INDEPENDENT INTEGRAL BASES AND A CHARAC-
TERIZATION OF REGULAR SURFACES

BY
H. T. MUHLY (")

Introduction. The fundamental paper Theorie der algebraischen Funktionen
einer Verinderlichen of Dedekind and Weber opened a wide field of research.
The methods which these authors brought into play in the study of algebraic
functions of one variable have lent themselves readily, from the conceptual
point of view at least, to generalization to the case of several variables. How-
ever, even if one restricts himself to the case of algebraic functions of two
variables he finds a sharp line of demarcation in the analogy with the one
variable case when he attacks problems of enumeration such as the problem
of Riemann-Roch.

Several years ago Zariski made the conjecture that the analogy between
the theory of algebraic curves and the theory of algebraic surfaces would
extend much further in the case of regular surfaces, that is surfaces whose
arithmetic and geometric genera coincide. The objective of this paper is to
establish the truth of this conjecture and to show that this fact is in a sense
characteristic of regular surfaces.

A tool which proved to be most useful to Dedekind and Weber in deriving
the Riemann-Roch theorem as well as other allied results was furnished by
their so-called normal bases, the construction of which we shall describe briefly
below.

Let = be a field of algebraic functions of one variable x cver a field of
constants K, which is assumed to be maximally algebraic in Z and of char-
acteristic zero. The field 2 is then an algebraic extension of K(x) of finite
relative degree ». Let o denote the ring of integral functions of x in Z and o’
the ring of integral functions of 1/x in 2. If w is an element of o, the “expo-
nent” of w (in symbols exp w) is defined to be the smallest integer » such
that w/x" is an element of o’ (that is w/x"Co’, w/x™~1(0’). A set of functions
Ay Ag, - - -, N, is constructed as follows. Let Ay=1, and let \: be an element
in o of lowest exponent 7., such that A, does not satisfy a congruence of the
form Ae=cA\i(ox) where cEK. If Ay, As, - - -, X\i_1 have been selected, take \;
to be an element in o of lowest exponent which does not satisfy a congruence
of the form N;=ci\i+ - - - +ciihia(ox), ¢;EK, j=1, - - -, 1—1. Dedekind
and Weber show that this construction leads to a set of »(=[Z:K(x)]) func-
tions Ay, Az, - - -, A, in 0 which have the following properties:
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(a) They are linearly independent over K(x) and therefore form a modu-
lar basis for Z over K(x).

(b) They form a modular basis for o over the polynomial ring K[x].

(c) If exp N\i=7;, then r1(=0), 1=57.< - - - =7,. f wisin o, and if 7, is
the last integer in the sequence 7y, 7e, - + -, 7, which is less than or equal to
exp w, then w is of the form w=Pi(x)\i+ - - - +Pu(x)\s, and the degree of
P(x) (a polynomial) is less than or equal to (exp w—7;).

(d) The quantities N/ =\;/x™, =1, 2, - - -, v, form a base for o’ over
K[1/x] with the same properties relative to o’ as the quantities Ay, - - -, A,
have relative to o.

(e) D io(ri—1) =p, the genus of =.

Dedekind and Weber refer to such a set of functions as a normal base for o
over K{x].

" When we pass to the case of several variables, xi, xs, - - -, %,, and let 2
denote an algebraic extension of K (x1, xs, - - -, x,), we must consider together
with the integral closure o, of the polynomial ring K [#1, %2, - - - , .| the inte-
gral closures o; of the polynomial rings K [x1/x:, - -+, %i1/%:, 1/%:, %ip1/%:,

-, %./%x:], =1, 2, - - -, 7, if we want to generalize the concepts men-
tioned above. It will be pointed out in §2 that it is possible to define an
integer, exp w, for every element w in 0, (or in 0;) with the property
that if expw=h then w/x}Co:; w/xt 'qos =1, 2,---, 7. A set of
v(=[Z:K(x1, %2, - - -, %,)]) elements, A, Ay, - - -, N, in 0o which form a
modular base for 0, over K [x1, %2, - - -, x,] (and consequently form a base
for 2 over K(xi, Xy, 0, %,)) will be referred to as a DW-base for o, rela-
txve to K [x1, %2, - - -, x,] if in addition it satisfies the following conditions.

-(a) If exp\i=r; then r1(=0), 157, <7< - - - <r,,andif wisin opand 7
is the last integer.in the sequence 71=7:< - - - =7, which is less than or equal
to exp w, then w is of the form w=Pi(x)\i+Pa(x)he+ - - - +Pi(x)\s where
the polynomial P; is of degree less than or equal to (exp w—7;).

“(b) The quantities A =\;/x}, j=1,2, - - -, r; i=1,2, - - -, » have the
same properties relative to the ring o; as the elements Ay, Ay, - - -, N, have
relative to 0,. '

In §2 we show that if &, &*, - - -, &* are the homogeneous coordinates
of the general point of an arithmetically normal variety V, in P, and if every
element of the integrally closed ring o*=K[&¢, &*, - - -, &*] depends in-
tegrally on the algebraically independent elements &g, &, - - -, £* then the
existence of a DW-base in 0o =K [£/£¢, £+/5¢, - - -, £X/E¢] relative to the
polynomial ring K [£*/&¢, &/, - - -, £X¥/£¢] is equivalent to the existence
of a modular base for o* over K [3;'0 , &¥, - - -, £¥] consisting of linearly inde-
pendent homogeneous elements.

It is well known that such modular bases do not exist in general in rings
such as o*, so that DW-bases likewise do not always exist.

In this paper we shall prove that if £, &F, - - -, £.F are homogeneous
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coordinates along a nonsingular, normal model of a field £ of degree of
transcendency two relative to K, then the existence of a modular base for 0*
over K [£¢, £, £] consisting of v(= [Z: K (&F/E¢, £ /£)]) linearly independ-
ent homogeneous elements implies that the field Z is regular. Moreover, if Fis
a nonsingular model of a regular field 2 and if 04* is the ring of homogeneous
coordinates along a derived normal surface F» of F belonging to a sufficiently
high character of homogeneity % [9](?), then 04* has an independent homogene-
ous modular base relative to a suitably selected set of independent variables.

The proof of the first part of this statement, to the effect that the exist- -
ence of a base implies regularity, is completely arithmetic in nature. For the
proof of the converse, however, we found it necessary to use a lemma of
Severi [6] which this author uses in his derivation of the Riemann-Roch
theorem for surfaces. The proof of the converse by means of totally arith-
metic arguments presents auxiliary problems requiring considerable investiga-
tion in themselves. We have not as yet been able to cope with all of the diffi-
culties arising in connection with them.

Throughout this paper we shall use the term normal to mean arithmeti-
cally normal. The coefficient field K is always assumed to be algebraically
closed and of characteristic zero.

1. Definitions and preliminary remarks. Let £ be a field of algebraic
functions of degree of transcendency 7 relative to a subfield K. By a prime
divisor of = we shall mean any (r—1)-dimensional valuation of 2. If & is
any integral domain in 2, and if P is a prime divisor whose v-ring B(B) con-
tains &, then P is said to be of first or second kind with respect to & accord-
ing as the center(®) of P in & is or is not (r —1)-dimensional.

