated without proof in an earlier paper, and indicate
extensions of the previous results to the case of Dirichlet series.

~ 1.5. In this section we state without proofs a few known results from the
theory of Cesiro arithmetic means. We state only the facts we shall actually
need in the sequel.

Given a series

(1.5.1) > u,

n=0

(") For the theory of Cesiro means, see Andersen [1] and Kogbetliantz [1]. All the results
required for the present paper will be found in Zygmund [1].
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and a number «, we define numbers s (#=0, 1, - - - ) by the equation

L 1 0
> Sk = > UniE

n=0 B (1 - x)a+l n=0

Let us consider the numbers 45, defined by the formula

> a n 1
Ay = ———.
E (1 —_ x)a+l

If the ratio
(1.5.2) on = sn/d,

tends to s as # tends to infinity, the series (1.5.1) is said to be summable by the
Cesaro method of arithmetic means of order e, or simply summable (C, ), to
sum s. The numbers s and o} are called respectively the Cesiaro sums and
the Cesiro means of order « of the series (1.5.1). If the ratio (1.5.2) is bounded
[bounded below] as #— o, the series (1.5.1) is said to be bounded (C, @)
[bounded below (C, ) ].

From the above definitions one can easily deduce the following properties
of Cesaro means.

(i) If the series (1.5.1) is summable (C, a), where > —1, to sum s, then
the series is also summable (C, B) to sum s, provided that 8>a.

If the series (1.5.1) is bounded [bounded below] (C, «), then it is also
bounded [bounded below] (C, B) for B >a> —1.

(ii) If the series (1.5.1) is summable (C, a), a> —1, to sum s, then it is
also summable by Abel’s method (summable 4) to s. In other words

0
lim E u,3" = s.
z2—1-0 n=0

Here the variable z tends to 1 along the real axis, but the result holds if 2
tends to 1 from inside the circle |zl <1 along any non-tangential path, that
is, along any path contained between two chords of the circumference Iz] =1
passing through the point z=1.
(iii) If the series (1.5.1) is summable (C, &), a> —1, then u,=0(n%).
(iv) We have

Aa_(a+1)(a+2)"'(a+n)z ne
" n! 'I‘(a+1)’

where the relation a,~b, means that a,/b,—1.

In particular, the numbers A% are non-negative for > —1, form an in-
creasing sequence tending to 4+ « when «>0, and decrease to 0 when
—1<a<0. Moreover A2=1 for all =.
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(v) The numbers 4§ and s} satisfy the following relations
(1.5.3) S A0dh, = a2 sidh_, = st

y=0 y=0

In particular,

n
a a+l a a+1
A =4, s =5,
v=0

and so
At —ahi=an ST -sh=
(vi) If {e,} is any sequence tending to 0, then
(1.5.4) S edidh_, = o042 fora>—1 8> — 1.
v=0

This follows from (i) and from the second formula (1.5.3), if we put
6,45 =57, and observe that the series summable (C, @) to 0 is also summable
(C, a+B+1) to 0.

(vii) It is easy to see that (1.5.4) holds if we replace the upper limit of
summation # by n —k, where % is any fixed positive integer. Hence

—k
E a+f+1

(1.5.5) Zo(A:)Ai_, =o0(4, ) for ¢, 8 > — 1, k = const.

v=0

Part 1
2. LEMMAS ON SUMMABILITY (C*, a)
2.1. Let ¢%(0) denote the ath Cesaro means of the series

(2.1.1) lao + 2 (a, cos vd + b, sin vh).

y=1

We shall say that this series is summable (C*, ) at the point 6, to sum s, if

a0 + hy) — s

for every sequence 4, =0(1/n). This property is equivalent to the following
one: to every constant 4 >0 and to every €>0 corresponds an integer
no=no(4, €) such that

(2.1.2) on@o+ k) —s| e for | k| < A/n, 1>

LeEMMA A. A necessary and sufficient condition that the series

(2.1.3) > a

=0
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should be summable (C, ), where a> —1, to sum s is that the series

(2.1.4) Ea, cos vl

v=0
should be summable (C*, a) at the point 0 to sum s(8).

Proof. The sufficiency of the condition is evident. For the proof of the
necessity we may assume that s=0. We begin with the case of integral «,
sothatae=0,1,2, - - -.

We write

wh (n) a
My =€ € = € = An—vﬂw

Let #; denote the ath Cesaro sums of the series (2.1.3), and let ¢3%(6) be the ath
Cesaro means of the series

(2.1.5) > ae.
v=0
It is sufficient to prove that, if {; =0(n*), then

(2.1.6) an(8) = o(1) for | n8| < A.

Applying Abel’s transformation a1 times, we may write

n n—a—1 a
(2.1.7) Aron(0) = S ae = 3 A e + 2 taih eni = P + 0u®),
v=0 r=0 k=0

say. The numbers u, being bounded, the expressions A¥e,_; are also bounded
for k=0, 1, - - -, . Since the relation £; =0(n*) implies

t:—k =o(n“) form— o,and k=0,1,---, ¢

it follows that

Qn = o(n%).
In order to estimate the expression P,, we use the formula
l
(2.1.8) A, = D Cr At A in,, i, 1=0,1,---.
=0

Hence, taking into account that

(®) Lemma A of the present paper is a special case of Lemma D. The latter lemma is stated
in Plessner [1], for =0,1,2, - - - .
(?) We use the notation

Acy = ¢y — Cypy Akg, = A(AFIc,).
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Ap, = e — i+ = GG+, (_ 2 sin 19),

and generally

Aip, = €0+ — 24 sin 16)7,

we obtain
a+l
atl at+l—j
A e = ZC¢+1 i (A,,_,)A Myt g
=0
a+1—7 t(a+1—])0/2 1wl
= Eca+l n—v(—' 217 sin 10) e
=0

It follows that P, is equal to the sum of the expressions

1 atl— ] nacl a a—j vl
(— 21 sin 0) a+l i Z t n—v€

v=0

for j=0, 1, - - -, @. The absolute value of (2.1.9) does not exceed (cf. (1.5.5))

i(at+1—7)0/2
€

(2.1.9)

n—a—1

a+l 7 Z o(A:)A:—v = l ol

a+l—7 atl1— : 2a i+1

lo] ) =o(n"),

provided that |#8| <4. Hence P,=o0(n%), and since the same relation was
obtained for Q,, P,+Q,=0(n=). This and (2.1.7) give (2.1.6), so that the
lemma is established in the case of integral a.

2.2. In the case of fractional > —1, we write

v (n)

6 = [a] + 1? My =€ 5, M =N (0) :—v(#v - Iln)-

Hence B is a non-negative integer greater than a. We write

(2 . 2. 1) A:U:(o) = Mn E A:—yav + Z arnv = 0(”a) + Z ayy.

v=0 =0 y=0

To the last sum we apply Abel’s transformation 8+1 times:

d "Bl s s Bk &
(2.2.2) E am = Z th Nv + 2 tn—kA NMn—k = Pn + Qm
»=0 v=0 k=1
say. Now
k—
. ch ,A,.._:A ,lh+1 + An—v(l‘v+k - I"n)
(2.2.3) :‘:

= 3 Cridnid i +0(] 8])

7=0
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for v=n—Fk and k=1, 2, - - -, B. Since the series (2.1.3) is summable (C, «)
and so also (C, B) to 0, we obtain
E_ = o(d) fork=0,1, - .

Hence

8
(2.2.4) Q. = X o(m)O(| 0]) = o(m1) = o(n%)

k=1
for |n8]| 4.

It remains to estimate the sum P,. On account of the first equation
(2.2.3) with k=841, P, is a sum of 8+1 expressions

n—p—1
g a—j f+1— .
(2.2.5) Corvi 2 bArA™ s i=0,1,--,8,
v=0
and of the expression
n—p—1

B a—p—1

(2'2'6) 2 LA, (/"l’+3+1 - I-‘n)-

y=0
The sum (2.2.5) is

i—B—1 atf—j+1

o(| 8" 2 o(ANAsT) = O(n

=0

Jo(n ) = o(n"),

and the sum (2.2.6) does not exceed in absolute value

n—p—1 a—p-1 n—p— ap
> oD =y o] = 0| 0]) L otadraz
y=0 v=0
= 0(| 8] )o(no+t) = o(ne).
It follows that
2.2.7) = 0(n%).

From (2.2.1), (2.2.2), (2.2.4), (2.2.7) we deduce (2.1.6), and so the proof
of Lemma A is complete.

2.3. LEMMA B. A4 necessary and sufficient condition that the series
(2.3.1) >~ b, sin »8
r=0
should be summable (C*, o), a> —1, at the point =0, is that the sequence

{V b.} (»=0,1,2, - - ) should be summable (C, a+1) to 0.

