ON THE DIRECT PRODUCT OF BANACH SPACES

BY
ROBERT SCHATTEN

Introduction. Two Banach spaces E; and E; may be combined in two
different ways; the well known E1®E; and E; ® E,. While E,®E, refers to a
space of pairs {f, ¢} which are added vectorially, E;®E; is a linear vector
space determined by “products” fi®¢, and the f®¢’s are linearly independent
except when we have a relation, which is a consequence of the fact that the ®
operator is distributive; for instance

i+ f) Q@1+ e) =f1i®@®eor+f1i®eat+ Q@1+ f2® o2

The notion of E;® E, for the case of finite dimensions has been already
mentioned by H. Weyl [16](%). With each vector e; resp. e; in a space E; of m,
resp. E; of n dimensions, there is associated a vector e;®e; in the space of m-»
dimensions. The totality of vectors e;®e; do not themselves constitute a
linear manifold, but their linear combinations fﬁll the entire “product space”
EiQE..

The operator ® has been used for finite-dimensional /, (termed 1,,,) by
F. J. Murray, in order to show that there exist linear manifolds without com-
plements [8]. It has also been used by the same author in treating bilinear
transformations in Hilbert spaces [9].

The algebraic aspects of the ® operator, for the case of finite-dimensional
spaces, has been discussed by Hitchcock [5, 6], and Oldenburger [13, 14].

The study of the ® operator for infinite-dimensional spaces requires a
more abstract method. A complete discussion for Hilbert spaces has been
given by F. J. Murray and J. von Neumann [10], who did not make use of
the existence of a basis. A few special results for L, spaces have been obtained
by Bourgin [2].

It should be pointed out, however, that so far the study of the ® operator,
assumed either the existence of an inner product, or a basis, or a projection
with bound 1.

The object of this paper is the study of the ® operator in a most general
form, for any Banach spaces.

For fEE,, o€ E,, we construct “products” f®¢. With these we form a
linear set A(E;, E:) consisting of all “expressions” (that is, finite sums)
> fi®e:. These expressions must first be considered algebraically, however,
since the distributive property introduces certain linear dependencies (§§1, 2).
The next problem is that of defining a norm, and the space E; ® E. is obtained
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196 ROBERT SCHATTEN [March

by “closing up” the set A(Ei, Ez). We are only interested in those norms
which are “crossnorms” that is, ||f®¢|| =||f|| ||¢|| for fEE:, ¢ EE,s With the
expressions Y_f; ®e:; it is desirable to consider the set %(E;, Es) of expressions

2 F:® ¢ where F; € E, ¢; € En.

For a given norm in A(E;, Es) we construct an associate norm in A(E;, E,)
(§3). We prove the existence of the greatest crossnorm, the least crossnorm
whose associate is also a crossnorm (§4), as well as that of a “self-associate”
crossnorm, which is a generalization of the crossnorm given for Hilbert spaces
by F. J. Murray and J. von Neumann [10], (§5).

Finally, we mention a few unsolved problems in connection with the work
in preceding sections (§6), and indicate possibilities for the construction of
“general crossnorms” (§7).

These problems were suggested to me by Professor F. J. Murray, who also
pointed out the algebraic discussions given in §§1, 2.

1. Let E; and E: denote two linear spaces. We introduce two symbols
® and - + -. With theseforfi, - - - ,fain E1and ¢y, - - - , ¢, in Es we construct
formal expressions f1i®¢1- + -fa®@2-+- - - - - + - f, Q.. We may abbreviate
this by writing Y_1..f:®¢:. Between these we introduce a relation ~ subject
to the following rules:

1. If Pisa permutationon 1, 2, - - -, #, and P(¢) denotes the integer into
which P takes ¢, then

2 fi® i~ 2 fror ® ep-
=1 =1
2a. (fl +f1") Qo1+ fa®p2- 4+ - -+ ++ - [rQ0r~fl Qo1-+ -fi' ®p1-+ - f2
®‘p2.+ e e s s o +.fn®‘p".
2b.fi®(of +@i’) -+ f2:Qp2-+- + - - -+ - fu@eu~[1®0! -+ -f1®¢!' -+ -fo
®ort- - - -+ @00
3. (@f) @1+ (asf2) e+ - - + -+ (@ufn) @Oa~f1® (@1001) - + - [2 ® (a2¢02)
.-l-. PP .+.f”®(a"¢n).
DEFINITION 1.1. Two expressions Y _i..fi®¢; and Y _r12; QY ; will be termed

equivalent, if one can be transformed into the other by a finite number of successive
applications of Rules 1, 2, 3. We write this ) ..fi Q@) 718;QY;.

Rule 1 shows that ~~ is reflexive, that is, every expression is equivalent
to itself. The definition also implies transitivity.
A number of elementary results can be easily obtained. For instance, if

Sfi®e~2 fl®el and X g ®¥;~D gl ®Y]
i=1

i=1 i=1 j=1

then
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n m n’ m’
2fi®eit i@V~ fl ® el + gl @Y.
=1 i=1 t=1 i=1
Because of Rules 2a, 2b, 7 is not an invariant under equivalence for the
expression Y i .fi®¢;. However, we now define a quantity “the rank of
> fi®e@;” which will be shown to be an invariant.