If &*, &F, - - -, £F are the homogeneous coordinates of the general point
of a projective model V, of Z, and if o*=K [, &% - - -, &*] is the asso-
ciated integral domain, then according to a well known theorem of Noether,
a nonsingular projective transformation can be found which will insure that
the first 741 £¥'s, &, £*, - - -, £¥ are algebraically independent and that the
remaining ones, £, - - -, £&* (and hence the entire ring 0¥), will be integrally
dependent on &¢, &F, - - -, &F. If, then, we specialize 0* to the various
affine rings 0j 05=K[£0*/£J*1 51*/53*, T T E;k-l/gf*r g;k+1/£’gk, T ‘En*/gf]y
7=0,1, 2, -, r it follows that in each the first 7 coordinates are alge-
braically independent and the rest depend integrally on them. It is well known
that if P is a prime divisor of 2 such that B(P) contains two of the rings oj,
say 04, 0sCB(B), and if P is of first kind with respect to 0., then P is also of
the first kind with respect to og. Consequently, one may speak of a prime
divisor as being of first or second kind relative to a given projective model V,

(2) Numbers in brackets refer to the bibliography at the end of this paper.

(3) By the center of P in § is meant the prime ideal in I consisting of those elements 5
such that v(B, n) >0. Throughout this paper we use the notation (P, x) to denote the value
of x in the valuation P.
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of Z. Thus we may associate with a model V, of 2 a set &(V,) of prime di-
visors, consisting of all those prime divisors which are of first kind with re-
spect to V,.

Using the elements of &(V,) as generators we form the abelian group
®&(V,) which consists of all finite, formal, power products PyPsz - - - Pg*
where B;ES(V,) and a; is an integer, 2=1, 2, - - - , k. The elements of &(V,)
are called divisors. The divisor % =]]% B is said to be integral if a;>0,
1=1,2, -,k

With every element 7 in 2 one can associate a uniquely determined di-

visor A(n) in &(V,),
Am) = [IB*™,  o(n) = o(B, n),

where the product is extended over all prime divisors of the set &. (When
no ambiguity will result, we shall write 5 instead of A(7n).) Those divisors
which are associated in this way with elements 5 in 2 form a subgroup § of
&(V,). Two divisors A and B are said to be equivalent if A-B-1&H.

With every prime divisor P in & one can associate a unique, irreducible,
(r —1)-dimensional subvariety, V,_1(B), of V,. With every integral divisor %
in ®(V,), say A=] B, we associate the effective subvariety

VA) =4 = a1 V(PB) + aaV(B) + - - - + aV(Pi).

The complete system determined by % (or 4) is, then, the set of all effective
subvarieties V' (A’) which are associated with integral divisors %’ which are
equivalent to .

In what is to follow, we shall need the following lemma, proved in [4].

LeMMA 1.1 The algebraically independent quantities &, &2, - - -, &,
(&i=EF/E8, i=1,2, - - -, 7) have divisor representations of the form £;=U:/Wo,
1=1,2, - - -, r, where A; and W, are integral divisors and no prime divisor di-
vides both N; and U,.

The following lemma is also needed.

LemMA 1.2, If P is a prime factor of oy, say No=PPUJ where AJ is prime
to B, and +f f(&, &, - - -, &) is any polynomial in &, &, - - -, &, of degree h,
then v(P, f) = —hB. (The notation is that of the previous lemma.)

Proof. Assume first of all that f=¢,, a homogeneous polynomial in
&, &, - - -, & of degree &, so that ¢x/&1=¢s (1, &/&, - - -, £./&1). This ele-
ment is in 0;, and since P is of first kind, and at finite distance with respect
to o1, the elements &/&, £/&, - - -, &,/£ must be algebraically independent
modulo p;, the center of P in 0. Hence v(B, ¢1/£)) =0 and v(B, ¢s) =hv(P, &)
= —hB.
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If f is an arbitrary polynomial then the lemma follows for f also since
v(PB, a+b) =min (v(P, a), v(P, b)) if v(B, a) =v(B, b).

It is not difficult to see that if w is any integral function of &, &, - - -, &
then w admits a divisor representation of the form

©=B/%s

where B is an integral divisor and % is an integer. In fact, if w is an integral
function of &, &, - - -, &, then w has non-negative value at any prime di-
visor at which the values of £, &, - - -, £, are non-negative. Conversely, any
element w in 2 which admits a representation of the form w=%3/%; is an in-
tegral function of &, &, - - -, ..

2. Exponents of integral functions. We now show that the Dedekind-
Weber method of assigning exponents to integral functions can be carried
over to the case of functions of several variables almost verbatim. The real
significance of these exponents is intimately connected with the notion of
arithmetically normal varieties, and we shall treat the subject from this point
of view.

Let & &, - - -, £F be the homogeneous coordinates of the general point
of a variety V, in the projective space P,. It is assumed that V, is arithmeti-
cally normal so that o* =K [£¢, &, - - -, £*] is integrally closed in its quo-
tient field =*. As in the preceding section we assume that &¢*, &¥, - - -, E¥* are
algebraically independent and that o* depends integrally on these r+1 ele-
ments. We again consider the rings 0o, 01, - - +, 0, 0; =K [Ec*/EF, - - -, EXE0/EF,
EXa/EF, - - -, EX/E¥]. If N is any element in 0o, then N\ is a polynomial
f(&, &, - - -, &) (Ei=£F/E¢) of degree h, say. Consequently, £ A=\* is
an element of o* which is homogeneous of degree 4. It is pointed out in [9]
that any element A* in 0* which is homogeneous of degree % satisfies an equa-
tion of the form

(2.1) MWt aES, BN a8 =0

where a; is a form in &g, &F, - - -, £ of degree k-2, 1=1, 2, ..., »
w=[Z*:K(, & -, £9]). If we divide equation (2.1) by &*-,
4=0,1, -+ -, 7, wefind

(/5997 + (/B /61 + - -+ a,/ER = 0.

In other words N*/£¥*(=\/§) is integrally dependent upon o; and hence
is in 0;. We thus see that given any element A in o, there exist integers A
such that N/&Cos, 2=1, 2, - - -, 7. Clearly, if this is true for one integer &
then it is true for any integer k greater than k. If for some 7, the integer 4 is
such that \/£ Co;, then it is also true that A/£/Cojy, for any j=1,2, - - - fr.
In fact, since A is in 0y, we have
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(2.2) A =B/%
where B is integral, and
(2.3) ME = (B/%) /) = B/A 9

If % is the smallest integer such that (2.2) holds (that is, if B is not a multiple
of o), then the fact that \/& Co; implies that &=k, for N/£ Cos, implies that
\/& may be written in the form

(2.4) N = MU

where I is integral. Equations (2.3) and (2.4) then imply that A§~'- 2 I
=PBA; and, since A; and A, are relatively prime, k<h for B is not divisible
by %. Since we can represent A in the form A=%B'/%; it follows that
N =9B'/%}, and hence that /& Co;.

