NORLUND SUMMABILITY OF DOUBLE FOURIER SERIES

BY
JOHN G. HERRIOT

1. Introduction. Throughout this paper the function f(¢, ) is assumed to
to be Lebesgue integrable over the square Q (—m, m; —w, ) and to have
period 27 in each variable. The double Fourier series of f is denoted by o (f)
and the rectangular partial sums of ¢(f) are denoted by sm.(x, ¥; f). To say
that a method of summability S possesses the localization property means
that if f vanishes in a neighborhood of (x, y) then S sums o(f) at (x, y) to 0.
It is well known that the Cesiaro method (C, 1, 1), for example, does not
possess the localization property. G. Griinwald [2](?) has shown that at any
point (x, y) of continuity of f the square partial sums s..(x, y; f) are sum-
mable (C, 1) to f(x, ¥). Thus (C, 1) applied to the square partial sums pos-
sesses the localization property. We show in §5 that this is the best possible
result.

In this paper we shall apply Nérlund means to o(f). To define the Norlund
mean of {s,,,.(x, v f) } let { p,.} be any sequence of constants. Let P, = s_ops
#0. The Norlund mean is

1 .»
Z ?n—kskk(xr y!f)’
P, im0

(1.01) t(x, y; f) =
If ¢.(x, v; f) tends to a limit as #— » the sequence {s,,,.(x, y;f)} is said to be
summable N, to this limit. We shall consider only regular Nérlund methods
of summability. The conditions of regularity for N, are(?)

(1.02) - > |pel =0 Pu]), pa/Pr—0 as n— .
k=0
Cesaro (C, @), >0, is clearly a regular Nérlund method.
We shall also consider a double Nérlund transform of {smn(x, y; f) } Let
{ f,')} (k=1, 2) be two sequences of constants. Let Pf.k) =Z;'_op,"‘)7é0. Then
the double Nérlund transform is

1 =@
> DPmoipnisin(x, ¥; f).

(1.03) tun(2, 33 1) = 20 5 P2

We shall restrict the manner in which m, n— . If, for any A= 1, tma(x, v; f)
tends to a limit when m, n— « in such a manner that m/n <\, n/m <\, this
Presented to the Society, September 11, 1940; received by the editors May 26, 1941.

(*) The numbers in square brackets refer to the bibliography at the end of the paper.
(®) See, for example, Hille and Tamarkin [4, p. 758].
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limit being independent of A, then o(f) is said to be restrictedly summable N,
at (x, y) to this limit. (C, a, B) is clearly a double Noérlund method.

In §§5 and 6 of this paper local conditions are imposed on the function
whose double Fourier series is under consideration in order to discover which
of these methods of summability possess the localization property and which
do not. In §§7 to 11 methods of summability which sum o(f) almost every-
where to f are studied. Theorem 5 is a generalization of and includes the re-
sult of Marcinkiewicz and Zygmund [6]. When the present paper had been
prepared for publication the author received a copy of a paper just published
by Griinwald [3] in which it was shown that the sequence {s,m(x, ¥ f)} is
summable (C, 1) almost everywhere to f(x, y). However, by Corollary 6.1 of
the present paper, this result is true also for (C, ), >0. Both Corollary 6.1
and Theorem 6 from which it follows were established several months before
the appearance of Griinwald’s paper. Indeed the result of Corollary 6.1 was
known much earlier, for, on reading the proofs of a paper of Marcinkiewicz
[5] in which it was shown that the sequence {s,.(x, ¥;f)} is summable (C, 2)
almost everywhere to f(x, ¥), Zygmund pointed out that the result could be
extended to (C, «), @ >0. But Marcinkiewicz did not wish to change his paper
and so the result was not published.

2. Basic formulas. The following notation will be employed throughout
this paper. Let

¢zv(t’u‘) =f(x+t,y+u)+f(x+t,y—u)+f(x'—ly)‘+“)
+f(x—tv y = u) - 4f(xy y)'

It is well known that

(2.01)

1’ L Ld
(2.02) Sma(%, 35 f) = pr f f f(x + t, ¥ 4+ w)Dn(t)D,(w)dtdu

where D,,(t) denotes the Dirichlet kernel. Then

(2.03) t(x, y; f) = f Tf ff(x + ¢, vy + u) K.t u)didu

where

1 @ |
Z pn—ka(t)Dk(u)

Wan k=0
1 ™ p
- mP, IE)

Clearly K, (¢, u) is an even-even function of ¢ and % and

f f K. (¢, w)dtdu = 1.

K.(t, u) =

(2.04)
wtk Sin (k + 3)¢ sin (k + 3)u

4 sin 3¢ sin 1y
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It follows that
.05t 93 f) — Sz ) = f " f " b ealls 0 Knlt, w)didu.
In order to obtain alternative forms for K, (¢, #) we set
(2.06) Balt) = 3. prett = 3° pu cos bt + i3 pu sin bt = Ga(t) + iBa(t).

k=0 k=0 k=0

Now sin (k+3)¢sin (k+3)u= —%[cos (k+3)(t+u) —cos (k+1)(¢t—=)] and

3 pascos (k+ (£ w) = 3 pucos (n — k + B + u)

k=0 k=0

=Gt £ u)cos(n+ 3¢ + u)

+ &t £ u) sin (n + 3)(¢ £ ).
Substituting in (2.04) we have

K.(t, w) = — (8x%P, sin 3¢ sin 34)~1{C.(¢ + u) cos (n + 3)(¢ + u)
(2.07) + Sa(t + u) sin (n + §) (¢ + u)— €.(¢t — u) cos (n+3)(t — w)
— Gu(t—w)sin (n+ 3t — w)}.
If we apply the mean value theorem to this we obtain
Ka(t, w) = — u(4x?P, sin 3¢ sin 3u)~1{ — C.(£1)- (n + 3) sin (n + D&
(2.08) 4G () cos (n + 11+ Gulte) - (n + 3) cos (n + i
+ &4 (&) sin (n + D}, t—usbh bSt+u
Forming the double Nérlund transform of sm.(x, y; f) we have
@

@09 tm(n i) = [ [ w15+ 0WLOND Gaan

where

* ..
k) 1 & ow 1 & pajsin(j+ 3

2.10) N, (®) = wiD;i(t) = - k=12,

( ) () TP”(,‘)EP 7 1() WP,(,k)igo ZSin%t ’

Thus N (¢) is an even function of ¢ and

f NPwar =1, E=1,02.

