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1. Introduction. One of the aims of this paper is to establish an explicit

upper bound for the least quadratic non-residue, mod p. The bound is not the

bestO) which the author can obtain. The author gives such a result owing to

the following facts: in the present procedure we may adopt some known re-

sults due to Rosser(2) and it is sufficient to establish some typical results in

the study of the E.A. (abbreviation of Euclidean algorithm) of real quadratic

fields(3).

As to the results in the study of the E.A., we have the following theorem.

Theorem. For d>e2b0, there is no E.A. in the quadratic field R(d112), where

d is a square-free integer.

There are three ways to sharpen the result, (i) by means of Euler's summa-

tion formula to improve an estimate of a sum, (ii) reconsideration of the esti-

mate of certain character sums, and (iii) by means of higher order "average"

of Riemann-Mangoldt's formula to smooth some results concerning distribu-

tion of primes(4).

2. Lemmas quoted from Rosser's paper.

Lemma 1. Let

û(x) = E log P
Pe*

Presented to the Society, October 28, 1944; received by the editors November 29, 1943.

(l) A better result has been obtained, for example, we may have <2>e160 in the theorem.

But the proof of it is at least ten times more difficult than the present one.

(*) Amer. J. Math. vol. 63 (1941) pp. 211-232.
(3) As to a detailed description of the history of this problem, see a paper by A. Brauer,.

Amer. J. Math. vol. 62 (1940) pp. 697-713.
(4) When the paper mentioned in footnote 3 appeared, it was unknown only in the following

cases whether the E.A. exists or not:

I. d.=p where p is a prime of form 8n + l or p = 6l and 109.

II. d = pipi=¡l (mod 24) where pi and pi are primes and £i=£>2 —3 (mod 4).

In both cases it was known that the algorithm does not exist if d is sufficiently large. But in the

meantime it was proved by Rédei (Über den Euklidischen Algorithmus in reellquadratischen

Zahlkörpern, Mat Fiz. Lapok vol. 47 (1940) pp. 78-90) that the algorithm does not exist in the

case II. The paper of Rédei was unknown to the author; therefore he considered the cases 1 and

II in the original version of chis paper. But the case II is now without any interest. In order to

accelerate the publishing under the present conditions this paper was changed a little without

the knowledge of the author such that only the case I is considered. A. Brauer.
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where p runs over all primes not greater than x. Then we have, for * =ï 1,

û(x) < (1 + 0.0376)«

andjor x^512,û(x)>(l-0.0393)x.

Proof. (1) By (10) of Rosser, we have, for x=ei3i, #(*)< (1+0.0376)*.

As to *<e13-8, we have ê(x) <x< (1+0.0376)* by Theorem 2 of Rosser.

(2) By (10) of Rosser, we have, for *^e13S, #(*)> (1-0.0393)*. For

712^*<e13'8, we have, by Theorem 7 of Rosser,

û(x) > x - 2.78s1'2 > (1 - 0.0393)*.

For 512^*<7l2, we have, by Theorem 5 of Rosser,

ê(x) > x - 2*1'2 > (1 - 0.0393)*.

Lemma 2. Let

dy
*■(*) = Z L        U x = lim( f      +  f   V

pâx '—0   \ J 0 J X+t/i+«/ log y

Then, for x = 2, we have ir(*) <(1+0.0376)(li * + 1.85), and, for *S:512,
tt(*)>(1-0.0393)«*-1.7.

t(x) > (1 - 0.0393)/i * - 1.7.

Proof. We have the identity

t(x) = -   V
log *        J i

(1) By Lemma 1, we have

*(*)        Cx #(y)dy

log *      J i   y log2 y

/  x       r*   ¿y \
t(*)<1.0376Í--+ —-)

\log *       J i   logz y/, log *      J 2   log2 yj

a'*   dy            2 r2    dy  '—--—+-—i—
o   log y       log 2       J0    log y .

< 1.0376(lix+ 1.85),

1.0376

using the value li 2 = 1.04.

(2) By the identity, we have, for x = K = 512,

ê(x)        Û(K)        rx   û(y)dyd(x)      ê(K)       r
t(x) — x(Ä) =-(-   I

log *        log Tí       J Klog *      log K     J k   y (log y)

rJ K

(1 - 0.0393)*      ß(K) C*      dy-— + (1 - 0.0393v

log K

= (1 - 0.0393) (li x -\-UK) -
\ log K J

log * log K J k   (log y)2

K \       d(K)
-UK)-

log K )       log K
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Thus

tt(x) > (1 - 0.0393).(H * + A/log K - li K) - (&(K)/log K - w(K)).