We therefore define the exponent of the function X (notation: exp A) to be
the smallest integer % such that A/& Co;. The exponent depends only upon A
and not upon the particular ; which we take to define it. In the case of one
independent quantity, &, this definition is precisely that of Dedekind-Weber.

Several obvious, but important, properties of exponents suggest them-
selves immediately. We list them below.

(a) exp N=h if and only if \=B/U;, where B is an integral divisor not di-
visible by U,.

In fact, if A\=9/%; then clearly exp A=<k, but if exp A=4’<h, then
A=%B'/%" as has been shown. This implies that 9 is divisible by %o, which
is not the case.

(b) As a corollary to (a) we have exp A=0 if and only if NEK.

(c) If n and ¢ are two elements of 0o, then exp (n4¢) Smax (exp 7, exp {),
and if exp n>exp ¢ then exp (n+¢) =exp 7.

If exp n=h and exp { =s, and if A=s then 7/£ and {/£; are in 0;. Hence
exp (n+¢) Sh. If h>s, then (n4-¢) /£ is not in o, for if it were then we would
have 5/& 1= (n+¢)/E+1—¢/&~ in 01, which is not the case.

(d) If N\Evoand exp N\=F, then \ is a polynomial in &, &, - - -, &, of degree
less than or equal to h.

This statement holds in view of the fact that V is a normal model of Z
and hence the system of hyperplane sections on F and all of its multiples are
complete [4].

(e) If N\=f(&y, &, - - -, E.) 95 @ polynomial of degree h then exp N<h.

(f) If n and ¢ are in oy, then exp (n-§) Sexp n+exp {. If n is a polynomial
in the independent elements £, &, + - - , & only, then exp (n-{) =exp n+exp {.

The first statement follows directly from (a); the second fellows from (a)
in view of Lemma (1.2).

() If Yo is a prime divisor P then the equality sign always holds in (f).
Moreover, exp A= —v(PB, N).
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(h) If N*=¢ (&, &, - - -, £F) is an element of o* of degree of homogeneity
h then exp N N=¢/E¢") s less than h if and only if ¢ is divisible by £¢F in o*.
Assertion (h) follows almost immediately from (d) and (e). If exp A=k <h

then, by (d), A is a polynomial of degree less than orequal tokin &, &, - - -, &,
AN=f(%, &, - - -, £.), say. Consequently ¢ =£¢#*f is an element of o*, and
¢ =£&""". On the other hand, if ¢ =£¢¢’, ¢>0, ¢’ in 0%, then N =¢/Eg"
=¢'/E¢th=g (£, &, - - -, &) where g is a polynomial of degree 2 —a. By (e)
this implies exp A<k —o.

THEOREM 2.1. If o* has an independent modular base over K [E, &, - - -, £¥]
consisting of v homogeneous elements Ni¥, Ns*, - - -, N} wherev=[Z:K(&, - - -, £)]
then oo (and of course also oj, j=0, 1, - - -, r) possesses a DW-base over
K&, &, - - -, &) and conversely.

Proof. Assume that the elements A, A, - - -, \,* are arranged in the
order of increasing degree, so that if A* is homogeneous of degree 7; we have
n=r.< - - - =r,. If w*is any homogeneous element of o* of degree %, we have

(2.5) o* = PINF+ PN+ - - + PN}, PFE K& £, - -, 8]

If P¥=> P} where P} is homogeneous of degree j, it follows immedi-
ately by an application of the automorphism 7:&¢F—tEf of Z* over =
(Z*=K(&, &, - - -, EF) that Pi=0if j#h—r; and that P¥=P}_,. In
other words, in the representation (2.5) of the homogeneous element w*, the
coefficient P¥ of A* is homogeneous of degree & —7;.

It follows from the above remarks that none of the elements A ¥ is divisible
by &¢ in o*, In fact, suppose A\¥ =£¢fw*. Since w* is of degree r;—1 (we as-
sume for the moment that ¢>1) we have w*=P*\¥*+ - - - +P* \¥,, and
hence A¥ =Qf\i*+ - - - +QX A%, where Q} =& P#. This is in contradiction
with the independence of the elements A*. In particular, Ai* must be a con-
stant, which we may take to be 1.

If we let Ny =N}/&¢, it follows that N, is an element of 0y of exponent 7;.
If w is an element of 0o of exponent %, then £§*w is homogeneous of degree #,
and is in 0*(*). Hence we have £ =P\*+ PN\ + - - - +P*\F where P¥
is homogeneous of degree h—r;. Consequently, we have w=)_ P\;, where
P;=P}/tF—, This implies of course that exp P;(=degree of P,) is less than
orequal to b —r..

Since this argument could be carried out with any of the rings o; as well

as with o, it follows that the elements Ay, As, - - -, N, have the properties of a
DW-base. (See introduction.) '
Conversely, if A1, Ay, - - -, A, form a DW-base in o, relative to the ring

(*) This assertion follows by property (d) above. In fact, since exp w=#, w is a polynomial
of degree hin £, &, * - -, £»and hence £**w is a form of degree kin £, &, - - -, £
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K&, &, - - -, &] and if exp N\;=7; it follows immediately that the elements
N*=¢&¢ri\; form a modular base for o* over K[, &, - - -, &¥], q.ed.

3. Differential divisors and the geometric genus. We shall henceforth as-
sume that we are dealing with a field 2 of degree of transcendency two over
the coefficient field K. We use the same notations as before except that we
put r=2. We select the quantities ¢, &, &* in such a way that in addition
to our previous requirements we also have [Z:K (&, &)]=v, the order of our
model F. (We put &=£¥/¢F,1=1,2, - - -, n)

Let A be any subfield of 2 such that 2 is algebraic over A. If P is any prime
divisor of Z with valuation ring 9B, then 8a=BMNA is a valuation ring in A
which defines a prime divisor Pa in A. The divisor P, is the valuation which B
induces in A. If pa is the ideal of non-units in B, and p is the ideal of non-units
in B, then the extended ideal ps-B is a power of p, say pa-B=p¢, e=1. The
divisor P is said to be ramified with respect to the field A if e>1, unramified
if e=1. The integer e —1 is called the ramification degree of P relative to A.

We restrict ourselves to the case in which A=K (¢, £&). We consider the
ideal Z,ty=g.c.d. (3f/02).m [9], Where w is an arbitrary element of o0,
and f(z; &1, &)=N(z—w). If py, ps, - - -, P, are the one-dimensional prime
ideals in po which occur in the decomposition of Z;,,:, then we have

as

3.1 Zig by = p;"lp;‘z P

where the symbol = denotes quasi-equality in the sense of van der Waerden.
It is well known that if P is ramified with respect to A, and if the v-ring 8
of P contains 0y, then p, the center of P in 0y, is one of the primes py, ps, - - -, Ps
and conversely. Moreover, the ramification degree of P relative to A is pre-
cisely the exponent « assigned to its center in the decomposition (3.1). We
conclude therefore that there are only a finite number of prime divisors in
the set &(F) which are ramified over the field A (=K (&, &)).