Proof. The argument is similar to that of Lemma A. We begin by proving
the sufficiency of the condition, and we assume first that « is a non-negative
integer. Let
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(n) sin v0 (n)
(2.3.2) be = Gy, = My ( ) = 0 =Y (0) n—?”v-
14

By 0%(0) we shall denote the ath Cesiro means of the series (2.3.1) and
by 5 the iterated sums of the sequence {¢,}, so that

U =ty = Coy  Un =ty AUy AUy,
n=201--.--;k=1,2,
Hence
sin »0
(2.3.3) Anon(6) = oE An_vb, =9 Z Y-
v=0 v=0

Applying Abel’s transformation a4 1 times we have

n—a—1

2.3.8) 83 cm =03 urta™ly, + 03 WA v = 0P, + 60,
v=0 r=0 k=0
say. Byhypothesxs u2t'=o0(no*1), and so also uk*' =o(ne+!) for k=0,1, - - -, a.
This gives
(2.3.5) 60, = bo(n>tt) = o(n?),

if only |n0| <A. Since

at+1

= 3 Can AT A s = 3 CapnsdilO( 0 (),

7=0 7=0
0P, is a sum of 41 terms of the form

. n—a—1 .
o(| 8177 3 oart At = o(] 0" No(n™* T,
y=0

where j=0, 1, - - -, a. Hence, if |n0| <4,
(2.3.6) 0P, = o(n%).
From (2.3.3), (2.3.4), (2.3.5) and (2.3.6) we see that
(2.3.7) aZ(O)—»O for n — o and Inol =< A.

This completes the proof of sufficiency in Lemma B for the case of integral a.
24. If ais fraptional, we write

(19) Here (and in the sequel) we use the known fact that if a function ¢(«) has a pth deriva-
tive, and if ¢(v) =¢,, then
8%, = (= 1)%6(s + 0p)

where 0 is a number contained between 0 and 1.
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(n)

B = [a] + 1, =4§ (0) :—v(ﬂv - #n)y
where pu, is defined by (2.3.2). Then

A:U:(o) = e.un Z A:—vcv + 02 C»sw

v=0 v=0
First »
(2.4.1) Opn Y A%_,c, = Ouno(netl) = o(n?)
v=0
for |n8| <4. Now
n—6—1 ]
2.4.2) 630t =0 3 wA U 403 WA ue s = 0P, + 60.,
=0 v=0 k=1
say. But
k—1 a—j ki
A Ev = Z Ck,yAn—yA Myt + An—v(l"v+k Mn )
(2.4.3) -
= Z Ck.zA:—:Ak ’,‘l’+1 = O(I 0' )
7=0
fork=1,2, -, pBand v=n—k. By hypothesis, the sequence {c,,} is summa-
ble (C, a+1),andsoalso (C,B8+41),t00.Henceutti =o(np+) fork=1,2, - - -, B.
This gives
(2.4.4) 60, = 6-0(] 6] Yo(m+1) = o(m~1) = o(n%)
for [nf| <A.

Substituting into the formula for P, the first formula (2.4.3) with 2=8+1,
we see that P, is a sum of 8+ 1 expressions

n—p—1

(2'4'5) 9Cﬂ+l i Z o(Aﬂ+1 :—1A5+1—jl‘"+7'1 j = 0) 17 Tty ﬁy
»=0
and of the expression
n—p—1
B+1,  a—f—1
(2.4.6) 6 Z o4, )An  (Mvips1 — pn)-

=0

The absolute value of (2.4.5) is

O(I ol +2—) Z (Aﬂ+1)A,,_, - O(i ol B+2— 1 ) a+ﬁ—i+2) — o(na),

=0
and the absolute value of (2.4.6) is
n—p—1
a—p

00" Y o(4,H0(432)) = 00)o(n™?) = o(n”).

=0
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Hence 6P, =0(n%), which in view of (2.4.1), (2.4.2) and (2.4.4) gives (2.3.7).

2.5. In order to prove the necessity of the condition in Lemma B, we have
to show that, if the series (2.3.1) is summable (C*, o) at the point § =0, then
the expression

vl

i a 1 i a
(2.5.1) > Ap b, = — 2 Anb, sin vh-—
=0 {/J—s sin v0

is o(n2t1). We shall prove a slightly more general result, which will be required
later on and which may be stated in the form of the following

LemMMA C. Let {h.} be a sequence of numbers tending to 0 and satisfying
for n>mnq the condition

(2.5.2) 0<6< nhy<m—3,

where 6 is any fixed positive number less than yw. If for some such sequence the
Cesdaro means a53(0), where o> — 1, of the series (2.3.1) satisfy the condition

(2.5.3) a,.a(h,.)—»O forv— o andn = v
then the sequence {vb,} is summable (C, a+1) to 0.

Proof. The argument does not differ appreciably from that of the preced-
ing lemmas. We write
v0 (n)

My = l‘v(e) =T € = € = A:—vl-‘v(hn);
sin »6

2.5.4 Ld LA
( ) 1,(6) = va(6) = D b, sin 9, () = > o), E=1,2---, "
»=0

v=0

and we suppose first that a is an integer. If we substitute 6 =k, into the right-
hand side of (2.5.1) and denote the resulting expression by J,, then (for #n > n,)

n
—1 .
k. Y &b, sin vk,

Jn =
(2.5.5) _ .
=t Y A e+ b Y vak(hn)A nie = By P + B O,
y=0 k=0

say. From (2.5.3) we see that #(k.) =0(v*) =0(n*). Hence
o (ha) = o(n") forv—o 4+ o0, n=vk=01,-,a,

and so (cf. (2.5.2))

(2.5.6) 10, = 0m) S o(n%)-0(1) = o(n™Y).

k=0
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Since
Aa+le, = oilC¢+1.iA:viA:+l-j#v+i(hn),
=0
hi'P, is a sum of expressions
0 Il S oA = o(n™), i=01,---,a+1.
»=0

From this and from (2.5.5) and (2.5.6) we see that the left-hand side of (2.5.1)
is o(n>tt), which proves Lemma C in the case of integral a.
2.6. If a is fractional, we write

B = [a] + 1, M = 71:") = A:—v(ﬂv(hn) _ Fn(hn))r

where u, has the same meaning as in (2.5.4). We get

Tn =l n(ha) 2 Aussb, sin vha + k' . 1,b, sin vhy,

v=0 ye=0

= 0(””1) + By > n.b, sin v,

=0

Furthermore,
-1 — . arEts B+1 a& ok k
hn Z nvbv sin th = hn E vv(hn)A M + hn Z ”ﬂ—k(hn)A Nn—k
v=0 v=0 k=1

Ko Pu + hy Qn

From (2.5.3) and from the inequality 8>« we get

“’f(h») = O(nﬂ) forv— 0, n 2 v,

whence

vl:(hn)=0(nﬁ) foryﬁw,ngy,k=0,1,...’ﬁ_
Now

k = ami k=i ok
(2.6.1) A7 =2, CridasBy tpi(hn) + Anss (ork(Bn) — pn(ha)),
=0

so that

bo'Qn =y },,: o()0(n ) = o(r’) = o(n"™).
k=1
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If we substitute 2=8+1 into (2.6.1), and observe that %, P, is correspond-
ingly a sum of expressions

n—B8—1

B Y oANATIOW Ty = o™, j=0,1,---,8,
v=0
and of the expression
_ n—p—1 B «
Bl o(4hai 0 — vk = on™),
v=0

we easily get
Ju = o(n=t1),
which completes the proof of Lemma B as well as that of Lemma C.

2.7. LEMMa D(1). Let 65(0) denote the Cesaro means of the series
(2.7.1) Llag + Z (a, cos v6 + b, sin v6).
y=1

A necessary and sufficient condition that this series should at the point 6, be
summable (C*, o), where a> —1, to sum g, s that

(i) this series should be summable (C, o) at the point O, to sum g;

(ii) there should exist a sequence {h,.} satisfying for n>n, the condition

(2.7.2) 0<8=<|nh|=m—35 & independent of n,

and such that
o, (60 + h) — g, y o, n 2 v

Proof. That the condition is necessary is obvious. In order to prove its
sufficiency we may suppose that 8,=0. By hypothesis, the series

oo+ X a
v=1
is summable (C, &) to g, and so on account of Lemma A the cosine part of the
series (2.7.1) is summable (C*, ) to g at the point 6 =0. Hence, the sine part
of (2.7.1) satisfies the hypothesis of Lemma C. It follows that the sequence
{nb,.} is summable (C, a41) to 0. Consequently (Lemma B), the sine part of
(2.7.1) is summable (C*, ) to 0 at the point § =0, and so the series (2.7.1)
is summable (C*, a) to g at that point. This completes the proof of Lemma D.