We easily deduce that

1) (2)

(2.11)  tun(x, ¥; ) — f(x, 3) = fo i fo 'qS,,,(t, wW)Nn ()N, (u)dtdu.
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Defining BL(¢), € (¢), S¥(t) analogously to (2.06) and proceeding as in
the deduction of (2.07) we obtain

(k)

(2.12) N.2()) = (2nPy” sin 3)-1{€(¢) sin (n + 3)t — Sy (¢) cos (n + $)t},

k=1,2.

3. Estimates of the kernels. We require estimates for K,(¢, ) and NP,
We shall assume throughout this section that the sequences { p,.} and { &»
(k=1, 2) satisfy (1.02) and that #|p.| =0(| P.]|), n| p®| =0(] PY®|). All
{pn} and {pP} used in our theorems satisfy these conditions.

Since | Di(f)| <k+1/2, it follows from (2.04) that(?)

(3.01) | Kat, w) | £ An?, nz1,all ¢ u
Also from (2.04) we have
(3.02) | Kult, w)| < A/tu, 0<tusxm.

In the same way from (2.10) we obtain

(3.03) | ¥ @) | < An, nz1, alt k=12

In order to obtain further estimates for the kernels we need to estimate

B.(¢) and B (¢). We put

(3.04) | pal| = 7m, R.= >, Vo =0, Va= 2| o6 — prl,
k=0 k=1 .

and introduce the step functions

(3.05) r(u) =rw),  R(w) = Ry,  V(u) = Vi,

where [#] as usual denotes the largest integer less than or equal to #. Let us
note that by (1.02)

S Xt =Ro= 2| pe|'= 4| P.].

k=0 k=0

2 b

k=0

(3.06) | P.|=

Proceeding as on p. 768 of the paper of Hille and Tamarkin [4] and noting
that t=7(1/t) S AR(1/t) we have -

(3.07) ,‘B»(Z)léA{R<%>+—1—[rn+Vn——V<%>]}, %bt -323

=t =
If we set
k d k
(3.08) vt = iEjer = o { Sk,
i=0 dt \ ;5

(®) Here and in the sequel the letter 4 denotes an absolute constant. The constant need
not be the same at every occurrence.
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then for 1/n<t<3m/2 we have |tU}| <An (k=0, 1, 2, - - -, n). Using this
fact and proceeding as in proving (3.07) we get

(3.09) [BI®] éAn{R(%> +%[rn+ Va— V(%)]} _::g i < il

Then for ¢, u>0,1/n<t+u=<3r/2, |t—u| =1/n we have

| Kot )| = thu{R<t -|l- u)+t -i u[r"+v"_ V(t -}1- u)]
+R<|tiu[)+ |ziu”|['"+"”"v(|‘ti_u|)]}’

- An 1
| Ka(t, w) | < R
Gy R,,(t+u){ (It—ul)y

+|t—i—u—l[r,.+ Vo V(t 41_ u)]}

Relation (3.10) follows from (2.07) and (3.07); (3.11) follows from (2.08),
(3.07) and (3.09) if we note that K,(¢, u) = K,(u, t) and that {+u < 2¢in case
t—uz=1/n.

Analogously to (3.04) and (3.05) we can define *®, R®, v® ,®(y),
R®(u), V®(u) and obtain an estimate for I‘Bf,"’,(t)l similar to (3.07). Then
from (2.12) we have 4

(3.10)

(3.12) | NP0 S A{MS () + M () + Mas B}, InsSt<mk=1,2,

where

*) 1 w1 *) 1w
Mo (®) = RO R (7)’ Mo () = 2R ™o

1 1
M0 = {V,(,k) - V""(-)}, E=1,2.
£2R(® t

Estimating $.(¢) and PP (¢) as on p. 767 of the paper of Hillle and
Tamarkin [4] we obtain from (2.07) and (2.12), respectively,

(3.14) | Ku(t, w)| < {4Q)/R} (Vo + 1},

0<é6<ttusmit+us22r—3 |t—u|=s,

(3.15) NP = {40 /REHVE +4P), o<ssism k=12

(3.13)

where 4 (8) depends only on é.
Finally we consider the (C, 1) kernel Kj(¢, ») which is a special case
of K,(t, ) when p,=1. In case n=1, 0=¢=w, 0Su=<7/2 or 0=<t=w/2,
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m/2 =u =w we shall show that
An?