DEFINITION 1.2. Consider Y i .fi®e:. Let us suppose that the set of fi's is
k-dimensional and that the set of ¢.'s is l-dimensional. Let gy, - - -, g be k
linearly independent elements in the set of linear combinations of the fi, and
Y1, + + -, Y1 be l linearly independent elements in the set of linear combinations
of the ¢;. Then

k l

(i) (1) .

fi:zapgpv ¢.~=qu% for 1=i=mn,
=1 g=1

and
id /& @ L@
SreaxX(Ta’s )e( Zun)
=1 =1 \ p=1 q=1
b & G, O
QZZ(Z‘%I’« )gp®‘pq

p=1 ¢g=1 =1
k l
o Z Z 8p,08p ® V¥q.-
p=1 ¢g=1

We define the “rank of the expression Y i..fi®e:” as the rank of the matrix
(a'p.q) p=1v SR & g=1' RN L

To justify this definition we show that the rank does not depend upon
the choice of the g, or ¥, For suppose we had taken g{,:--, gi and
Yi,--,¢¥/ instead of g1, - - -, gr and ¢, - - - , ¥: above. Then we can show
that

n k l

2fi®ein~ 33 ap.48s ® ¥,

=1 p=1 ¢=1
where (ay,,) is equal to a product B(a,,,)C; B resp. C being nonsingular square
matrices with & resp. ! rows. But the matrix B(g,,,)C is of the same rank as
(@p,¢). Thus the rank of an expression is independent of the choice of the g,
and ¢,.

Let us define f;* by means of the equation f*=) 5_,a,,.2»- Then, inasmuch

as the ;are linearly independent, the rank of the expression >_..f:®¢; is the
number of f which are linearly independent.

LEMMA 1.1. The rank r of an expression Y _i..fi®¢; is an invariant under
equivalence (Definition 1.1).
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Proof. It is easily seen that Rule 1 does not affect . In 2a, let fy =f{ +f{’,
h=(1/2)(f{ —f{'). Then f{ =(1/2)fi+h, fi' =(1/Dfr—h,

1® e+ ifo ® i~ ((1/2)f1 + h) @ o1

=2
n
A (/s —B) @ o1+ 2 f:i ® e

=2
Now, if A=) _%_.a,g, a calculation shows that the f* in the above are the
same for both sides of the relation. On the other hand, if % is linearly inde-
pendent of gy, - - -, gk, we may put k=gi1. But gii1 will appear in the f3
only with zero coefficients and again the f;* are the same for both sides. Since 7
is the number of linearly independent fj*, r must be also the same on both
sides.

A similar discussion will show that 7 is also unaffected by 2b.

In 3, if any term a; is zero, we may take f; as zero. If ¢; is also zero, we
may disregard the term. If ¢; is not zero, it may be taken as 1. Then it is
easily seen that this term does not contribute to the f;*, and hence does not
affect the rank. Thus an expression Y_i.,(a:f:) ®¢; has the same rank as an
expression in which the terms with a¢;=0 are disregarded. A similar statement
holds for Z'}_l fi® (a.0:).

This implies that we need consider only the case in which each ;0.
But here we may take the same g, and ¥, on both sides of the relation. We
then see that a?b?® has the same value for both sides. Hence the matrix
(ap.q) and the rank are the same in both cases.

Thus the rank is unaffected by each of these rules. It follows that it is
unaffected by any sequence of applications of these rules, and hence it is
invariant under equivalence.

LEMMA 1.2. Every expression D _i..f: @, is equivalent to either 0®0, or to an
expression Y 12; @Y; in which both the gy, - -+ , gmandyn, « - + , Ym are linearly
independent. Furthermore, m equals the rank of 3_i-.f: @e..

Proof. It is readily seen that if in either of the setsf1, - + -, fa; 01, * -+ , @a
the elements are linearly dependent, then D _;_,f:®e¢; is equivalent to an ex-
pression involving only #—1 terms. For instance, if fi =Y 1 a:fi, then

1® e+ Zfi@‘m’l’(Zaif.’) ® o1-+- Zfi®¢i
=2

=2 =2

@) @ or+- 3£ ® o

2 =2

fi ® (aipr) -+ if"@w

1=2

0
M

.
I

1
i

3

R

fi @ (aior + ¢i).

)
~
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We may therefore continue to reduce the number of terms until we have
either D7 ,2:®¥;, in which both the g, - - -, gm and ¢, - - -, Ymare linearly
independent or f®0, or 0®¢. But f®0~f® (0-0)~(0f) ®0~0®0. Similarly
0Qe~0Q0. .

Now the expression »_p,2; ®¥; with both the g; and ¥; linearly independ-
ent has rank m. For the g; and ¥, can be used as in Definition 1.2. The result-
ing matrix is (6;;), 4, j=1, - - -, m. Since, however, the rank of an expression
is invariant under equivalence (Lemma 1.1), m must be also the rank of

2 fi®gs.

LEMMA 1.3. Suppose that in the expression I o.fi®¢;: the ¢'s are linearly
independent. Then the rank of this expression is r, the number of the fi's which
are linearly independent. In particular, if Zi‘_ 1Ji®pi~0®0, each f; is zero.

Proof. If »=0, the rank is zero also. Suppose 0. We may assume that
fu, ++ -, fr are linearly independent, since otherwise a permutation of the
terms (Rule 1) will give this. Then f,,,=2 5.1a,.4fr. Hence

z”:fk ® or> Z':f;. ® o+ ’i’( i%.kfk) ® Orip

k=1 k=1 p=1 \ k=1
r : n—r r
=~ Efk ® (Wc + E ap.k‘PH-p)'z ka R Y
k=1 p=1 k=1
where
n—r
¢k=¢k+zar.k¢ﬂ»m k=1,"',f.
p=1

Since the ¢;’s are linearly independent, that is also true for the ¥;’s. But the
rank of D 5, ®¥s is r (Lemma 1.2), therefore the rank of >r fi®e:isalsor
(Lemma 1.1).

Furthermore, from Lemma 1.2, follows that an expression is equivalent
to 0®0 if and only if its rank is 0. From the preceding we see that the rank
is zero, if and only if each f; is zero. This implies the last statement of our
lemma.

COROLLARY. If D0 fi @@ 1 12:@¢:and the o; are linearly independent,
then f;=g; fori=1, « .-, n.

LEMMA 1.4. If ) 7 1 fi®@:i~0®0, and k of the f; and I of the ¢; are linearly
independent, then k+1=<n.