The assertions of the preceding paragraph are all consequences of the
following lemma.

LeMMA 3.1. If P is any prime divisor of the field = (at finite distance rela-
tive to the ring 0o) of ramification degree e — 1 relative to K (&1, &2), then there is a
primitive element 0 in 0o such that f/(0) =0 (pe—D), f/(0)Z0 (p @), where p is the
center of B in 0o, and f'(0) =(0f/32).—o. Moreover, it may be assumed that 0
has the form O0=co+cié1+cba+ - - - +cikn, c;EK.

Proof. The proof is similar to the considerations set forth in [10, para-
graphs 11, 12, and 13]. We assume that &, is transcendental mod P so that
the residue field of P is algebraic over the field K (£). We let L denote the least
normal (Galoisian) extension of K (&) which contains the residue field of P.
Together with 0, we consider the rings of =K(1)[&, &, - - -, &) and
Do=L[&, &, - - -, £.). In view of the fact that & is transcendental mod p
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there is one and only one prime ideal p’ in o such that p’Mo,=p. Moreover,
if &’ is the quotient ring of oy at p’ and & that of o, at p then clearly §=3*
and consequently the ramification degree of P as a “point” of the one-di-
mensional variety corresponding to o is the same as the ramification degree
of B as a “curve” of the variety belonging to 0. Now if aj, as, + - -, as are
the prime ideals in ©, which lie over p’, that is, a:Nod =p’, then Dop’
=[ay, as, - - -, ax]. Moreover, it follows immediately from the first part of
the proof of Theorem 7 in [10] that if m is any non-negative integer then
ar'Mog = p'™(%).

Consider the field L(&) DK(&, &), and let P be the divisor induced by P
in K (&, &). The divisor ¥; in L- 2 = A defined by a; in Oy induces a divisor 4;
in L(&) which lies over P in K(&, &). Let p, a; be the centers of P and 4;
in their respective v-rings, and let <4; be the center of %; in its »-ring. If %;
is the v-ring of %, then we assert that a;- R; =c4{ where e—1 is the ramification
degree of P relative to K (£, &). In other words, the ramification degree of %;
relative to L(&;) is the same as that of P relative to K (&, £&). To see this, let R
be the v-ring of P in K (£, &) and let S; be that of 4; in L(£;). Now a;=»S;
and hence a;- R:=p - R:. On the other hand, ;=3 - RN:and p- Ri=(p- F')- N:
=cA’¢-R; where o4’ denotes the center of P in F’. Since 4’ RN;=cA; we have
eA'e- R;=cA: This implies the assertion.

The lemma under consideration is well known in the case of functions
of one variable. In fact, if 0=cf1+cb+ « - - +cnkn, ¢iEL, is a primitive
element of A over L(%) then for non-special “constants” ¢;, we will have
F1(0)=0(ag""), f'(6)£0 (af). Since the values of ¢; that must be avoided are
those satisfying certain algebraic relations, we can, in particular, find such
quantities in K. For such a choice of the ¢'s, 8 will be an element of 0o and so
also will f/(8). This proves the lemma in view of the fact that af’Moo=p®,
which holds, in particular, for m=e—1, e.

The ramification divisor 34 of Z relative to A is defined by the relation

(3.2) Ba=1I%" BeSG,

where e—1 is the ramification degree of P and the product is extended over
all prime divisors of the set &(F). 84 may of course contain prime factors
which are also factors of fp. (A, is the common denominator of £ and &
mentioned in Lemma 1.1. It is given by the curve £*=0o0n F.)

We let G, denote the complementary module of o, relative to K(£, &).
&, consists of those elements € in 2 such that S(ew) is integral for every w
in 0o. S(ew) denotes the trace of ew relative to K(£1, £&). The module €, is of

(5) The methods of [10, Theorem 7] are applicable here in view of the fact that as a mini-
mal prime ideal of the integrally closed ring 0o,  defines a simple subvariety of the model V;
associated with Do and hence P’ defines a simple subvariety (point) of the model V{ associated
with 04 .
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paramount importance in the theory of ramified divisors. We prove that €,
is the inverse system of the ideal Z, ¢,. To this end two lemmas are needed,
the first of which will be used later in another connection.

LemMmA 3.2. If A=K(%, &) and B is any prime divisor of the set S(F),
and if Pi(=B), Be, - - -, B are the complete set of prime divisors in Z which
induce the same valuation in A as does P, then for any function n such that
(B, 1) >0, 2=1, 2, - - -, k, it is true that v(B, S(n)) >0, where the trace is
taken relative to A.

Proof. Let P be the common contraction of Ps, Pz, - - -, Pr with A and
let Q be the least normal extension of A which contains Z. If Py, P, - - -, Ps
denote the various valuations of @ which induce the valuation P on A, then
each of these induces one of the valuations B;on 2,7=1,2, « - -, k. The inter-
section BiNBN - - - M B, where B; is the v-ring of P; is the integral closure
(in Q) of the v-ring B of P in A [3]. We denote this intersection by D. The

ring D contains s distinct maximal prime ideals ay, as, - - -, a, where a; con-
sists of those elements 6 in D with the property »(®;, ) >0. By hypothesis,
n is contained in the intersection a=[a;, as - - -, a,]. Since the ideals

ai, az, * - -, 0, are conjugate over A [3], the intersection a is an invariant ideal,
and hence not only 7 but also all of its conjugates are in a. Hence their sum
S(n) is in a. Since aNPY is the ideal of non-units in B, we conclude that
(P, S(n)) >0, q.ed.

LEMMA 3.3. An element € of Z is an element of the module €, if and only if
v(P, €)= —e+1 for every prime divisor of the set S(F) whose v-ring contains oo
(e—1 denotes the ramification degree of B).

Proof. Let € be an element of 2 with this property. If € is not an element
of &, then there is an element w in 0o such that S(ew) is not integral. If we re-
strict our attention to the group &, of divisors in A generated by the prime
divisors in A of first kind with respect to the rings K[£, &), K[1/&, &/&],
and K [£1/&, 1/4), then S(ew) will have a decomposition of the form

s = ((1175) /(11)) 4

where a;, 8;>0, ¢ is an integer, P; and Q; are distinct prime divisors in A,
and A, is that divisor in A which corresponds to %, in Z, thatis, £;=A4:/4,,
1=1, 2.

We fix our attention on one of the divisors Q,, say Qi1. If ¢1 is the center
of Q1in R (=K[&, £&]), then g, is a principal ideal, say g1=R-¢, where ¢ is a
polynomial in &, £. We consider the extended ideal 0,g; which has a decom-
position of the form 0g1= [p{, p®, - - -, ¥ ]. By definition, it follows that
fi—1 is the ramification degree of the prime divisor of 2 determined by p,.
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Now by our hypothesis we have v(p;, ewp) = —f:+1-+f; (since v(p;, w) =0),
and hence v(p;, ewp)>0, ¢=1, 2, ---, s. By Lemma 3.2 it follows that
v(Q1, S(ewp)) >0, or v(Q1, S(ew))+1>0, and hence we have v(Q1, S(ew)) =0,
which is a contradiction. We therefore conclude that € is an element of &,.