(1 + n3/2t3/2)(1 + n3/2u3/2)
n An?
[t + w32| £ — w|#2][1 + w32t + w)3r2]

| Kat, w) | <
(3.16)

the positive square root being taken in all cases. Since p,=1, we have r,=1,
P,=R,=n+4+1,V,=0(n=0,1,2, - -.). Then, from (3.01), (3.02), (3.10) and
(3.11) we have, respectively, :

(3.17) | Kt w) | < An’, n=1,al b u

(3.18) | Kalt, w)| < A/tu, 0<t,usm

(3.19) | Kalt, w)| < +—2 Leivus™
ntu(t +u)  mtu|t— u| n 2

(3.20) lK,’.(t,u)|§—-—-A——— lt—ulg—l—, t,u>0.
|2 —u| @+ w) n

Let D be the part of the domain under consideration in whicht<2/n,4<2/n,
D, that part in which ¢>2/n, #<1/n, D, the part in which 0=<¢t—u=<1/n,
t>2/n, u>1/n, D¢ the part in which ¢>2/n, 1/n<u=<t/2, Ds the part in
which t>2/n,t/2<u<t—1/n, and D3, Dy, D4, Dy the domains symmetric to
D,, Dy, Ds, Dy, respectively. Then (3.16) follows from (3.17) in D;, from (3.20)
in Ds, from (3.18) in Dy, and from (3.19) in D¢ and Ds. It follows in Dj, Ds
D3, Dy by symmetry. Thus (3.16) is completely established.

4. Preliminary lemmas. The following lemmas concerning the Nérlund
coefficients p, and P, will be useful.

LemMMa 1. If D i ik|pe—pis| =O(| P.|), then n|p.| =0(|P.|) and
Z:-Olpkl =0(an|)°

LIEMITA 2. If 5y ey or—pr—1| =O(| P.|), then n=0(| P.|) and 3 p.,| Pi| /&
=0(| P.|).

It is clear that the hypothesis of Lemma 2 implies that of Lemma 1. These
lemmas follow easily from the relations

: k
Po= (k4 Dpr+ 2 j(pima — 93,

i=1
pr=1tat+ 2 (pisa—pi), k=01,2,---,n—1
i=k+1

We may also easily establish the following analogue of Abel’s partial sum
formula.
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Lemma 3. Let {a}, {bin} be two sequences. Let
A1o@ik = @ik — Giy1,k Api@ix = @ik — @jks1, Anajx = Andioar.

Similarly deﬁne Alob,'k, Aolbjk, A[lbjk. Then

m,n m,n m
> aphubix = > b1 — 2 bjaAw@i1,a1
jmc bmd jmcik=d e
m n
+ 2 bjn418108j—1,n — Z berBo1Ge—1,2—1
(4.01) jmc k=d

+ D bmi1,48018m k-1 + Go1,a1bea

k=d
- am.d—lbm+l,d - ac—l,nbc,n+l + amnbm-}—l.n+l-

5. Local results making use of square partial sums. Our first theorem ex-
tends the result of Griinwald [2] in two directions and also includes his result.

THEOREM 1. Let N, be a regular Norlund method of summability satisfying
the condition

(5.01) S = B px = paa| = O(| Pu]).

k=1

Then at any point (x, y) such that

2, #) = [ " 1) | buslt, )| du = o(h0),

b B) = hd k t—u t4+u
' (» )—L tj; Pzy W’ 2172

as h, k—0 simultaneously but independently, the sequence {s,m (x, v; ) } s Sum-
mable N, to f(x, ).

(5.02)

du = o(hk)

It should be noted that the second condition on the function at (x, y) is
similar to the first. The first is applied to rectangles along the axes, the second
to rectangles along the bisectors of the angles between the axes. The factors
2-12 gre not essential, but are introduced for convenience.

Proof. A regular Nérlund method N, includes (C, 1) if ()

n—1
(5.03) nlpo| + 2 (n— B)| pr — pra| < 4| Pul.
k=1

Hence if N, satisfies (5.01) and is regular, then it includes (C, 1). Thus it

(4) See, for example, Hille and Tamarkin [4, p. 782].
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suffices to prove the theorem for (C, 1). Let £(x, y; f) denote the (C, 1) trans-
form of the sequence {s..(x, ¥; f)}. From (2.05) we have

5.04 Yoy )= 1w ) = [ bt WKL, wydtd
5.0 £y ) — [z 9) fof.,“‘“) (¢, w)didu

where K.(¢, u) is given by (2.04) with p,=1. Fix (x, y).
Given ¢>0 we can choose & such that 0<§<w/4 and such that
(5.05) | ®(h, k)| <e| hk|, | ®*(h, k)| < €| hE|, for0 <| k|, | k| <2s.

Suppose n>2/8. Let B;= [0, w; 0, 7] — [0, §; 0, §]. Then

(5.06) |t,1.(x, v f) = fla | = (fo’ fos_l_fﬁ). | 6240, w)Ka(t, u) | dedu

= J1 + Jg.
Then by (3.16)

T < A,,zf’ f" | G2y(t, ) | dtdu
1S o Jo (14 #3232 (1 + n3/24307)

+An2f6 fa |¢zu(t, u)|dtdu a4t
0 0 [1 + nslzl t — ul.”s/z] [1 + na/z(t + u)3,2] 1 12.

Integrating Jy twice by parts and applying (5.05) we get

An2ed?  An''%e [ u¥2du
Jll é
n353 n3/263/2 0 (1 + n3/2u3l2)2
§ord 1312432 dtdu
+ Ansef f —
0 0 (1 + n3/2t3l2)2(1 + ”3l2u3/2)2
But
8 u32du Hn 8 1 1 1 % du 3
TR L P VL Y T
0 (1 + n3/2u3/2)2 0 Un n n3/2 n3 1/n u3/2 nﬁ/?

Hence, since n6>2, we easily obtain Ji1<Ae. Applying the transformation
t=2"Y2(t'—u’), u=2"12(¢'4u’) to Ji» and proceeding as above we get
Jiw=<Ae. Thus J1<Ae.