Taking A = 512, we have the lemma, since

ê(K) = 2519.887,       t(K) = 378,       li (K) = 392.48.

Lemma 3. For x^2,
â(x)/x è 0.3465735.

Proof. For xS: 16, this follows from Lemma 1 and Rosser's Theorem 6. For

acá 16, the lemma is proved by the direct verifications

tf(2)/2 = 0.3465735,        H3)/3 > t>(4)/4 è 0.44794,

t?(5)/5 > t?(6)/6 = 0.56686,

0(7)/7 > 0(8)/8 > 0(9)/9 > t>(10)/10 - 0.53471,

t?(ll)/ll > 0(12)/12 = 0.64542,

0(13)/13 > *(14)/14 > r?(15)/15 > t>(16)/16 = 0.64437.

3. A lemma concerning series.

Lemma 4. For q<A,

d^      A log A      A
¿^ li — ^ A log-1-li q.
,=i        v log q        q

Proof. Since d liiA/x)/dx^0, we have

¿Z li — ^   \       li — dx + HA=]       dx I        —— + li A
,=i      v      J i x J i J o       log y

= iA/q)li q + A log log A —A log log q.

Remark. The inequality in the lemma may be sharpened by means ôf

Euler's summation formula.

4. Lemmas concerning character sums.

Lemma 5. Let p be a prime and p = l (mod 4). Then, for A <p, we have

a_l n-1 \ P / ¿

where (§) is Legendre's symbol.

Proof. We may assume that p< iA +1)2. For otherwise, we have

AA        a     / n \ A        a 1 1

'LzZ(-)    ̂   JZzZ^-AiA + l)S~Ap
o_l n=l \p / o-l n-1 -¿ ¿

1/2
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We have
Ui)'.'-(tV-

f'"e¿(^)={#"'¿ £(-^)-j£ £ ¿(t)«"'""
a— 1 »=1 \ ? / ■£ o-O   n~-a\p/ ¿    o=0   n=-o    r=X\ P /

= 7Z(-)Z £. g2irirn/p

1    p  / r \ sin2 wr(A + i)/p-tUt) sin2 irr/p

Therefore, we obtain

è    "  / n \ I       l p-i
ZZ(y) sjz
a—1 n=l \P /   \ ¿   r-1

1 Ç» sin2 w(¿ + D/p       1 £z? ¿      •
■  2      7T-= - Z Z   Z e2'lrn/p

sin2 irr/i 2 r_i a_o „_-a

= p(A + l)/2 - (4 + l)2/2 =S ¿,4/2.

Lemma 6. Ze¿ rlt r2, • • • , r, be s distinct primes different from p. Then

A " / n \ I
Z Z ( —)    = 2-lAp"\
a=l    n=l, (n,rir2 • • t«)=1   \ P /  I

Proof. The sum may be written as

££(=)-±£ ¿ (•=•)+ £ £   £ (■=■)-
a-Xn-X\p/ v- X o=l   n—X,rr\n\p / lá»<(iE8   o-l    n-l,r„7> |n \ f> /

+

There are 2 s sums each of the form

Now we have
é ¿ (t)a—1   n=l,m|n   \f /

£ £ (-)!-!£'"¿Y-
o„l   n-l,m|n   \ /> /   I Í o=l     X-l    \   ¿

A     [o/m]   / wX\   I

/ I  (6)
I  A   I0'"1) / X \ I Alm    b   /x\

=   Z   Z(-) \*m   Z   Z(y)
I a_l     \_l     \   p   /   | 6=1     X=l  \ P /

£ m — pl,2/2 = ApW/2
m

by Lemma 5. Thus we have the lemma.

(s) [a;] denotes the integral part of x.
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Lemma 7. Let rït r2 and r3 be the least three positive primes which are quad-

ratic non-residues mod p. Then

2                                               4
riSp112,        r2g-p1'2, r3S—-p112.

1
1-

ft (*-i)(-3
Proof. The first inequality(6) follows immediately from  Lemma 5, for

otherwise, taking A =pm,

1 A     a    /n\ A     a A i

-P^zZzZ(-)=   zZZi = zZa = ^-AiA + l);
¿ o=l n-1 \ P / o-l n=l a=l 2

this is impossible.

