ON BOUNDED VARIATION AND ABSOLUTE CONTINUITY
FOR PARAMETRIC REPRESENTATIONS
OF CONTINUOUS SURFACES

BY
PAUL V. REICHELDERFER

INTRODUCTION

1. A continuous curve C in xys-space may be defined by
C: x=zx(u), y=yu), z = z(u), aZu=gb,

where each of thefunctions x(«), y(«), z(%) is continuous on the closed interval
[¢, 8]. The following facts are known(*) (see Rado [3, chap. I]; Saks [1,
chap. IV]).

(1) A necessary and sufficient condition that the length L(C) of C be
ﬁnite]is that each of the functions x(%), y(), z2(#) be of bounded variation on
(4, b].

(,? (2) If the length L(C) is finite, then each of the derivatives x'(u), y' (%),
z"(u) exists almost everywhere in [a, b], is summable on [a, b], and

b
L) = f [#'(w)? + y'(w)? + 2'(w)?]V2du.

(3) A necessary and sufficient condition that the sign of equality hold in
this relation is that each of the functions x(%), y(«), 2(x) be absolutely con-
tinuous on [a, b].

2. A continuous surface S in xyz-space may be defined by

S: = x2(%,v), y=yu1v), z2=35uv), a<usd c=v=d,

where each of the functions x(«, v), y(u, v), 2(«, v), is continuous on the closed
(two-dimensional) interval [a, b; ¢, d]. How may the concepts for the area
of the surface S and for bounded variation and absolute continuity of the
representation of S be defined so that theorems analogous to those for con-
tinuous curves cited in(?) 1 hold? For the special case in which .S may be
given by relations of the form
S: X = U, y =29, z=f(u,v), a=u=b, ¢c=v=d,
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(*) Numbers in square brackets refer to papers listed in the bibliography at the end of this
paper.

(?) The notation I, 6, 2, for example, refers to chapter I, section 6, relation 2 in this paper
When no chapter reference is given, the introduction is meant.
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Geocze and Tonelli have shown a complete answer to this question (see Gedcze

[1], Tonelli [1]). But for the general case, no satisfactory answer seems to
be known.

3. It is the chief purpose of this paper to give an answer to the question
just raised. In so doing, interesting generalizations and extensions of results
in the literature will be obtained. Briefly, the program for procedure is the
following. First, a definition for a continuous surface is made precise (see I,
1). Now concepts for bounded variation and absolute continuity of a repre-
sentation for a curve are phrased in terms of the corresponding representa-
tions for the projections of this curve upon each of the coordinate axes. Here
the definitions for bounded variation and absolute continuity of a representa-
tion for a surface will be made in terms of the corresponding representations
for the projections of this surface upon each of the coordinate planes. For
representations of the latter type, a hierarchy of definitions for bounded
variation and absolute continuity is extant(®) (see R? [1]). It will be desir-
able for the purpose of this paper to review these definitions, and to make
certain additions to the theory developed in the work just cited (see II, III).
Next, a definition for the area of a continuous surface will be given (see IV).
This definition will be compared with that of the Geécze area as defined by
Rado (see IV, 17-20), and the Lebesgue area (see IV, 14-15); the latter area
has been most frequently used in the literature. For the special case considered
by Gebcze and Tonelli, it will be shown that the definitions advanced here
are equivalent to those which they used (see IV, 16). With the definitions
for the area of a surface, and for bounded variation and absolute continuity
of its representations, thus formulated, it will be shown that theorems hold
for continuous surfaces which are analogous to those cited in 1 for curves
(see IV, 4, 6-13;V,9-15). As an application of this theory, some of the results
of Rado and Reichelderfer on convergence in area for surfaces (see R? [2])
will be generalized (see V).

4. For brevity, the following notations and conventions are adopted. The
u'u?-plane will serve as a parameter plane; a point (#%,%?) in it is denoted
simply by #. The surfaces will be in x'x?x3-space; a point (x!, 2, x%) in this
space is denoted simply by x. With each point x, there is associated its projec-
tions on the respective coordinate planes given by

x = (0, #% &%), ‘x=(x,0,2%), Gzx= (s, 4%0).

The planar exterior measure of any set E in the u#-plane is denoted by IE[
The set of interior points in the set E is denoted by E°.
If a =(a!, a?, a®) be any triple of real numbers, set

lal=(lat], [a] [a2]),  ldl = [(a)? + (a®)2 + (a®)?]'r2.
A triple of real, finite, single-valued functions x%*(u), :=1, 2, 3, each defined

(3) The symbol R? in this note is to be read “Rado and Reichelderfer.”
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on a set E in the u-plane is denoted by [x(«), E], where x(u) = (x'(u), x*(u),
x3(u)) for u=(u', u?) in E. With each triple [x(x), E] there are associated
three triples [ix(x), E] defined by

ta(u) = (0, x*(u), x3(w)), *x(u) = (x'(u), 0, #*(w)), 3*x(u) = (x'(u), x*(u), 0),
u in E.

A triple [%(u), E] is said to possess any property which is possessed by each
of the x*(u) for 1=1, 2, 3 on the set E.

A two-dimensional interval in the wu-plane is denoted generically by
I, 3, [a, B], or a2, B; a2, B2]; it consists of all points « satisfying a! Su! <!,
o2 =u?=P? where o' <f, o <% A connected open set in the u-plane is termed
a domain, is denoted generically by D or D; if the boundary of a domain con-
sists of a Jordan curve, then the closed connected set of points in the domain
and on its boundary is termed a simple Jordan region, is denoted generically
by B, B or 8. If the boundary of a domain consists of a finite number of
Jordan curves, then the closed connected set of points in the domain and on
its boundary is termed a Jordan region, is denoted generically by R. A se-
quence of domains D,, is said to fill up a domain D from the interior if each
domain D, is contained in D, but for every closed set F in D there exists an
m(F) such that Fis in D, for every choice of 7 exceeding #n(F). A sequence of
Jordan regions R, fill up a Jordan region R from the interior if their in-

teriors R fill up R° from the interior.

If ¥B is any simple Jordan region in the u-plane, then a finite system of
nonoverlapping simple Jordan regions B lying in 8 is denoted generically
by S(8B). The maximum of the diameters of the domains B in S(8B) is de-
noted by || S(®B)||. If B=)_B for Bin S(B), then S(B) is termed a subdivision
of 8. In particular, if each of the simple Jordan regions B in S(8) is an
interval, then S(®B) is termed a finite interval system; if, moreover, ¥ is an
interval and S(8B) is a subdivision of 9B, then S(8B) is termed an interval
subdivision.

A b-function defined in B is a law which associates with every simple
Jordan region B in ¥ a finite, real number ¢(B); this function is denoted by
[¢, B]. This b-function is non-negative if ¢(B) is non-negative for every B in
(®B). For a finite system S(B), where B is any simple Jordan region in B, set

o(S(B)) = > ¢(B) for B inS(B);
U(B; [¢, B]) = Lu.b. ¢(S(B)) for all finite systems S(B).
Evidently ¢(B) < U(B; [¢, B]) < U(8B; [¢, B]) for every choice of B in B.
Hence if U(B; [¢, B)) is finite, then [U, B]isa b-function, and [¢, B]is said

to possess a U-function. If S(9¥B) is any finite system, then clearly U(S(9);
[¢, B]) = U(B; [¢, B]).

5. If ['p, B],i=1, 2, 3, is a triple of b-functions having a common range
of definition, set



254 -P. V. REICHELDERFER [March

#(B) = (1¢(B), %6(B), *$(B)),  ®(B) = |¢(B)||, for Bin®.
If [¢, B] is a triple of non-negative b-functions, then clearly

3
i¢(B) < ®(B) < D ‘¢(B) for Bin®.
=1
Hence a necessary and sufficient condition that [®, 8] have a U-function is
that each member of the non-negative triple [¢, 8] have a U-function, and

1. U(B; ['¢,8]) < U(B; [#,B]) < i U(B; |i¢,8B]) for Bin®.

i=1
Elementary considerations lead to the following

LEMMA. Let [¢., B], n=0, 1, 2, - - -, be a sequence of triples of non-
negative b-functions for which lim inf ‘¢,(B) =ipo(B) for B in B,1=1, 2, 3.
Then lim inf ®,(B)=®,(B); lim inf U(B; [‘¢n, B])= U(B; [¢e, B]); lim
inf U(B; [®., B]= U(B; [®0, B]) for B in B.

CHAPTER I
ON CONTINUOUS SURFACES

1. A definition for a continuous surface will now be recalled; since this
definition is in the literature (see Rado [2, 3]), it will be merely sketched here
for the convenience of the reader, and for the purpose of fixing notation in
the sequel. Consider the class of all continuous triples [x(x), 8], where 8
is a simple Jordan region in the u-plane. Let [x1(x), 8B1], [%2(), B:] be any
two of these triples. Since B; and B, are simple Jordan regions, there exist
topological maps of 8B, onto B. given by single-valued continuous pairs
[@(w), B1] having single-valued continuous inverses on 8. Let d(4%) denote
the maximum of ||x1(u) — x2(s(«))|| for u in B. Put d([x1, B1], [x2, B:]) equal
to the greatest lower bound of d(#) for all topological maps [#(x), B1] of B:
onto B,. It is easily verified that the binary relation d thus defined in the
class of all continuous triples has all the properties of a distance except one:
the fact that d([x1, B1], [x2, B:]) is zero does not imply that B, and B; are
identical and x1(#) =x2(x) for » in B;- Be. In order to remedy this defect,
one agrees that two of these triples [x;, %1], [z, $B,] are in the ~ relation
provided d([x1, B1], [x2, B:]) =0. It is readily verified that the binary rela-
tion ~ is an equivalence relation; hence it partitions the class of all continu-
ous triples into mutually exclusive sets of triples mutually in the ~ relation;
denote these sets generically by S. It follows that if S, and S, are any two of
these sets, then d([x;, B1], [xz, B:]) has a value dy; which is independent of
the choice of [xl, 5-81] in Sl and [xz, %2] in Sz. Set d(Sl, Sz)=d12. Then
d(S1, S;) has all the properties of a distance in the class of sets S. Each of the
sets S is termed a continuous surface of the type of the circular disc. Any one
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of the continuous triples [x(«), 8] in S is termed a (parametric) representa-
tion for the surface S. The distance d(S, Sz) is known as the Fréchet distance
of the surfaces S; and S.. A sequence of surfaces S, is said to converge to the
surface Sy if d(Sn, So) converges to zero. If S, converges to S, and if [xo(x),
Bo] be any representation for S, then there exist representations [x,(x), B.]
for S, such that 8B, is identical with 8, for every » and x,(%) converges on B,
uniformly to x¢(%).

2. Amongst the representations for a surface S, there may occur one
[x(u), B] of the form

1. x(u) = (u!, u?, 23(u', u?)), u = (4, u?) in B.

Denote by 38 the irﬁage of B in the %x-plane under the topological map
x'=u?, x?=u! for («!, u?) in B. Then

2% = x3(xl, x?), (x!, x?) in 38B.

denotes what is commonly called a non-parametric representation for S. For
this reason, the representation [x(x), 8] in 1 will be termed a representation
of non-parametric origin for S. By symmetry, one should also term any repre-
ssentation for S having one of the forms

(w2, ut, 23(ut, u?), (u', x2(ut, u?), w?),  (u?, 2¥ (4, u?), u'),
(x'(u', u?), u', u?), (2} (ut, u?), u? ub),

a representation of non-parametric origin for S. But this is unnecessary, since
any of these forms may be brought into form 1 by a suitable change of nota-
tion. A surface need not have a representation of non-parametric origin, but
if it does, that representation is unique.

3. Amongst the representations for a surface S, there may occur one
[x(«), B] of the form

1. x(u) = (x(ul, u?), 22(u!, u?), 0), u = (ul, 4?) in B.

Geometrically speaking, such a surface lies entirely in the 3x-plane. It is
easily verified that any other representation for S must have the form 1.
Such a surface is sometimes called a flat surface. The representation for S de-
fines a continuous transformation from the simple Jordan region 9B in the u-
plane to a’bounded portion of the 3x-plane.