Next let B; be that part of B; in which ¢= 68, # <8’ <§/4, B; the domain
symmetric to Bi, Bs that part of B, in which |t—u| <’, B, the rest of Bs.
Clearly B,-By=B;-B;=0 since 8’ < /4. In B+ By+B; we have | KL(¢, u)|
=<A/(36/4)2 This follows from (3.20) in B;+ B and from (3.18) in B;. Since
¢=4(, #) is integrable we can choose 8’ depending only on & (and hence on ),
0<6’<48/4, such that

(5.07) f f | 6oty 0)Ka(t, ) | didu < e.
B+B,+Bs
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Fixing &', we see that, on account of (3.14), K.(¢, «)—0 uniformly in B,. Thus
for all sufficiently large n we have J; < 2eand consequently ]t},(x v: ) —f(x, y)]
<Ae. That is, ti(x, y; f)—f(x, y) as n— . This completes the proof of the
theorem.

COROLLARY 1.1. Let N » be a regular Norlund method of summability satis-
Sfying (5.01). Then N, applied to the square partial sums-of the double Fourier
series possesses the localization property.

For if f vanishes in a neighborhood of (x, ¥), ¢.4(¢, %) satisfies (5.02).

Before showing that (5.01) is also partly necessary in order that N, ap-
plied to the square partial sums should possess the localization property we
prove the following lemma.

LemMA 4. Let N, be a regular Nirlund method of summability with p,=0,
pn mon-increasing, pr1<po, n/P,—x as n—o. Suppose 0<d<w. Let
E=|—m,m; —m, w]— (=8, 8; —8, 8). Then there exists N >0 such that

(5.08) ess sup l K (t u)l > An/P,, al n>N,4 > 0.
twEE

Proof. From (2.04) we have

K.(r, 0) = sy kk+3)
(— 1)" » (—
R D YA G ey V3 (- Do
k=0 ™ n k=0
=J1—J2.

Since p. is non-increasing we have immediately |.71| = n(po —p1) /2w P,.
If we set Wi=2 :o(—1)%, then | Wi| <k and we easily get

n—1

Z (— Drkpr | = E Wk(pk Pri1) + Wapn | Z kE(px — pry1) + npn
k=0 k=0 k=0
= Z Pk = -Pm
k=1

Hence IJ2| =1/2x%2 But we can choose N >0 such that n/P,>2/(po— p1) for
all n>N. Then for n>N we find | K,(r, 0)| = | J1| —| Jg| = n(po—p1)/4w2P,,
=An/P,, A>0. But E is closed and for each =, K,(¢, u) is continuous. Thus
(5.08) follows.

THEOREM 2. Let N, be a regular Norlund method of summability with p, =0,
Do nON-increasing, pr<po, n/Pr,— © as n—s . Then there exists f vanishing in
a neighborhood of (0, 0) such thatlim supy .. | £.(0, O;f)l =4 o,
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Proof. Let E=[—m, w; —m, | —(—8, 8; — 8, 8), 0<d<w. Consider the
class of functions f&EL[—m, m; —m, v] which vanish in (=8, §; — 8, 8), that
is, the class of functions fEL(E). Then

(5.09) no,00 = [ [ 0, Klt, Wit = To(1)

defines a linear functional on the space L(E) with norm

(5.10) |17 = esssup | Kat, w)|.
GLuwEE

Now suppose that the conclusion of our theorem does not hold. Then for
every fEL(E), lim supn.« | T,,(f)| < . By a well known theorem of Banach
and Steinhaus(®) it follows that || T,/ < M < « for all 7. Thus by (5.10) and
(5.08) we have An/P,< M, A >0, for all n> N. This contradicts the hypothe-
sis.

COROLLARY 2.1. Let N, be a regular Norlund method of summability with
P20, P, non-increasing, p1<po. Then (5.01) is necessary as well as sufficient
for N, applied to the square partial sums of the double Fourier series to possess
the localization property.

Proof. To prove the necessity we first note that »n/P, is non-decreasing
since p, is non-increasing. Then in order that N, applied to the square partial
sums should possess the localization property’we must have n/P, bounded
by Theorem 2. The condition (5.01) is an immediate consequence of this.

The case in which p, =0, p, non-increasing, is especially important as it
includes Cesaro (C, a), 0 <a = 1. Because of the simplicity of the result in this
case we state it separately.

COROLLARY 2.2. Under the hypotheses of Corollary 2.1, a necessary and suffi-
cient condition that N, applied to the square partial sums of the double Fourier
series should possess the localization property is n=0(P,).

From this it follows that (C, «) applied to the square partial sums pos-
sesses the localization property if and only if @ = 1. Thus Griinwald’s [2] re-
sult is the best possible in the sense that it cannot be extended to (C, a), a < 1.

6. Local properties of restricted summability. We turn now to restricted
double Nérlund summability of the rectangular partial sums of the doublé
Fourier series. The results are similar to those in §5.

THEOREM 3. Let N, be a double Nirlund method of summability satisfying
the conditions

(6.01) n | ps) = pial =o(| P ]), E=1,2.
j=1

(%) See, for example, Banach [1, p. 80].
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Then at any point (x, y) such that .
13 k
(6.02) ®(h, k) = f dt f | (2, w) | du = o(hk)
0 0

as h, k—0 simultaneously but independently, o(f) is restrictedly summable N,
to f(x, y).