Conversely, it is well known (see for example [5]) that for any primitive

element 6 in oo the relation f/(8)-€yCoo, where f(z) = N(z—80), holds. More-
over, by Lemma 3.1 it follows that for any prime divisor P with center p
in 0o and ramification degree e —1 there exists a primitive element 8 in 0, such
that f/(6) =0 (p¢="), f'(0) 0 (p(®). From this it follows that for any € in G,
the inequality v(B, €)= —e-+1 holds. This proves the lemma.

This characterization of €, in terms of the ramified divisors at finite dis-
tance relative to oo (that is, having v-rings which contain 0,) is obviously
equivalent to the statement that €, is the inverse system of Z, s, in Z, in
view of the relation (3.1). Making use of this fact, it is not difficult to see that
every element e of €, admits a divisor representation of the form

(3.3) e = (D/8a)%

where D is an integral divisor and 7 is an integer which may be positive,
negative, or zero(®). Conversely, any element of £ which admits a representa-
tion such as (3.3) is in &,.

An integral divisor D equivalent to the divisor 8.%3® (in symbols
D~38aUs%) is called a differential divisor of first kind. To every such di-
visor D there corresponds an element &, necessarily in €, which expresses
the equivalence, namely,

(3.4) ; 5 = DUe/Ba.

The geometric genus p, of the surface F (a normal nonsingular model)
is defined as the number of linearly independent differential divisors of first
kind, that is the number of linearly independent elements § in €, of the form
(3.4). A curve K on F determined by a differential divisor of first kind is
called a canonical curve, and the complete system |K I is called the pure
canonical system on F. The effective dimension of | K| is p,—1.

(¢) Equation (3.3) follows immediately if none of the prime factors of %, is ramified.
Otherwise, the proof is as follows. If P is any prime factor of %o, say Ao= B¢ A¢, where A is
prime to P, then e—1 is the ramification degree of PB. Since P is at finite distance relative to
the ring 0, (=K [1/&, &/&, - - -, £&/&]) it follows that there exists an element 6, in D, of ex-
ponent one, such that f/(6;) =0 (ple~D), f'(6:)#0 (p¢) where D is the center of P in 0;. Since 6,
is of exponent one it follows that 6= £,6, is in Do. A simple computation leads to the conclusion
that v(B, f'(6))= —e(v—1)+e—1, so that in the representation f'(6)=23a/%o"? the divisor £
doesnot have P asa factor. Since e f'(6)=M/ QI: ,where N is integral, we have e= (IMN/2Z) A" *1.
Applying this process to each of the factors of % in turn, we find that e= (R/U84)%; where Ul
has no factors in common with 2. It then follows by Lemma 3.3 that N contains U as a factor.
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As it stands, our definition of differential divisors of first kind and of the
geometric genus p, is but a formal generalization of similar definitions given
by Dedekind and Weber in [2]. However, it is not difficult to see that if one
considers a generic projection of our normal nonsingular model F into a sur-
face in S; given by f(&, &, 6) =0 where O =co+c1é1+ - - - +caé. then the ele-
ments 0f’(f) will be adjoint polynomials, ¢,_4 of degree »—4, to the surface
f(&, £, 8) =0. Hence since 8§ =¢,_4/f’(0) the p, independent elements & deter-
mine the p, independent double integrals of first kind attached to F.

4, The arithmetic genus. Let xg, %1, - * -, ¥, be indeterminates and let P
denote the prime H-ideal in K[xo, %1, - - -, %] which determines a nor-
mal, nonsingular model F of Z. In other words, P is a prime ideal in
Klxo, 21, - - -, %] such that K [xo, x1, + - -, 2. ]/P>0* and x,—£# under the
isomorphism. Van der Waerden has shown [7] that if x(P, k) denotes the
number of homogeneous elements of degree % in K[xo, %1, © + +, %] which
are linearly independent (over K) mod P, then for large values of % (that is,
for k> ho, where kg is a fixed integer depending on P) x(P, &) is given by

(4.1) x(P, k) = alCh,2 + a1.Ch1 + a2

where ag, a1, and a. are integers independent of %#. Van der Waerden showed
further that ao=v, the order of the surface F.

Formula (4.1) can also be derived by means of the Riemann-Roch theo-
rem for surfaces, with the help of Noether’s formulae for the genus and order
of a composite curve [8]. The theorem of Riemann-Roch states that if | D|
is a complete linear system on a surface F then its dimension 7 is given by the
formula r =n—w4p,+1—1+4s where #n, 7, and ¢ are respectively the degree,
genus, and index of speciality of I-DI, and p, is the arithmetic genus of F.
The non-negative integer s is called the superabundance of the system, and
the difference s—3 is called the irregularity of |D|. The system |D| is said
to be regular if s=4=0. It has been shown by Severi, that if | C| is a non-
singular system of dimension =3, then for large values of % the system
Ch =|hC i is a regular system. Applying the Riemann-Roch theorem to
Ci|, and denoting its dimension, degree and genus by ps, s and 7, respec-
tively, we have

(42) ph=vh—7r;.+pa+l.

If Fis a normal, nonsingular model of the field Z, and |C | is its system
of hyperplane sections, then |C| is nonsingular, and the complete system
| nC| is cut out on F by the hypersurfaces of order % in its ambient space [4].

Hence in this case, x(P, k) = px+1. A straightforward application of Noether’s
formulae to formula (4.2) yields

(4.3) x(P, k) = (h(h — 1)/2v + (v — v+ D)k + pa + 1,
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where v is the order of F and 7 is the genus of | C| (7).

As yet, no purely arithmetic proof of formula (4.2) is available. For the
purposes of this paper we shall regard formula (4.3) as the definition of p.(8).

5. The existence of a DW-base implies p, = p,. Leto* =K [, £, - - -, £.¥]
where £, &F, - - -, £} are the homogeneous coordinates alcng a normal non-
singular model F of the field 2. We make the following assumptions:

(a) &g+, £, &F are algebraically mdependent and every element of o* de-
pends integrally on them.

(b) There exist v (=order of F) homogeneous elements A\*, A&, - - -, \*
in o* linearly independent over K [£, &, £#] with the property that if w*
is any element in o* then w*=P*\F+PiNF+ - - - +P*\¥, where PF* is a
polynomial in £§, £, £*. We let 7; be the degree of A*, and we assume as we
did in Theorem 2.1 that r;=0, 1 <r<r< - - - =7,

In the course of the proof of Theorem 2.1 we saw that under the above as-
sumptions we could assert in addition that if w* is a homogeneous element of
o* of degree %, and if, say, 7, is the last integer in the sequence r4, 7, - - <, 7, such
that A=7, (that is, & <7, if N}Y1 is defined), then w*=P\F*+PMNF+ - - -
+PX\}¥ where P} is a homogeneous form in £¢, &%, &* of degree k—7;.