4. Let S be any continuous surface in x-space. If [x(x), B] be any
representation for S, then (see 4) [*x(x), B] is a representation for a flat
surface %S in the 3x-plane, which is the projection of S on that plane. It fol-
lows at once (see I, 1) that if [#(«), B]is any other representation for .S then
[*%(u), B] is another representation for 3S—that is, the surface 3S is uniquely
determined by S. Thus a continuous surface S in x-space determines uniquely
three flat projection surfaces 1S, %S, 3S on the coordinate planes x, 2x, 3x,
respectively.
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5. A real, finite-valued function f(x) =f(u!, 4?) defined on a simple polyg-
onal region B in the u-plane is termed quasi-linear if f(u) is continuous in B,
and if there exists a triangulation of 8B such that f(«) is a linear function of
u' and #? on each triangle of the triangulation. A continuous surface is termed
a polyhedron, and denoted by P, if it possesses a representation [x(x), B]
such that B is a simple polygonal region and each x*(%) is quasi-linear on B.
Then there exists a triangulation of 8 such that each of the functions x(x)
for =1, 2, 3 is linear on every triangle in the triangulation. The image of '
each triangle in this triangulation is a (possibly degenerate) triangle; the
sum of the areas of these image triangles is termed the elementary area of
P—denote it by a(P) Elementary considerations show that a(P) depends
only on the polyhedron P.

6. Let S be any continuous surface. Then there always exist sequences
of polyhedra P, such that P, converges to .S; lim inf a(P,) is an upper bound
for the Lebesgue area A(S) of the surface; 4(S) is the greatest lower bound of
all the upper bounds derived in this way. The Lebesgue area possesses the
following important properties (see Rado [2, 3]).

1. If P be any polyhedron, then 4 (P)=a(P).

2. There exists a sequence of polyhedra P, such that P, converges to .S
and A (P,) converges to 4(S).

3. The Lebesgue area A(S) is a lower semi-continuous functional of S.

7. Much of the literature on continuous surfaces restricts its considera-
tions to surfaces having representations of non-parametric origin (see I, 2);
in defining the “Lebesgue area’ for such surfaces, it has been convenient to
restrict the class of approximating polyhedra P, to have representations of
non-parametric origin also. Let 44(S) denote the area of a surface S having
a representation of non-parametric origin when the class of approximating
polyhedra is so restricted. Then clearly 4(S) < A4x(S), and it is important in
comparing the literature to know that the sign of equality always holds.
This fact is implicit in the work of Rado (see Rado [1]), but no explicit proof
seems to be in the literature. Such a proof will be a corollary to one of the
results in this paper (see 1V, 15).

8. Let S be any continuous surface. The following principle has been
advanced by Rado and Reichelderfer to direct their work in the theory of
continuous surfaces (see R? [2]). Assume that some sort of area—denote it by
A4(S)—is defined for S and that, for each representation [x(x), B8] of S,
some sort of Jacobians are defined for each of the projection representations
[x, 8], [2x, 8], [*x, B] on the coordinate planes (see 4)—denote these by
1%(u), 2¥(u), ¥ (w), respectively, wherever they exist. Then a representation
[x(x), B] for S is said to be absolutely continuous (A, F¥) provided that each
of the Jacobians J(u), 2¥(u), 3¥(u) exists almost everywhere in the interior
B of B, is summable on B°, and
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AS) = [ 1900 + 7 + 5w,

CHAPTER I1
ON CONTINUOUS TRANSFORMATIONS IN THE PLANE

In sections 1-9, 13, the salient features of the theory of bounded variation
and absolute continuity for continuous transformations in the plane de-
veloped by Rado and Reichelderfer (see R? [1]) are summarized. For all
details, the reader is referred to the cited paper(*). Minor notational changes
have been made to place the results in a form more convenient for the pur-
poses of this paper. In sections 10-12, 14-22 extensions of this theory are dis-
cussed.

1. Let £ be any plane in x-space; on £ choose a rectangular coordinate
system £, £2, and adopt notations similar to those introduced in 4 for the
u-plane. Let D be any bounded domain in the u-plane. If £(u) = (&'(u, u?),
£2(ul, u?)) be a pair of real, single-valued functions defined, continuous, and
bounded in ®, then [£(«), D] defines a bounded continuous transformation T,
which associates with every point # in D a point £=£(«) in a bounded portion
of the £-plane. If E be any set in the u-plane, let T(E) denote the set of all
points £, in the £-plane for which there exists a point #o in E such that
£(uo) = £o. If E be any set in the £-plane, let T-X(E) denote the set of all points
uo in D such that £(uo) is in E. If T1:[£1(u), Di1]; T2 [£(n), De] are two
bounded continuous transformations, then their distance p(T'1, T2; E) on any
set E in both D; and D, is the least upper bound of [I E1(u) — Ez(u)” for » in E.
For any set E in the u-plane, and for any point £, in the -plane, N (&, T, E)
is defined to be the number (possibly 4 «) of points in the set T-(&) - E.
For fixed £ and T, N(¢, T, E) is a non-negative completely additive set func-
tion.

2. If R be any Jordan region in D, and if £ be any non-negative integer,
define (%, T, RN) to be the set of those points &, in the &-plane for which
there exists a positive number e such that N(£, T%, R) =% for every bounded
continuous transformation Ty satisfying p(Tx, T; R) <e. Clearly (%, T, R)
contains R(&+1, T, R) for k=0, 1, 2, - - - . Define

R(e, 7,9 = [] &(k T, R).
k=0

A function K(¢, T, R) is defined by the relations
E on R T, %) —RE+1,T,R);
+ «© on (e, T,R).

(*) The introduction of the R? paper contains a summary of their results, together with
reference to the location of the proofs.

K¢ T, R) = {
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Given a domain D in D let R, be a sequence of Jordan regions whose interiors
fill up D from the interior (see 4). For fixed £ and T, the sequence K(§, T, R,)
has a limit (possibly + «) which is independent of the choice of the sequence
of regions R, whose interiors fill up O. This limit is denoted by K(§, T, D),
and is termed the essential multiplicity of £ under T with respect to D. It has
the following properties.

1. The essential multiplicity K(&, T, D), for fixed T and D, is a lower semi-
continuous function of £.

2. If D, is a sequence of domains filling up D from the interior, if T,: [£,(x),
D, ] is a sequence of bounded continuous transformations such that for every
closed set Fin D it is true that lim p(T,, T; F) =0, then for every £ one has
liminf K(&, Ty, D.) ZK(§, T, D). In particular, if T, is given by [£(«), D] then
lim K(¢, T, D.) =K(¢, T, D).

3. For any Jordan region R in D, it is true that K(¢, T, R®) =K(¢, T, R).

3. A set Bin the u-plane is termed a base set for the transformation T if it
is measurable, and for every closed oriented square s whose interior s° is in
D, the set T(s®- B) is measurable. Let B be any base set for T. Define, for
any closed oriented square s whose interior s is in D

1. G(s, T, B) = | T(s*B) |.

The transformation T is said to be of bounded variation with respect to the
base set B—briefly, BV B—if there exists a finite positive constant M such
that for any finite system of nonoverlapping, closed, oriented squares s;
whose interiors are in D, it is true that

> G(si, T, B) < M.

The transformation T is said to be absolutely continuous with respect to the
base set B—briefly, AC B—if for every positive number ¢, there exists a
positive number 7. such that

> GG T,B) <e

for every finite system of nonoverlapping, closed, oriented squares s; whose
interiors are in © and for which

Z' sl'! < e
If T is AC B, then it follows that T is BV B.

LeMMA. If B; and B, are base sets for T, then B= B,+ B; is a base set for
T. A necessary and sufficient condition that T be BV B is that T be both BV B,
and BV B.. A necessary and sufficient condition that T be AC B is that T be
both AC ‘Bl and AC ‘Bz.

4. A necessary and sufficient condition that a bounded continuous trans-
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formation T be BV B is that N(¢§, T, ©- B) be summable(®). If T is BV B,
then N(&, T, E- B) is measurable and summable for any open or closed set
E relative to D. If T is BV B, then the function of squares G(s, T, B) defined
in II, 3, 1 possesses a derivative D(u, T, B) almost everywhere in ®. This
derivative is summable in 9D, and one has, on every open set O in D(®)

f D(u, T, B)du < f NG T, 0-B)d.
o

If T is AC B, then the sign of equality holds here. Conversely, if the sign of
equality holds here for 0=9, then it holds for every open set 0 in D, and T is
AC B.1f Tis AC B, and if E is any measurable set in D, then N(¢, T, E- B)
is measurable and summable; thus if H() is a finite-valued, measurable
function, then H(§) N(¢, T, E-B) is a measurable function. Under these condi-
tions, it is also true that H({(u#)) D(u, T, B) is measurable in . Finally,
if the transformation T is AC B; the function H(£) -is finite-valued and
measurable; the set £ in © is measurable; one of H(§)N(¢ T, E, B),
H(&(w))D(u, T, B) is summable, then both of these functions are summable,
and

| 1. fEH(E(u))D(u, T, B)du = fH(E)N(E, T, E-B)ds.

5. Rado and Reichelderfer studied closely the notions of BV 8 and AC B
for a certain choice of the base set B which is now described. Let & be any
Jordan region in D (see 4). Let £ be any point in the {-plane not on the
image under T of the boundary of R. If C be one of the curves bounding R,
then the image of C under T, taken as u traverses C in a positive sense rela-
tive to R, is a directed, closed continuous curve C not passing through £o;
consequently £, has a well defined topological index with respect to C. The
sum of these indices taken over all the boundary curves of R is denoted by
w(éo, T, R). For points &« on the image under T of the boundary of R, one
puts u(&x, T, R)=0.

6. Let £ be any point in the £-plane. The set (&) is a closed set rela-
tive to O, hence decomposes in a unique way into components which are
maximal connected closed sets relative to D. If a component of T71(&,) has
a positive distance from the boundary of D, then it is a connected closed set
in the absolute sense—that is, a continuum; such a component is termed a
maximal model continuum for & under T in ®©, and is denoted generically by
(¢, T). A a(&, T) is termed essential if in every open neighborhood of
a(&y, T), there is a Jordan region R containing ¢(&s, T) in its interior and for

(%) Since all functions considered in the f-plane are zero outside a sufficiently large disc,
they are termed summable whenever they are summable on such a disc, and no range of integra-
tion will be explicitly indicated.

(¢) See Footnote 5.
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which u(&, T, R) is not zero. If D be any subdomain in D, then the number
of essential maximal model continua o (&, T) for & under T in D is equal to
the essential multiplicity K(&, T, D) (see 11, 2). If R be any Jordan region in
D for which u(&, T, R) is not zero, then &, has an essential maximal model
continuum under T in the interior of R.

7. If D be any domain in 9, then denote by E(T, D) the set of all points
uo which belongs to some essential maximal model continuum for £(x,) under
T in O. Denote by E(T, D) that subset of E(T, D) which consists of all those
points %, which themselves constitute essential maximal model continua for
£(uo) under T in D; evidently E(T, D) =E(T, D) D, but a similar formula
does not generally hold for E(T, D). If u, be any point of E(T, D) which hasa
neighborhood free of points belonging to other essential maximal model
continua for £(uo) under T in D, then it is true that u(£(uo), T, N) has a non-
zero value independent of the choice of a Jordan region R in this neighbor-
hood which contains,u, in its interior and whose boundary contains no point
of T'(£(uo)) ; denote this value by j(uo, T). For all points ux in © not having
the properties of g, set j(ux, T) equal to zero. Then j(x, T) is a Baire func-
tion in D and |j(u, T )l does not exceed one, except possibly on a denumer-
able set of points in D.

8. Itis the set E(T, D) which Rado and Reichelderfer employ for a base
set (see 11, 3);itis the set E(T, D) which plays a prominent role in the follow-
ing theory. Because the results for these two base sets are so closely related,
the results for the set E(T, D) developed by Rado and Reichelderfer are now
summarized as a basis for stating and proving results for the set E(T, D).
Let K, denote the class of all bounded continuous transformations T': [£(u),
®] which are BV E(T, D). Let K denote that subclass of K, (see 11, 3) con-
sisting of all transformations T" which are AC E(T, D). Let K, denote the
class of all transformations T in K, for which the relation N(§, T, E(T, D))
=K(¢, T, D) holds almost everywhere. Finally, let K; denote the class of all
transformations T in K, for which the ordinary Jacobian

J(u, T) = 0(&, £)/0(u", w),  u= (u', w’) inD,

exists almost everywhere in ®. If T is in K,, then D(u, T, E(T, D)) exists
almost everywhere in D and is summable on D (see 11, 3)—denote this deriva-
tive by D(u, T). Define

j(u, T)D(u, T) wherever D(u, T) exists;

?(uv T) = .

0 otherwise.