2.8. LeEMMA E. If the series (2.7.1) is summable (C*, ), > —1, at a point
0o, then the sequence

(1) Cf. Footnote 8.
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(2.8.1) nBn(00) = n(b, cos nfy — a, sin ny)
is summable (C, a+1) to 0.

Assuming for simplicity that 6,=0, we see at once that Lemma E is a
consequence of Lemmas A and B(12).
3. SUMMABILITY 4* LEMMAS ON NUMERICAL SERIES
3.1. We shall say that the series

3.1.1) Lao + i (a, cos v6 + b; sin v6)
y=1
is summable A* at a point 6, to sum g, if the harmonic function
$a0 + i (a, cos v0 + b, sin vb)r”
v=1
tends to g when the point re® tends to e*® along any non-tangential path.

LeMMA F. If the series (3.1.1) is summable (C*, o), a> —1, at a point 8,
to sum g, it 1is also summable A* at that point to g.

Proof. Let us assume that p=0. From the hypothesis of Lemma F it fol-
lows that both the series

o o
1a0 + Y a, cos 6, > b, sin 40
r=1 v=0

are summable (C*, &) at the point 6, the sum of the first of these series being g,
the sum of the second being 0. It is sufficient to show that

(3.1.2) 1a0 + Z a,r” cos v — g, ‘ Z b, sin v§ — 0,

=1 v=1

provided that

(3.1.3) 21, |1 —3| =ca -, where z = re®.
Now,
(3.1.4) la0+ D ap” cos b = SR(%ao + Za,z'),
y=1 v=1

() From Lemmas E and G (see below) it follows at once that if the series (1.1.1) is sum-
mable (C*,a), a> —1, at a point 8o, and if the series (1.1.2) is summable A at that point, then the
series (1.1.2) is also summable (C*, a) at the point 6,.

This result, with summability 4 replaced by summability C, and with.a=0, 1,-- -, is
stated by Plessner [1].
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and since the series 3a¢+a1+a2+ - - - is summable (C, a) to g, the very well
known extension of the Abel-Stolz lemma gives(3) that, under the conditions
(3.1.3), the function

jo0+ ozt a® + - -

tends to g. In view of (3.1.4), we get the first relation (3.1.2) under the same
conditions.

Furthermore, denoting by #¢ the ath Cesaro means of the sequence {b,},
where »=0, 1, - - - , we may write

o 9 © ) ©
D> brsinvd = f < D vb,r* cos ut) dt = f ER( > vb,,g") dat
0 0

y=1 v=0 v=0

[{(E)a-

where { =re*t. Taking into account that
a+1

lsl=r  J1—¢lsca-»n ="
we see that the absolute value of the last integral does not exceed
1
. - ).Cet! — atl —
IG‘ 0((1 — r)“+2) Coti(1 — r)etl = o(1).

This proves the second relation (3.1.2) under the conditions (3.1.3). The proof
of Lemma F is thus complete.

3.2. Lemma G which follows is known (). We give its proof here for the
sake of completeness only.

LeEMMA G. If the series
(3.2.1) « >a
v=0

is summable A, and if the sequence {c,} = {va,} is summable (C, a+1) to 0,
where o> — 1, then the series (3.2.1) is summable (C, o).

Proof. Let
v
)
Op = A‘Y
- n

denote the yth Cesaro means of the series (3.2.1). We shall say that the series
(3.2.1) is summable by the method A(C, v) to sum s, if

(18) See §1.5 (ii).
() See, for example, Andersen [1].
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lim (1 — r)ZaZr" = s.

r—1-—-0 n=0

Summability 4 (C, 0) is plainly identical with summability 4. For the proof
of Lemma G we shall require the following three supplementary proposi-
tions(*5) :

(1) If the series (3.2.1) is summable A to s, it is also summable A(C, ) to s,
provided that vy = 0.
(ii) If the series (3.2.1) is summable A(C, ), where v>0, to s, and if
a,=0(1/v), then the series converges to s.
(iii) If a,=0(1/v) and if the series (3.2.1) is convergent then it is summable
(C, —1+4¢) for every ¢>0.

In order to prove (i) we may assume that v >0 and that s =0. We observe
that

1 1
—='yf 1—w)rurdu v>0;n=0,1,---.
Ar 0
Hence, if -
() =2 ar for0 <7 < 1,
v=0
then
a- r)Za,,r =(1 -r)z ——r
n=0
! r—1 ol v n
(3.2.2) =(1- r)yf A —u)'" D sa(ur) du
n=0
1 =7y f f(u ) —_—t (1 = u)ﬂ’—ldu.
0 (1 ru )‘Y+1

Let M denote the upper bound of f(x) for 0=x <1, and let us suppose
that |f(x)| <& for 1 —e=x<1. The last expression in (3.2.2) does not exceed
in absolute value

ot L (-
Ml-—7r f —du+61 —r f —du
( )’y 0 (1 - fu)7+1 )‘y (1—e)r?! (1 - fu')7+l
Here the first term tends to 0 as r—1, and the second term does not exceed

Ml_ﬁyfﬂﬁ:ltidu
0

(1 — ru)+1

(%) Propositions (i) and (ii) are taken from Zygmund [1]. Proposition (iii) was proved by
Hardy and Littlewood [1], even with o replaced by O.
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(in order to verify the equation, it is sufficient to substitute f(x)=1, i.e.,
=1forn=0,1, - - -, into the extreme terms of (3.2.2)). This completes the
proof of (i).
In order to prove (ii), it is sufficient to show that the summability 4(C, v)
of the series (3.2.1) and the condition a,=0(1/z) imply the summability 4
of (3.2.1), for then the result will follow from Tauber’s classical theorem. We
may of course assume that ¥#0. Let s, denote the nth partial sum of the
series (3.2.1). We shall show that then

(3.2.3) On — Sn—0 for n— o,
For
(3.2.4) — 5y = — E (Any — A)ay,
A1 5
and
(3.2.5) Ad— AL, = Z 47, 0<v= .
p=n—v+1
Hence
0= 47— A, Sv4) for Y21,

v

0< Al — A, <vAl, for 0<y<1.
Consequently, since va,=0(1), we obtain

‘y—-l

So() =o(1), if y

v=1

(1%

|UZ—Sn|§

ﬂ

I On — sul = Z_ZO(I)An—r = 0(1), if 0< Y

=1

IIA
—

This completes the proof of (ii).
In order to prove (iii), we observe that

e 1 [n/2] lte 1 n e
0’"l+ = EA”_]:- a,+'——— Z Ani-r a, = -P +Qm

A:H—e = A;H—e ym(nfol41
say. Now
| Qul £ ——=-0(1/n)- ZA = o(1).
n = A 1+ n—y

Denoting by s, the partial sums of the series (3.2.1) and applying Abel’s
transformation we easily get
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1 [n/2]—1 ote 1 ite
E S Ay + F Sta/21A n—n21.

—1+e
4 n v=0 [n/2]

(3.2.6) P, =

Assuming, as we may, that s,—0, we see that the last term on the right of
(3.2.6) is 0(1). The first term on the right is
1 n n
— O~ 3| s, = 0(1/m) 2| 5| = o(1).
A e 1z v=0

n =0

Hence
o 1+e O’

which completes the proof of (iii).

3.3. We now pass on the proof of Lemma G. We may assume that the
series is summable 4 to 0 and that ao=0. Let o =s5/4% denote the ath Cesaro
means of the series (3.2.1), and let us suppose first that « is an integer. We
write

v
] k k—1
va,=¢, C=c¢, C=2.Ci , y=0,1,2,---,

p=0
(n) a 1
€ = 0, &=¢ =A,_, —> v=12---.
14
Then
n n—a—1 a
B.3.1) si=Y o= CPA"e + T Ctid ek = Pu + Qn,
r=0 v=0 k=0
say. From the formula
k k a—i k—j
(3.3.2) Ae, = 2 Cridn,A -
=0 v+

and from the relation
Cf{“ = o(na+1)

it is easy to deduce that
(3.3.3) Qn = o(n).
Substituting k=a+1 into (3.3.2) we get

a a a 1 k a—j a+l—j 1
A e = An A — 4 T Caprdia T —
v j=1 v+

a a+1 1 k a—j 1
= At — ZA"‘"O(,,a+~z-f .

j=1

Hence
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n—a—1 « atl atl a+l n—a—1 a—i _atl 1
P,= ) A4,.C A —+ > 2> 4..C, o( m_j)

y=1 =1 =1
n—a—1 1 a+l n—a—1
a+l a+l a—j 1—1
= X 4G AT — 4+ Z 2 Anso(4,
y=1 v=1
n—a—1

E A:_£:+1Aa+l— + o(na)'
v

y=1

We may also write

Z AmC'A 1 + o(n").
14

r=1

Ffom this and from (3.3.1) and (3.3.3) we get

a+1 atl

(3.3.4)

n—y

v=1
The first term on the rgght is the ath Cesaro mean 73 of the series

w1 a1 1
(3.3.5) 0+Z)c"1 o,
14

y=1
whose terms are o(1/»). By hypothesis, the series (3.2.1) is summable 4 to 0,
and so on account of (i) summable 4 (C, a) to 0. From (3.3.4) it follows that

the series (3.3.5) is summable 4A(C, «) to 0, and so converges to_J'O. Hence
75—0, which on account of (3.3.4) gives

(3.3.6) }a:—->0.