Proof. Suppose that the ¢y, - -, ¢; are linearly independent and,
Qupi=2 s 1ai0; for j=1,- ., n—1I. Then

n 1 4 n—1
0® 0ﬁ-"2fi®¢i22fi® i+ Z( Zai,ift+;> ® ¢;
=1

j=1 j=1 \ =1

o~ i(fi + 'il ai.:‘fl+i) ® @i

=1 t=1
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Thus Lemma 1.3 implies f;+ 2 1-1a:,;f14¢=0 for j=1, - - - , I. The [ relations
between the f; are linearly independent, and hence there can be at most n—I
of the f; linearly independent. Thus k<n—I.

Lemma 1.5. If D 0 fi®pi) ™ .,g;@¥; and each of the sets fi, -+ + , fa;
@l s Pni 81yt Emy W1, 0t o, Um, are linearly independent, then n=m,
and there exists a square matrix (a.,j), ¢, j=1, - - -, n, with an inverse (4;,;),
3,j=1, -, m, such that

Vi =2 arieii g = 2 Aixfi
=1 i=1
Proof. Lemma 1.3 states that m and » are the ranks of the corresponding

expressions. Thus Lemma 1.1 implies that they are equal.
Now Z?. ofi ®§0.-’¥Z§'. 12; Oy ; implies

(0 Zlfe®¢i~+-21(—g,~)®¢,-z0®o.
= =

Inasmuch as fi, - - -, fa are linearly independent, Lemma 1.4 implies that at
most n of the set @1, + * +, @u, Y1, * -+, ¥, are linearly independent. Since
@1, - * -, @, are linearly independent, each ¥, must depend upon these. Thus
Yi =Zf_,ak,j¢j. But since ¢4, - - -, ¥, are linearly independent, the matrix
(as,j), %, j=1,---, n must have an inverse (4.,;), 4, j=1,-+-, n, and
@;=2 n 1A ;W Substituting in (1), we get

i(ii‘li.kfi—gk)®¢kz0®0.

k=1 =1
Lemma 1.3 now implies that gi=> 14 .f.

DEFINITION 1.3. The set of all expressions of the form Z}‘_ 1J:®¢;, we denote
by A(E,, Es). Let f denote the set of all expressions equivalent to a fixed expression
Do fi®ei. If an expression is in f it will be termed “an expression for f.” Let
A*(Ey, E,) denote the set of such f's.

If >0 .fi®e; is an expression for f, 2°m 2;®y; an expression for g, a a
number, we define af as the set of expressions equivalent to »_;_,(af:) ®¢;, and
f+2 as the set of expressions equivalent to D 1 fi®@i- + D112 @Y;.

It is a consequence of Definition 1.1 and Rules 1, 2, 3, that af does not
depend on the particular expression used. Similarly f4z is defined uniquely.

It is easy to see that the usual properties of addition and multiplication
by a scalar hold; for instance f+z=z+7,

f+G@+m=F++h of+2=0cf+ag
(aB)f = a(Bf).

and



1943] DIRECT PRODUCT OF BANACH SPACES 201

The zero element 0 is the class of all expressions equivalent to 0®0. Thus
A*(E,, Eq) is a linear set, that is, a commutative group with scalar operators.

Sometimes we will find it convenient to permit “an expression for 7 to
stand for f.

2. LEMMA 2.1.a. If F is an additive and homogenous functional on E,, and
E:‘- S i‘-®¢s'¥Z}". 12;®Y; then

S (e = X Fg)v

1=1 =1

Proof. Consider first )_,f:®¢.. Suppose that ¢, is linearly dependent on

@1y Pat; @a=D il 0ipi. Then 3 01fi @i 271 (fitaifs) ®p: and
> P = Zres+ 70 ( % oo
= ”él FED) + aF(fa)es
= 'gF(fs‘ + aifn)ei

A similar statement holds in the case in which f, is linearly dependent on
1, + + +, fac1. These results can be applied successively in such a way that one
has finally D . f; @i~ St 1 f! ®! and 31 F(f)ei=2 -1 F(f! )o! with both
the f{’s and ¢{’s linearly independent. Suppose one has gone through the
corresponding process with Z}’L 12;®¥ ;. The conclusion of our lemma is then a
simple consequence of Lemma 1.5.

Let E! resp. E} denote the set of additive and homogenous functionals on
E, resp. Es. For Fy, -+, F,in E}, and ¢y, - - -, ¢, in E}, we construct ex-
pressions 9 ., F:®¢.

A similar reasoning to that in Lemma 2.1.a proves

LeMMa 2.1.b. If D 1 Fi®¢pid m.GiQV¥; then for fCE:, we have
2 Fi(Nei=21n Gi(NY;

Combining these results we easily obtain
LeMMA 2.1.c. If
D fi®pi~ fl ® ¢!
f=]

tel

and

D F;® ¢i~ > F! @ ¢}
=1 =1

then
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ZFi®¢i)( 2fi® m) = ( 2 F! ®¢§)( 2Me w’)
J=1 =1 i=1 fe=]
where under (E}".lF Q) Ot ifi®¢;) we understand

2 2 Fifdeiles).
=1 t=1
DEFINITION 2.1. A4 set S of additive and homogenous functionals on E,, will
be called fundamental if F(f)=0 for all FES, implies f=0.

LEMMA 2.2. Let S° denote a fundamental set contained in E}, and S° a
fundamental set contained in E}. Then if for an expression D r.f:®@q;, we have
Sn \F(f)é(p:) =0 for all FES®, $ €5 then ) i..fi ®p:i~0 Q0.

Proof. Suppose . fi®pi=) o.f! ®p! where the f!'s and ¢!’s are
linearly independent, then for a certain F*E€.S° we have F*(f{ ) #0, and since
the ¢!’s are linearly independent Y &, F*(f!)p! #0. Therefore for a certain
¢°ES" we have Z}'LIF"(f." )¢%(e!) 0. Lemma 2.1 gives Y1, F*(f:)$*(¢:) #0.
This completes the proof.