Proof. Let A =1 be any fixed number. It suffices to show that tm.(x, ¥; f)
—f(x, ) as m, n—  in such a manner that m/n <\, n/m=\. Fix (x, ).
Given €>0, we can choose § >0 such that 1/ is an integer greater than 2 and
such that

(6.03) ®(h, k) < ehk,

whenever 0<#, k< 6. Then from (2.11) we obtain

| tma(, 33 1) = S )| < (ﬁ f:+f: fﬁfs foa

& 8
(6.04) + f f ) | 242, W) N (NN () | dudt
’ 0 )

=Li+Je+Js+ Ja

On account of Lemma 1, the estimates of §3 may be applied here. From
(3.15), (6.01) and Lemma 1 we have that NY(#)N®(x)—0 uniformly in
[8, m; 8, w]. Thus Ji is small for all sufficiently large m and n. If m/n <X\,
n/m=\ we see from (3.03), (3.15), (6.01) and Lemma 1 that N () NP (u)
is bounded in the domains of integration of J; and J;. Thus we can find &’
such that 0<é’< § and so small that

(j;s’ f, + j; fos) | Gaults N N, (u) | dudt

is uniformly small. In the remainder of the domains of integration of J;
and J3, Nf,}’(t)Nf.”(u)—)O uniformly and thus J,+ J; is small for all sufficiently
large m and #n such that m/n <\, n/m <\. Thus we can find Ny>1/8 such that
Jit+Je+Ts<Aeif m, n>No, m/n=<\, n/m=N\. In the following we suppose
m,n>N,. Then

1/m 1/n é 1/n 1/m 8
= ([
0 0 1/m 0 0 1/n

s s @, @
(6.05) +f )lmu, WNCONS ()| dude
1/m 1/n

=J41+J42+]43+J44~
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Then from (3.03) and (6.03) we have at once Ju<Ae. Also by (3.03) and

(3.12) we have

| Ju < An f " f om0 | {1ME0 + ME® + MO it
(6.06) 0 1/m

=Ju+Jo+ T
Then from (3.13)

m—1 1/n 1
Jis = An f ®2y(t, %) R® (——)dt
2 > 1/MI v |Rm ;

i=1/8
An 72} ) 1 1
2 S ot 2)
An m_1 1 1
- > o —)[G+ DR — RS
R(x) \ 555 i n

1 11
+— Ri}i@(a ——) — mR2® (—, —)}
n m n

) 1)

Ade "‘i‘ Ri1+jrin (1)}

<

= + Rl/5
R 1 =1/3 i

But by Lemma 2 and (3.06) we get

(k) (k) (k)

m—1 + f m—1
Gon ¥ THIIMLT 0 0T T arD, k=
j=1/8 J 1=1/5 =178 J+1

1, 2.

Thus Ji < Ae. Substituting from (3.13) in J%, integrating twice by parts and

using Lemma 1 we have J% < Ae. Again from (3.13) we have

1/n 1/§ 1

1N %)
Famdny f feslts 1) | [V,,. 4 ( )]dt
# i=1/5 1/<:‘+1)l ' I PR ¢

1 1
= T G+ - V“’)Amcp(_, _>
R(l) i=1/s F n
A m—1 1 1
- R:z){ (0 )lai+ 0w = v = 71 - 4]
i“us \j n

1 1 1
il (V(” - Vf&,)_,)rb(a —) —m(Vy — Vr(nlll)q’(—’ —)}
m

n

Ae ("l 27+ 1

< {Z T - V“’)+—(V“’ - Viiin-l)}
R,(,,l) =18 ]
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But by (3.06) and (6.01)

m1l 241 (V(k) _ V(k)) <3 "'Z‘:l Z I P(k) c(f-)l

>

=18 ] i=1/8 s=j+1

=3 5T -

8=(1/8)4+1 j=1/8

(6.08) Y
<3 Y s|pP— pB | = ARD E=1,2.
. . 8==(1/8)+1
Likewise
(6.09) — (V""— vy =m3 | p® — P 4P, k=1,2.
j=1

Thus Jh<Ae. Substxtuting in (6.06) we have Je<Ae. In the same way
Jis=Ae. Turning now to Ju we have by (3.12)

Jus<d f | $enlt, 0)| (M) + w20+ M)
1/m 1/n
(6.10) A MY () + My () 4+ Mg (w) }du
- Z Tl

We now show that J,<Ae (j=1,2,3, - --,9) as was done with the J%. For
example, let us take J%,. Then from (3.13)

mln—1 1/j 1/k o 1
[ (2) (2)
> 40 i 7 -G )]

i k=1/8 1/ G+ /(k+1)

Ara 3y b+ D' - v 4>(1 1)
R(I)R(z) iemtss b /o1 j’ YA

Applying Lemma 3 and dropping clearly negative terms we obtain

D11
Jhg T { > <I>(—1.—:i)
R(I)Rm Jokm1/8 j k&

Q5 + Dk + )r® - fo’) —E| 90 — pial]
m—1 1

+ > ‘I><7’ 5)'(2j+ 1)5( Ve Vg;a)—x)
j=1/8

nl 1 1 1
o, —) — me(—, —
+k§s[52 < k) " (m k)]
[(2k + 0 = V) = B p” - 2]

1 1
1 (Vm_ ra m 5+ mn v ® — V,‘.’_’,)@(;, _)}.

n
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Again dropping those terms which are negative and applying (6.03), (6.01),
(6.08), (6.09) and Lemma 1 we obtain J$, <Ae. Altogether, then, Jy<Ae.
‘Combining our estimates in (6.05) and (6.04) we have |tm,,(x, y; f)—f(x, y)l
Sdeif m,n>Ny, m/n=<\, n/m=\. This completes the proof of the theorem.

COROLLARY 3.1. Let N, be a double Nirlund method of summability satisfy-
ing (6.01). Then restricted N, summability possesses the localization property.

Before showing (6.01) is also partly necessary in order that restricted N,
possess the localization property we prove the following lemma.