The function F(u, T) is termed the generalized Jacobian for the transforma-
tion T. From II, 7 it follows that |7(u, T)| <D(u, T) almost everywhere in
D, and F(u, T) is measurable in D; hence F(u, T') is summable in D. If T"is in
the class Kj, it follows that |7(u, T)| =D(u, T) almost everywhere in D. If
T is in the class K, it is true that #(u, T)=J(u, T') almost everywhere in D.
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The class K; contains all bounded continuous transformations T:[£(«), D]
which satisfy a Lipschitz condition in the following restricted sense: there
exists a finite constant L such that if #; and u; are any two points of D for
which the line segment joining them is contained in D, then ”E(ul) —E(ug)“
SL|lus—us|. If T is a bounded continuous transformation for which the
ordinary Jacobian exists almost everywhere in D, and for which K(¢, T, D)
is summable, then D(u, T) = |J(u, T) I almost everywhere in D(7).
9. Combining results stated in II, 4, 8, one obtains the

1. LEMMA. Let T:[((u), D] be a bounded continuous transformation for
which K(§, T, D) is summable. Then F(u, T) exists almost everywhere in D,
is summable on D, and

f K(, 7,0t = [ NG, T, E(7, D)ae 2 . D, T)du 2 fDI Fu, T) | du

for every domain D in D. A necessary and sufficient condition that all the signs
of equality hold here for D=2 is that T be in the class K;. When T is in K, all
the signs of equality also hold for every domain D in D.

2. LeMMA. Let T: [£(u), D] be a bounded continuous transformation for
which K(&, T, D) is summable, and for which the ordinary Jacobian J(u, T)
exists almost everywhere in D. Then J(u, T) is summable on D, and

f K(, T, D)dt = f N, T, E(T, D))dt = fDD(u, T)du = fDI J(u, T) | du

for every domain D in D. A necessary and sufficient condition that all the signs
of equality hold here for D= is that T be in the class K3, When T is in K,
all the signs of equality also hold for every domain D in D.

10. LEMMA. If T: [£(n), D] be any bounded continuous transformation, then
the set E(T, D) (see 11, 7) is a product of open sets, hence a Borel set.

Proof. Let » be any positive integer. Denote by E, the set of points %, in
® for each of which there exists a Jordan region R in D satisfying the
following conditions: u, lies in the interior of R; T(R) lies in the open disc
“E—E(uo)n <nt; u(&(uy), T, R)#0. Evidently each E, is an open set. One
easily verifies that HE,.=E(T, D), so the lemma is established.

Set e(T, D) = E(T, D) — E(T, D)—thatis, e(T, D) is the set of those points
1o belonging to some nondegenerate essential maximal model continuum for
£(uo) under T in D. Rado and Reichelderfer have shown that E(T, D) is also
a product of open sets, hence a Borel set. Thus (T, D) is a Borel set. By a gen-
eral theorem (see Kuratowski [1, p. 249]) it follows that for every choice of
an open square s° in the u-plane, the sets T'(s-e(T, D)), T(s*- E(T, D)) are

(7) The last result is established in §5.6 of the R2? paper.
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both measurable. Thus both the sets e(T, D), E(T, D) may serve as base sets
(see II, 3), and the general theory in II, 3, 4 is applicable.

11. LEMMA. 4 necessary and sufficient condition that the set T (e(T, D)) be
of measure zero is that T be BV e(T', D). Whenever T is BV e(T, D)), it is also
AC ¢(T, D).

Proof. Observe that (see II, 1)
for tin T(e(T,D));
otherwise.

NG, T, (T, D)) = {+0°°

Thus a necessary and sufficient condition that N(&, T, e(T, D)) be summable
is that I T(e(T, SD))I =0; in view of the facts in 11, 4, this establishes the first
part of the lemma. If T is BV ¢(T, D)), it follows at once that ‘

0= fs D(w, T, (T, D))du < f NG T, o(T, D))dt = 0,

so that the sign of equality holds here, and T is AC (T, D).
From this lemma and the lemma in II, 3 follows the -

COROLLARY. Let T be any bounded comtinuous transformation which is
BV e(T, D). A necessary and sufficient condition that T be BV E(T, D) is
that T be BV E(T', D). A necessary and sufficient condition that T be AC E(T, D)
is that T be AC E(T, D).

If Tis BV e(T, D) it is evident that (see 11, 3, 7, 10) for every closed ori-
ented square s whose interior is in D,

G(s, T, E(T,D)) = G(s, T, &(T,D)).

Thus whenever T is BV (T, D), it follows that D(u, T, E(T, D))=D(u, T,
€ (T, ©))=D(u, T) almost everywhere in D (see 11, 4, 8).

12. Let T:[£(«), D] be a bounded continuous transformation. From the
definitions in 11, 1, 2, 6, 7, it is clear that

L N T, E(T,D)) 2 K(; 7,9D) 2 N T, E(T,9)),

and the sign of inequality holds between any two of these three functions if
and only if £ lies in the set T(e(T, D)) and one of the functions involved is
finite. Since K (¢, T, D) is measurable (see 11, 2, 1), it follows that a necessary
condition that K(£, T, D) be summable is that T be BV E(T, D), while a suffi-
cient condition that K(§, T, ®) be summable is that T be BV E(T, D); in this
latter case, the signs of equality in relation 1 hold almost everywhere. Now
suppose that T is BV E(T, D); then since N(¢, T, E(T, D)) is finite almost
everywhere, one concludes that a necessary and sufficient condition that
K T,D)=N(&, T, E(T, D)) almost everywhere is that T be BV E(T, D).
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In view of the definition of the class K, (sce 11, 8), the corollary in the pre-
ceding section, and these remarks, one obtains the

LEMMA. A necessary and sufficient condition that a bounded continuous
transformation T:[£(u), D) be in the class K, s that T be AC E(T, D).

13. The lemma in the preceding section gives a simple characterization of
transformations in the class K; and makes available all the results established
by Rado and Reichelderfer for this class whenever T is AC E(T, D). For
example, they have the

CLOSURE THEOREM. Let there be given bounded domains D and D, in the
u-plane and bounded continuous transformations T:[£(u), D] and T,: [Ea(u),
D,],n=1,2, - - -, with the following properties: (i) the domains D, fill up D
from the interior (see 4); (ii) the generalized Jacobian F(u, T) exists almost
everywhere in D and is summable on D (see 11, 8); (iii) T, is in K, for n=1,
2, -+« ; (iv) for every closed set F contained in D, it is true that

lim p(Ty, T;F) =0,  lim f | F(u, To) — F(u, T) | du = 0.
F

Then T 1s in K.

Using the preceding results, this theorem may be restated and improved
as follows.

14. MODIFIED CLOSURE THEOREM. Let there be given bounded domains D
and D, in the u-plane and bounded continuous transformations T': [t(u), D]
and T.:[t.(n), D.], n=1, 2, - - -, with the following properties: (i) the
domains D, fill up D from the interior; (ii) the generalized Jacobian F(u, T)
exists almost everywhere in D and is summable on D; (iii) T, is AC E(T,, D,)
forn=1,2, ... ;(iv’') there exists a sequence of Jordan regions R,, in D whose
interiors RS, fill up D from the interior, and such that

75— 00

lim p(To, T; %) = 0,  lim f | Fu, Tn) | due = f | Fu, T) | du,
n—® R Ren
m=1,2,-
Then T is AC E(T, D).

Inspection of the proof of Rado and Reichelderfer for their closure theorem
reveals that property (iv’), which is a consequence of (iv), is all that is needed
for that proof.

COROLLARY. Condition (iv') of the above theorem may be replaced by the fol-
lowing condition: (iv'’) for every closed oriented square s contained in D, it is
true that ’
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lim p(T,, T;s) = 0, 1imf|y(u, T,.)]du=f|7(u, 7)| du.

Proof. Let R denote any Jordan region in D which may be expressed as a
sum of a finite number of nonoverlapping closed oriented squares s. From
(iv”’) it follows that

lim p(T,, T; R) = 0, _1imfR]7(u, T,)| du = fRI F(u, T) | du.

By a known theorem in topology (see Kerékjarté [1]), there exists a sequence
of regions R, whose interiors fill up D from the interior. Thus condition (iv"’)
implies (iv"), and the corollary is established.

15. In view of the lemma in II, 12, the class K; defined in II, 8 may be
characterized as the class of all transformations T':[£(x), D] which are
AC E(T, D) and for which the ordinary Jacobian J(«, T) exists almost every-
where in ®. For the class K; another closure theorem is given by Rado and
Reichelderfer, the proof of which is based upon the closure theorem for the
class K, stated in I1I, 13. By using the modified closure theorem just given,
one may parallel their proof to establish the

MODIFIED CLOSURE THEOREM. Let there be given bounded domains D and
D, and bounded continuous transformations T [E(u), D] and Ta: [£.(u), Da),
n=1, 2, - - ., with the following properties: (i) the domains D, fill up D from
the interior; (ii) the ordinary Jacobian J(u, T) exists almost everywhere in D
and is summable on D; (iii) Ty is AC E(T ', D,) and the ordinary Jacobians
J(u, T,) exist almost everywhere in D, for n=1, 2, - - - ; (iv’) there exists a
sequence of Jordan regions R, in D whose interiors R, fill up D from the interior,
and such that

lim p(Tw, T5%n) = 0,  lim f | T, To) | due = f | J(u, T) | du,
n—wo R Rm

n— o

m=1,2,.---.
Then T is AC E(T, D).

COROLLARY. Condition (iv') of the above theorem may be replaced by the
following condition: (iv’"’) for every closed oriented square s contained in D, it is
true that

lim p(Ta, T; s) = 0, limf|](u, T,.)|du=f | J(u, T) | du.

If in these results, condition (ii) be weakened by dropping the requirement
that the ordinary Jacobians J(u, T',) exist almost everywhere in D, for
n=1,2, - - -, and if these Jacobians be replaced by the generalized Jacobians
F(u, T,) for n=1, 2, - - -, then the conclusions remain the same.
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16. The results to be established in the following sections are necessary
for a comparison of certain notions in this paper with those in the literature.
In the theory of bounded continuous transformations just sketched, the
range of definition has been a bounded domain D (see I, 1). In applications,
one may have a continuous transformation given by [£(x), 8], where B is
a simple Jordan region (see 4) and £(«) is a pair of functions defined and con-
tinuous on the closed set 8. Evidently the transformation given by [£(x), 8°]
is then bounded and continuous. From work of Rado and Reichelderfer (see
I1, 2, 6), it follows that the transformations [£(x), 8] and [£(x), B°] have
the same essential multiplicity functions and the same essential maximal
model continua. Since the essential multiplicity and the essential maximal
model continua play the basic role in this paper—that is, since the transfor-
mations behave essentially alike—there will be no confusion if one designates
either of them by .T. In the sequel this is done, but it is to be understood that
whenever preceding theory is applied, T is to be interpreted as the transforma-

tion [£(u), B°].

17. LEMMA. Let T: [£(u), D] be a bounded continuous transformation which
is BV B, where B is an arbitrary base set (see 11, 3). Given a positive number e,
it is true that the number of mutually exclusive sets E, each of which is either an
open set or a closed set relative to D, for which the measure of T(E- B) exceeds
€ 15 finite.

Proof. Let E,, - - -, E, be any finite system of mutually exclusive sets
having the required properties. Since T is BV B, it follows that N(¢, T, - B),
N(¢, T, E;- B) are measurable and summable (see I1, 4). The lemma follows
from the inequalities

el f N T,D-B)ds 2 e‘li N(t T, E;-B)dt = e“il T(E;-B)| > m.

=1 =1
From this lemma comes the

COROLLARY. Let T:[£(u), D) be a bounded continuous transformation which
1s BV B. Then the number of lines | in any family of parallel lines in the u-plane
for which T(l- B) has positive measure is at most enumerable.