The function x(P, k) mentioned in the preceding section gives the number
of homogeneous elements in 0* of degree 2 which are linearly independent
over K. If in particular 2>r, we know that any homogeneous element of de-
gree h can be written in the form PM\F+PFNs*+ - - - +PX\* where P¥ is
homogeneous of degree z—r;. Since A*, As¥, - - -, N* are linearly independent
over K[t &¥, &*] it follows that a linearly independent K-base for the
homogeneous elements of degree % in 0* can be obtained by taking together
all of the elements of the » sets of elements of the form a’A* where o’ runs
over a linearly independent base for the homogeneous polynomials in £¢¥, £¥, £+
of degree k—r;. There are, then, (1/2)(h—r;+1)(k—r:;42) such elements in
the ith set {a?A#} and hence we have

v (b= D)k — s+ 2) .

CRV - x(P, B =2 —

A simple computation (taking into account that r;=0) yields

(%) For a complete discussion of these questions see [8, chapter 4].

(®) It seems to us that from the arithmetic point of view, formula (4.3) is a very natural
way in which to introduce the arithmetic genus. The question might be raised as to the neces-
sity of requiring F to be nonsingular as well as normal in order that formula (4.3) hold. The cone
projecting an elliptic cubic from a point not in the plane of the cubic furnishes an example of a
surface in S; which is arithmetically normal but on which the complete system I C ;,I cut out by
the surfaces of order % in S; has a superabundance s=<4-1 for every h.
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x(P,h)=@v+ v—i(n—l)+1)h
(5.2) =
i= D — 2
r ) )+

+ 2 ( ; 1.
=2

Combining (5.1) and (4.3) we conclude that

s (e — )i — 2
(5.3) pa=§;(')2#.

The proof that p,=p, is completed by showing that p, can also be ex-
pressed in terms of the integers 7;, and that the expression one thereby ob-
tains is p, = (1/2)D_s5(ri—1)(r;—2). This is somewhat more difficult.

As was pointed out in Theorem 2.1, if \;=A}/&¢ then Ay, Ao, - - -, N,
is a DW-base in 0 relative to the ring K [£, £&]. It is well known that there
exist » elements €, €, - - -, ¢ in 2 satisfying the equations S(e\;) = 6;;

(8is=1, 8:;=0, 15j). These elements e are all in &, (the complementary
modulo of 0o) and, in fact, form a modular base for G, over K [£, &], called
the complementary base to Ay, Az, - - -, N\,. The elements €, €, - - -, ¢ are
of course linearly independent over K (&, &). If € is any element of G,, then
we have e=ame+aee+ - - - +a,6, aiEK[&, 22], and it follows from the
equaticn S(e\j) = d;; that the coefficient a; is equal to S(e\;).

We assume, in particular, that € is of the form D3/3, and we assert
that if P is any factor of Ao, then v(P, £e) >0. This is obvious if P is not a
factor of 3a. If, on the other hand, 84=%P23’ (8’ prime to P), >0, then
since P induces the divisor P in K (&, &) at which (1/£1) has positive value,
it follows from the definitions of 84 and ¥, that »(B, 1/£) =641, and that
No=PA1YJ. We conclude that v(P, €) =3(8+1) —B=28+3 and hence that
v(B, Ee) 228+3—-2(8+1)=1.

Writing € in the form e=) _a¢; we have

(5.4) 6= S(\), @/t = S(Eie /8.

Since Ni/£F is an element of 01 (01=K [£¢/8F, £/8F, - - -, EX/E]) its
value at any of the prime factors of ¥, is non-negative, and hence the value
of £eN;/&F is positive at any such factor. It follows by Lemma 3.2 that
v(PB, S(E2eNs/EF)) >0, and hence by (5.4), v(B, a:/£F %) >0 for any such prime
factor B. By Lemma 1.2, the inequality (P, a:/£¢~%) >0 implies that if 7; <2
then a; is identically zero, and if 7;>2 the degree of a; is less than r;—2.

We prove the converse of this result. That is, if e=Za.~e¢ is an element of
G such that a;=0if »; =2, and for those values of 7 for which ;> 2 the degree
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of a;is less than 7; — 2 then the element e admits a divisor decomposition of the
form e=DA3/Bs. We consider the set of elements A/, A, - - -, N/ where
M =N/E. As we have seen, these elements form a DW-base for the
ring 0;. It is well known that the base ¢/, €, - - -, ¢ complementary to
ML N, - - -, N isrelated to the base €, €, - - -, € by the equations €/ = £Je;.
These elements form an independent modular base over K [1/%, £&/&] for
the complementary module & of o, relative to the ring K [1/£), &/&].

Let P be any factor of Ao, say Ao=P*A; where A is prime to P. If e>1,
we have P! as a factor of B,. Since P is a divisor at finite distance in the co-
ordinate system which gives rise to 01, and since €/ is in €, it follows that
o(P, e!/) = —e+1. Hence we see that (P, (1/£)e! ) =e+(—e+1) =1. We thus
have v(P, £ '¢;) >0 and v(P, €;) >e(r;—1). By our assumptions concerning
the coefficients a; we have v(P, a;) = —e(r;—3), and hence we conclude that
v(B, aie;) > 2e.

The element a;e; is in €, and if a; is not identically zero we can write

aei = (M/Ba)P1 Pz - - - PBi

where M is an integral divisor and Py, Po, - - -, Pr are the factors of A,.
If (e;—1) is the ramification degree of PB; then by our above results we have
s1—(e;—1) >2e;, and hence s, = 3¢;. Hence, since ¥, =H,~‘]3j", we conclude that
the element a;e; is of the form

ae; = ?Ig‘ﬁ/,SA

The integral divisor N is therefore a differential divisor of first kind. The
number of independent elements of the form a;e; in €, which give rise to differ-
ential divisors of first kind is therefore zero if 7;<2 and (r;—1)(r;—2)/2
(=number of independent a; of degree less than r;—2) if r;>2. Since the ¢;
form a base for €y, we conclude that

(ri = 1)(r: — 2) L (=D —2)

(5.5) Po= 2 = ;2 ;

ri23 2
This completes the proof that the existence of a base implies p, = p..

6. A lemma of Castelnuovo. This section is devoted to establishing an
important lemma due originally to Castelnuovo [1]. We consider a normal,
nonsingular model F of Z, and we use the same notations as before. In par-
ticular, we consider the various complete systems | Ci| =|kC| cut out on F
by the hypersurfaces of order % of its ambient space P.,.

