SOME APPLICATIONS OF FOURIER ANALYSIS AND CAL-
CULUS OF PROBABILITY TO THE STUDY OF REAL
ROOTS OF ALGEBRAIC EQUATIONS(})

BY
ALFRED M. PEISER

1. Introduction. Let
(1.1) F=F(x,8) =F(xo, =+, %o, 8) = o+ 2t + - - - + xat» = 0

be an algebraic equation with real coefficients, and let N, (x) = N,(xo, + + + , %a)
denote the number of real roots of (1.1)(?). In this paper, we apply methods
of Fourier analysis and calculus of probability to the study of the function
Na(xo, * « + ) %).

Let K,= D t.ot%, L.= D " ojt¥~1, M,= 3" %% D,=K.M,-L2
R.=D}?/K,, and define two linear forms in x, ---, x, as follows:
Xn= D motix;/ (K%, Y= D 5 o(Kajti=!— Lot)x;/(K,D,)"2 In §4 we show
that at each continuity point of N,,

(1.2) N.(2) = lim (b/(2m)") f an| V.| exp [— Xuh'/2]dt.

Now, N,(x) is an (r+1)-dimensional step function, and consideration of the
discriminant of (1.1) shows that the set of points of discontinuity of N, (the
set of points (xq, + + +, xa) for which (1.1) has multiple roots) is an (n+1)-
dimensional cone. Thus (1.2) defines N,(x) almost everywhere. We also notice
that dX,/dt=R, V..

To obtain (1.2), we start with a formula due to Kac [5, pp. 315-316](3):

1.3) N.(x) = lim (1/2¢) f V. (F) | aF/at| a1,
€«—0 —0

where Y. (x) =1 if Ix| <€ and Y(x) =0 otherwise. This formula holds for all
choices of xo, - - -, x, if multiple roots are counted only once. In §2, we de-
velop a Fourier-like inversion formula for a certain class of step functions,
and this formula, applied to (1.3), yields (1.2).

Other formulas for N,(xo, - - -, x.), based on the expansion of (1.3) in an
Hermite series, are also given in §4. In §3, we state without proof the lemmas

Presented to the Society, April 29, 1944, under the title On the average sum of the real roots
of a random algebraic equation, and February 26, 1944; received by the editors March 10, 1944.

(*) The author is indebted to Professor Mark Kac for his aid in the preparation of this
paper.

() For the case F=0, we define N.(0, - - -, 0)=0.

() Numbers in brackets refer to the references cited at the end of the paper.
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concerning Hermite series of functions of several variables which are needed
in this connection.

It is easy to verify that X, and Y, are orthogonal, normal linear forms in
Xo, * * * , Xa. This fact is of particular importance if we assume thatxo, + + + , %
are normally distributed independent random variables, so that x; has density

(1/5i2m)"") exp [— (2 — ¢5)’/257].

By the additive property of the normal distribution [2, p. 50], X, and ¥,
are themselves normally distributed, and the orthogonality implies that X,
and Y, are mutually independent. Kac [6] considered the special case in
which the x’s all have standard normal distributions—that is, with ¢;=0,
s;=1—and found that the mean value (mathematical expectation =m.e.) of
N,(x) is given by

(1.4 mee. {N.(x)} = (1/7) f °°R,,dt.

(The restriction s;=1 is not essentially more severe than the restriction
so=s51= - - - =S$,.) In §5 we show that, because of the independence of X,
and ¥, (1.4) can be obtained easily from (1.2). Using (1.4), Kac also obtained
the asymptotic formula

(1.5) m.e. {N.(x)} ~ (2/7) log n.

In §6, we consider the more general case in which the means ¢; may be
different from zero and from each other. However, we still require that
so=s$1= - - - =s,=s. This case may have an application to empirical equa-
tions; that is, equations in which the coefficients are to be determined experi-
mentally. The observed coefficients can be written in the form c;+e¢;, where
c¢;j represents the “true” value, and ¢, represents the error term which may be
assumed to be a normally distributed random variable with standard devia-
tion s. We thus assume that all of the coefficients are measured with the same
precision. With the further requirement that €, - - -, €, be independent, we
see that the “observed” coefficients are precisely of the type considered in §6.
It would seem desirable to compare the average number of real roots of the
“observed” equation with the number of real roots of the “true” equation

(1.6) cot et + - + cut® = 0.

In spite of the apparent simplicity of this problem, the computational diffi-
culties seem enormous. Only in two cases did we succeed in obtaining reason-
ably accurate estimates of the difference between the average number of real
roots of the “observed” equation and the number of real roots of the “true”
equation. These two cases are:

I. The equation (1.6) has no real roots in the neighborhood of 1 and —1.
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II. The equation (1.6) is such that there is an «,>0 such that
|coteat+ - - - Feuth| >, 0SE=1.