18. Let T:[£(u), B] where B is a simple Jordan region in the u-plane, be
a continuous transformation. Let B be any other simple Jordan region in the
u-plane, and consider any topological map of B onto B given by [4(x), B].
Denote by T the continuous transformation [E(x), 8] where £(u) = £(4(u))
for % in B. Since the sets E(T, B°) and E(T, B?) are in biunique correspond-
ence under the map, it is true that N(¢, T, E(T, 8%)=N(, T, E(T, BY)).
This implies (see 11, 4) the

LemMA. If T is BV E(T, B°), then T is BV E(T, B°).
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19. Now let T [£(u), B], where B is a' simple Jordan region in the u-plane,
be a continuous transformation for which K(¢, T, 8°) is summable (see I1I, 2).
If S(B) be any finite system (see 4), denote by C the set of points in B° but
not in the interior of any B belonging to S(8). Then (see II, 6), wherever
K(¢, T, B is finite—hence almost everywhere, A

= > K( T, B for B in S(®) if ¢ is not in T(C-E(T, B9);

1. K T,9°
(& SB){> ST K(, T, B for B in S(B) if ¢ is in T(C- E(T, BY)).

Thus
2. f K, T, 8%dt = 3 f K(¢, T, B for BinS(®),

and a necessary and sufficient condition that the sign of equality hold here
is that the sign of equality hold almost everywhere in relation 1 —that is,
that the set T(C- E(T, 8°)) be of measure zero. For brevity, any finite system
S(B) for which the sign of equality holds in relation 2 is termed a maximal
system for T.

20. LEMMA. Given a continuous transformation T: [£(u), B). A necessary
and sufficient condition that, for any positive number 3 there exist maximal sys-
tems S(B) for T such that ||S(B)|| is less than & is that T be BV E(T, B°).

Proof. First, assume that there exists a sequence of finite systems S,(8)
such that ||S.(B)|| converges to zero and

JECEECEED> [ ke 7m0 for Bins,@®, w=12,-.

Denote C, the set of points in 8° none of which is in the interior of a region B
belonging to S,(8B) for n=1, 2, - - - ; set I‘=ZC,.. From the remark in II,
19, it follows that the set T(T'- E(T, B?)) is of measure zero. On the other
hand, the set T'(e(T, B%)) (see II, 10) is clearly a subset of T(I'- E(T, 89)),
hence also of measure zero. By the lemma in II, 11, it is true that T is
BV e(T, B%. Since K(¢, T, B°) is summable, it follows from II, 12 that T
is BV E(T, 8°). From the lemma in II, 3, it is clear that T is BV E(T, 89).
This establishes the necessity of the condition. Next, assume that T is
BV E(T, B°%; then K(¢, T, B°) is summable (see II, 12). First, consider the
special case when the simple Jordan region 8B is an interval & (see 4). Given
a positive number 8§, there exists, according to the corollary in II, 17, an
interval subdivision S(3) such that ||S(3)|| is less than § and T(-E(T, 3%)
is of measure zero for every line ! forming the subdivision. Denote by C
the set of points in J° belonging to the lines of subdivision forming S($).
Clearly T(C-E(T, 3°) is of measure zero, so that S(&) is a maximal sys-
tem for T with ||S(3)|| less than 8. Now consider the general case when
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B is any simple Jordan region. Let & be any interval in the u-plane; then
there exists a topological map of & onto B given by [#(x), &]. Denote by
T the transformation [E(x), $] where £(u)=£(@(x)) for « in 3. Since T is
BV E(T, 3°) (see 11, 18), it follows by the result just established that there
exist interval subdivisions S(&) which are maximal with respect to T for
which ||5(8)|| is arbitrarily small. A maximal system 5(3) for T corresponds
under the map to a system S(8B) which is easily seen to be maximal for T.
In view of the uniform continuity of the topological map, ”S(%)” will be less
than & provided [|S(3)|| is chosen sufficiently small. This establishes the
lemma.
21. The methods of proof for the preceding lemma yield the

LemMA. If T,: [£.(w), B], n=1,2, - - -, be a sequence of continuous trans-
formations each defined on the simple Jordan region B, and each BV E(T,, B),
then for every positive number & there exists a subdivision S(B) having |]S(5B)”
less than 8, such that S(B) is maximal for each of the T, for n=1,2, - - - . If
B is an interval then S(B) may be chosen to be an interval subdivision.

22. Again, let T:[£(x), 8] be a continuous transformation. For any
simple Jordan region B in 8, denote by ¢(J, T, B®) the characteristic func-
tion of the set of points £ where K(¢, T, B®) is positive (see II, 2). Then
c(¢, T, BY) is summable, and

f ¢, T, BYdt = | T(E(T, BY)| =| 81, T, B) | for B in ®.

Consider any sequence of finite systems S.(8) for which ||S.(8)|| converges
to zero. Clearly
= K(¢ T, 8°;

y Tr 9 — ] T) BO
2 [KG T, B — ) ]{_),,,wo if K( T, D) is finite.

Bin 8,(8)

Thus if K(§, T, B°) is summable, it follows by a theorem of Lebesgue that
one may integrate this sequence termwise to obtain

lim 37 [K(, T, BY) — c(¢, T, BY]dt = 0.
n—w  Bin 8,(8)

Combining this result with that in 1I, 21, one concludes the

LEMMA. Let T: [£(u), B] be a continuous transformation which is BV E(T,
B°). Then for any sequence of maximal systems S.(B) for T such that HS,.(SB)“
converges to zero, it is true that

f K, T, 80t = lim 3 o(t, T, BY)dE.

n—=® B in §,(8)
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CaAPTER III
ON FLAT CONTINUOUS SURFACES

1. Suppose that Sisa flat continuous surface (see I, 3) lying in the £-plane.
Every representation [£(x), 8] for S determines a bounded continuous trans-
formation T from the simple Jordan region 8 to the £-plane (see 11, 16). For
brevity, [£(«), B8] is termed BV E, AC E, and so on, whenever T is BV E(T,
B9, AC E(T, B, and so on.

LEMMA. The essential multiplicity K(&, T, B°) is independent of the choice
of the representation [£(u), B] for S.

Proof. Let [£1(x), Bi], [£(x), B:] be any two representations for S;
denote the corresponding transformations by T'y, T. From I, 1 it follows that
there exists a sequence of topological maps of B; onto B given by [@.(x), B1],
n=3, 4, - -+ -, such that ”El(u)—&(ﬁ,.(u))“ <n™! for u in B1. Let T, denote
the transformation given by [£:(#.()), B:1] for n=3, 4, - - - . From the
definition of the essential multiplicity (see II, 2, 6) and the nature of a topo-
logical map, it is clear that K(¢, T, B3) =K(£, T, B)) for n=3, 4, - - -.
Since (see 11, 1) lim p(T,, T1; B1) =0, it follows from I1, 2, 2 that lim inf K(§,
T B =K(& T1, BY). Combining these relations, one obtains K(£, T,, B3)
>K(¢, T1, 8. By symmetry, the opposite inequality follows; thus the
lemma is established.

2. In view of the lemma above, one may define an essential multiplicity
for a flat continuous surface S lying in the £-plane by the relation K(§, S)
=K(&, T, 8%, where T is the transformation associated with any representa-

tion [£(u), 8] for S.

LeMMA. The essential multiplicity K(&, S) is a lower semi-continuous func-
tional in each of its arguments £ and S.

Proof. The fact that K(£, S) is a lower semi-continuous function of £ fol-
lows from II, 2, 1. Next, suppose that the flat surfaces S, in the {-plane con-
verge to the surface So. From I, 1 it follows that there exist representations
[£a(2), B]for S,, forn=0,1,2, - - - ,such that the corresponding transforma-
tions T, satisfy lim p(T's, Ts; B) =0. So from 11, 2, 2 follows

lim inf K(¢, S,) = lim inf K(§, T,, 8% = K(§, T, B°) = K(¢, So)-
This establishes the lemma.

3. For any flat surface S in the £-plane, define (see 11, 2)

eV(S) = f K(¢ S)d¢ if K( ) is summable;
+ = otherwise.

The quantity eV(S) is termed the essential variation for the surface S. If



1943] PARAMETRIC REPRESENTATION OF CONTINUOUS SURFACES 269

eV(S) is finite, then S is said to be a surface of bounded essential variation—
briefly, BEV. From the remarks in II, 12 follow the

1. COROLLARY. 4 sufficient condition that a flat surface be BEV 1is that it
possess a representation which is BV E. A necessary condition that a flat sur-
face be BEV is that each of its representations be BV E. Thus if one representa-
tion for the surface is BV E, then all representations are BV E.

2. CoROLLARY. The essential variation eV (S) is a lower semi-continuous
Sfunctional of S.

4. From the lemmas in II, 9, 12 one obtains the

1. LEMMA. If Sis a flat surface which is BEV, and if [£(u), B]is any repre-
sentation for S, then

eV(S) 2 L 9 1| d,

where T is the corresponding transformation. A necessary and sufficient condi-
tion that the sign of equality hold here is that [£(u), B] be AC E.

2. LeMMA. If S is a flat surface which is BEV, and if [£(u), B] is any
representation for S for which the ordinary Jacobian exists almost everywhere in
B, then

VS) 2 L 6 D) d,

where T is the corresponding transformation. A necessary and sufficient condition
that the sign of equality hold here is that [£(u), B] be AC E.

5. For the purpose of comparing results with those in the literature for
surfaces given in non-parametric representation, it is necessary to recall the
concepts for bounded variation and absolute continuity used by Tonelli
(see Tonelli [1]). Let f(x) =f(u*, 4?) be a real, single-valued function defined
and continuous on the interval $= [a, 8] = [a!, B'; a2, 82] (see 4). For fixed
u?in [a2, B2], denote by Viua(f; u2) the total variation of f(u?, %) as a function
of ! on [at, Bt]. The function V.a(f; %?) is a lower semi-continuous function
of u? on [a?, B2], hence is measurable. Define V.a(f; #!) by interchanging the
roles of %! and 2. If both V.a(f; #2), V.a(f; »') are summable on their respec-
tive intervals of definition, then f(«) is said to be of bounded variation in the
sense of Tonelli on §—briefly, BV T on §—and the total #!- and #u?-varia-
tions of f(x) on & are defined by

8 gl
Va(f) = f ; Va(f; u?)du?, “u(f) = 1 Vu(f; ub)dul.

(2
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If f(u) is BV T on &, then it follows that the partial derivatives fu(u), f.(%)
exist almost everywhere in & ,are summable on &, and

1. Va(f) = fsl fu(w)| du,  Va(f) = L | fua(u) | du.

6. Assume that f(x) is BV T on &. If moreover, for almost every %2 in
[o2, ﬂ”] it is true that f(u!, 4?) is an absolutely continuous function of %! on
[a1, 8], and if a similar relation holds with the roles of ! and #? reversed,
then f(u) is said to be absolutely continuous in the sense of Tonelli on 3—
briefly, AC T on &. A necessary and sufficient condition that a function f(u)
which is BV T on & be AC T on & is that the sign of equality hold in both of
the relations III, 5, 1.

7. Let f(u) be a real, single-valued function defined and continuous on the
interval 3= [a, B]. Consider the continuous transformation defined by

1T: & = 42, £ = f(u!, u?), (u!, %) in §.

Notice that for a fixed #>=1?in [a?, 2], 1T gives a linear transformation from
the closed linear interval #2=42, a' S %' <! to a bounded portion of the line
£1=+~2. For this transformation it is known (see Rado [4]) that a necessary
and sufficient condition that f(u!, 4?) be of bounded variation on [a!, 8] is
that N((v2, £), T, 3°) be summable as a function of £ (see 4; 11, 1), and that
if f(u, ¥?) is of bounded variation on [a!, 8!] then (see I1I, 5)

1. f N((% £), 1T, 3048 = Valf; v), o S +° S 6~

Thus it follows that if V.a(f; 4?) is summable on [a2?, 2], then [N((£, £2),
1T, 39d§£ is a summable function of £ on [a?, 82]. Now (see R? [1], chap.
111 ]) N(§ 1T, 3% is measurable in the £-plane. So if V,a(f; #?) is summable on
[z, B2], it follows from the theorem of Fubini that N(, !T, §°) is summable,
hence (see 11, 4) 'T is BV 3°, and (see III, 5)

[ e 7 300 = [ a [ v e, 07, 02

ﬁz
= Vu(f; u¥)du? = Va(f).
a2
Conversely, suppose that 'T is BV 3°; then (see I1, 4) it is true that N(§,'T,
39 is summable, so that by the theorem of Fubini, the function N((+?, £),
1T, §9) is summable for almost every choice of £ =42 in the interval [a?, £2],
and

3. [ w7 300 = [ ae [ e .7 990
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By the result cited above, it follows that f(u!, 4?) is of bounded variation on
[, B!] and relation 1 holds for almost every choice of #?=+?in [a2, 82]. In
view of relation 3, it follows that V,a(f; #?) is a summable function of %2 on

[a2, 82]. A similar reasoning applies to the continuous transformation defined
by

T =, 8= f(ul, u?), (u!, %) in Q.
These results are summarized in the

LEMMA. Let f(u) =f(u', u?) be a real, single-valued function defined and con-
tinuous on the interval §. Consider the two transformations

IT: & = £ = f(u!, u?, (2!, 4?) in §;
T: & =, £ = f(ut, u?), (4, 4*) in Q.