THEOREM 2.1. Let S° resp. S° denote fundamental sets of additive and

homogenous functionals on E, resp. Es. Then, a necessary and sufficient condi-
tion, for the expressions

D fi®¢i and X fl @ ol
t=1

fe=1

to be equivalent is that

2 F(f)e(e) = 2 F(f)e(el) for allF € 8° ¢ € S,
i=1 ' =1 .
Proof. The necessity follows from Lemma 2.1. For the sufficiency put
fl = —fari, @ =@n+i; 1=1=n’, then according to our assumption,
n+n'’
2 F(f)ele) = 0 for F € 5% ¢ € S™.
=1
Lemma 2.2 gives
nt+n’ n n'
D fi®pi~0®0 or D fi®ei~Y fl ® ol
i1 i=1 i=1

3. For our further considerations we shall assume that E; and E; are two
Banach spaces, and denote by E,; resp. E; the space of linear functionals on
E1 resp. Ez.

DEFINITION 3.1. Under a norm N in A(E., E;) (Definition 1.3) we shall
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understand a non-negative function of expressions satisfying the following con-
ditions:
I NQ_L.fi®¢:) =0 if and only if 3 7.,f:®@:~~0®0.
I NOCr \(af )y ®¢i) = |a| N1 fi®¢;) for any real number a.
L NQ.fi®e:i + Emfz ®p!)SNQ L fi ®¢-)+N(Zz-:f1 ®¢p/).
IV. NQ L ofi®p) = NQILf! ®¢!) if Drfi®@eind i, fl @l

DEFINITION 3.2. Consider the set A(E,, Es) of expressions of the form
Z,_,F i®¢;, where Fi, - -+, F, are in E1, and ¢y, - - -, ¢n are in Es. For a
fixed expression Z,_J"@d), in A(E1, E,) we define NQ_*FI®¢]) as the
smallest number satisfying the inequality

(Z‘fF?w?)(ifi@w) < (ZF ®¢]) (iﬁ@w)

=1 =1 i=1 i=1

for all 3% fi®@; in A(Ey, Es).

Thus ¥ is a function of expressions in UA(E;, E,).

LemMA 3.1. If N is finite for every expression in U(E:, Es), then N also
satisfies conditions I-1V.

Proof. 1. If Y 7 | F; ;®¢;~0Q0, then Lemma 2.1.c gives N(z,-lF Q¢;) =0.
Suppose D7 F;Q¢ i~ ,_IF’ ®¢; where the F/'s and ¢/’'s are line-
arly independent (Lemma 2.2). If f in E; is such that F{(f)>0 then
Z,_IF 7 ( ’f)qb, #0 since the ¢/’s are lmearly independent. Let ¢ €E; be such
that D7, F} (f)¢] (¢) #0. Lemma 2.1.c gives (37, F; ®¢,)(f®<p) #0. This im-
plies NQ_T 1 F;®¢;) >0.

IT and III are immediate.

IV is a consequence of Lemma 2.1.c. - _

For any Banach space we may assume ECE.

LEMMA 3.2. NN for all expressions in A(E, E2)3C2[(1=21, Es).

Proof. Let fi, fo, - - resp @1, @2, + - - denote elements in E; resp. E,,
Fy, Fy, - - - resp. ¢y, ¢, - - -, denote. elements in Ey resp. Eq; F}, F}, - -« resp.
i, @3, - - - denote elements in Ey resp. Ex For an element f° in E,,

F(f") = F"’(F) is an element of E;, and HF‘“H =||. Therefore an expression
E(-],fo ®¢? will correspond to an expression Y i F{°®¢$°, where the f? and

, as well as the ¢} and ¢}° are connected by the above mentioned relation.
We have

ﬁ( gf‘l ® ¢'§)- <ZF’°® t°>

i=1

_ sup([<gFf°®¢§°)<§F,-®¢f>\ /N(éﬂ@@))
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where sup (that _is, the least upper bound) is taken over all expressions
> ~1F;®¢;in A(E;, Es), which are not equivalent to 0®0 (of rank 0). There-
fore

ﬁ(if?@qﬁ)

t==1

= Sup(’(zn:Ff@?%)(Zk:fg ® sog')

j=1 =1

/Tv( ,Z;F'@ ).

Let >0 be given. There exists an expression y_j, FI®¢? such that

(f}F‘,’-@«»‘})(if?@ ¢3) /W(éf}@«ﬁﬂ)

=1 =1
=& o 0
=Nl X fi® <p.-) — e

t=1

From the definition of N for a given N, we have

iﬂ@«t?)(iﬂ@ go‘l)'/N(Zk:f?@ «3) < N(§F3®¢‘}).

=1 i=1 i=1 el

The last two inequalities give

N(Zklf'i@so‘l); F(Sie ¢?)—e.

=1 =1
This completes the proof.

LeMMA 3.3. If N° and N denote two functions in A(E,, Es) satisfying condi-
tions 1-1V and N°< N9, then N°=N°.

The proof is a simple consequence of Definition 3.2 and Lemma 3.1.

Consider the set A*(Es, Ez) (Definition 1.3). Put N(f) = NQ_L.f: ®¢) for
Y e1fi®e: in f. N(f) is single-valued, as follows from IV for N. Conditions
I-I1I tell us that N(f) is a norm in A*(E,, E,).

Similarly, considering sets of equivalent expressions in %(E;, E;) as new
elements F, we obtain a set 4*(E;, Ez) and a norm N(F) in A*(E,, Es). N(F)
will be called the norm associate with N.

We complete A*(E;, E:) to E;®E; by adding new elements, namely all
fundamental sequences (satisfying Cauchy’s condition) of elenients in
U*(E,, E,) with the following conventions:

(@) An glement f of A*(E;, Es) will be considered identical with the

sequence f, f, f, - - - .
(8) Two fundamental sequences

() (1) (@) =(2) (@) =(2)

f17f2’f3""; fl:f2)f37"°
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are considered identical if and only if

11 N(f,fl)—f,(f)) = 0.

(v) The norm of a fundamental sequence fi, fo, fs, - - - is by definition
lim,.., N(f,).