Lemma G is thus established in the case when « is an integer.
In the case of fractional &> —1 the proof is similar. We write
(n) a

1 1
B=[a]+11 7’0=O’ M = M =Av<__—> for0<v < n.

14 n

Then

a 1 i a i a. B
Sp = — E CAny + Z MCy = 0(” ) + Z NvCyy
n y=1 y=1 r=1
since the sequence {c,} is by hypothesis summable (C, a+1) to 0. On the
other hand,

n—B—

n [
Z"Iva = E Cﬁ+l B+1’11 + Z C:tlchknn—k-

y=1 r=1 k=0
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Arguing as before (we omit the details, which remain essentially unchanged)
we get instead of (3.3.4) the formula

« 1 2 o« 1
(3.3.7) o= Ao = 4 o),
& v

y=1

which in the case =0 gives (3.3.6) (the argument is then the same as in the
case of integral «).

If —1<a<0, then summability (C, a+1) of the sequence {c,} implies
summability (C, 1) of that sequence, to the limit 0, and so on account of the
formula (3.3.4) with =0 we have

n 1
sn= 2 CoA— + o(1).

y=1 14

The series (3.2.1) being summable 4, the series EC,fAl/v, whose terms are
o(1/v), is convergent, and so summable (C, o) (cf. (iii)). In other words, the
right-hand side of the formula (3.3.7), where —1<a<0, =0, tends to 0.
This proves (3.3.6) also in the case —1 <a <0, and so Lemma G is proved.

3.4. LEmMaA H. If a series is summable A and its Cesiro means of order o
are bounded (> —1), then the series in summable (C, a+€) for any €>0.

This lemma is well known (1¢).

LeEMMA 1. If the Cesdro means of=s3/A5, where o> —1, of a series
ao+a1+ - - - are bounded below, and if the series is summable A, then the series
is summable (C, a+1).

In the case =0 the lemma reduces to a very well known theorem of
Littlewood. The general result may either be deduced from Littlewood’s theo-
rem by a certain comparatively simple argument(}”), or may be proved ex-
actly in the same way as the Littlewood theorem. We shall follow the latter
course, using the familiar device of Karamata(%).

Without loss of generality we ‘may assume that the expressions g7 are
all positive. By hypothesis,

s n a+1l i an
> anr =(1—-r)+zs,.r —s asr — 1,
n=0 n=0

where s is the A-sum of the series ap+a:+ - - - . Replacing 7 by r*¥+!, where k

is any non-negative integer, we easily obtain from the last relation

(1) See Andersen [1]. A proof may also be found in Zygmund [1].
(*7) See Zygmund [2, p. 329].
(%) Karamata [1].
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L

« a n s s ! 1\
a-r + > s,,r(k+l) — = f . <log —) dx,
n=0 (B+ 1)t T(a+1)Jo %

and so, if P(x) is any polynomial,

a+1 s an n, N ' LAY
G410 (-7 ZSn"’(’)—’r(aH)fo P(")<l°g?>dx‘

n=0

Let Q(x) be any function defined and bounded in the interval 0<x=1.
Let us assume furthermore that Q(x) is continuous except at some point where
it has a jump. Approximating Q(x) above and below by polynomials and tak-
ing account of the positiveness of the expressions sj, we deduce from (3.4.1)
that

a+1 i an n N 1 1 @
(3.4 (-7 Zs,.rom—»mfo Q(x)(log—x—> iz,

n=0

Let us define Q(x) by the conditions
1
Q(x) =0 for 0= x<e, Qx) =— for e'=x = 1.
x

The right-hand side of (3.4.2) is then equal to s/T'(a+2). Hence, if we set
r=e"Y¥ and make N tend to + =, the relation (3.4.2) gives

1 X .
Nott 2 sn T(at2)
n=0 (a + 2)

or, since A5 '~n+1/T(a+2),

N

a+1
SNn

a+1
! N

- S.

This completes the proof of the lemma.
3.5. Let 0%(0) denote the Cesiaro means of the trigonometric series

3.5.1) 1a0 + 2 (an cos nb + b, sin nf).

n=1

The series will be said to be finite (C*, ) at a point 6, if for any 4 >0 there is
a number B=B(4), such that

« A
| 6u(8o + )| < B for |B| £ —andn=1,2,---.
n

Similarly the series (3.5.1) will be said to be finite A* at the point 8,, if for
any C>0 the harmonic function
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1a0 + Y (a, cos n + b, sin nf)rn

n=1

is bounded in the neighborhood of the point e% satisfying the inequality
Ire“’—e“"’l <C(1—r7). It is plain that Lemmas D, E, F, G have the following
analogues.

LeMMA D,. A necessary and sufficient condition that the series (3.5.1) should
be finite (C*, @), a> —1, at the point 0y, is that

(i) the series (3.5.1) should be finite (C, o) at the point 0o;
and that

(ii) there should exist a sequence {h.} satisfying the condition

0<é=|nh| <7—5, o independent of n,
and such that
ay (B0 + k) = O(1) forv—o0,v < n.

LeEMMA E;. If the series (3.5.1) is finite (C*, @), a> —1, at a point 8o, then
the sequence n(b, cos nlo—a, sin nb,) is finite (C, a+1).

LeEMMA Fy. If the series (3.5.1) is finite (C*, o), a> —1, at the point 0y, it is
also finite A* at that point.

LEMMA Gi. If the series ao+a1+ - - - is finite A, and if the sequence {va,,}
is finite (C, a+1), then the series ao+ai1+ - - - 1s finite (C, a) (> —1).
4. PROOFS OF FUNDAMENTAL THEOREMS

4.1. LEMMA J. If G is any measurable set of positive measure and 0, a point
of density of G, then for any N> 0 there is a sequence of numbers {a,,} such that

Na, — N,

4.1.1)
00 + a, belongs to G for all n > n,.

Proof. Since 6, is a point of density, the average densities of the set G in
the intervals

N — ¢ N+ e N+ e N — ¢
(00+ » 8o + >, <00— » B — )7
n n n n

where 0 < e <,

tend to 1 as # tends to infinity. It follows that for # large enough these average
densities exceed %, and so there is a number 3, such that

N— ¢ ﬂné)\-l_e
n n

IIA

’ 6o £+ B €G, n > ne.
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Thence it is not difficult to deduce the existence of a sequence {a.} satis-
fying the conditions (4.1.1).

LemMA K. If the series

(4.1.2) 1a0 + 2 (a, cos # + b, sin n6)
n=1
is summable (C, &), a> —1, for 0EE, then the series is summable (C*, o) almost
everywhere in E(1?).
Similarly, if the series (4.1.2) is finite (C, o) at every point of E, the series is
finite (C*, ) almost everywhere in E.

Proof. Let us suppose that the series (4.1.2) is summable (C, «) for 6EE,
and let s(#) denote the (C, @)-sum of the series. Let G be any subset of positive
measure of E, such that the Cesiro means ¢3(6) of the series (4.1.2) tend to
s(0) uniformly on G. In particular, s(6) is continuous on G. Let 6o&G be a
point of density of G, and let {a,.} be any sequence of numbers such that

irSna, =47, bht+a €6

for all n > n,. Since

o, (80 + an) — $(60 + an) — 0 for v — o, n = v,

and since s(6o+a,)—s(B,), it follows that ¢%(8o+an)—s(0) for v— o0, n=v.
An application of Lemma D shows that the series (4.1.2) is summable (C*, «)
at the point 6y, that is, is summable (C*, o) almost everywhere in G.

Since the measure of E—G may be arbitrarily small, this proves the first
part of the lemma. The second part may be proved in a similar way.

4.2. LemMaA L. Let
F(z) = u(r, 8) + iv(r, 6), z = re¥,

be a function regular inside the unit circle, and let us suppose that there is a set E
of positive measure situated on the circumference [zf =1 and such that for any
20EE the function u(r, 0) is bounded when z tends to 30 along non-tangential
paths. Under these conditions for almost every point 20 E the functions u(r, 0)
and v(r, 0) tend to finite limits when z tends to 2o along any non-tangential paths.