A necessary and sufficient condition that f(u) be BV T on & is that both T and
2T be BV 30 If f(u) ©s BV T on 3, then

[ w17, 390 = vat 2 | REZSIEE

J e r a0t = van 2 [ [ fatw)| au.
A necessary and sufficient condition that the sign of equality hold in both these
relations is that f(u) be AC T on 3.

8. Again let f(u) be a real, single-valued function defined and continuous
on the interval 3 =[a, 8]. Retain the notation of the preceding section. For
an interval I= [y}, 8'; 42, §2] contained in & define

() = f ‘ | £, ) — f(v', w?) | dw,
It will now be shown that for any interval system S(&) (see 4),
L W@ s [ K, 17, 300
provided that K(¢, T, & ) is summable. Evidently 2W([I) is the measure of the
set of points &= (£, £2) which satisfy the inequalities

(f@4, w?) — E)(f(v" u) — ) <0, Y <E =<

Consider any point £ = (£, £) which satisfies these inequalities. Its inverse
1T-1(%,) evidently is contained on the line #2=§;. Since f(u!, &) is continu-
ous on [v!, 8] and has opposite signs at the points u! =11, #2=2§!, it follows
that £, has a model in the interior of I, and that u(,, 'T, I) = +1. From II, 6
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it follows that K(&, !T, I°) 21. Thus W(I) < fK(¢, T, I°)d¢. From 11, 19, 2
it follows that

WS £ X M&RM%éfm&R%%

I in 8(3)

Thus relation 1 is established. Now consider the sequence of subdivisions
Sn(3) of & into intervals [v;_y, 7}; o2, B2], where v} =a'+ (8! —at)j/m, j=0,
-, m. Evidently

1 g m 1 1 1 2 2
¢@®FJ;EMMM—MHWHM
and (see III, 5)
limil |70 ) = Sy ) | = Vs ).

From the lemma of Fatou it follows that V,a(f; #?) is summable on [a?, 2]
whenever K(§, 1T, §° is summable, and

Valf) < f K(t, 1T, 39)d&.

Since K(&, 'T, 3°) < N(§, T, 3%, it is clear from III, 7 that a necessary and
sufficient condition that V,a(f; #2) be summable on [az, 8:] is that K(§, 1T, 3°)
be summable. If K(&, 1T, 39 is summable, then

Va(f) = f K(¢ 1T, 3%dt = L I Su(n) | du.
Similar statements are valid for the transformation 2T. Combining these facts

with those in III, 3, 4, 7, one obtains the

LeMMA. Let f(u) =f(u!, u?) be a real, single-valued function defined and con-
tinuous on the interval J. Consider the flat surfaces having the representations

1S: [(u21 f('ul' ’uz))» 3]7 %S [(ul’ f(ulr u?)), S‘]-
A necessary and sufficient condition that f(u) be BV T on & is that both 'S and 2S
be BEV. If f(u) is BV T on 3, then
V(S) = Va(f) 2 f | ful) | du;  eV(S) = V() 2 f | fuw) | du.
3 3

A necessary and sufficient condition that the sign of equality hold in both these
relations is that f(u) be AC T on &. A necessary and sufficient condition that
f(u) be AC T on & is that both of the representations for 1S and %S be AC E.
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CHAPTER IV

ON THE ESSENTIAL AREA

1. Let S be a continuous surface in x-space (see I, 1), and let [x(x), B]
be any representation for S. With S there is associated the three projection
surfaces %S upon the coordinate planes ix having representations [ix(x), 8],
which determine bounded continuous transformations *T for 1=1, 2, 3 (see
4;1,4). In this chapter, the theory of the preceding chapters is used when the
plane £ coincides in turn with the coordinate planes ‘x, 1=1, 2, 3. The follow-
ing triple notation is useful (see III, 2)

K(z, S) = (K(', '5), K(*#, %), K(*%, 35));
F(u, [z, B]) = (F(u, 'T), F(u, *T), F(u, 3T)) for wu in B
J(u, [x, B]) = (J(u, 1T), J(u, °T), J(u, 3T)) for u inBO.
The triple [x(x), B] is said to be BV E, AC E, and so on, when each of the
associated transformations ‘T is BV E(T, 8%, AC E(‘*T, 8, and so on, for
i1=1, 2, 3 (cf. III, 1).

2. Given a continuous surface S for which K(x, S) is summable, that is,
for which each of the projection surfaces S, %S, S is BEV (see III, 3). If
[x(x), B] be any representation for S, define, for any simple Jordan region B
in B

w(B) = [K(w, T, BV, i=1,2,3;

¢(B) = ('¢(B), *¢(B), *$(B)), ®(B) = |[¢(B)]| for Bin®.

It follows from II, 19 that, for any finite system S(8B) of nonoverlapping
simple Jordan regions in B (see 4), it is true that ‘¢(S(B)) ='¢(B) for
i=1, 2, 3. Thus one has (see III 1-3)

1. eV(iS) = ¢(B) = UB; ['s, B]) fori=1,2,3.

From a remark in 5 follows the fact that U(8; [®, B]) is finite; moreover,
one has the

LEMMA. The quantity U(DB; [®, B]) is independent of the choice of the repre-
sentation for S.

Proof. Let [x1(x), B1], [x2(u), B:] be any two representations for .S. From
I, 1 it follows that there exists a sequence of topological maps of B; onto B,
given by [4.(u), $B,] for n=3, 4, - - - such that ”xl(u) —xz(ﬂn(u))” <n-! for
% in B;. Denote by T, the transformations given by the triples [x:(#,(x)),
B,] forn=3,4, - - - ;i=1,2, 3. Put

‘¢n(B) = fK(t'x' "Tm Bo)dix, 1= lt 2, 3; n = 11 2v 3v R
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$a(B) = (¢a(B), *¢u(B), *¢u(B)), ®,(B) = ||¢a(B)|| for Bin®.

To any finite system S(B) (see 4) there corresponds under the map [#.(x),
$B.] a finite system S,(B;). Clearly (see I11, 1)

U@z, (22, Be]) 2 2:(Sa(B2)) = 2a(SB1)) forn=3,4,..-.

Since lim p(*T,, T1; B1) =0fori=1, 2, 3, it follows from11,2,2 and the lemma
of Fatou that lim inf ®,(S(81)) = $:(S(B1)). From the preceding relations
and the definition of the U-function (see 4), it follows that U(B,; [®s, B:])
= U(B1; [®1, B1]). The opposite inequality follows by symmetry, and the
lemma is established.

3. Let S be a continuous surface in x-space. In view of the preceding
lemma, one may define the essential area eA(S) for the surface as follows. If
[x(%), B] be any representation for S, set

U@B; [®,B]) if K(zx, S)is summable;

+ o otherwise.

ed(S) = {

Clearly e4(S) is independent of the choice of the representation for S, al-
though it is not clear as to whether it is also independent of the choice of a
coordinate system in x-space. If S is a flat surface in a coordinate plane (see
I, 3), then eA(S)=eV(S) (see III, 2; IV, 2, 1)(®).

4. From 5; 1V, 2, 1 follows the

THEOREM. A necessary and sufficient condition that the essential area eA(S)
of a surface S be finite is that each of the projection surfaces 'S, 2S,3S be of bounded
essential variation. Between the essential area and the essential variations of the
projection surfaces, the following relation exists

3
eV(iS) < ed(S) = 2 eV ().
=1

Notice that this theorem is an analogue for continuous surfaces of the
result for continuous curves cited in 1, 1.

5. LEMMA. The essential area eA(S) is a lower semi-continuous functional of
S.

Proof. Suppose the sequence of continuous surfaces S, converges to a
surface So; from I, 1 it follows that there exist representations [x,(x), 8] for
n=0,1,2, - - - such that x,(%) converges on 8 uniformly to xo(%). Adopt the
notation of IV, 2, using a subscript # to distinguish the functions belonging to

(®) Since eV(:S) =eA(*S) for i=1, 2, 3, the notion of essential variation might very well
be discarded. However, it has not been the custom to speak of the length of a one-dimensional
curve, but rather to speak of the total variation of a function representing that curve. To pre-
serve this parallel between the theory of curves and the theory of surfaces, the concept of essen-
tial variation has been introduced here.
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Sn. From II, 2, 2 and the lemma of Fatou, it follows that lim inf ‘¢,(B)
2po(B) for Bin B,7=1, 2, 3. From the lemma in 5 and the definition of the
essential area follows lim inf e4 (S,) 2eA4(S,), and the lemma is proved.

6. THEOREM. If the essential area for a surface S is finite, and if [x(u), B]
be any representation for S, then the triple F(u, [x, B]) of generalized Jacobians
exists almost everywhere in B°, is summable on B°, and

1. ¢A(S) 2 fm“ Fu, [x, B])||dun.

A sufficient condition that the sign of equality hold here is that the triple [x(u), B]
be AC E; a necessary condition that the sign of equality hold is that the triple be
ACE.

Proof. Since e4(S) is finite, it is true that each ‘Sis BEV (see IV, 4), hence
K(ix, iT, 8% is summable for =1, 2, 3 (see 111, 2-3). Thus(seelV, 2; 11,9, 1)
each ¥(u, iT) exists almost everywhere in B°, is summable on 89, and

2, ip(B) = fm | #(u, iT) | du for Bin$, i=1,23.
Define

""(-B)=f |?(uv‘T)ld'ur i=1,2,3;
3. B0

If S(8B) be any finite system, it follows by a known inequality (see Hardy,
Littlewood, Polya [1, chap. VI]) that

¥s@®) s [_ 1760 [ BD]aw
Thus

s v; v, 8] s || [ BDlaw

On the other hand, let R be a simple Jordan region in® which admits of an
interval subdivision. Then it is true (see R? [2, chap. II, §10]) that there
exists a sequence of interval subdivisions S.(R) such that

lim (S, (R) = [ _[[7 [x BD]aw
Thus

5. v®; [, 8D 2 [ (17, 5 B)]aw
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Since the open domain B° may be filled up from the interior (see 4) by a se-
quence of simple regions of type R (see Kerékjirté [1]), one concludes from
relations 4 and 5 that

6. v®; (v, 8] = [ |17, [ BDljdu.

Relations 2 and 3 imply
7. U®; (¢, 8] =z U®; [v, B).

In view of IV, 3, the first statement in the theorem is established. Now (see
11,9, 12) if [x(x), B]is AC E, then the sign of equality holds in 2, hence in 7.
Thus a sufficient condition that the sign of equality hold in 1 is that [x(«), 8]
be AC E. Next, suppose the sign of equality holds in relation 1. Let I be any
interval in B; extend the lines forming the boundary of I indefinitely. The
simple Jordan region B is thus divided into a possibly enumerable number of
simple Jordan regions =B, By, B,, « + - . For any simple Jordan region B in
B, the reasoning leading to relation 6 gives

u(s: [v, ) = [ 170 [s BD]aw.
Since a bounded portion of a straight line is rectifiable, it follows that

U®; [¥, 8]) = X U(B.; [¥, B)).

From this relation and relations 2, 3, one finds

US ;[0 B]) = X UB.; [8,8]) 2 X UB.; [, B]) = US; [¥, B).

But since the sign of equality holds in 1 by hypothesis, it follows that the sign
of equality must hold at every step in the preceding inequalities. In particular,
then

u(I; [#,8]) = U; [v, 8] = f 15w, [2, B])|dw.
I
If s be any closed oriented square in B, then obviously (see II, 3-8; IV, 1-3)

GG, T, ECT, 80 = [ K(a, 4T, )i < Us; [#,8)

= 17 [ ®Daw.

Thus each T is AC E(:T, BY) fori=1, 2, 3—that s, [x(«), B]is AC E. This
completes the proof.
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7. COROLLARY. If a surface S has a representation [x(u), B] which is BV E,
then the essential area eA(S) is finite, the triple F(u, [x, B]) of generalized
Jacobians exists almost everywhere in B°, is summable on B°, and

A® 2 [ 176 [ BD]dw

A necessary and sufficient condition that the sign of equality hold here is that
[x(x), B] be AC E.

A proof follows from resultsin II, 11; I11, 3, 1; IV, 4, 6. This is an analogue
to the theorems in 1, 2, 3 for continuous curves; all representations for con-
tinuous curves automatically satisfy the analogue of BV E in one dimension
whenever the length of the curves is finite.