LEMMA 5. Let N, be a double Norlund method of summability with p® 20,

® non-increasing (k=1, 2). Then

©6.1)  |[NO@| 2 0° = p1)/20P", | NSO 2 m/2m, k=12,

Proof. From (2.10) we have

& 1 n n , 5
N = — 3 p®a- 0 = S5

7|-P(lc) par 2wP®) 13

The first inequality of (6.11) follows immediately. Also from (2.10)

n 1
(k) (%) N - _
n0 = Zp PG+ = + e ; (n = ;"
1 n—1 (k)
= — + 1rP”(k) 7-20 PJ .
Thus
. n—1
(6.12) | NO(0)] 2 3 Py,

Pn(") =0

But since P® is non-decreasing we have (P®)~1> *~1P® <y and thus

n—1 n—
k) (k) (k) )
0Sn———3 P; = Z(P - P; )——Z >
Pw Pik) purd J T R errlt
1 & w 1 & w 1 2w
=—=2sh S o= Poa=—o3 Pi,
P® P® .o PRPin
or
n—1
)
n =< . ZP, .
P”( ) im0

Substituting this in (6.12) we obtain the second inequality of (6.11).
THEOREM 4. Let N, be a double Norlund method of summability with p® >0,
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® non-increasing (k=1, 2). Suppose p <p®, n/PP— 0 as n— o for k=1
or 2 or both. Then there exists f vanishing in a neighborhood of (0, 0) such that
lim SUPn-w |£an(0, 0; f)| =+ .

The proof is analogous to that of Theorem 2, using Lemma § instead of

Lemma 4. ’
As in §5 we may prove the following corollaries:

COROLLARY 4.1. Let N, be a double Norlund method of summability with
PP 20, p® non-increasing, p® <p® (k=1, 2). Then (6.01) is necessary as
well as sufficient in order that restricted N, possess the localization property.

COROLLARY 4.2. Under the hypotheses of Corollary 4.1, necessary and suffi-
cient conditions that restricted N, summability should possess the localization
property are n= O(P®) (=1, 2).

It follows that restricted (C, «, B) possesses the localization property if
andonlyifa=1,82=1.

7. Preliminary lemmas for almost everywhere results. We turn now to
the study of methods of summability which sum the double Fourier series al-
most everywhere. The results are generalizations and extensions of those due
to Marcinkiewicz and Zygmund [5, 6] and Griinwald [3]. The proofs are
based on those given by Marcinkiewicz and Zygmund. We shall require the
following lemmas.

LeEMMA 6. Let a be any fixed positive number. For (x, y) belonging to the
square Q [—m, m; —m, 7], we write

1 ah h
f duf | f(x + ¢,y + )| dt,
—ah —h

4oh?
t—u t4+ u
G |

(7.01)  fa(x, 3) = sup

7.02 “x, ) ! fahd fh
. a y =8 u
(7.02) fa (%, » 2p 2ot d . R

where the number h is so small that the rectangles over which the integrals are

taken are contained in Q' [—2w, 2m; — 2w, 2r]. Let

EX®) = E [fax, y) >, EJ® = E [ ) > ]

(z,9) (z,¥)

for any £>0. Then

| €®|_ A - |
(7.03) 70| < ?f_'f_,lf(x, y)| dxdy.

In the case of f*(x, ¥) the proof was given by Marcinkiewicz and Zygmund
[6]. For the case of f**(x, ) the proof can be carried through in the same way. |
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LeEmMMA 7. Let a be any fixed positive number. For (x, v) belonging to the
square Q [—m, m; —m, 7], we write

(7.04) 7 y) = sup (falm, 9)-27"),  fors=0,%1,+2,---,
(7.05) . f**a(x, y) = sup (f;:*(x, y)-2_am), | for s=0,+1,+2,.---.
We write )
E*e(t) = E [f*(x, y) > ], E**() = E [f**(x, y) > £]
(z,9) (z,9)
for any £>0. Then
| Ex@®)| A =~ :
7.06 é - ’ d d ’
( ) ) I 6**a(£)l £ j‘_,f_,lf(x y)l xay

where A(a) depends only on a.

The proof is similar to that given by Marcinkiewicz and Zygmund for
their Lemma 3 [6].

LemMma 8. Suppose P,=0, P, non-decreasing, a =0. Then the condition

& P n\°
(7.07) > —"(—) = O(Pn)
k=1 k k
is equivalent to the condition
n—1 ’
(7.08) > Pp-28n—k) = O(Pyn).
k=0

Proof. Suppose (7.08) is satisfied. Let j be an integer such that 2/ <n < 2i+1,

Then
n Pk n\e =1 sz n\* P2k+1 ( n )a
El 3 (k) —,,z,:o{ 2k(2k>+ 264+ 1 \2F + 1 +
Py, n e n Py (n)“
+2k+1_1(2k+l_1)}+k§:2,~ E\E

i—1 2it1l\a
=2 Pz"“( ) + P,-277-2i-2¢

k=0 2k

=1
< 22 3 Py 200=)  22Py 4 O(P,)

k=0
= O(Py) + O(P,) = O(P,)

showing (7.07) to be satisfied. The proof of the converse is similar.
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8. Lemma for restricted Norlund summability. Before proving our first
result on almost everywhere summability we need a lemma.

LEMMA 9. Let N, be a double Niorlund method of summability. Suppose there
exists a constant a >0 such that

(8.01) D > 1 ) (—) =o(| P.°), k=1,2,
d i=1 J
an
(k) )
P
(8.02) I——'(—) =o(| "), E=1,2
j=1 J

Let Nz 1 be any fixed number. Let
(8.03) In(x, y; /) = sup f f | f(x+t, y + w)Nu (ON2 (u) | dtdu

wherem,n=1, m/n=\, n/m=\. Then for any £>0

§A<>”'f J 1163301 dsay

8.04) | E {[(x, 5 €0llm(=z y; /) > £]}

(z,v)

where A (a) depends only on a.