This lemma is known(?°). It plays an essential part in our proofs of Theo-
rems 1 and 2. It may also be stated in the following form: If a trigonometric
series is finite A* at every point of a set E of positive measure, then the series itself
and its conjugate are summable A* almost everywhere in E.

(19) See Plessner [1] for «=0,1,2, - - .
(20) Privaloff [1]. A more general result, obtained by an argument similar to Privaloff’s,
will be found in Plessner [2].
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4.3. From the preceding results we may deduce without difficulty the fol-
lowing special case of Theorem 1:

LemMMa M. I, 'f a trigonometric series is summable (C, B), B> —1, at every
point of a set E, the conjugate series is summable (C, B) almost everywhere
in E(%).

Proof. If the series (4.1.2) is summable (C, B) in E, then it is summable
(C*, B) almost everywhere in E (Lemma K). It follows (Lemma E) that

(4.3.1) (C,B+ 1)n(b, cos nd — a, sin n§) — 0  at almost every point of E.
On the other hand, from Lemmas F and L it follows that the conjugate series

(4.3.2) Y- (@, sin #8 — b, cos nf)

n=l

is summable 4*, and so also 4, almost everywhere in E. From this and from
(4.3.1) we see (cf. Lemma G) that the series (4.3.2) is summable (C, 8) almost
everywhere in E.

4.4, LemMa N. If at every point 0 of a set E of positive measure the series

(4.4.1) tao + i (an cos n6 + b, sin n6)
n=1
is summable (C, a+1), where a> —1, to sum s(0), and if
(4.4.2) () > — © for 8 € E,
then
(4.4.3) o*(8) < + o,
(4.4.4) 5(6) = }{oal6) + o2(6)}

at almost every point of E.

Proof(22). Let us suppose first that « is an integer. From (4.4.2) and from
Egoroff’s well known theorem we deduce that there is a subset G of E, of
measure differing as little as we please from that of E and such that

(4.4.5) an(8) > 0al6) — €n for 6 €G,

where ¢, €, - - - is a sequence of numbers independent of 6 and tending to 0.
The functions s(6) and ¢.(f) are measurable, and so if we remove from E
subsets of arbitrarily small measure, these functions will be continuous on the

(21) See Plessner [1] (for the case «=0, 1, - - - ), Marcinkiewicz and Zygmund [1].
(2) Lemmas N and O of this paper are taken without essential changes from Marcinkiewicz
and Zygmund [1].
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remaining set. Without loss of generality we may assume that the functions
$(0) and 0,(0) are continuous on G.

Let 6, be any point of density of the set G and belonging to G, and let
{ﬁn} be a sequence of numbers satisfying the conditions #n@,—w, 6, +8.EG
(cf. Lemma J). It follows from (4.4.5) that

(4.4.6)  3{on(80 + Bn) + on(8 — Bn)} > 3{0aB0 + Ba) + 0allo — B} — €n .
If we introduce the notation

Co(0) = 1a,, C,(6) = a, cos vd + b, sin v forv =0,
N = )\,(") = A,_, cos vB, for0 = v < n,

the left-hand side of the last inequality may be written

a a 1 i (-3
%{%(00 + Bn) + Un(OO - [3,.)} = —;4—‘! Z A,._ycy(Oo) Cos Vﬁ,,
n v=0

(4.4.7) L.
=0 > Co(Bo)M.

n v=0

Let s%(0) denote the kth Cesaro sums of the series (4.4.1). Applying sum-
mation by parts a+2 times, we may represent the last sum in the form

n—a—2 wtl a2 1 otl . .
> 5T 008N 4 — 3 51 i(00AN—; = P + Qo
A2 =0 Ag im0

say. Since 4, 1=A4.;2=0 for u>0, we may write

at2 at? a—i at2—j . & a—i at2—j )
AN = 20 Caya,Aal,A c0s (v + f)Bn = 2, Cay2,iAnyA cos (v + 7)Ba
=0 7=0
=3 40 = 07
7=0

for 0<v=<n—a—2. Assuming for simplicity that s(f,) =0, that is, that

s:+l(00) — 0(n¢+l),

we see that P, is equal to a sum of a1 expressions of the form

o) % o™ = o,

v=0

so that
(4.4.8) P, = o(1).

Since
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i .
A\, = Z:C,«,;.A,,_:'AJ " cos v+ kB for0=<v=n-—j

h=0

‘ the coefficient of s),_;(6o) in A5Q, is equal to

A7 cos nBa + ZC AT cos (n — § + BB,
h=0
. -1 ) )
= A7 cosnp, + 2 0(n" ) = 47 cos n, + O(n")
h=0
forj=0,1, - - -, a+1. On the other hand, the condition s3t*(8o) =0 (m=+1) im-
plies
S:,.(Go) = 0(ma+l) fO]_‘j = 0, 1, cee,a.
Hence,
cos nf, ! ; 0s 18,
On=——2 sn-i(60)AT + 0(1) = S5l 604° + o(1)
n =0 ,, =0

(since A71'=0for j >0).
The left-hand side of the inequality (4.4.6) is equal to P,+Q., and so on
account of (4.4.8) we get

cos nf,

A= Z S,,__,(Go)A + o(1).

n

(4.4.9)  3{ou(B0 + B) + 0060 — B} =

The function o,(0) is by hypothesis continuous at the point 6, with respect
to the set G. The right-hand side of the inequality (4.4.6) tends therefore to
0«(00). From this and from (4.4.9) we deduce that

cos nf,

Z S,._,(GO)A = 0a(80)

lim inf
n—o n

or, since n3,—,
lim sup — Z s,._,(Bo)A < — d4(60).

n—w ” j=0

4.5. Let us now consider the difference

a at1
A
a a+1 n—v n—v
o2(00) — on (60) = Z%Cv(oo){ A¢+1}

(4.5.1) 1

= ————————— 3" v4..C.(60).
(n+ a+1)4Ac E
The last expression is analogous to (4.4.7), except that the factor cos vf, is
replaced by
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(n) 4
4.5.2 V=7 =—
( ) v atatl
which for our purposes possesses the same properties as cos v8,, namely
Ak‘yv = O(”’_k)v k= 0) 1) Tt

(as a matter of fact, A¥y, =0 for £>1). Hence, repeating the argument which
gave (4.4.9), we get

a @ n 1 & ] a—j
(4.5.3)  ou(Be) — ou’ (80) = —_— S s (604 + o(1).
n =0
From (4.5.3) and from the inequality
1 a . a—i
lim sup; Z Si—j(oo)Aj ! = - O'a(oo)y
n—w by =0

we deduce that

lim sup {on(80) — 6:“(90)}

n—o

IIA

- 0',1(00),

or that
Ua(eo) + 0’“(00) <0.

This inequality was established under the hypothesis ¢5**(6)—0. In the gen-
eral case, which may be reduced to the former by subtracting the constant
s(0y) from the series (4.4.1), we obtain

(4.5.4) aa(fo) + o%(86) = 25(8).

This relation holds almost everywhere in G, and so almost everywhere in E.
Hence (4.4.3) is true at almost every point of E.

Let us now change the signs of all the coefficients of the series (4.4.1) and
let us apply the inequality (4.5.1) to the new series. We get that

(4.5.5) aa(fo) + a2(60) = 25(60)

almost everywhere in E, which on account of (4.5.1) gives (4.4.4) at almost
every point of E. Thus Lemma N is proved in the case of integral a.
4.6. Passing to the case of fractional > —1, we set

B=la]+1,

so that a <B<a+1. Let us assume that the series (4.4.1) is summable not
only (C, a+1), but also (C, 8) on E. Let us define the set G in the same way
as before; and let 6, &G be any point of density of G. Let us assume for sim-
plicity that

o(60) — 0.
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Applying summation by parts 8+ 1 times to the right-hand side of the equa-
tion

] ] 1z
(4.6.1) 3{on(00 + Bn) + 0a(60 — Ba)} = - 2- GO\

n =0

(cf. (4.4.7)) where nB,—m, 0, +8,.EG, we get the expression

{1 nB-1 P) " 1 ] . .
F Z 5,(60)A l)w + Z: Z Si—j(ao)A’)\,._i = P, + Q.,
n v=0 n =0

say. To estimate P, we use the formula

8 . . B
AN = X Cpan iAnid 7 cos (v 4 B + Ay cos (v + B + 1)Ba

=0
for0<v=n-—-p-1.
Correspondingly,
8. O(ni—p-1) nBt o 1 "Bl g e
Po= ———" Y odndr + — X s8)Ans cos (v + B + 1)
i Ag y=0 A7 o
1 n—p—1 8 a—b—1
= o) +—— 2 5/(60)4ay  cos (v + B + 1)Ba.
. n v=0