§7 is devoted primarily to the investigation of the average sum of real
roots in a given interval. It is shown that the average sum of the absolute
values of the real roots in an interval (—4, 4), A > 1, is asymptotically equal
to the average number of real roots in this interval. This result makes even
more apparent the fact already noticed by Kac [6, p. 320] that the real roots
of random equations show a strong tendency to cluster (on the average)
around 1 and 1. Finally, we find that the average sum of the roots in an
interval not containing 1 or —1 approaches a limit as n—«. In fact, the
average sum of the absolute values of the real roots in (—a, a), 0<a<1,
approaches —(1/7) log (1—a?%) as n— .

2. An inversion formula for step functions in more than one dimension.
It is well known [4, p. 456] that if f(x) is a one-dimensional step function,
then for each continuity point of f,

2
e* /2 © ©
(2.1) flx) = f er=dy f f(s)eive—eizgs,
2r J o
Thus, in considering an (n-+1)-dimensional step function f(x) =f(xo, - - -, %a),

one is naturally led to a generalization of this result which we can write
formally as(*)

PR IO DI ’)f o [ew GE vimias

(2 )n+l
f e ff(s) exp (— iz v;§; — 2-12 s:)ds.

In many cases, however, the right-hand side of the last equation is divergent,
a fact which can be easﬂy verified for the function N.(x). Therefore, following
Hille [5, p. 448], we overcome this difficulty by introducing a parameter 2
into the integrand. More precisely, for 0 <z<1, we write

P(f; x,2) = P(f; o, * -+, %n, 2)

exp (2 X %)
(2m) ™+t

(2.2) f .. fexp (iz v;%; — 2_1(1 - zz)z v?-)dv
f .. ff(s) exp (— iz VS — 2‘12 si‘)ds.

(4) Throughout this paper we shall use the symbol J+ + + [ ds to indicate integration over
the entire (n41)-space, and where no confusion arises, > shall mean > it
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We see that, formally, P(f; x, 1) is exactly the integral which appears above, ,
and in this section we shall show that for certain classes of step functions,
f(x) =lim,.~P(f; x, 2) at every continuity point of f.

We begin with the simplest type of step function, namely the charac-
teristic function of an (n+1)-dimensional open rectangle. Accordingly, let
T=E@laj<x;<bj;7=0,1, - - -, n] and let g(x) =g(xo, * - -+ , xa) be the char-
acteristic function of T. Obviously

2.3) §(2) = I"Iogj(x,),
where

@) {1, a; < x < by,
(x) =
§i 0, = otherwise.

For 0<2<1, let

exp (2% «)
((2n(t — syt

f f g(s) exp ( ((x, 2;) -2 > sj) ds.
Using .(2.3), we have

) n exp (2 x,) ( i — §)2 e
J(g; x,3) = g 2nl — 2))”2f gi(s) exp( ‘ 2(1 e — 2715 )ds.

Now, each integral on the right is the well known Weierstrass integral [3,
p. 634] and we have

exp (2 x) f ( (x — 5)?
= lim — 27152 )d
gi(%) = lim 2r(l — )i gi(s) ex W= s ) s
at each continuity point of g;. It follows at once that

(2.4 g(x) = lim J(g; x, 7).
-1

J(g; %, 2) =

at each continuity point of g.

LeMMA 2.1. If f(x)-is the characteristic function of an (n+1)-dimensional
open set R, then at every continuity point of f,

f®) = lim J(f; «, 2).

Proof. According to the definition of f(x),
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exp (27X %)
((@r(1 = )2y

Z (x; — s5)* —1 2
. e = Y 9 d
[ Jor(- S -rmd)e
Let (x) be a continuity point of f(x). If (x) &R, we can choose ¢>0 such that
|#;—s;j| > ¢ for at least one j. Thus

J(f; %, 2) =

2 ;
[J(f; 2 2)| = 5’5"4—2——) exp (— €2/2(1 — 2%),

2)1/2) n+1
so that lim,..—J(f; x, 2) =0. If (x) ER, then we choose an open (n-+1)-dimen-
sional rectangle T with center (x) and such that TCR. Thus, if g(x) is the
characteristic function of T, we have

exp (27X %)
((21l’(1 — 22))1/2) n+1

Z (x5 — s5)* )
. o e . exp(
fR—’l’ f 2(1 - 2 ) Z
By an argument similar to that used above, the second member of the right-
hand side of this equation can be shown to approach zero as 2—1—, and using

(2.4) we see that lim,.,—J(f; x, 2) =1. This proves the lemma.
We can now prove the main result of this section.