8. CoRrOLLARY. Let S,, n=0,1, 2, - - -, be a sequence of continuous sur-
faces satisfying the following conditions: the surfaces S, converge to Sy (see I, 1);
each of the surfaces has a finite essential area eA(S,) for n=0,1, 2, - - - (see
1V, 3, 4); the surface Sy has a representation [x(u), B] for which the essential
areas e‘é (S») converge to [ z,o”?(u, [x,B]) “du Then the representation [x(u), B]
is AC E&.

Proof. From 1V, 5, 6 and the assumptions, one obtains

f |7, [, BDl|du = lim eA(S.) 2 eA(So) 2 f |57, [, B])|du.
80 80

Thus the sign of equality holds throughout, and the conclusion now follows
from the last part of the theorem in IV, 6.

9. By the principle stated in I, 8, the theorem in IV, 6 may be given the
following variant form.

THEOREM. 4 necessary condition that a representation [x(u), B ] for a surface
S be absolutely continuous (e, ¥), where eA(S) is the essential area of S and
F(u, [x, B)) is the triple of generalized Jacobians, is that [x(u), B] be AC E.
A sufficient condition that this representation for S be absolutely continuous
(ed, F) is that it be AC E; then each of the corresponding representations for the
projection surfaces *S is also absolutely continuous (ed, ¥) for i=1, 2, 3.

10. The results in IV, 6-9 are paralleled by similar theorems involving
the essential area and the triple of ordinary Jacobians; one need but replace
I1,9, 1 by 11,9, 2 in making the proofs.

THEOREM. If the essential area for a surface S is finite, and if [x(u), B] be
any representation for S for which the triple J(u, [x, B)) of ordinary Jacobians
exists almost everywhere in B°, then the triple is summable on B°, and

eA(S) = fm”J(u, [x, B])||du.
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A sufficient condition that the sign of equality hold here is that the triple [x(u) B]
be AC E; a necessary condition that the sign of equality hold is that the triple be
AC €.

11. CoROLLARY. If a surface S has a representation [x(u), B] which is
BV E and for which the triple J(u, [x, B)) of ordinary Jacobians exists almost
everywhere in B°, then the essential area is finite, the triple J(u, [x, B)) is
summable on B, and

eA(S) 2 fm”J(u, [+, B])|du.

A necessary and sufficient condition that the sign of equality hold here is that
[x(«), B] be ACE.

12, COROLLARY. Let S,, n=0, 1, 2, - - -, be a sequence of continuous sur-
faces satisfying the following conditions: the surfaces S, converge to So; each of
the surfaces has a finite essential area eA(S,) for n=0,1,2, - - - ; the surface S.
has a representation [x(u), B) for which the triple J(u, [x, B]) of ordinary
Jacobians exists almost everywhere in B° and the essential areas eA(S) converge
to [l J(u, [x, B])||du. Then the representation [x(u), B]is AC E.

13. Here is a variant form for the theorem in 1V, 10.

THEOREM. A necessary condition that a representation [x(u), B] for a sur-
face S, for which the triple J(u, [x, B]) of ordinary Jacobians exists almost
everywhere in B°, be absolutely continuous (eA, J) is that [x(u), B)] be AC E.
A sufficient condition that this representation for S be absolutely continuous
(ed, J) is that it be AC E; then each of the corresponding representations for the
projection surfaces S is also absolutely continuous (eA, J) for =1, 2, 3.

14. Rado (see Rado [2]) has shown that a representation [x(«), 8] for
a surface S which satisfies a Lipschitz condition of the form []x(u;) -—x(uz)”
SL||uy—us|| where L is a constant, is absolutely continuous (4, J), where
A(S) is the Lebesgue area of S (see I, 6) and J(u, [x, B]) is the triple of
ordinary Jacobians. Now the representation [x(x), 8] is also AC E (see II,
8). From the theorem in IV, 13 one concludes that the essential area and
the Lebesgue area of S are equal. In particular, e4A(P)=A4(P) for every
polyhedron P (see I, 5). '

Given any continuous surface .S, there exists a sequence of polyhedra P,
such that P, converge to S and the Lebesgue areas 4(P,) converge to 4(S)
(see I, 6, 2). Since e4 (P) =A(P.,), one finds by using the lemma in IV, 5 the

THEOREM. The essential area of a surface S does not exceed the Lebesgue area
—that is, eA(S) S A(S). A necessary and sufficient condition that the essential
area and the Lebesgue area of a surface S be equal is that there exists a sequence
of polyhedra P, such that P, converges to S and eA(P,) converges to eA(S).
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This theorem and the theorem in IV, 10 have the

COROLLARY. 4 sufficient condition that the Lebesgue area and the essential
area of a surface S be equal is that S possess a representation [x(u), B which is
absolutely continuous (A, J), where A(S) is the Lebesgue area of S and J(u,
[x, B]) is the triple of ordinary Jacobians.

15. In order to compare these results with those of Gedcze and Tonelli
(cf. 2), and to give a proof for the statement made in I, 7 the following re-
sult is needed.

LeEMMA. If a surface S has a representation [x(u), S| of non-parametric
origin .
S: x(u) = (u!, u?; x3(ul, u?)), u = (ul, u?) in &,
then eA(S) =Ax(S)=A4(S).
Proof. Define, for any interval I = [y, §'; 72, 62] in 3(?).

82
1) = ( 1w, ) = 01, )|

1

5t
f | x3(ut, v2) — 23(u?, 6%) | du!, |1|>, v(I) = ||l¢@)|].

If T, i=1, 2, 3, be the associated continuous transformations (see 1V, 1),
then the reader will observe that the transformations !T and *7T bear the same
relation to the function x3(x) as those in III, 7, 8 bear to the function f(u)
therein considered; the transformation 37T is simply the identity mapping of
& in the u-plane onto a congruent interval in the 3x-plane. Define a triple of
b-functions [¢, §] as in IV, 2. The reasoning in III, 8 shows that ¥(I) <¢(I)
for I in.3. Now Rado has shown that (see Rado [1])

A4(S) = Lu.b. ¥(S5(8)) for interval subdivisions S(&).
From these relations it is clear that
A44(S) = US;[ @, S = €A(S).

In view of the relations established in I, 7 and IV, 14, the lemma is now
proved.

The reader will notice that attention is restricted here to surfaces having
a representation of non-parametric origin where the parameter range is an
interval. Further considerations would establish this result more generally,
but these are not necessary since it has been customary in the literature on
such surfaces to so restrict the range of the independent variables.

16. The lemmas in III, 7, 8; IV, 4, 10, 11, 15 imply all the results of

(%) These are the expressions of Gedcze (see Rado [1]).
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Geocze and Tonelli for the non-parametric case which are analogous to those
for curves stated in 1. For if S be a surface having a representation [x(x), $]
of non-parametric origin

1. 2(u) = (4!, u?, x3(ul, u?)), u = (4!, u?) in the interval &,

then e4(S) =A4(S) by the lemma in IV, 15. Thus from IV, 4 it follows that a
necessary and sufficient condition that the Lebesgue area of S be finite is that
each of the projection surfaces 1S, 25, 3S be BEV. The projection surface 3S
is obviously BEV under any conditions, while it follows from the lemma in
III, 8 that a necessary and sufficient condition that 1S and %S be BEV is that
x%(u) be BV T on &. Summarizing these facts, one obtains a known theorem
in the non-parametric case (see Tonelli [1]): a necessary and sufficient condi-
tion that the Lebesgue area A(S) of a surface S having a representation 1
of non-parametric origin be finite is that x*(x) be BV T" on &.

If x3(u) is BV T on 3, it follows that the triple J(%, [x, $]) of ordinary
Jacobians exists almost everywhere on §—in fact,

J(u, [z, §]) = (— xil(u), xiz(u), 1) almost everywhere on .

Hence from IV, 10 one concludes that this triple is summable on & and
A(S) g fs(o“'](u’ [xy 3(])“11‘“ = fs‘ [xil(u)2 + x32(u)2 + 1]1/2‘1“.

In view of the lemma in III, 7, it is clear that the representation [x(x), ] is
BV &9, hence BV E, when x3(%) is BV T on &; from IV, 11 it follows that a
necessary and sufficient condition that the sign of equality hold above is that
[x(%), 3] be AC E. The representation [*x(x), ] for 3Sis clearly AC E under
any conditions, while it follows from the lemma in III, 8 that a necessary
and sufficient condition that the representations [x(x), &], [2¢(x), S] be
AC E is that x3(#) be AC T on &. Thus other known theorems for the non-
parametric case are obtained (see Tonelli [1]): if the Lebesgue area A4(S) is
finite, then each of the partial derivatives

xa(u), xi(u)

exists almost everywhere in &, is summable on & and

A5) 2 fs [ea(0)® + ain(@)’ + 1] du;

a necessary and sufficient condition that the sign of equality hold here is
that x*(x) be AC T on .

17. The next sections are devoted to a comparison of the essential area
defined in IV, 3 with the Gedcze area as defined by Rado (see Rado [2, part
II, §1]). Given a continuous surface S, let [x(x), 8] be any representation
for it. Define (see II, 2, 22), for any simple Jordan region B in B,
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W(B) = | (R1, iT, B)| = | ‘T(E('T, BY)| = f c(iz, °T, BYdix, i=1,2,3;

¥(B) = (W(B), W(B), %(B)), ¥(B) = |[¥(B)|.

The quantity U(8; [¥, 8]) is independent of the choice of a representation
for S (see Rado [2]). It is this quantity which Rado terms the Gedcze area of
S—denote it by G(S). Since ®(1, $T, B) is the set of points where K('x, iT,
B% >0, it follows at once that (see IV, 2, 3) Y(B) <¢(B), hence ¥(B) <®(B)
for Bin 8, and U(®, [¥, 8]) < U(B, [®, B]). Therefore one has the

LEMMA. The Geibcze area does not exceed the essential area— that is, G(S)
<eA(S).

18. Retain the notation of the preceding section. Notice that (see II, 3, 6,
7) for any closed oriented square s in B, it is so that

(s) Z W(s) 2| TG ECT, BY) | = Gls, °T, E(T, V), i=123.

Thus a necessary condition that the Gedcze area G(S) be finite is that each
of the representations [ix(x), 8] for the projection surfaces S be BV € for
1=1, 2, 3. This result implies the

LEMMA. If a surface S possesses a representation |[x(u), B] which is not
BV E—that is, for which at least one of the representations [ix(u), B] is not
BV E—thenG(S)=eA(S)=+.

19. LEMMA. If a surface S possesses a representation [x(u), B] which is
BV E, then G(S) =eA(S) <+ .

Proof. From 111, 3; IV, 4 it follows that eA(S) is finite. In view of the
lemma in IV, 17 it is sufficient to show that G(S) ZeA(S). Given a positive
number ¢, there exists a finite system S(9B) such that ®(S(B)) >ed (S)—e.
Since [x(x), 8] is BV E, one concludes from the lemma in II, 20 (see IV, 1)
that there exists a sequence of subdivisions S,(B) for each B in 8 such that
|| S+(B)|| is less than 7' and each S.(B) is maximal for each of the transforma-
tions [#x.(«), B] for i=1, 2, 3. From the lemma in II, 22 (see IV, 2, 17), it
follows that ‘¢ (B) =lim W (S.(B)) fori=1, 2, 3; B in S(B). Denote by S,.(B)
the finite system consisting of all simple Jordan regions belonging to an S, (B)
for some B in S(B). From the triangle inequality one finds that

3 1/2
GOz VE®) 2z X [Ewa.w»ﬂ e B(S®)) > eA(S) — e,

B in S(B) =1
Thus G(S) >eA(S) —¢, and since e is arbitrary, the lemma follows.
20. Summarizing the lemmas in IV, 18, 19, one concludes that the essen-

tial area and the Geécze area of a surface are equal if the surface either has
a representation which is not BV €, or has a representation which is BV E.
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This leaves open the question of whether these areas are equal if all the repre-
sentations of a surface are BV €, but none is BV E. Indeed, a first question
might be whether such surfaces exist. A negative answer to this question
would enable one to close the gap between necessary conditions and sufficient
conditions in the results in IV, 6, 10.