Proof. If (8.01) and (8.02) hold for any a=a,>0, then they also hold for
all a such that 0 =<a =a,. Hence we may suppose that 0 <a <1.

Let j, k be integers such that 27 <m <2+, 2k <y <2%+1, Also let m/n =<\,
n/m=N\. Then 217=# <2\, Let

fon(, 3) = f ’ f by wNCON

w2~ * L x2 7k * x
- 0 R
(8 . 05) ( j:) fr2-" x2-1 g + w2l V xok

+ f ’ for )lf(x +ty+ “5Nf(:)(t)1\",(.2)(u) | dudt
0

= Pj(x, ¥) + Qi(x, 3) + Rz, y) + Sir(z, ).

On account of Lemma 1, the estimates of §3 may be applied. Then from
(3.03) and (3.12) we haye

fﬂ-ldtf | f(x + 1, y+u)|
R(2) r:-O x2—"-1 u

-{Rm (l) L 1 [ ® o V(z)( 1)]}du.
u u u

By (7.01) and (7.04) the rth term of the sum on the right does not exceed

m(u) | dtdu

Pj(x, ) =
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Am . (o[ 2™ @) @ @2
R‘”Z{R (1r)+2[ TV =V (w)]}

" 2~ 2" R
f dtf | f(x 4+t 5+ u)| du
- -2

27
Am2"'{R(2)‘ getirl
R®

+ 2r+a|i—rl[ ® 4 o (2>(2 )]}f (%, ).

In order to sum these terms we shall need the following:

(8.06)

IIA

(8.07) ZR"’ “* < ARY, i=1,2,
r=0
k—1
(8.08) D, 2rtel=n < A2k,
r=0

k—1
(8.09) ) 2'*“"‘"’[ v® _y® (——)] < AR®.
re=0

To prove (8.07) we apply (3.06) to (8.02) and make use of Lemma 8. (8.08)
is immediate. For (8.09) we ﬁKSt note that

2 : :
I/.(2) _ V(z)( ) (2) Z' (2) p‘(i)l ’ r=0,1,
™ g1
2r n
O O P A A O R M Pt
™ gm2r—241

r=1234---,k—1

Substituting in the left side of (8.09), reversing the order of the summations
and denoting the greatest integer less than or equal to 2+1logs (s —1) by g(s),
we have

§12r+a(k—r)[ y® V‘”(Z)]
r=0 ™

ZI p(2) .(.2_)1l Z 2r+a(k—r) + Z (2 + 21+a(k 1))l P(z) _ p‘(i)ll

8=2 r=2 8=1
ak (2) (2) 20—a)(g(a)+1) — 1 @ @)
=2 Zl? Pe1 ——3-1_0——4‘2 (1+2 )|1’ = po
8=2 -
<4n" X5 pm s

l-l

Then (8.09) follows from (8.01).
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Summing (8.06) from r=0 to k—1, considering separately the cases j =%
and j<k, and using (8.07)—(8.09) we get

(8.10) Pi(x, y) = ANYf*o(x, ).
In the same way we obtain

(8.11) Qir(x, ) = ANef*e(x, ).
Next from (3.12) we have

—1,k—1

Rik(xy y) =4 Z Zre

7,8=0

where

f T f TSt by | (M0 + MEO + ME )
x2—s-1

ro—-r=1

M@ W) + MY (W) + MY (u) }du

Each term of this sum consists of 9 parts each of which may be summed by
making use of (8.07)—(8.09) and the analogue of (8.09). For example, let us
consider that part arising from M$)(#) M%) (u). The general term in this sum

does not exceed
A sralr—sl [ @ @
womp L [ v Q)]

Considering the case j =k we have

i—1,k—1 alr— 28
3 S+l tIR;l) [V:n _ V(:)( )]

r,8=0 7l'

22.[ e _ (2)( {’ZIR(I)~ 420" " ZR(D' a(j—s)}
R

II/\

8=0 r=s¢

)
[ ()
[

+ (2 0H) Z grret V(Z) (2)( ):I ZR(l)

=0

< AA'RWR,.

a(:—r)

Il/\

]
15

=0

The case k> can be treated similarly. Thus it follows that
(8.12) Ri(zx, y) < ANef*e(z, y).
Finally by (3.03)
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w2l x2~F
Siu(x, ¥) éAmnf dtf |f(x+t,y+u)|du
—x2—i —x2—F

< Amn-2-i-kteli=klf*a(y y) < ANef*e(x, y).

(8.13)

Combining (8.10)—(8.13) we see that £5,(x, y) S AN°f*e(x, v). But the integral
on the right in (8.03) is the sum of four integrals, all analogous to t&,(x, ).
Thus ky(x, ¥; f) S ANY*e(x, y). (8.04) now follows directly from Lemma 7.

9. Restricted Norlund summability almost everywhere. We are now ready
to prove our first theorem on almost everywhere summability.

THEOREM 5. Let N, be a double Norlund method of summability. Suppose
there exists a constant a >0 such that (8.01) and (8.02) are satisfied. Then o(f)
is restrictly summable N, almost everywhere to f.