On the other hand, the last expression is equal to

- a—pf—1 B 1 n—p—1 P
€O 1 "5~ Ployas L o4’ | A7 O(n — v)Ba

A : »=0 y=0

n

cos nf, & 8 a—p—1 B nbol 8 a—B
= Z Sv(oo)An—v + E O(A,)O(A”_,)
A:: v=0 : v=0
cosnf, "B, a—p1
= 2 5(60)4.,  +o(1),
Az v=0
so that
cosnB, "Bt g af1
P, = - > 5(00)4n,  + o(1).
n v=0

Furthermore, from the formula

a—j j—

. i
AN = D Ciadaia™ cos (v + B)Ba
h=0

we get
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=— Z $nzi(6) Z Cindi 0B + — Z sa_i(00)A;

n i=0 An =0
= Z E o(n Yo(n™) + A,. E SV
cos nf,
= o(1) + Z) SniB0) 4]
A= i3

Hence the expression (4.6.1) is equal to

(4.6.2) °°;:'B { SR Y i Sy } + o(1).

n v=0 =0

Since nf,—w, 0y 8. EG, it follows that

439

cos 7B,

1 n—p—1 a—f B . i
(4.6.3) lim sup—a{ 3 S04+ Y s (004 ’} < — aa(b0).

n—wo n y=0 =0

Let us now consider the equation (4.5.1). The argument which transformed

(4.6.1) into (4.6.2) gives

a a+1
Un(oo) - 0',,+ (00)

(4' .6. 4) n 1 { n -l a—B—1 8 i a—
= $,(00)A s Sn—i(f0)A ;
ntatld: Z 2 (60) +]§; 100)4

Comparing this with (4.6.3) we get

lim sup {os(60) — o' (B0)} = — oa(B0),

J
or

a%(60) + 0a(60) =
If s(80) #0, this inequality is to be replaced by
(4.6.5) : %(6o) + 04(60) = 25(60).

"} + o(1).

This gives g(0,) < + =, and so (4.4.3) is true almost everywhere in E. Hence
applying (4.6.5) (with 8, replaced by general 8) to the series obtained from
(4.4.1) by changing the signs of the coefficients of the latter series, we obtain

o%(8) + oa(8) = 25(6)

and so (4.4.4) is true almost everywhere in E.

4.7. We have therefore proved Lemma N also in the case of fractional «,
but under an additional assumption, namely that the series (4.4.1) is sum-



440 J. MARCINKIEWICZ AND A. ZYGMUND [November

mable not only (C, a+1), but also (C, 8) in E. To remove this assumption
we may argue as follows.
First of all, the argument of the preceding section shows that if
(4.7.1) 0a(6) > — o,  on(8) = 0(1)
for 6EE, then o%(f) < 4+ =, that is,

(4.7.2) ox(6) = 0(1)

almost everywhere in E. On the other hand, since 8>, the hypotheses of
Lemma N imply that

os(6) > — @, o (6) — s(6) on E,

and applying Lemma N in the case of integral « (now 8) we get that

ai(o) = 0(1) almost everywhere in E.

It follows that under the conditions of Lemma N (in the case of fractional «)
the relations (4.7.1) are true at almost every point of E, so that also (4.7.2)
holds almost everywhere in E. Now, on account of Lemma H, the series
(4.4.1) is summable (C, B8) at every point 8 at which

oa(6) = 0(),  at(6) — s(6).

Hence, under the conditions of Lemma N, the series (4.4.1) is summable (C, 3)
almost everywhere in E. This completes the proof of Lemma N in the case
of fractional a.

4.8. LEmMA O. Suppose that for some a> — 1 the series

(4.8.1) 1a, + X (a, cos v + b, sin »6)

r=1

satisfies at every point of a set E of positive measure the condition

(4.8.2) — 0 < 0,(0) £ 0%(6) < + o,

and that the conjugate series

(4.8.3) > (a, sin 8 — b, cos f)
v=1

s summable (C, a+1) in E. Then at almost every point of E the following cond:-
tions are satisfied: '

(4.8.4) — @ < 3 0) £ 7(0) < + o,
(4.8.5) 5(6) = 3{5a(0) + 58},
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(4.8.6) 74(0) — Fa(0) = o%() — 0a(6).

Proof. The argument is so similar to that of Lemma N that we may con-
dense some parts. Let G be a subset of E such that the functions ¢.(f) and
o%(0) are continuous on G, and that

0a(8) — €0 < 00(6) < 0u(6) + €n onG,

where {e,.} is a sequence of numbers tending to 0 and independent of 6. The
measure of G may be as near to that of E as we please. Let 6, be any point
of density of G belonging to G, and let 3, be a sequence of numbers satisfying
the conditions

(4.8.7) nB, — 3T 6o + B, €G.
Using the notation
Co(6) = 0, C,(6) = a, sin v — b, cos 18 forv >0

we have the formula

« a 1 o~ a .
(48'8) %{%(00 + ﬂn) - O'n(oo - Bn)} = - ;1—; Z Cr(ao)An—v sin »B,.
n v=0
Here the right-hand side is analogous to the expression (4.4.7), with C,(6,)
replaced by C,(6o), and cos »8, by —sin »B3,. Let §(8) denote the Cesaro sums
of the series (4.8.3), and let us assume first that §(6,) =0.
In the case of integral o we get from (4.8.8) the formula

sin nf8, &

A =0

n

Si_i00)AT + o(1)

{60 + B2) — 0alo — B} = —

analogous to the formula for P,+Q., in §4.4 (cf. (4.4.9)). Hence, making n
tend to + « and using (4.8.7) we obtain

(4.8.9)  — lim inf i > 50045 = 30 00) — 0ul0r)).

n— oo n =0

Simultaneously we consider the formulg for #%(00) —5+'(00), which is anal-
ogous to (4.5.1), with C,(6,) replaced by C,(,). It follows that

w09 — 710 = — fggsi_,-wom?"' + o)
(cf. (4.5.3)). From this and (4.8.9) we get
— Fa(80) < 3{0%(60) — 0al60)}.
If 5(60) #0, this formula takes the form
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Fa(8)) — 3(00) = — 3{0%(60) — 0a(b0)}.

Applying this inequality, which is true for almost every point 6, of E, to the
series (4.8.3) multiplied by —1, we get the inequality,

F(60) — 5(60) = 3{0°(60) — 0a(B0)}.

The last two inequalities show that the series (4.8.3) is finite at the point 6,
and so almost everywhere in E.
Subtracting the last two inequalities we get the inequality

aa(OO) - Ea(oo) é 0“(00) - O'a(ao),

true almost everywhere in E. The inequality opposite to this is also true, for
the series (4.8.1) is summable (C, a+1) almost everywhere in E (Lemma M),
so that under the hypotheses of Lemma O the series (4.8.1) and (4.8.3) play
symmetric parts. (In particular, (4.8.5) is a consequence of the formula (4.4.4)
in Lemma N.) It follows that (4.8.6) is true at the point 6o, and so almost
everywhere in E. This completes the proof of Lemma O in the case of inte-
gral a. :

4.9. In the case of fractional @ > —1, the argument is identical with that
of §4.6, provided we assume that the series (4.8.3) is not only summable
(C, a+1), but summable (C, 8), where 8= [a]+1, in E (or almost everywhere
in E).

It is therefore sufficient to show that if « is fractional the hypotheses of
Lemma O imply that the series (4.8.3) is summable (C, 8) almost everywhere
in E. First of all it may be remarked that if the series (4.8.1) is finite (C, o)
and the series (4.8.3) finite (C, B) almost everywhere in E, then the series
(4.8.3) is also finite (C, @) almost everywhere in E (the proof is substantially
the same as the proof of the fact that if the series (4.8.1) is finite (C, &) and the
series (4.8.3) summable (C, 8) in E, then the latter series is finite (C, a) almost
everywhere in E). On the other hand, the conditions of Lemma O imply that
the series (4.8.1) is finite (C, 8) and the series (4.8.3) summable (C,8+1) in E,
so that, using the lemma in the case of integral «, we see that the series (4.8.3)
is finite (C, B), and so also finite (C, o), almost everywhere in E. Being finite
(C, @) and summable (C, a+1) almost everywhere in E, the series (4.8.3) is
summable (C, 8) almost everywhere in E (Lemma M). This completes the
proof of Lemma O in the case of fractional «.

4.10. Theorems 1 and 2 may now be proved in a few lines. Let us start
with Theorem 1.

If the series (1.1.1) is summable 4, and if ¢,(f) > — « at every point of a
set E, then that series is summable (C, a+1) in E (Lemma I). The conjugate
series (1.1.2) is then summable (C, a+1) almost everywhere in E (Lemma M).
Theorem 1 is then a consequence of Lemmas N and O.