21. For applications in the next chapter, the following result will be use-
ful. Assume that a surface S has a representation which is BV E; in view of
the lemma in II, 18, one may assume that this representation has the form
[x(«), 3] where & is an interval. Now the essential area e4(S) is finite (see
IV, 4). It follows from the lemma in II, 20 that there exist interval subdivi-
sions S,(¥) such that [lS,,(S‘)H converges to zero and each S,(8) is maximal
for each of the transformations [x(x), 3] for i=1, 2, 3; for brevity, S.(J) is
said to be maximal for [x(x), 3]. Given a positive pumber ¢, let S() be a
finite system of nonoverlapping Jordan regions such that ®(S(3)) >eA(S) —e.
For each B in S(3), denote by #(B) an arbitrary point in the interior of B.
For each integer # and each B in S(&), denote by S.(B) the maximal collec-
tion of those intervals in S,(J) whose point set sum (8, is a simple Jordan
region containing #(B) and lying in the interior of B. It follows (see Kerék-
jarté [1]) that the B, fill up B from the interior (see 4). Consequently one
obtains (see II, 2, 2;1V,.2)

$(Sn(B)) = ‘¢(Br) —n-w ‘$(B) fori=1,2,3; Bin S(8),
eA(S) Z B(Sa(3) 2 X BSa(B) 2 X B(Bn) —n-w B(S(I))
B in 8(3) B in S(})
> ed(S) — e

In view of 1V, 3, this implies the

LEMMA. Let S be a surface having a representation which is BV E. Then
there are representations [x(u), Y] for S which are BV E, and for every sequence
of interval subdivisions S.(3) such that ||S,.(8)|[ converges to zero and each
Sn(S) is maximal with respect to [x(u), B), it is true that lim ®(S,(3)) =eA(S).

CHAPTER V

APPLICATIONS

1. In a study of convergence in area, Rado and Reichelderfer (see R? [2])
obtained the following results. Let S,, =0, 1, 2, - - -, be a sequence of
continuous surfaces having representations [x.(x), 3] of non-parametric
origin (see I, 2), where

x.(u) = (ul, uz, x:(ul, 142)) for u= (ul, uz) in &, n=20,12,.-.

Make the following assumptions: the functions x3(x) converge on & uni-
formly to x3(u); each of the functions x3(x) for n=0,1,2, - - -is BV T on §
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(see I11, 5); and the Lebesgue areas 4(S,) converge to 4(Ss) (see I, 6). Then
the total variations Via(x3), V,2(x3) converge to Via(xd), V.a(x3), respectively
(see R? [2, chap. I, §19]). Observe that the first assumption implies that S,
converges to S, (see I, 1).

2. Suppose that S is a continuous surface having a representation
[(x), 3] for which the triple of ordinary Jacobians J(u; [x, 3]) exists almost
everywhere in & (see IV, 1) and the Lebesgue area A(S) is finite; then the
triple J(u, [x, §]) is summable on & (see 1V, 10, 14). Assume that S,, n=1,
2, - - -, isasequence of continuous surfaces having representations [x,,(u), 3]
satisfying the following conditions: the functions x4(x) converge on & uni-
formly to xi(u) for i=1, 2, 3; each of the representations [x.(x), &] for
n=1, 2, - - -, is absolutely continuous (4, J) (see I, 8); and the Lebesgue
areas A(S,) converge to f3||J (u, [, S‘])”du. Then Rado and Reichelderfer
(see R? [2, chap. I, §§25-27]) show that

lim fS‘ | J(u, [0, S]) I du = fs I J(u, [z, §)) l du fori=1,2,3.

Since sequences of surfaces S, having the properties just described exist if
and only if the representation [x(«), 3] for S is absolutely continuous (4, J),
they show that if [x(x), 3] is absolutely continuous (4, J), then each of the
representations [#x(u), &] for the projection surfaces iS for ¢ =1, 2, 3 is also
absolutely continuous (4, J), and each of the transformations [ix(x), 3]
fori=1, 2, 3 belongs to the class K3 described in II, 8. Observe that the first
condition on the [x,(%), &] implies that S, converges to So. These results of
Rado and Reichelderfer will appear as corollaries to more general theorems
whch are presented in the wake of certain preliminary notions (see V, 8, 15).

3. Let & be any interval in the u-plane. A class § of intervals I in & is-
termed closed if it possesses the following properties.

1. The interval S isin &.

2 If I, and I, are in &, and if I;- I, is an interval, then I,-I; is in .

3. If I is any interval in &, then there exists an interval subdivision
S(&) in § which contains I as an element.

A particular type of closed class is important for the sequel. Let . be a
class containing an at most enumerable number of lines(*%), each of which is
parallel to one of the coordinate axes in the u-plane, and none of which forms
a side of the interval 3. Denote by (L) the class of all intervals I in J, each
of whose four sides is formed by a segment of a line not in .. It is readily
verified that $(L) is a closed class. If .y, L2, - - - be a finite or enumerably
infinite set of classes of lines each of type ., then the class  of all the intervals
found in every one of the classes $(L1), $(Ls), - - - is again a closed class
having the same structure as $(.L). A closed class of type §(L) is termed
c-closed. '

(*) The class _C may be empty.
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Let § be any closed class. Assume that to every interval I in § there is
associated a finite real number ¢(I); this function is termed an interval
function of &, and denoted by [¢, §]. For every interval I in &, define (cf. 4)

u(I; [¢, F]) = Lu.b. $(S(I)) for finite interval systems S(Z) in .

Evidently ¢(I) <u(I; [¢,5]) Su(S3; [¢,5]) for I in F. A necessary and suffi-
cient condition that [, ] be an interval function on & is that »(3; [¢, F])
be finite; if [#, §] is an interval function, then [¢, §] is said to possess a
u-function.

4. Let S be a continuous surface having a representation which is BV E;
as noted in IV, 21, one may without loss of generality assume this representa-
tion to be of the form [x(x), 3], where & is an interval. Let $( [x, $]) denote
the class of all intervals I in & having the following property: for each of the
four lines /, a segment of which forms the boundary of I, it is true that (cf.
IV, 1) |*T(@-E(T, 3%)| =0 for i=1, 2, 3 where ‘T is the transformation
[*x(x), 3°]. From the corollary in II, 17, it is clear that §([x, ]) is a c-closed
class. Let I be any interval in $([x, 3]) and let S(I) be any interval sub-
division in §([x, 3]). Then (see II, 19; IV, 2, 21) S(I) is a maximal system
for [x(u), 3], so that

L B(SI) = ‘e(I) for i=1,2,3; &SD) = *().

Let § be any c-closed subset of F([x, $]). Then for every interval I in &,
there necessarily exists a sequence of interval subdivisions S,(I) in § such
that ||-S,.(I)” converges to zero. From 1V, 2, 21, one finds (see 4; V,'3), for I
in &,

UI; e, 3D = u; [, §]) = ‘o(I) fori=1,2,3;
UI; [, 3)) = u(; [@, 5].

5. GENERAL LEMMA. Let [¢,, §] where ¢.(I) = ('pa(I), 2pa(I), *¢(I)) for
IinF, n=0,1,2, - - -, be a sequence of triples of interval functions defined on
a closed class §. Set ®,(I) =“¢,,(I )“ for I in §. Make the following assumptions.

1. Each [i¢n, ] is non-negative for i=1, 2, 3; n=0,1,2, - - -.

2. Each [%p., §] has a u-function for i=1,2,3;n=0,1,2, - - - .

3. If I be any interval in ¥, if S(I) be any interval subdivision in F, then
$a(S(I)) Zpa(I) for =1, 2,3;n=0,1,2, - - -.

4. lim inf ¢, (I) = ¢po(I) for I in §;1=1, 2, 3.

5. lim w(3; [®n, §]) =u(S; [®0, F)).

Then lim u(I, ['¢pn, F])=u(l; [‘po, F]) for I in &, 1=1, 2, 3.

For the special case when § consists of all the intervals in §, this lemma
is stated and proved by Rado and Reichelderfer (see R? [2, chap. 11, §§1-8]).
A proof for this slightly more general lemma may be made by using the prop-
erties of a closed class (see V, 3), and following step by step their proof.

2.
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6. A central result in this chapter may now be stated and proved.

THEOREM. Let S,, n=0, 1, 2, - - -, be a sequence of continuous surfaces
satisfying the following conditions.

1. The surfaces S, converge to Sy (see 1, 1).

2. Each of the surfaces S, for n=0, 1, 2, - - - has a representation which is
BV E (see 1V, 1).

3. The essential areas eA(S,) converge to eA(Sy).

Then the essential variations eV (:S,) for the projection surfaces 'S, converge
to eV (iSo) fori=1,2, 3.

Proof. From conditions 1, 2; IV, 21; I, 1, it follows that there exist repre-
sentations [x,(«x), 3] for S, each having the same interval of definition &, and
each BV E, such that x,(%) converges uniformly on & to xo(x). Let & denote
the class of all intervals belonging to every one of the c-closed classes,
F([xn, 3]) for =0, 1, 2, - - - (see V, 4); then & is a c-closed class. Define
triples of b-functions [¢,, &] as in IV, 2 for n=0,1,2, - - - . From V, 4, 2,
one obtains, for I in F (see 111, 3;1V, 3),#2=0,1,2,-- -,

U(T; [*gny 3] = u(l; [idn, §]) = ‘6u()  fori=1,2,3;
UI; [®a) 3]) = u(I; [®4, F]);
eV(iSn) = u(S; ['pn, F]) = ()  fori=1,2,3;
eA(S.) = (3, [, F]).

Thus conditions V, 5, 1, 2 are satisfied. From V, 4, 1, it is clear that V, 5, 3
is fulfilled. Condition V, 5, 4 follows at once from II, 2, 2 and the lemma of
Fatou, since x,(#) converges on & uniformly to x¢(«). Finally, from relation
4 and condition 3 follows condition V, 5, 5. The conclusion of this theorem
thus follows at once from the lemma in V, 5 and relation 4.

7. COROLLARY. Let S be a continuous,surface having a representation which
is BV E. If the Lebesgue area A(S) equals the essential area eA(S), then the
Lebesgue areas A (%S) of the projection surfaces iS equal the essential areas eA(3S)
for i=1, 2, 3.

Proof. Let P,,z=1, 2, - - -, be a sequence of polyhedra such that P, con-
verges to S and 4 (P,) converges to A(S) (see I, 6, 2). Since A(P,) =eA(P,)
and each P, has a representation which is AC E (see IV, 14) forn=1,2 - - -,
it follows that the hypotheses of the theorem in V, 6 are fulfilled by P, and S.
Thus eV (*P,) converges to eV(S) for =1, 2, 3. But since ‘P, is a flat poly-
hedron, it is true that eV(‘P,) =ed (*P,) =A(’P,) fori=1,2,3;n=1,2, - - -
(see IV, 3, 14); also e V(’S) =eA (%S) for :=1, 2, 3. Since ‘P, converges to %S,
it follows that (see I, 6, 3)

A(iS) < lim inf A(*P,) = lim inf eV(‘P,) = eA(:S) fori=1,2,3.

The conclusion of the corollary follows from this inequality and IV, 14.
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8. Let S,, =0, 1, 2, - - - , be a sequence of continuous surfaces each
possessing a representation [x,(x), 3.] of non-parametric origin (see I, 2),
where

1. x.(uw) = (ul, uz, x:(ul, u2)) for = (ul, uc) in3, =012 ...

Then (see IV, 15) the essential area ed (S.) equals the Lebesgue area A4(S,)
for n=0, 1, 2, - - - . Suppose that S, converges to Sy; it follows then that
3. converges to o, and x3(u«) converges uniformly on every closed set in the
interior of & to x3(#). Now assume that each of the Lebesgue areas 4(S,) is
finite forn=0,1, 2, - - - ; this implies (see II,7; IV, 16) that each of the repre-
sentations [x,(«), &, ] is BV E. Thus to the theorem in V, 6 there follows the

COROLLARY. Let S,, n=0,1, 2, - - -, be a sequence of continuous surfaces,
each possessing a representation 1 of non-parametric origin and a finite Lebesgue
area A(Sy). If the surfaces S, converge to Sy, if the areas A(S,) converge to A (Sy),
then the variations eV (3S,) for the projection surfaces iS, converge to e V(3S,) for
1=1, 2, 3.

In view of the lemma in I11,8 (see IV, 16), this result is clearly a generaliza-
tion of that of Rado and Reichelderfer cited in V, 1.
9. A second important result in this chapter is contained in the

THEOREM. Let S,, n=0, 1, 2, - - -, be a sequence of continuous surfaces
satisfying the following conditions:

1. the surfaces S, converge to S, (see 1, 1);

2. the surface So has a representation [xo(u), Bol| for which the triple
F(u, [xo, Bol) of generalized Jacobians exists almost everywhere in B, is sum-
mable on BY (see 1V, 1);

3. the surfaces S, for n=1, 2, - - - have representations which are AC E;

4. the essential areas eA(S,) converge to [ws|| F(u, [x0, Bo))||du.