In a similar way we complete A*(E,, E:) to E;® E,.

From Lemma 2.1.c follows that (O_m,F;®¢;) (. .fi®¢:) depends only
upon F resp. f, for which X7 ,F;®¢; resp. >m fi®e; are expressions; F(f) is
therefore a uniquely defined number for f in A*(E;, Es), F in A*(E,, E,).

LeEMMA 3.4. If Fy, Py, - - - resp. Fu, o+ - - denotes a fundamental sequence
of elements in N*(E,, E,) resp. A*(E1, E,), then the sequence Fi(fr), Fo(fa), - - -
s convergent.

The proof is immediate.

Without fear of misunderstanding, we shall also denote the elements of
E:Q®E; resp. E1®E; by f, resp. F.

From Lemma 3.4 follows that F(f) is uniquely defined for f in E;®E,,
Fin E,®F; and |F(f)| = NF)N().

Let F° be an element of E;® E.. It is a consequence of Lemma 3.4 that
Fo(f) is a linear functional on E;® E,. We shall write therefore

E, ® E: C E1 @ Ex().

We shall assume further that N defined on A(E:, E,) in addition to I-IV
satisfies also the following condition of continuity:
V. NO i fi®¢s) is a continuous function of the f; and ¢;, that is, if €>0

is given, we can find & §=06(f1, -+, fn; €1, *, ©a)>0, such that for
”f;—f;’“ <4, ”go;—ga.’” <8, fori=1, - -, n, we have
N(Zf.- ® o= 2 fl ® ¢:)< ;
[ =1

LeMMA 3.5. If E., E, are separable and N satisfies conditions 1-V, then
E\QE, s separable.

Proof. Let f3, f3, - - - resp. ¢}, ¢3, - - - denote two sequences dense in
E, resp. E;. Then the set of expressions Y . ﬂi@goy‘, i, thi=1, 2, 3,
n=1,2,3,--,is dense in A(E;, Es). Hence the set of elements f for whlch
these expressions stand is dense in A*(E;, E,) therefore also in E1® E,.

DEFINITION 3.3. 4 function N of expressions in A(E., Es) is called a cross-
norm if in addition to 1-1V it satisfies the following “cross-property” :

N ® o) =|Ifll ll«ll for f € Ey, ¢ € E,.

(®*) A supplementary remark is made in Part A, §6.
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LeMMA 3.6. 4 crossnorm N satisfies condition V.

Proof. This is an immediate consequence of the following relation

N(ifs®¢.-'—' ife’ ®¢.~')é N(i(ff‘f!)@sai)

1=1 =1 tm=1

+N(if,- ® (i — «::)) + N(im—f:) ® (ps — ¢:>)

=1 i=1

< 25 =l ledl + gllﬁll llo: — !l + ;Ilf.- — 7 lles — 4

i=1

Sometimes we shall assume that the norm N satisfies the following condi-
tion:

VL |2 F(f)eil| < || FI|NC a1 fi®¢:) for F in Ei, and 3 pm,fi®q; in
A(E,, Es).

DEFINITION 3.4. From Lemma 2.1 follows that > F(f)es is invariant
under equivalence. Let f be an element of A*(Ey, Es) for which Y p-.fi®; is an
expression. We define T3F as the transformation from E, to Es such that
T-F=3 . F(f)e:.

LeEMMA 3.7. If T7=0 then f=0.

Proof. Let f#0 and 2 7.,f:®¢; be an expression for f for which the f;'s
and ¢;'s are linearly independent. Thus fi#0. We can find an FCE;, such
that F(fi) 0. This implies Y 1., F(f:)¢:#0, since the ¢,’s are linearly inde-
pendent. Thus T7F>0 and T770. We have shown that f0 implies T70.
This completes the proof.

LeMMA 3.8. Condition 11, IV, and VI for N imply 1.

Proof. From II and IV follows that D j.fi®@:~0®0 implies
NQ i fi®¢:) =0. Now let N(Q 7., fi®¢:) =0. VIimplies|| 31, F(f:)¢d| = 0 for
Fin E;. Hence ) /.,fi®p:~0®0 by Lemma 3.7.

4. Among the functions N, a particular one which we shall denote by N,
will be of great interest to us.

DEFINITION 4.1. Let Y 7.fi®¢) be a fixed expression. We define
NCr 0 ®¢Y) =inf X ||fill ||| where inf (the greatest lower bound) is taken
over the set of all expressions ) 1 ,fi®@¢: equivalent to Y . fP@¢f.

LeEMMA 4.1. N, satisfies conditions 11, 111, IV, and VI, therefore also 1 by
Lemma 3.8; N11s a crossnorm, therefore it satisfies V as follows from Lemma 3.6.

Proof. That N, satisfies IT and IV is obvious We proceed to prove III.
LetD ", f?®¢ and D_7_ .27 @Y% be two given expressions, and let e >0 be given.
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Take an expression

T f®ei=Y fi ® o

t=1 1
such that :
Slilllledl s 7 £/ @ o) + 2
Similarly we find
2286‘8'/‘6’32&3@\0?
= i=1
such that
S el vl = s S el © 48) + o2
We have

S fi®eit g ®Uim fi® o+ Y g OWi.

t=1 te=] tasl fm=1

Condition IV and Definition 4.1 give

m(Zhe et Teiovt) s Slilled + X s v

t=1 $=1

< N:(Efg® JZ) + M(Zg?@ w‘f-)+e.
=1 =1

This proves II1.

We proceed to prove VI. Let D7 ,f;®¢; be an expression for f. We have
(Definition 3.4)

S F(fes

t=1

75| =

s I S I e
This holds for every expression in f. Hence
(| 7F|| < ||Fl|-inf §‘. 7l ledl = [IFl|2:(H).
To prove the cross-property, we assume f#0 and ¢#0 (for f=0 or

¢=0, the proof is obvious). Let FEE; be such that F(f)=|l|, | F]|=1. If
D fi®ei~f®¢p, we have (Lemma 2.1)

I7pdl = or [l = X I

Therefore N1(f®¢) =|f|| |l¢||. This completes the proof.