We have, by Lemma 6, with A =r2 — 1,

E       Ê      1 ̂  ¿P1"-
a=l n=l,(n,ri) = l

Consequently, we have

(l-) E « ^ ¿¿1/2.
\ ri / 0=i

that is,
(1 - l/ri)AiA + l)/2 ^Ap1'2,

2
Ti s Sl/2

i - l/n

The third inequality follows similarly, since

r a~\      fo")      V a ~\       a        a a- + - - — U-+-
Lri J      Lr2 J      Lr^J      ri       r2      rxr2

5. The growth of the least quadratic non-residue.

Lemma 8 (Vinogradov)(7). Let qi, • • • , q, be all the primes not exceeding

A which are quadratic non-residues mod p. Then, we have

ytO-ŒK ¿ ts±(A)-
2   „=1 \ \p// I   n_l,(n,p)*l <,= i\q,/

Proof. The left-hand side is the number of non-residues ni*A. Evidently

each such n is divisible by one of the q's.

(6) See A. Brauer, Über den kleinsten quadratischen Nichtrest, Math. Zeit. vol. 33 (1931)

pp. 161-176.
(') Trans. Amer. Math. Soc. vol. 29 (1927) pp. 216-226.
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Lemma 9. Under the same assumption as in Lemma 8, we have

-£±(i-(-))-±±±í¿± z Ï-1
2   a-l n-l \ \p / / 2    a=l n=X a—X   giS3„SaL qvJ

Proof. Summing up the formula in Lemma 7, we have the above lemma

immediately.

Lemma 10. We have

qxiqéA  L q J y=X       \ v /        L?l J

where q runs over all primes satisfying the inequality

?i á q á A.

Proof. We have

z r-i- z i+ z 1+..-+ z r-i
qiéçéA L   q J Aèq>A/2 A/2iq>A/3 A/lA/q¡) êîëil L ?1 J

-*(*) - t(í4/2) + 2(t(¿/2) - r(¿/3)) + • • •

líjnl   /A\     ya~\
- Eî-H-Wî')-1)'

„_i    xvi/     L?iJ

Lemma 11. IFe have, for q<A,

¿    Wfl    /a\ /      log ,4      Zio      1.85\
Z   Z «■ (—) < 1.0376X¿(¿+D/2   log-^— +—+-).
„_i   „_i      \ y / \        log q q q   /

Proof. By Lemmas 2 and 4, we have, for q<a<A,

ll"     / a\ l!"/     a \
Z T( — )< 1.0376 Z(« — + 185j

/ log a       a a\
< 1.0376 ( a log —-1-ii q + 1.85 — )

V log}        } q /

/ log A U q a\
< 1.0376(alog —-h a— + 1.85 — ).

\ log g q q /

The inequality holds evidently for q>a. Thus

A±I"     / a\      1.0376 /      log ,4       li q      1.85\
ZZ -(-)<—— ¿(¿ + l)(log-£-+-? +-).
b_i „.i     \ v / 2 \       log q q q   /
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Theorem 1. Let gi be the least quadratic non-residue, mod p.   Then, for

p ^ e260, we have

Ci t\ (60/»1'2)0-626.

Proof. (1) For qi^eso, we have

qi < (60e126)0-626 ^ (60/)1'2)0-626.

(2) We suppose that gi>e80. By Lemmas 9, 10, and 11, we have

-t±(i-(-))^± e r-i
2    a_l „_1 \ \p I) a-l    çiSîSa  L ? J

¿     [»/«il     / /i \ •*   r a "I

= E E-(-)-Er-l«?i)-D
a_l      v=l \ V / 0=1 L ?1 J

¿(4 + 1)/      log ,4       liqi       1.85N
(log--+-+-j
\      log qi qx qi   /

< 1.0376
2 \      log qi qi qi

AiA + !)/!/1 2    \
(--——)«?i)-l).
\qi      A + 1/2 \9

By Lemmas 5 and 2, we have

1 (AiA + 1)       Ap"2\ AiA-    1) (      XogA       liqi       1.85

Therefore

AiA + 1) (      log .4       liqi       1.85\
< 1.0376 '(log-g— +-1Í+-)

2 \      log Ç! gi Çi  /

AiA + 1)/1 2     \
-(--——) (0.9607 K?1 - 2.7).

2 \qi      A + 1/

/ici       1.85 1      (1 p1'2     \
log log qi < log log A -)-1-1-)

qi qi 1.0376 V 2       2(^ + 1)/

(-J (0.9607 liqi - 2.7).
1.0376\9l      A + 1/ H

1      /l

1.

Taking
A + 1 = ÓO^1'2,

we deduce easily that

log log Ç! < log log A + 0.07412 li qi/ql + 4.453/?i

- 0.48188 + 0.00804

+ 0.03115 liqi/p112 - 0.0546(l//>1'2).