Then

5. the representation [x¢(u), Bo] is ACE;

6. the representation [xo(u), Bo] is absolutely continuous (eA, ¥) (seel, 8);

7. the essential variations eV ('S,) for the projection surfaces S, converge to
eV(iSo) for i=1, 2, 3.

In view of the theorem in IV, 9, it is clear that conclusion § implies con-
clusion 6; if conclusions 5, 6 are true, then the hypotheses of the theorem in
V, 6 are fulfilled, so conclusion 7 follows. It suffices therefore to prove 5. This
proof is divided into two parts: an “assume without loss of generality” sec-
tion (V, 10), and the proof itself (V, 11).

10. No loss of generality is imposed in the preceding theorem if the fol-
lowing additional assumptions are made:

1. the simple Jordan regions B, fill up B, from the interior (see 4);
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2. on every closed set in the interior of B, x.(%) converges uniformly to
xo(u). :
In proving this, a theorem of Franklin and Wiener is useful (see Franklin
and Wiener [1]). Given a topological map [#(u), B] of a Jordan region B in
the u-plane onto a Jordan region B and a positive constant ¢, there exists a
pair of analytic functions [#.(«), R ] defining a topological map of some Jordan
region % in the u-plane containing B in its interior onto a Jordan region )%
containing @ in its interior, and such that ”u,(u) #(u)|| <e for u in B and
|l (w) — a*(w)|| <e for u in B, where [a(x), B], [47'(x), R] are the in-
verse maps of [@(u), B), [%.(x), R], respectively. Let B, denote the correspond
to B under the map [#7'(x), R]. Then [a(@.(x)), B.] is a topological map
of B. onto B such that ”u“(ue(u)) u|| <e for u in B.. Suppose that S is a
surface having a representation [#(x), 8] which is AC E; consider the repre-
sentation [&(#.(x)), B.] for S. Denote by M the maximum of the absolute
value of the ordinary Jacobian J(«, [#., B.]). Then a simple Jordan region B
in B which is the image of a square s in 8, under [#.(x),B.] has an area not ex-
ceeding M- |s|. Let iT, T denote transformations [‘%(x), 8], [*#(s(x)), B.]
respectively, for =1, 2, 3. Then (see II, 1-9), since [&(x), ] is AC E,

G(s, T, E(iT, BY) = | T (s*-E(T, 8Y) | = | T(B°- E(‘T, B°) |
< f K(ix, ‘T, BY)d ix = f_ D(u, iT)du fori=1,2,3.
Bo

Thus [#(s.(x)), B.] is also AC E. Now the representation [#(a(n)), B] need
not be AC E. And if [x(x), 8] is an arbitrary preassigned representation for
S, and { is any positive number, then [4(x), 8] may be so chosen that
Hx(u(u)) x(u)“ <{foruin B (see I, 1). These results are summarized in the

LEMMA. Let S be a continuous surface possessing a representation which is
AC E. If [x(u), B] is an arbitrary representation for S, and if € and ¢ are any
positive numbers, then there exists a simple Jordan region B., a topological map
[uc(u), B.] of B onto B such that ||u(u)—ul| <e for u in B., and an AC E
representation [x.(u), B.] such that ||xe(u) —x(u.(w))|| < for u in B..

Choose posmve numbers e, such that “xo(u') xo(u")|| <n7! for any
points #/, '’ in B, satisfying Hu —u"” < &,. Let B, be a Jordan region in the
interior of B, for which there exists a topological map [u.(x), B,] of B, onto
Bosuch that”u,.(u) —-u” <eéforuinB,,n=1,2, - . -, Thenl]xo(u,.(u)) —xo(u) H
<n~1. Thus the simple Jordan regions B, fill up B, from the interior (see 4),
the surfaces So, having representations [xo(«), B.] satisfy d(S,, Son) < 771,
and since clearly eA4(S,.)<eAd(S,), it follows that eA(S,,) converges to
eA(So) (see 1V, 5). Now d(S,, Son) <d(S., So)+7! and so the surfaces S,
admit representations [#x.(x), B.] for which || #2.(x) —xo(u)|| <d(Sa, So)+n1
foruin B,,n=1,2, - - - (see I, 1). Since the surfaces .S, have representations
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which are AC E for n=1, 2, - - - (see V, 9, 3), and since B, is in the interior
of B, it follows by the preceding lemma that there exist simple Jordan regions
+8B, in B, topological maps [«u,(x), +B.] of xB, onto B, such that ”*u,.(u)
—u|| <en for u in B, and AC E representations [xx.(%), *8.] such that
”*x,.(u)-—fx,.(*un(u))” <n! for u# in xB,. Since |[xo(*u,.(u)) -—xo(u)” <n!for
u in «B,, it follows that ”*x,.(u) —xo(w)|| <d(Sn, So)+3n~" for uin +«B,.. The
representations [xx.(#), +8,] thus satisfy the hypotheses of the theorem in
V, 9 and the additional assumptions in this section.

11. A proof for the theorem in V, 9 is now made, using the additional con-
ditions, V, 10, 1, 2. First, observe that V, 9 imply (see IV, 5, 6) that eV (Sy)
is finite, and

lim €A (S.) = ed(So) = fs.,”ﬂ“' [0, Bo])|| .

This verifies V, 9, 6 directly (see I, 8). Let I be any interval in the interior of
Bo; in view of V, 10, 1, there exists an #(I) such that I is in the interior of B,
for n>n(I). Define (see IV, 1), for I in BY.

Ya(I) =le?(”’ iT,) | du fori=1,2,3;

Ya(D) = (WD), (D), ¥(D),  ¥a(l) = |Yu(D)||  for n =0, n > n(I).
From V, 9, 3, it is seen that (see II, 9; 1, IV, 3)

Wa(l) = f K(iz, T, I9d iz fori=1,2, 3, n > n(I).

Since e4(S,) is finite, it follows (see IV, 4) that K(ix, T, I°) is summable,
and (see V, 10, 2; 11, 2, 2; 11,9, 1)

lim inf f K(x, iT,, 19d iz 2 f K(ix, iTo, I9d ix = Wo(I) fori=1,2,3.

These relations give

1. lim inf ‘Yu(l) = ‘Yo(I)  fori=1,2, 3,1 in ®Bo.
By a known result (see R? [2, chap. II, §10]), it follows that for I in B},
w(I; [Wn, I]) = 9a(D) fori=1,2,3,
2.
u(l; [‘I’m I]) = f”?(“, [xm %n])”du forn = 0, n > n(l).
I

A direct reasoning using relation 1 shows that

3. lim inf #(l; [¥n £]) = w(I; [¥0, I]) for I in By
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For n=0, n>n(I), the interval I lies in the interior of By; extend the sides
of I until they meet the boundary of 8B, thus dividing 8, into nine simple
Jordan regions I=¢B,, 1B, - - +, 8B, Clearly the 4B, fill up B, from the
interior for =0, - - -, 8 (see 1V, 10, 1). Denote by 1S, the surface having
the representation [xa(%), 4Ba] for £=0, - - -, 8, =0, n>n(I). Since the
representations [x,(«), »B.] for #>n(I) are AC E and the essential areas
eA (xS,) are finite for #=0, - - -, 8, it follows that (see IV, 6)

eA(1S,) = f H?'(u, [x,.,%,,])”du for n > n(I);
1Ba

AGS) 2 [

h

”:7(“: [xo, 530])||du fork=0,---,8.
B}

From V, 10, 2 it follows that xS, converges to S, for k=0, - - -, 8, so that
(see IV, 5)

lim inf e4(3S.) = e4(1S0) fork=0,---,8.

Since straight line segments form the subdivision of 8, just introduced, one
obtains

8
eA(S,) = fso”f}'(u, [%n, SBn])Ildu = hz: eA(1S,) for n > n(I).

Using the preceding relations and V, 9, 4, one finds

lim sup e4(sS») = lim sup [eA(S,.) — D ed (;.S,.)] =< fI“?(u, [0, Bo])||du.

h=1
In view of relations 2, 3, 4, this implies that
5. lim w(I; [¥n, I]) = u(I; [0, I)) for T in B

Thus, if 3 be any fixed interval in 83 and & be the class of all intervals I in
Q, it is clear from relations 1, 5 that the [¢., ] for =0, n>n(J) satisfy
the hypotheses of the general lemma in V, 5. In view of relation 2, therefore,

1mf|7(u, ‘T,,)ldu=f | F(u, “To) | du for 7 inBo, i = 1, 2, 3.
I I

This relation, together with the conditions in V, 10, makes it clear that the
hypotheses of the modified closure theorem in I1, 14 are fulfilled, for the three
sequences of transformations T,: [ix.(x), B2, n=0,1, 2, - - -, where 1=1,
2, 3. S0 Ty is AC E(iT,, B]) for i=1, 2, 3—that is, [xe(x), Bo] is AC E (see
1V, 1), and the theorem is established.

12. The theorem just proved permits the following addition to the results
in IV, 6-9.
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THEOREM. Assume that for a continuous surface Sy there exists a sequence of
surfaces S, such that S, converges to Sy, eA(S,) converges to eA(So) which is
finite, and each S, for n=1, 2, - - - has an AC E representation. Then a neces-
sary and sufficient condition that a representation [xo(u), o] for So be absolutely
continuous (eA, ) is that [xo(u), Bo) be AC E.

Proof. That the condition is sufficient is already established (see IV, 9).
So suppose that [xo(x), Bo] is absolutely continuous (e4, ¥); then (see I, 8)

eA(So) = fﬁo“?(% [0, Bo])||dae.

The S. for n=0, 1, 2, - - - thus satisfy the hypotheses of the theorem in V,
9, whence it follows that [xo(x), Bo] is AC E.

13. If in the theorem in V, 9, the generalized Jacobians are replaced by
the ordinary Jacobians, there results the

THEOREM. Let S,,n=0,1,2, - - - be a sequence of continuous surfaces satis-
Sfying the following conditions:

1. the surfaces S, convergeto S, (see 1, 1);

2. the surface S, has a representation [xo(u), Bo] for which the triple
J(u, [xo, Bo]) of ordinary Jacobians exists almost everywhere in BY, and is
summable on BY (see 1V, 1);

3. the surfaces S, for n=1, 2, - - - have representations which are AC E;

4. the essential areas eA(S,) converge to [gg|J(u, [xo, Bo])||du.

Then .

5. the representation [xo(u), Bo] is AC E;

6. the representation [xo(u), Bo| is absolutely continuous (ed, J);

7. the essential variations eV (3S,) for the projection surfaces 'S, converge to
eV (iSy) for i=1, 2, 3.

A proof may be made by paralleling the proof for the theorem in V, 9, us-
ing the modified closure theorem in II, 15.

14. The preceding theorem permits the following addition to the results
in IV, 10-13. A proof is similar to that in V, 12.

THEOREM. A ssume that for a continuous surface Sy there exists a sequence of
surfaces S, such that S, converges to Sy, eA(S,) converges to eA(S,) which is
finite, and each S, for n=1, 2, - - - has an AC E representation. Then a neces-
sary and sufficient condition that a representation [xo(u), Bo] for So, for which
the triple S(u, [xo, Bo]) of ordinary Jacobians exists almost everywhere in B},
be absolutely continuous (eA, J) is that [xo(u), Bo] be AC E.

15. COROLLARY. A necessary condition that a representation [x(u), B] for
a continuous surface S be absolutely continuous (A, J), where A(S) is the
Lebesgue area of S and J(u, [x, B]) is the triple of ordinary Jacobians is that
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[x(x), B8] be AC E; if [x(«), B] is absolutely continuous (A, J), then the
Lebesgue area A(S) equals the essential area eA(S). A sufficient condition that a
representation [x(u), B] for S be absolutely continuous (A, J) is that [x(u), B]
be AC E and eA(S)=A(S).

Proof. The second assertion in this corollary has been established in IV,
14. According to I, 6, 2, there exists a sequence of polyhedra P, which con-
verge to S and for which 4(P,) converges to A(S). Now (see IV, 14) each of
the P, has an AC E representation, and e4(P,)=4(P,) for n=1, 2, - - -.
The remainder of the corollary now follows at once from the theorem in V,
14.

The results of Rado and Reichelderfer cited in V, 2 are seen to be a special
case of this corollary and of the theorem in V, 9 (see 11, 15; 111, 4, 2;V, 7).
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