LEMMA 4.2. N, is the greatest crossnorm.

ﬁ;F(f;)¢f

|

led]-
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Proof. For any crossnorm N, we have
k 0 [ k 0 0 L] 0 0
v(Shed)s Tavie s = TIAllel
= 1= =1
Condition 1V for N implies

N( S o) 5 int3 I

t=1 i=1

lledl = 20 zf ® )

where inf is taken over the set of all expressions D p.,f:®¢; equivalent to
2 ®¢.
LEMMA 4.3. The norm N associated with a crossnorm N, satisfies the condi-

tion N(F®@) 2| Fl [|¢|| for FCEr, ¢ CEn.
The proof is immediate.
DEFINITION 4.2. We define Ny:

Wi 2100 ) = s (| S r0ds00

i=1

/Il o)

where sup (the least_upper bound) is taken over the set of numbers obtained when
F resp. ¢ varies in E, resp. E,.

LEMMA 4.4. Ny and N, are crossnorms.

Proof. It is not difficult to verify that Ny is a crossnorm. We shall prove
that N, is a crossnorm. We have

(o o(Eron)l/m( 0 )
<o (Lo w)|(Im el / )
= I o

Hence (Definition 3.2) N, (F*®¢°) || F?|| ||¢°||. This together with Lemma
4.3 concludes the proof.

(F* ® ¢% if' ® ¢.~)

=1

-LEMMA 4.5. The associate N with a crossnorm N = N, is also a crossnorm.

Proof. Lemma 3.3 gives N<N, In particular N(F®¢)=<No(FQ®¢)
=|| 7] ||¢|| by Lemma 4.4. An application of Lemma 4.3 concludes the proof.

THEOREM 4.1. The associate N with a crossnorm N is also a crossnorm if
and only if N= Ny; N, is therefore the least crossnorm whose associate is also a
crossnorm.
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Proof. The sufficiency is proved in Lemma 4.5. We shall prove the neces-
sity. Suppose that for a crossnorm N and a certain expression Y i, ®¢? we
have

v(ZAe so‘l) < No(if.'?@ ¢3).

=1 =1

Then, there exists an F*EE; and ¢°EE; such that

v(Zhe )< VAL

/ N( The ;:) > (1] |14l

=1

> F (e

and consequently

NE'®¢) 2

¢ o) (Zhe )

i=1

or N is not a crossnorm. This completes the proof ().

THEOREM 4.1.1. A crossnorm N satisfies condition VI if and only if its
associate N is also a crossnorm.

The proof is similar to that in Theorem 4.1.

In our future work, speaking about “the least crossnorm,” we shall have
in mind “the least crossnorm whose associate is also a crossnorm,” namely N,.

5. The least crossnorm N,, as well as the greatest crossnorm N, are
defined for any two Banach spaces E;, E,. For this reason we shall call them
general crossnorms. Similarly (1/2)(No+N1), (1/2)(No+Ny), - - - are gen-
eral crossnorms(4).

Let K denote the smallest class of crossnorms satisfying the following
conditions:

1. M;EK.

2. If NEK, then NEK.

3. If N° and N belong to K, then aN°+(1—a)N belongs to K for
0<a<1.

4. If N° N, N ... denotes a monotonic sequence of crossnorms be-
longing to K, then its limit (which exists because the sequence is bounded by
the least and greatest crossnorms) also is in K.

DEFINITION S5.1. Crossnorms in K are defined for any two Banach spaces
E,, E,. For this reason we shall call them general crossnorms.

LeMMA 5.1. If N and N® denote two crossnorms (not necessarily general)
and a, b real numbers, such that a+b=1, 0<a <1, then

(®) An immediate problem is mentioned in Part B, §6.

(*) For a general crossnorm N, N is to have the following significance in A*(Ei, E;). We
consider N on A*(E:, E»). For this there is an N defined on %*(E,, Ez). We consider the latter
confined to A*(E,, E2) CA*(Ey, Eo).
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GND FpNBO < g NV 4+ 5N,
Proof. We shall prove that for any Fo& A*(E,, E») we have

I 1.16)) IR . )l I 0.16))
aNO(®F) + bNO(F) ~ NO() N

where sup is taken over all s (0) in A*(E,, E;). Suppose that the contrary
holds, that is, for a certain Fy the last inequality does not hold. Then for a
certain fo in A*(E,, E;) we have

| Fo(fo) | | Fo(fo) | | Fo(fo) |
— — > a — 4+ b — -
a N (fo) + BN @(fo) N®(fo) N®(fo)

This gives: { NO(fy) — N®(f;) }2<0. This cannot happen, and therefore the
proof is completed. ~

COROLLARY. Let N° and N°° denote two general crossnorms, and a, b real
numbers, such that a+b=1,0<a <1, then

aNO + bN® < ¢ N° + b N,

LEMMA 5.2. If N denotes a general crossnorm and N its associate, then putting
N@=gN+(1—a)N, 0=a=1, we have N9+ N©® < N+ N(5).

Proof. For a=1 ‘the statement is trivial, For a=0, N+N<N+ N as
follows from Lemma 3.2. For 0<a<1, Lemma 5.1 gives N @ 4 N@
<{aN+(1—a)N}+{aN+(1—a)N} =N+7N asfollows from Lemma 3.2.

CoROLLARY. For a general crossnorm N, we have (1/2)(N+N)
=(1/2)(N+N).

Proof. NW» + N < N4+ N=2N¥? (Lemma 5.2). Hence NW/® < N/,
This completes the proof.
We shall show an immediate application of the last result.

THEOREM 5.1. There exists a general crossnorm N, with the following prop-
erties:

a. N is identical with its associate N.