In order to prove Theorem 2, it is sufficient to show that under the hy-
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potheses of that theorem the series (1.1.1) is summable 4 almost everywhere
in E, for then Theorem 2 will follow from Theorem 1.

From the hypotheses of Theorem 2 it follows that the series (1.1.1) is
finite (C*, @) almost everywhere in E (Lemma K), and so finite A* almost
everywhere in E (Lemma F,;). From Lemma L it follows that the series (1.1.1)
is summable 4 almost everywhere in E.

This completes the proofs of Theorems 1 and 2.

Part 11
5. THE CASE OF POWER SERIES

5.1. By K({; ) we shall denote the interior of the circle K({; 7), that is
the set of points z such that Iz—g‘ | <7. Similarly, by A%({; 7, R) we shall de-
note the interior of the annulus A(¢; 7, R).

Let us suppose that the power series

(5.1.1) > ot

v=0
is summable (C, a+1) at a point 6 to sum £(f). Let 75(6) denote the ath
Cesaro means of the series (5.1.1). It will be convenient to consider the set of
the limit points of the sequence of numbers

a(6) — 4(8), n=012---.

This set of limit points we shall denote by L{(8). The set L{(6) is obtained
from L,(6) by translating the latter by —¢(6).
The proof of Theorem 3 will be based on the following lemma.

LeMMmA P. Suppose that the series (5.1.1) is summable (C, a+1) (where
a> —1) for every 0 of a set E of positive measure, and that for every 0 of E the set

L1(6)

does not contain any point of a fixed circle K°(¢; r), with [ ¢ | 2r. Then, for
almost every 0 of E, the set LY(0) does mot contain any point of the annulus

A%O; & =7, ] ).

Proof. Let {8.(6)} denote the sequence of functions defined on the set E
by the equation

3.(6) = max (0, 6,(6)),  where r — 8,(0) = inf |7, (6) — #(6) — ¢ |(*¥).

The functions 8.(8) are measurable on E. They form a sequence decreasing
monotonically to 0. For a fixed 6 and for »=#, the numbers 75(0) —£(6) lie
outside the circle K°(¢; r— 6.(0)).

(®®) By inf,>n ¢, we mean the largest lower bound of the sequence ¢4, cny1, - - -
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Let G denote any subset of E on which the functions 8,(0) tend uniformly
to 0 and such that the function £(6) is continuous on G. Let 6, denote any point
of density of G belonging to G. Lemma P will have been proved when we have
shown that the set L(6,) contains no point of the annulus A%(0; | §’| -7,
[; | +7). Without loss of generality we may assume that

(5.1.2) 1(6e) = 0.

Let A be any real number and let {ﬁn} denote a sequence of numbers such
that
nB.—N\, bo+B.EGforn=20,1,2,---.

By #£(0) we shall denote the kth Cesiro sums of the series (5.1.1). On setting

C,(0) = c,e™ for » = 0,
po= ) = Ane for0 = v £ n,
we get the formula
a 1 » a B 1
Tn(o() + Bn) = — E An—vcv(eo)e = Z Cv(oo)ﬂv-
A‘,", y=0 Af,‘ y=0

This formula is entirely analogous to the formula (4.4.7). Since for our pur-
poses the numbers e”#» have the same properties as the numbers cos v,
(namely

Akeil‘ﬁn = O(I ﬁn‘k) fOI' k = Oy 17 21 T )’

the argument which led from (4.4.7) to (4.4.9) gives in the case of integral «
the formula

einﬂ" a

T 2 6945 + o).
j=0

n

(5.1.3) Ta(fo + Ba) =
Similarly, starting with the formula

1 T
———— — 2 vA..,Ci(60),
nta+1 A:E” (6o}

analogous to (4.5.1), we get the formula

a a+1l
7a(80) — 7a (80) =

1 a . )
5.1.4 200 — 7o 0) = ———— —— 34 (04 + o
( ) 7a(00) — 1n (60) n+a+1A‘;§ i(00)A; ~+ o(1)

corresponding to (4.5.3).
From (5.1.2), (5.1.3) and (5.1.4) it follows that

;npnn+a+l
n

(5.1.5) Ta(80 + Bn) = € 72(60) + o(1).
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Since 7271(6y)—0 (cf. (5.1.2)), we have 51!(6,) =o0(n*+1), so that

£200) = 127 (80) — t21(00) = o(n"™).
Hence
7-:(00) = o(n).

It follows that the factor (r+a+1)/# on the right-hand side of (5.1.5) may
be suppressed, and the formula may be rewritten in the form

'mﬁn

(5. 1.6) Tn(eo + ﬂn) = T,,(Oo) + 0(1)

This formula was obtained under the condition (5.1.2). The general case
may be reduced to this special one by subtracting ¢(6,) from the constant term
of the series (5.1.1). The formula (5.1.6) then takes the form

—"'ﬁn{

(00 + Bn) — 880)} = {ra(60) — #(60)} + o(1).

Since however the function £(f) is by hypothesis continuous at the point 8,
with respect to the set G, so that

t(60) — (60 + B) — 0,
we get

(5.1.7) € "{ra(00 + Ba) — (00 + Bu)} = {7a(80) — t(80)} + o(1).

The formula (5.1.5), and so also the formula (5.1.7), holds in the case of
fractional o> —1, for then instead of (5.1.3) we have

« infn ( n——1 «
Tn(oo + Bn) = i‘l { Z tv(oo)An—f ' + Ztn—i(BO)A } + 0(1)

n v=0 =0

(cf. (4.6.2)), where 8= [a]+1, and instead of (5.1.4)

7a(60) — Ta" (60)

" {n_flt"(o Vit SN 7} ot
ntat+1 s\ S T TS

(cf. (4.6.4)).
By hypothesis, the points 6o4f8. belong to G, so that the number
75(00+8.) —t(60+8,) lies outside the circle K°(¢; r—8,), where

8, = sup 6,(0)(*) for 6 €G.

It follows that the left-hand side of the equation (5.1.7) does not belong to
the circle K°(¢te—i"8; r — 6,).Since #83,—\ and §,—0, the set L{(6,) lies outside

(%) In other words, 8, is the least upper bound of the sequence § 5,.} on G.
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the circle K°({e—#; r). It is now sufficient to observe that A is an arbitrary real
number, so that the set L{(0,) lies outside the annulus A%(0; ] ¢ | —7, | ¢ | +7).

This completes the proof of Lemma P.

5.2. It is now easy to prove Theorem 3.

Let Z denote the set of points 6 belonging to E and such that the corre-
sponding set LI(0) is not of circular structure. The sets L{(8) are closed. For
every 0 of Z there is then a circle

(5.2.1) Ko¢;7) with | ¢| = 7,

such that

(i) L¥(8) contains no point of K°(¢; 7);

(ii) L$(0) contains points of the annulus A°(0; ,§‘| -7, |§’| +7).

We may suppose that the circle (5.2.1) is rational, that is, the three num-
bers &, n, r, where £+in={, are rational.

Let Z;, denote the set of points 6 of E satisfying conditions (i) and (ii).
By Lemma P, every set Z;, is of measure zero. Since

Z=>Ztr

where it is sufficient to extend summation over all rational circles K°({; 7),
the measure of Z is equal to 0.

This completes the proof of Theorem 3.

5.3. We now pass to the proof of Theorem 4. The theorem being obvious
for «=0, we may assume that a>0. We have already observed in §1.4 that
it is sufficient to prove the relation (1.4.2).

From the formula

a n + a o

An = An—l
n
we deduce that
a a
inb i A — A —y—1 wh
r:(B) - f:_1(0) =ce + Z( =T )c,e
=0\ A7 A‘; 1
a—1
inb nl Aw—v vo
=ce + Z ve,e
y=0 nAa

It is therefore enough to show that the expression

a—1

ol g [n/2] n
Z V| e =E+ E =S1+ S, -
y=0 "A: y=0 v=[n/2]41

say, tends to 0. Now

O(nu—l) [n/2]

S = S la] =003 ] 6] = o),

”A : y=0 y=0
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on ol a— —a, a— —a «
Sy = (n) Z An—yl= o(n )ZAu = o(n )An = o0(1).
AL e [n2141 =0

This completes the proof(%).

6. STRONG SUMMABILITY OF TRIGONOMETRIC SERIES

6.1. We shall now prove a theorem on the strong summability of conju-
gate trigonometric series.

The series Y i ¢, is said to be strongly summable (C, 1)—or simply strongly
summable—with index ¢>0, to sum s, if

1 n
n+1§|s,—slq—>0 for n — o,

where s, denote the partial sums of the series considered.
THEOREM 5. If the series

(6.1.1) 1a0+ Y (@, cos v8 + b, sin »0)

r=1

is strongly summable, with index ¢ 2 1, at every ipoint of a set E, then the conju-
gate series

(6.1.2) Y- (a, sin v8 — b, cos »6)

y=1
s strongly summable, with index q, almost everywhere in E.