J(fs %, 3) = J(g; %, 2) +

THEOREM 2.1. Let Ry, - - -, R, be open sets such that the complement of
37 oR; has (n+1)-dimensional Lebesgue measure zero. Let f(x) =f(xo, « .+ * , %a)
be defined by

(2.5) f(x) = aj, (x) e R,’.
Then at each continuity point of f, f(x) =lim..—P(f; x, 2).

Proof. There is clearly no loss of generality in supposing that f(x) is the
characteristic function of an open set. For 0<z<1, the integrals in (2.2) are
absolutely convergent, so we may interchange the order of integration and
obtain by an easy computation

exp 27X %)
((21!'(1 —_ z?))l/?)n'f-l

f ff(s) exp ( Zziglc]:;;’) 2—12 sj) ds,

P(f; x,2) =
(2.6)
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so that P(f; x, 2) =J(f; x, 2)+I(f; x, 2), where

exp (27X )
((2r(1 — g2))12)m

S [ 19 ep (= T [ (- —Z—zg—f—z—f—))

If we let (s;—x;)/(1—2%)V2=v9;, j=0,1, - - -, n, and write

I(f; %, 2) =

G(s, %, 2) = exp (— 2_12 si)
1 2 2 1 — z\/?
exp(—-— 2 Z[s,-(z -1 - 22x,~s,~<1 T z) :D -1,
we find that

103 2 9] < SR 2 %) > =) f f G(s, %, 5)ds.

((2 )1/2)u+1

If 1/22<3<1, then (1—32?)<1/2 and (1 —z)/(1+z)<l/4. Thus, for 1/21/2
<z<1, G(s, x, 2) is dominated by

exp (— 27 X st 4 exp @7 X | wisi| + 47X ),

a clearly integrable function. It follows that, corresponding to an arbitrary
€>0, we can choose an (n-+1)-dimensional sphere 4 with radius so large that,
if C(4) denotes the complement of 4,

f ---fG(s, %, 2)ds < e.
ci)

Since lim,.;~G(s, %, 2) =0 uniformly for (s)E 4,

f~--fG(s,x,z)ds<e
4

for z sufficiently near 1. Thus lim,*l——! I(f; x, z)l =0 and so lim,.—P(f; x, 2)
=lim,.,—J(f; x, 2). The theorem follows by Lemma 2.1.

In §4 we shall use Theorem 2.1 to obtain new formulas for N,(x). Before
doing this, however, we first consider expansions in Hermite series of func-
tions defined in more than one dimension, a subject closely related to the
considerations of the present section. We shall then also obtain in §4 an
Hermite expansion of N,(x).
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3. Summability of Hermite series in more than one dimension. Hille [4,
p. 450] has shown that for a function which satisfies fairly general conditions,
the integral in (2.1) is summable, in the sense of Theorem 2.1, to the same
function to which the Hermite series of the given function is summablée Abel.
This result can be extended to the many-dimensional case. The properties of
the Hermite polynomials which are needed in this connection are well known
[1, pp. 331-351], and because of the similarity of the methods to those of §2,
the proofs will be omitted.

The mth Hermite polynomial is defined by

H,(x) = (— 1)™exp (27'x?)d™ exp (— 27 'x?)/dx™.

For a function g(x) =g(xe, + + - , x») satisfying the condition
2 —1 2
3.1) ff[g(x)l exp(—2 D z)dx < o
we write
1
Amg..on

n ((21'_')1/2)1:-#-1 » .
f o f o) Tl Hm) 07y B

mo! my!

n e

and
(3.2) Sm(g: x) = Sm(g; %0, - -+, %a) = Z Ay emgHmo(20) -+ - H.,,, (%n).

Zmj=m

Recalling the notation of (2.2), we have the following theorem:

THEOREM 3.1. If g(x)=g(xe, + - -, xa) satisfies (3.1), lnen for 0<2z<1,
P(g; %, 5) =2 m-0Sn(g; %)™

The following theorem is an immediate corollary of Theorem 2.1 and
Theorem 3.1.

THEOREM 3.2. If f(x) is defined by (2.5), then at each continuity point of f,
flo) =lim, 1D mmoSn(f 5 2)2™, '

4. Formulas for N,(x). In this section we obtain several formulas for the
number of real roots N,(x) =N.(xg, - - -, xa) of equation (1.1). Let us recall
the following notation of §1:

K, = Z tziy L, = thzj—ly
2

(4.1) M» = ijtzi—zy Dn = KnMn - Lm
R. = D,/K..