B. N=lim,., N®, where { N™} is a monotonic sequence of general cross-
norms defined in the following way: Let N, denote the greatest crossmorm. Put
NO=(1/2)(N1+N,). Let n>1, and suppose we have defined N® for k<n,
then put N® =(1/2)(N®—D 4 N&-D),

Proof. Since N; is the greatest crossnorm, its associate N; is also a
crossnorm (Lemma 4.5), and therefore N1 < N;. Lemma 3.3 and the corollary
to Lemma 5.2 give

(5) For simplicity of notation N@ shall denote the associate with N@,
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N.=N®» < NO LN,

The last inequality proves that N is a crossnorm, therefore N? is also a
crossnorm. Similarly we obtain

NS NOSN®D K N® K ND LN,
This proves that N® is also a crossnorm, therefore N® is a crossnorm. Re-
peating the same process, we obtain a decreasing sequence of crossnorms
Ni=ZNO>ND > ...
and an increasing sequence of its associate crossnorms
NN N,
The first sequence is bounded from below by N, hence is convergent;
let N denote its limit. The second sequence is bounded from above by N,
hence convergent; let M denote its limit. Therefore:
(1) lim,. N® =N; lim,., N™ =N.
It is easy to verify that
N® — N < (1/2%)(Ny — Ny) forn=1,2,---
bécause
N(l) - N(l) = (1/2)(N1 + Nl) - N(l) § (1/2)(N1 + Nl) - Nl
= (1/2)(N1 — Ny,
N® — N® = (1/2)(ND 4+ NW) — N® < (1/2)(NDV 4+ ND) — N®
= (1/2)(N® — N®) < (1/2%)(N1 — Ny,

.....................................................................

Therefore: N=N. We shall prove N=N. Since NSN™ for n=1, 2, -
N=N™ hence (1) gives N=RN or
(2) N2 N.
On the other hand,

N®msRN=N forn=1,2,---

hence 1:\7(”)2_ N and therefore (Lemma 3.2) N®>=7N. (1) gives
(3) N=N. :
(2) and (3) give the required result(t).

THEOREM 5.1.1. Let N° denote a general crossnorm (Definition 5.1). The
same construction (which we have applied to N1 in Theorem 5.1) applied to N°,
will always lead to a crossnorm N satisfying conditions a, B mentioned in
Theorem 5.1.

(%) The immediate problem is mentioned in Part C, §6.
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Proof. Let us notice that for a general crossnorm N we have always
N1=N°= N, hence also W;él—\”g,‘Nl by virtue of Lemmas 3.2 and 3.3.
This assures that the associate with a general crossnorm is also a crossnorm.
We put NV =(1/2)(N°+N?), N is a crossnorm and NV £ N® (Lemma 5.2)
is also a crossnorm. We have therefore the situation mentioned in Theorem
5.1. Let »>1, and suppose we have defined N® for k<n, then put
N®=(1 /2)(N(""1>+N(”"~)). As in Theorem 5.1 we prove that lim,., N®
exists; call it N, and lim,., N™ exists; call it %. Further,

N® — N < (1/27)(NO — N®) forn=1,2,---;
hence N=N. Finally we prove (in exactly the same way as in Theorem 5.1)
that N=N.

We shall apply our results to Hilbert spaces. Let E;, Es, denote two Hilbert
spaces, and N a crossnorm in A(E;, Ej) (Definition 1.3).

DEFINITION 5._2. 1_\_7_ will be termed self-associate if for every expression
> riFi®e; in A(E:, E), we have
N( X Fi@e) =N( 2 fi®¢),
where f;resp. ¢;is the element in E, resp. Es for which Fi(f)=(f, f;) in E, resp.
¢i(p)=(¢, ¢;) in Es.

For two Hilbert spaces Ei, Es, F. J. Murray and J. von Neumann intro-
duce the following crossnorm in A(E;, Es) [10]:

v(Sree)= {2 u e m}m

Jm=1 =1 k=1

where the symbol (f;, f) denotes the inner product. Let N denote the associ-
ate with N, and let

2 o
=1
be a fixed expression in A(E;, E;). We have

N(Zﬂ@&

(Eres)(Lrew)/A(Esrer)

(ZZsdenen)| /{ E L G e o

j=1 =1 i=1 k=1

€)) = sup

= sup

where F}(f)=(f, D, #3(e)=(¢, ¢}). Applying Schwarz’s inequality to the
numerator, we get
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SFe® ¢?~)
i=1

< s ({ £ 2 04 /el db}m{ >3 GaMes i}

je=1 I=1 i=1 k=1

J{EE ot m)}”z)
or

—_— kidd 0 mn
@) ¥ Xre ¢i>§N(Zf?®<p3).
i1 i=1
On the other hand, taking in particular Y ,ff®¢? for the variable expresswn
Sr . fi®e:, we get from (1)

TV(EF?-@qb?) >

j=1

m

YDA

j=1 l=1

{E S sl ¢2)}1,z

j=1 l=1 .

m

~{ES e}

j=1 l=1

This means NQ L, Ff®¢)) =N ™ ,f°®¢?). The last inequality together
with (2) proves that

—f .0 0 =0 )

N(ZF:'®¢5) = N(Zfi ®‘Pi)
j=1 j=1

or the crossnorm introduced by F. J. Murray and J. von Neumann is self-

associate in the sense of Definition 5.2.
We shall denote this crossnorm by S, x.

THEOREM 5.2. If E; and E; denote two Hilbert spaces, then every self-associate
crossnorm in N(E., E,) is identical with Su,n.

Proof. Let N be a crossnorm in ¥(E;, Es). Since E;= E;, Es= E,, for an
expression ) v, Ff®¢) in A(E;:, Es) we have

7(Eres)-T(Lres)

i1 i=1

= (|E 20 ened| /5( 10 )

where F°(f) (f, f)) in Ei, ¢)(@)=(¢, ¢) in E, Taking in particular
DS rfl®¢ for the variable expression Z,_,f.@go. we get

W(’;f; ® qo';N(j_Zlf:-@ POP= {Su,N(;lf; ® en}t
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In particular if N is self-associate in the sense of Definition 5.2, that is,
NQ o ifi®e) =N .ff ®¢) we get

N’z Sux or NZSuw

Taking the associate crossnorms for both sides of the last inequality, we get
N=Su,y, or since N and Su,n are self-associate N=Su,n. This gives
N =3Su,n, and the proof is completed.