The system | Cx| cuts out a linear series g,» on a generic curve C of the
system of hyperplane sections | C | . (In what sense C is generic will be specified
in a moment.) The series g, has a certain index of speciality 75 and a certain
deficiency 8. Clearly, if % is large we will have 7, =0. Moreover, since C is
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generic in |C I it is nonsingular and hence locally normal. This implies that
85 =0 for large values of & [12]. The lemma of this section asserts the follow-
ing equality(®)

(61) Pa = Z (’Lh - 5},).
h=1
Proof. We subject the homogeneous coordinates &g, &%, - - -, £* to a

projective transformation &= a:;£¥, a:;;EK. For non-special values of the
a;; the property of integral dependence of 0* upon the first three coordinates
will not be lost. Moreover, since the system | C| is obviously not composite
with a pencil, it follows by the theorem of Bertini-Zariski [11] that for non-
special values of the constants a;; the curve defined on F by the equation
£,=0 will be irreducible and nonsingular. In fact, it is easily seen from
Zariski’s consideration in [11] that for non-special constants a;; the ideal
o*E; will be a prime H-ideal in o*. (This of course involves the fact that o*
is integrally closed.) It is in this sense that we speak of the generic curve
in | C|. We fix a set of constants a;; so that these requirements are satisfied.
The characters 7, and 8, are understood to refer to the series g, cut out on
£=0by I Chl .

As before we let x(P, &) be the number of independent (over K) homo-
geneous elements of degree % in 0*, and we let us be the number of homogene-
ous elements of degree 2 which are independent (over K) modulo o*E. It
is not difficult to see that x(P, h)=ms+ura+ - - - +uo. In fact, let
01i, Oziy - - -, 0,,:be asetof u; homogeneous elements in 0* of degree ¢ which
are independent modulo o*E. The ) i ou: elements { - - -, B, & ',

s B0 - - } are obviously independent, and every homogeneous ele-
ment of degree % in o* is a linear combination of these elements.

By the Riemann-Roch theorem (for curves), we have uip=*kv—m-i,
—ox+1, k=1, 2, - - -, h, where 7 is the genus of & =0, and since, clearly,
pmo=1 we have

. 13
(6.2) x(P,h) =14+ {bv— 7+ ir— 8 + 1}
k=1

or on rearranging (6.2) we have

h(h— 1 k
6.3) x(P,h) =-—(-—2—-—)v+(v—1r+l)h+ Z(ik—ék)-{-l.

k=1

Since D _&.,(ix— &) remains constant for sufficiently large & we see, if we
compare (6.3) and (4.3), that po=2 s, (1x— 8), q.e.d.

(*) The original lemma of Castelnuovo [1] asserts that if one is given a system | I‘] , then
for high values of & the superabundance of ] hI‘I has a constant value s, and s+pa=_ (s — ).
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7. On the indices 75. We use the same notations and assumptxons as in
the preceding section. The index of speciality, 7, of the system I C;,I is defined
as the dimension, increased by 1, of the system | K —C;| where | K| is the
canonical system on F. If IK C;.I does not exist we put j,=0. We observe
first of all that j, =0 if % is sufficiently large.

The lemma of Severi [6] mentioned in the introduction is to the effect
that ¢f k>v—4 then the canonical system IK I if it exists (that is, if p,>0),
cuts out a complete series on a generic curve Cy, of | C ;.[ If p,=0, the characteris-
tic series(1%) of [C;.I is mon-special. Since, in any case, the series cut out on
IChI by |K| is totally contained in the series difference of the canonical
series on Cj and the characteristic series on Cj, it follows, by Severi’s lemma,
that for 2>v—4 the complete series difference between the canonical and
characteristic series on Cj is cut out by the canonical system |K|. If
in addition Ay (>v—4) is taken large enough so that js,=0, then for all
h2=ho we have that the index of speciality of the characteristic series of C,
is precisely p,.

The formulas of Noether [8] yleld the following two formulas immedi-
ately:

1D =k, = bt (= D/ = (= D)

where v and 7, denote the degree and genus of | C;.l From these one easily
sees that if % is sufficiently large, the inequality »,>ms—1 will hold.

Let p be an integer greater than or equal to Ao and in addition large
enough so that for.k=p, v4>m,—1. We pass from F to the derived normal
surface F, of F by referring the curves of | C,| to the sections of F, cut out
by the hyperplanes of its ambient space Py. Since F is nonsmgular, so is F,
[9]. If 4, is the index of speciality of the series cut out on a generic C; by the
system | Ci,|, then

(7.2) il=par1:2=i3="'=0~

(The condition 43=i5= - - - =0 is implied by the fact that kv,>2m,—2 for
k=2,3, - -.) Amodel Fof Z will be called non-special if it is normal, non-

singular, and if the speciality indices on its generic hyperplane section satisfy
equations (7.2).

We return to the notation of §6, but we now assume that the model F
considered there is non-special. Combining (6.1) and (7.2) we find

(7 3) E on = Pa Da

h=1

It follows from (7 3) that .if, in particular, F is regular then §,=0,

(19) By the characteristic series of ] C;.I on C, we mean, of course, the series cut out on the
curve Cj by the complete system I Ch] .
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h=1,2, - - .. In other words, if F is a non-special model of a regular field,
then the systems | Ci| cut out complete series on the general hyperplane sec-
tion C of F. This implies that the general hyperplane section of F is arith-
metically normal [4]. ’

8. Construction of an independent base. Let o*=K [&F, £, - - -, &),
where &§, &*, - ¢ -, £ are homogeneous coordinates along a non-special
model F of the field 2. We assume that the quantities &g, &* and &* are
selected so that they are algebraically independent, and so that every element
in 0* depends integrally on them. The only other restriction which we place on
the elements £¢, &, &* is that the net N: coé+aé*+ctsF =0 (the ¢'s are
parameters which vary over K) be sufficiently general in |C I so that the
general curve of IV will satisfy the condition of the preceding section, that
is, we require that the general curve of N be arithmetically normal. We let
R*=K [£¢, &*, &*] and we shall prove that o* has an independent modular
base over R*.

We apply a nonsingular linear transformation 7;=a:f*+aaéf+anks,
a:;€K, 1=0, 1, 2, if necessary, in crder to insure that (a) the three ideals
0*1n0, 0*n1, 0*n2 Will be prime in 0¥, (b) that these curves will intersect pair by
pair in v distinct points of the surface F, each point of intersection being a
simple intersection, (c) each of these curves will be arithmetically normal.
Since £, &%, & are algebraically independent, it follows that the net N is
not composite with a pencil, and hence by [11] condition (a) is satisfied for a
general choice of the constants ¢;;EK. It is easily seen that if the coefficients
a;; are sufficiently general, conditions (b) and (c) will automatically be satis-
fied. We point out that since o* depends integrally on n¢, 7, s, the ideal
o*(né*, 0¥, nsF) is projectively irrelevant, and hence none of the v intersection
points of 71 =0 and 7:=0 can be on the curve 7,=0.

It should be observed that the transformation from &g, &*, £ to 1o, M1, 72
does not change the ring R*, and hence we may assume without loss of gen-
erality that the particular elements £¢¥, &*, £+ have all of the special properties
which we have assigned to 50, M, 72.