Proof. This theorem follows immediately from Lemma 9. It suffices to
make a decomposition f=f1+f, where f; is a trigonometrical polynomial and
f2 is such that

E {Ifz(x,y)l>6}’<a,

(z,9)
and

E {lim sup | tmn(x, 3; f2)| > 5} ' <3

(z,v)

(m/mn=X\, n/m=\, A\21 any fixed number), where § is a fixed positive
number as small as we please. Since lm.(x, y; fi)—fi(x, y) it follows that
lim sup | #ma(x, ¥; f) —f(x, )| where m, n— o in such a manner that m/n <X\,
n/m =\ does not exceed 28 except on a set of measure less than 24. This com-
pletes the proof of the theorem.

The result of Marcinkiewicz and Zygmund [6], namely that ¢(f) is re-
strictedly summable (C, «, (), «, B>0 almost everywhere to f, follows im-
mediately from Theorem 3.

10. Lemma for square partial sums. Turnmg now to the almost every-’
where summability of the square partial sums we require the following lemma.

LeEMMA 10. Let N, be a regular Nirlund method of summability. Suppose
there exists a constant a >0 such that

(10.01) éjl pi— pia] (—;’—)= o(| P.|)

and

(10.02) g Ei |<7) =0(| P.]).
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Let

(10. 03) B*(x, y; f) = Sup_ f f | 7z + ¢, y + WKt u) | dtdu.
Thenfor any £>0

(10.04) | E {[(x, ) € Q][#*(= ;1) > ]} ’ f f | f(x, ) | dxdy

(z,v)
where A (a) depends only on a.

Proof. As in Lemma 9 we may suppose 0 <a <1. Let k be an integer such
that 2¥=<n <2%+1, Let D be the part of Q (—m, m; —m, ) in which ¢, #=0.
Let DO be the part of Q in which ¢, #>m/2. Divide D —D® into 9 domains
DY® (i=1,2,3,---,9)asin the proof of (3.16), the only difference being that
in all the inequalities defining the regions 1/# is replaced by w2—*-1. We shall
evaluate separately the integrals

45 ff | f(x + ¢, v + WK, w) | dtdu, i=1,2,3,---,9,
(10.05)

=ff() | 7z + ¢, ¥ + w)Ka(t, ) | dtdu.
DO

This may be done by methods similar to those used in the evaluation of
Pji(x, ) and so on in Lemma 9. First of all from (3.01), (7.01) and (7.04)
we get
(10.06) 4y < Af*x, ).

In D® we note that u <t/2, t—u2t/227271>1/n,1/nZt+us it. Apply-
ing (3.11) and using the relations (8.07)—(8.09) we easily get

(10.07) 47 2 47 (=, ).

InD®, t=u=1t/2, t+u <2t <4u. Applying (3.02) and makmg the transforma-
tion t= 2‘1/2(t’—-u’) u=2"Y2(t4u’) we have

(4) 2 t—u t+ u N
< 4 g o du f,z—r—l f<x + 2]/2 » Y + 21/2 ) & dt

0 x21/2 —u t + u .
vaf L af f(x + o Y+ ) |

By (7.02) and (7.05) and taking account of (8.08) we have

(10.08) 40 < A7, ).
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In D®, u<t/2, t—u=t/22m2~%>1/n, 1/n<t+u<2t. In D®, t—u=1/n,
tzu=t/2, 1/n=t+u=2t<4u. Then by (3.10) we have

A7+ 40 ST+ T+ T,

where

g P () 2 et ()
e [ (22 ()
g ) (o

Now it is clear that

278
f f (- )dtdu £ Z E du f
D?)+D£3) s=1 r=0¢ 72771 12-'_l

f fD@ - )dtdu < L_V_‘;g f :: du f . (

Using these facts and (8.07)-(8.09) we find that S+ T, S Af*e(x, y). Trans-
forming J; by the substitution £=2"Y2(¢' —u'), u=2"12(¢'+u’'), noting that

k+1 s—1 —x2781 2T
ff,,?)( ce)dtdu £330 du’f (---)ar

=l r=0 Y —x27° 971

—x/4
du’ f -)d¢,
—x/2

and using (8.07)—(8.09) we find that J; < Af**s(x, y). Thus

8)

(10.09) 40+ 437 = 4{" (=, 9) + 1 )
Considering now the symmetric domains we have also

(5) (O] )

(10.10) A + 40 + 40 + 420 2 A1 @ 9) + 7 ).
In D®, ¢, w>m/2. Applying (3.02), (7.01) and (7.04) we get
(10.11) ‘ A = Af*e(x, ).

Combining (10.06)-(10.11) and noting that Q is the sum of four domains like
D we have

(10.12) | B*(x, v; ) < A{f*(x, v) + freo(a, »}.
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(10.04) now follows immediately from Lemma 7.
11. Summability of the square partial sums almost everywhere.

THEOREM 6. Let N, be a regular Norlund method of summability. Suppose
there exists a constant a >0 such that (10.01) and (10.02) are satisfied. Then the
sequence {s,.,,(x, v ) } 1s summable N , almost everywhere to f(x, y).

Proof. This theorem follows immediately from Lemma 10 just as Theorem
S follows from Lemma 9.
We easily obtain the following corollary of Theorem 6.

COROLLARY 6.1. The sequence {sa.n(x, v;f)} is summable (C, a), a>0, al-
most everywhere to f(x, v).

In conclusion let us note that conditions (5.02) and (6.02) do not in gen-
eral hold almost everywhere. Hence it was not possible to deduce any results
concerning almost everywhere summability from Theorems 1 and 3. However
(C, o) applied to the square partial sums of the double Fourier series is effec-
tive almost everywhere if & >0 but possesses the localization property if and
only if = 1. Also restricted (C, a, 8) summability of the double Fourier series
is effective almost everywhere if a, >0, but possesses the localization prop-

.erty ifand only if =1, 8=1.
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