Hence

log log ci < log log A - 0.472
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for e80<çi<£1/2and

0.07412 liqi/qi < 0.07412 li e*°/eM < 0.00095,

4.453/îi < 10~33,

0.03115 liqi/p112 < 0.03115 lip1/2/p1'2 < 0.03115/38 = 0.00082.

Therefore

qi < A<-°m < ¿0-626.

We have also:

Theorem 2. Let qu q2 and q3 be the least three prime quadratic non-residues,

mod p. Then, for p ^ e260, we have

q2 ^ (240/»1/2)0-625

and

q3 ^ (720/»1'2)0-626.

The proof of the theorem is similar to that of Theorem 1, but we start

with the inequalities

\t  i (i-G))*t(E[-]-   E   [-])
¿    a=l   n=l,5i/n\ \f/J a=l \q2éqëa L  ? J q¡Sq¿a/qi  L <7l?J/

and

A

2\t  t (-G))*£(=[-]- £ [-1
Z    a-1  n-l,(«i?2i>>)-l  \ \p / / a=l \qtëqéa L q J },SgSo/S, L ?lJJ

- e T-1- e r—T),
respectively, instead of

^-EÊiW-YUE   E  ["-1.
2    p_l „=1 \ \ p // „_1    «iSgga  L Ç J

The corresponding estimates are given in Lemma 6.

6. A necessary condition for the existence of E.A. in a quadratic field.

Lemma 12(8). For a prime p of form 4» + l, the E.A. cannot exist in R(p112)

if p can be written in the form

p = ?i»i + q2n2,

where «i, n2, qi, q2 are all positive and quadratic non-residues (mod p), and

where the g< are odd primes which divide q,ni to an odd power for i=l, 2.

(8) P. Erdo's and Ch. Ko, Note on the Euclidean algorithm, J. London Math. Soc. vol. 13

(1938) pp. 3-8.
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Lemma 13. Suppose that s <qx. Let p0 be the least prime not dividing s. Then

po = (1/0.346) log qx.

Proof. By Lemma 3,

tf((l/0.346) log qx) è log qx > log 5.

Thus, there is a prime not greater than (1/0.346) log qx not dividing s.

Lemma 14. Let pbea prime of form 4« +1. Let qx, q2, and q3 be the least three

primes which are quadratic non-residues mod p. Suppose'that qx>3. If

p > (1/0.346)919293 log qx,

then we can find two positive numbers s and t such that

P = sq2q3 + tqx

where (j) = 1 and (s, q2q3) = (t, qx) = 1.

Proof. We have

P = sq2q3 + tqx, 0 < s < qr

If qx\ t, the lemma follows from Lemma 12 since

59293 < 9i?293 < P-

The other conditions are evident.

If qx\t, let po be the least prime not dividing 5, then there exists an integer

fx such that

5 +ju?i = 0 (mod po), 0 < p < po < q-x.

Hence

p = ((s + pqx)/po)poqiqs + (t — ¡*9*qs)9i.

Since

5 + ßqx/po < (1 + ß)qx/pa ^ 91

and, by Lemma 13,

((5 + pqx)/po)pogiq3 < ¿0919293 < p,

we have the lemma by Lemma 12.

Lemma 15. If qx>3 and

(1/0.346)919293 log 91 < p,

then there is no E.A. in R(pw).

Proof. The lemma is a consequence of Lemma 14.
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Lemma 16. If çi = 3, there is no E.A. in R(p112) providing that

59293 < p   for    Í— J = 1,

a«d

4O93 < p   for    ( — J = - 1.

Consequently Lemma 15 Ä0W5 also for qx = 3.

Proof. (1) (§0 = 1. We may write

p = sq2q3 + 3t,   where    5 = 1 or 2.

If 3\t, then this gives us a required decomposition; if 3\ t, then

p = (s + 3)9293 + 3(1 — q2q3)

will give us the same result.

(2)  (p) =— 1. Then we may write

p = 5sq3 + 3t,   where    s = 1 or 2.

For 5=1, the method in (1) gives us a required decomposition. If 5 = 2 and

31 /, we write
p = 4O93 + 3(t - IO93).

7. Proof of the theorem for the E.A.

Theorem 3. For d>e2S0 and square-free, there is no E.A. in the quadratic

field R(d"2).

Proof. According to the results which are already known, it is sufficient

to consider the case d = p = l (mod 4). By Theorem 2 we have

(l/0.346)9!9293 log 91 < (l/0.346)(60-240-720¿3'2)0-626 log (ÓO/»1'2)0-625 < p.

We have the theorem by Lemmas 15 and 16.

National Tsing Hua University,

Kunming, Yunnan, China.