We pass to the ring 0o=K [£, &, - - -, £.] where &=£#/£¢+ and we ob-
serve that if A =04({1, &) then the K-module 0o/ is of rank », the order of F.
In fact if A= [q1, q2, - - -, q,] is the primary decomposition of ¥ (q; is a zero-
dimensional ideal) then by assumption (b) we must have s=» and g;=p;,
2=1, 2, - - -, v, where p; is a prime zero-dimensional ideal. It follows im-
mediately that q*=o0*(&*, £*) admits a primary decomposition of the form
A*=[p¥* p - - -, ¥, ql, where p* is the homogeneous prime in o* corre-
sponding to the prime p; in 0o. As an ideal in o*, p}¥ is one-dimensional, but
as a homogeneous ideal its dimension is counted as zero(!). The ideal g is a

(1) For a complete discussion of H-ideals and their related affine ideals, see the first two
sections of van der Waerden [7].
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possible embedded component of A* which is necessarily projectively irrele-
vant, that is, its associated prime in o* is the ideal o*- (&g, &%, - - -, £5).
The central point in preparing for the construction of a base is the following
lemma.

LeMMA 8.1. The fact that £ =0 is an arithmetically normal curve on F im-
plies that A* has no irrelevant components.

Proof. If we let & denote the ring 0*/&* then since 0*£F is prime, & is an
integral domain, and since £*=0 is arithmetically normal, & s integrally
closed in its quotient field =. This implies that if £*—§, mod &, then the prin-
cipal ideal & is an intersection of minimal ideals in &, and has no embedded
ideals in &. Since %A*/&* = 3§, it follows that ¥* can have no embedded ideals,
q.e.d. We can thus write %*= [p#, ps, - - -, p*].

We now show that under the conditions we have specified above the con-
struction of Dedekind-Weber can be generalized to the case now under con-
sideration. Let wy, ws, - - -, w, be » elements of 0, which are linearly inde-
pendent modulo A(=o0o({1, £&)). If k; is the smallest integer such that
wF=§¢hiw; is an element of o* then w is homogeneous of degree %:. Let us
suppose that in 0* a congruence of the form

(8.1 Pi(E)wrf + Po(t)ws + - - - + Py(Ed)w’ = 0(A*)

is valid, where P; is a polynomial in &§. Let cifd* be any term of P,
so that c1£5 %wi* is homogeneous of degree s =k-+%;. The homogeneous com-
ponent of degree s on the left-hand side of (8.1) will then be ¢ w*
Febo* g+ - - - o & Pwk, where ¢ is a term of degree s—h;
in P;. Since %*is an H-ideal, we must have >_c;£¢*—hiwX* = A ¥+ Bt A, BCo*.
IfAd=4,4+A4n 1+ -+ - +4¢ and B=B,+Bn_1+ - - - +B,, where 4; and
B; are forms of degree ¢ in &, &%, - - -, £ then under the automorphism
7 &>t tEK we obtain

PAEE + BE) = 1 (Ankt + Bakd) + "(Anoskt + Busk?)
4 - Ak + Botd).

Since this is an identity in ¢, A&F+BEF=A, 1E¥+ B, and D e hiwt
=A, &+ B, 8. If we divide this last equation by &¢** we find ciwi+cow,

+ -+« 4cu,=0 (A). This implies c;=ca= - - - =¢,=0. Repeating this proc-
ess with the other homogeneous components on the left-hand side of (8.1)
yields the conclusion that (8.1) implies P,=P,= - - - =P,=0.

Conversely, if w* is an element of 0* which is homogeneous of degree s,
then w*/£¢* =w is in 0o and w— (i1 +cawa+ - - - +cw,) =abi+bEs, a and b in
0o and ¢;EK, =1, 2, - - -, ». If h is an integer so large that £*w, £¢hwy,
£¢71g and £¢%—1b are all in o* then we have




1943] INDEPENDENT INTEGRAL BASES 359

14

(8.2) Fhtw* = 3 iR (UY).

=1

We select elements A, A¥, - - -, MY in o* as follows: take A*=1, and let
A be an element in o* of lowest degree of homogeneity, rs, such that As* does
not satisfy a congruence of the form &fF¥—"2\* =c &85\ (A*), where r1=0
is the degree of A\*. We let A be a homogeneous element of lowest degree
in o* say r; such that A& does not satisfy a congruence of the form
EFhmranNF =c £ rINF F bt (U¥), i €K, for any integer k. We must
have 7, <73, for any element w* in o* of degree % <r. satisfies a congruence of
the form f*—tw*=c &%\ (A*). In general, if A, N, - - -, A¥ have been
selected, and they are of degrees r; (=0), 1 =<r,=r;< - - - <r, respectively,
then we let A% be an element of smallest degree of homogeneity, 7:41, which
does not satisfy a congruence of the form

EFbmrnFy = afFONF 4 - - cEdFTTaNFAY), ci € K,

for any integer k. We of course have 7;.1=7;.

This process yields exactly » functions A, As¥, - - -, ¥ in o*. This state-
ment follows directly from the fact that 0o/% is of rank » over K, in view of
our considerations on the congruences (8.1) and (8.2). Moreover, if we put
Ni=N¥/EF ¢, then Ay, N, - - -, N\, are linearly independent modulo ¥, for if
Ay, Ae, - -+, N are independent mod U while Ni=ciM+ - - - Fcisihia
+at+b&,, then for a sufficiently large value of £ we have &g\ F = £§FF—INf
4 - oo Ao (UA*). The choice of M* excludes the possibility of such
a congruence. In a similar manner we deduce that if w* is an element of
o* which is homogeneous of degree k, and if, say, 7; is the last element of the

sequence 7, =72 < - - - =7, such that 2=r; then w* satisfies a congruence of
the form
(8.3) HE=ha* = 3 ¢ EmA K (U)
=1
where % is an integer. Since h=7;, j=1,2, - - -, 1, we can write
%

(8.4) S CE> ciF ) = 0),

i=1
and since A* has no projectively irrelevant components we have
(8.5) w¥ — D TN E = AgF + BES

=1

where 4 and B are in o*,
We can now easily prove the following theorem.

THEOREM 8.2. The elements \i*, \s*, - - -, N¥ form a modular base for o* over
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the ring R*. In fact, if w* is a homogeneous element of degree h in o*, and r; is
the last integer r; such that h=rj, then w*=P\*+ - - - +P\¥ where P;is in R*
and is homogeneous of degree h—r;.

Proof. If #=0 the assertion is trivially true. Assume, therefore, that the
theorem is true for elements in 0* which are homogeneous of degree less than
h, and let w* be of degree k. We note that the left-hand side of (8.5) is homo-
geneous of degree %, so that we may assume that the elements 4 and B on
the right-hand side of (8.5) are homogeneous of degree #—1. (This follows
by the usual application of the mapping 7:&¢—téd, ¢ K.) By induction,
then, we have 4 =)t 14;\#, B=) | B;\}, where 4; and B; are homo-
geneous of degree h—r;—1, j=1, - - -, 5. Hence by (8.5), w*=>_P;\* where
Pi=c;t¢+ i+ A ;£¥ +B;EF. Since there are at least » elements in o* which
are linearly independent over R*, the elements A, A, - - -, A} are neces-
sarily independent over R*, q.e.d.
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