THEOREM 5.3. If E, and E. denote two Hilbert spaces, then the general cross-
norm N constructed in Theorem 5.1 by means of the greatest crossmorm N
coincides with the usual self-associate crossmorm Sy, n.

Proof. From the construction of N, and E,= E,, E;= E; obviously follows
that N is self-associate in the sense of Definition 5.2. Thus, N is identical with
S, ~ by Theorem 5.2.

6. In this section we present some remarks about the work of the preced-
ing sections.

A. As a consequence of Lemma 3.4, E, ® E;C E; Q E, has been proved. It
does not appear to be a simple matter to describe the exact conditions im-
posed upon a crossnorm, under which the relation E; ® E;=E,; ®E, holds.

B. We have proved the existence of the least crossnorm, whose associate
is also a crossnorm. We did not settle, however, whether the associate with
every crossnorm is also a crossnorm, or there exist crossnorms whose associ-
ates are not crossnorms(”).

C. The general crossnorm N, constructed in Theorem 5.1 by means of
the greatest crossnorm Ni, we are justified to term self-associate (extending
hereby Definition 5.2). Theorem 5.1.1 states that the same construction
applied to any general crossnorm will always lead to a self-associate cross-
norm. We did not settle, however, the problem of “uniqueness,” that is,
whether the same construction applied to two different general crossnorms
will always lead to the same self-associate crossnorm.

In connection with the question of uniqueness let us mention the following
problem.

Let N®and N?° denote two general crossnorms, and N°=< N%. Under what
conditions is N°+4 N°= N4 oo?

7. The following crossnorms are worth mentioning.

DEFINITION 7.1. Let 3 i f0®¢} be in A(E:, Es). We put NQ i fi ®¢))
=inf (max ¢=11 “ZZ‘_mH f,~”¢,~“) where inf (that is, the greatest lower bound) is
taken over the set of all expressions I v.fi®@¢;: equivalent to Y 1, ff @f.

THEOREM 7.1. N in Definition 7.1 is a crossnorm.

- (") Added in proof: The author has since shown that if E; and E: are reflexive, that is,
Ei=E;, then the associate of every crossnorm is also a crossnorm.
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Proof. It is obvious that N satisfies II and IV of Definition 3.1. We shall
prove III. For two given expressions ) i ,fi®¢:, O r.2:®¥;: and a given
€>0, we can find two expressions ) _i..f! ®¢!, Ya1-1g! ¢! such that

< N(if.-@ <p.->+6/2.

1=1

V(S eew)+a

=1

Ef'@sa."'Zf ® ¢i; max

i=1 €=

k
> el
=1

Z 51”31 ”'ﬁ.

1=1

Zg;’ ®¢."’2-*ng®¢4;

t=1 =1 e"

IIA

Lete! =41,2=1,---,k;n/=%+1,7=1, .-, 7, be chosen so that

|z« S alsllet + 3 niletIos

t=1 | t=1 te=l

! + 2771 “&”‘pz

=  max
e=tlimjmtl

’

then IV and Definition 7.1 give

N(if..®¢.--+- ig.-w.-)gnze.uf.n% + zn,ng,lw,

i=1 t==l =1

< max
e'.=:t 1

> el llvt

i=1

+ ma.x

> dltle

[

§N(if.-®¢s)+N(de®¢e)+e.

t=1 t=l

This proves ITI. We shall prove VI

> F(fer|| S max || Sl B | ¢.-[ .
=1 = =1
Let 9/, - - -, 0/ denote that system of numbers 1, —1, for which the right

side of the last inequality is a maximum. Then,

n
2!

t=1

< |IAll- max

§ I

> F(fes l

=1

> sl

and the proof of VI is a simple consequence of Lemma 2.1. Lemma 3.8 im-
plies, therefore, I for N.

We complete the proof of the theorem by showing that N has the cross-
property. Let f#0, ¢#0 and D _p..fi®0:~f®¢. Choose an FCE, such that
F)=|lfll, || Fl| =1. Lemma 2.1 gives

Il = IFel = || S| s ] max

> elllles

1=l

or

I el = max | el
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This proves
N @ o) =l llell-

DEeFINITION 7.2. We déﬁne a crossnorm N in A(E,, E,) by means of the
least crossnorm Noin A(E,, Ez). Let k denote a natural number. For Y o .fi @p;
in N(E,, Ez) we put

N(k)(ifs‘ ® %‘)

_ sup( (épi®¢j)<§f; ® ¢,~)‘/No<§21?,-®¢s))

where sup (the least upper bound) is taken for all sequences of k terms Fy, - - -, Fr
in El;(ﬁl, cee, ¢k n _E-z.

THEOREM 7.2. For every natural k, N, is a crossnorm.

Proof. 1. If D 7 ,fi®¢~20®0, Lemma 2.1 gives Ny r.fi®¢:) =0. If
No (ot ifi®¢:) =0, then taking Fi= .. =F,=F; ¢1= - - - =¢p=¢, we
have D . 1fi®¢~0®0 by Definition 4.2 and Lemma 4.4.

That II, ITI, and IV hold is obvious. We shall prove that Ng, has the

cross-property. We have
k
/ N o( 2F;i® ¢i)
=1
j=1

(zres)rem
(17t /|( Zrsmar)ro o)}
= 17l ).

i=1
But on the other hand, putting Fi= - - - = F,=F;¢1= - + - =¢,=¢ we obvi-
ously get Nay(f°®¢°) Z||f|| [|¢°]]- This completes the proof.

N (f* ® ¢° = sup

IIA

sup {l(iF;@%)(f"@qo")
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