This theorem was stated by us in an earlier paper(?), with a sketch of
proof. Since however the theorem has meanwhile been used in the proof of
another result(?"), we shall repeat here the proof of Theorem 7 in more detail.

Proof. Since ¢= 1, the condition

1 n
(6.1.3) mgl 5,(8) — s(8) |2 —0
implies

l n
(6.1.4) m;ls,w) — 50| =0

for 8€E. In particular, the series (6.1.1) is summable (C, 1) in the set E. It

(%%) A similar argument shows that the theorem holds in the case —1 <a <0, provided we
replace the condition ¢,—0 by ¢, =0(n%).

(%%) See Marcinkiewicz and Zygmund [1].

(27) See Marcinkiewicz [1].
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follows (Lemma M) that the series (6.1.2) is summable (C, 1) at every point
of a set E, contained in E and of the same measure as E. Let §(f) denote the
(C, 1) sum of the series (6.1.2), and let G be a subset of E; such that

(i) the function 5(0) is continuous on G,

(ii) the relation (6.1.3) holds uniformly on G.

Theorem 5 will have been proved when we have shown that (6.1.2) is
strongly summable at every point 6, of G which belongs to G and is a point of
density of G. Having fixed such a point 6,, we may assume without loss of
generality that

#a(60) — 0.
Let {@.} be any sequence of real numbers such that
(6.1.5) na, — ir, 6o + a, €G for all n > n,.

From the formula

- Z (ay sin pby — b, cos pfy) sin pa,
p=1

/(80 + aa) — 5,(60 — an)

— 5,(80) sin van — 51_1(60)A sin (v — 1)an

—2
1 2 .
— Z 5.(00)A" sin pan
p=1
it is easy to see that
5,00 + an) — $,(00 — an) = — 5,(00) sin va, + €0 for0 = v ==,

where ¢,,, tends to 0 when v— o, n=v.
Hence

| 5,(00) | 2] sin vera [2 = { ] 5(80 + @a) — 500 + @) | + | 5(B0 + @n) — 5(80 —exa) |
+ | 5B — @n) — 5,80 — @) | + | em] }o

and so

1 n 4q—l n
-m E! 5,(60) Iql sin vanlq = ;:—1 f::ll $,(00 + an) — s(60 + an) |‘1

q—1 n
+n+lf‘:.lls<oo+an) — 580 — @) |9
(6.1.6) T
+n+1vz—:1|8(00—an) —Sv(oo—an)lq
4q—1. n
+ Zlemlq.

n‘+1v—l
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The first and third terms on the right tend to 0 as #— «, since the points
69 + o, belong to the set G, on which the relation (6.1.3) holds uniformly. The
second term on the right also tends to 0, for it does not exceed the expression

491| 5(8g + an) — (60 — an) [1—0

(cf. condition (i)). Since the last term on the right obviously tends to 0, the
left-hand side of (6.1.6) tends to 0. On account of the first relation (6.1.5) we
get

n

(6.1.7) > 15.(60) |2 = o(net).

r=1

Let S, denote the sum on the left of (6.1.7). Then

n n

S50 |t =X (S = Sy = 3 S,m1 — (v + 1)=0) + Sy

y=1 y=1 v=1
n—1
= > 0(r™)0(rY) + o(n*)n=1 = o(n).
r=1

This completes the proof of Theorem 5(28).
6.2. A slight modification of the above argument gives the following more
general result.

THEOREM 6. Let ¢(u), u=0, be a convex strictly increasing function vanish-
ing for u=0. There is an absolute constant N >0 with the following property. If,
for any series (6.1.1), the sequence ¢( s,(0)—s(0)|) is summable (C, 1) to 0 at
every point 0 of a set E, the sequence 4)()\] 5,(6) —§(0)| ), where 35(0) is the (C, 1)
sum of (6.1.2), is summable (C, 1) to 0 almost everywhere in E.

We may take for example A=1/10.

7. GENERALIZATION

7.1. Theorem 3 deals with power series; Theorems 1 and 2 with real parts
of power series. It is natural to inquire how far the results we have obtained
hold for Dirichlet’s series

(7.1.1) > e ™, MDA < s <Ny 0,

v=1

or, more generally for the Stieltjes integral of the type
(7.1.2) f edC(N),
0

(28) The above proof holds in the case 0<¢g<1, if we add the condition that the series
(6.1.2) is summable (C, 1) in E.
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where C(\) is a function which is of bounded variation over any finite interval,
and s =u+14v is a complex variable.

It is not difficult to show that the results we proved for power series hold
mutatis mutandis for Dirichlet’s series and for the more general integrals
(7.1.2). The extensions must of course use the theory of arithmetic means of
the integrals of the form (7.1.2).

The arithmetic means 7 of order « for the integral (7.1.2) are defined by
the formula

(7.1.3) Tu(s) = fo w<1 - %)ae—“dC()\),

where w is a continuous variable tending to + «, and « is any non-negative
number. In the case of a Dirichlet series the expression (7.1.3) reduces to
M. Riesz's typical means.

Let A(N) and B(\) denote respectively the real and the imaginary part of
the function C(\), so that

C\) = A\ — iB()\).
If we suppose that the variable s is purely imaginary,
s = — 1o,

then the real and imaginary parts of the integral (7.1.2) are respectively equal
to the integrals

o

(7.1.9) f cos MvdA(\) + sin Avd B(N),
0

(7.1.5) f — cos AMdB(\) + sin AvdA()N),
0

and the second of these integrals will be spoken of as the conjugate to the first.
If we denote the arithmetic means of order « for these two integrals by o5(v)
and &5, (v) respectively, then

ou(v) = j;w (1 - %)a(cos MdA (N) + sin MdB(X)),

« w x a
T.(0) = f (1 — ;) (— cos MvdB(\) + sin NvdA (N)).
0

Let us write

lim inf oy(v) = 0u(v), lim sup 0w(v) = 0%(v),

w—r o

o%(v) — 0a(1) = wa(1),
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and let us define similarly the functions .(v), 3%(v), w.(v) corresponding to the
conjugate integral. Then the analogues of Theorems 1 and 2 for the integrals
(7.1.4) may be stated as follows:

THEOREM 1’. Suppose that the integral (7.1.4) is summable A to sum s(v),
at every point of a set E of positive measure, and that for an a =0

ga(v) > — o0, v € E.

Then at almost every point of E we have the relations

(1.1.6) a2(v) < + oo,
(7.1.7) — 0 < G,.(v) = 7%v) < + o,
(7.1.8) Ba(v) = wa ().

Moreover the integrals (7.1.4) and (7.1.5) are summable by the arithmetic
means of order >a at almost every point of the set E and
(7.1.9) s() = 3{oa(0) + o=()},
(7.1.10) 5(0) = 3{5.(0) + 7(v)},

almost everywhere in E, where §(v) denotes the value of the integral (7.1.5) by
the method of arithmetic means of order a.

THEOREM 2’. If the arithmetic means 5(v) of order o of the integral (7.1.4)
are bounded at every point of a set E of positive measure, then at almost every
point of E the integrals (7.1.4) and (7:1.5) are summable by the arithmetic means
of order >a, and we have the relations (7.1.7), (7.1.8), (7.1.9), (7.1.10).

In order to state the analogue of Theorem 3, let us suppose that the in-
tegral

L]

(7.1.11) f ¢™dC(N)
0

is at every point of a set E summable by the method of arithmetic means to
the value ¢(v). By L#(v) we shall denote the set of limit points of the expression

7u(v) — #(2) (*)

(considered as a function of w), so that L(v) is the set of the numbers

¢ = lim {ry, () — t(u)}

fn—ow

(2*) By 7%(v) we mean the expression

fo ’ (1 - %)ac‘“dC(k).
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where {w,} is an arbitrary sequence of real numbers tending to infinity. Then
we have the following.

THEOREM 3’. Suppose that at every point of a set E the integral (7.1.11) is
summable by the method of arithmetic means of order a+1, where =0, to the
value t(v). Then at almost every point of E the set L=(v) is of circular structure
with center t(v).

There is no need to give here the proofs of Theorems 1/, 2/, 3/, since they
are wholly analogous to the proofs of Theorems 1, 2, 3. The theories of arith-
metic means for ordinary series and for the integrals of the form (7.1.2) re-
semble so closely one another, and the technique of dealing with the arith-
metic means of integrals is now so developed and so familiar (thanks mainly
to the work of M. Riesz and G. H. Hardy(??)) that the passage from series to
integrals usually requires no new ideas.
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