Let a;=ti/KY? and b;=(Ka.jtit—L.t))/(K.Dn)"?, and let
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X, = Xa(x) = Z a;x;,
Vo= Y.(x) = D bix;
Then we shall find that at each continuity point of N,,

(4.2)

No(x) = lim (1/27) f " Radt
(4.3) e -
| f | ] exp [— (Xak' + (u = Yah))/2]du

—00

and
(4.4)  Na(z) = lim (5/20)") f “R.| V.| exp [— X2K'/2]a

Other formulas for N,(x)—(4.11), (4.12) and (4.13)—will be presented later.
It is easy to verify that >_ab;=0 so that X, and Y, are orthogonal linear
forms in xg, - - -, x,; also that

(4.5) Yo=Y b =1

These facts are of particular interest in the case that x,, - - -, x, are identical
normally distributed independent random variables. For then the orthogonal-
ity of X, and Y, implies that X, and ¥, are themselves normally distributed
independent random variables, while if m.e.{x;} =0, j=0, 1, - - -, 7, then
(4.5) means that X, and Y, have exactly the same distribution as have each
of xg, + + +, xa. A further interesting property of X, and V,, particularly for
(4.4), is that ‘

(4.6) dX,/dt = R,Y..
To obtain our results, we start with Kac’s formula (1.3). By virtue of (2.6),
(-2Z5)
exp| — ———
2(1 — 2?)
({1 = )iyt

. f x f Na(u) eXP(ZIZ_x::i - 2(12_“52)) o

Letting u;=9v;(1 —2%)1/2, and changing the order of integration,

P(N,; %, 3) =

2, 1/2

. _ 3 222 xf © (1 -32) 1
P(N,; x, z) = exp ( _2(1 — zz)) f_w di l“_l:‘; 2¢ ((2m)1/2)m+1

: f e f $((1 = 22V (u, 1)) | OF (u, t)/auexp(M 2“Zu§>du.

(1 —_ 22)1/2 -
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The change of order of integration is easily justified by means of the inequal-
ity [5, p. 316]

(1/2¢) f “0®)| oFJot| dt < 3n — 5.

The integrals which appear above can best be handled by means of the
formula

z@fo f[Hf(E”>]P(‘ 7t 3 )es
=(27r)—1,A7f” J[1Lr60]

1
-exp (— ™ E Ay yrya) dyi- -+ dyi,

Ak r,8=1
where Ay =|]>""0g-5g:4|, 7, s=1, 2, - - -, &, and where A} denotes the corre-
sponding minor of A;. We assume, of course, that Ax>0 and that fy, - - -, fi

are such that the integrals exist. This formula can be obtained in many
ways. Perhaps the best procedure is to use the language of probability [2,

chaps. 6, 10]. We can consider %o, - - - , , as normally distributed independ-
ent random variables with mean zero and standard deviation one. Then
Ye=D mo@ri%i =1, 2, - - -, k, are again normally distributed random varia-
bles [2, p. 50] and our formula follows from consideration of the joint dis-
tribution of yy, - - -, v [2, pp. 109-110].
If we put £=3, q1;=¢/, g2;=7jt""! and ¢s;=x;, then
Kn Lﬂ Z t’x7
Az = Ln Mn Z]‘t]«lxi ’

thxi Zﬁj_lxi Exf

and we find that
P(N,; ,2) = exP< ? E d )f I.(x, £)dt,
where

.
I.(x,t) = lim
0 2e¢ (2m)3/2AL12

f f f Ye(w(l — 2212 l u| exp( — A o, w)) dudvdw
od o ¢ 22)1/2 204 !

an
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A(u, v, w) = A;.lw2 + Ai.zu2 + Azszf + 2A;2'wu + 2A;3wv + 2A233uv.
According to the definition of .,

1 ® o 29 A(u, v, 0)
Ii(zt) = ——— | u| exp - dudy
oy L J A=) 24

_exp (Aazz/ZD,.(l — zz))f""I | _ A?zu _ K,,u'2 J
= T . | exp u.

D.(1 — 2912 2D,
We let «=4'(D,/K,)"?, and noting that AZ= —V,(K,D,)"?, we have

7 (X)— 2 x?))

I(x, ?) R (
w(%,t) = —exp| —
2 P 2(1 — 3?)

. fwl ul exp (— 27Y(u — zV,./(1 — 25V du.

Thus,

1 )
P(N,; x,2) = —f R.,dt
2rJ _»
2_2
. fw | #| exp (— Z—X”-— — 2 Yu — 3¥V./(1 — z2)1/2)2> du.
— 2(1 — 2?)

Now N.(x) satisfies the conditions of Theorem 2.1, so equation (4.3) follows
at once by putting h=2z/(1 —2%)1/2.
To derive (4.4), let P,(k) =P(N,; x, b/(h2+1)1?), and let

0u() = (/20" f “Ra| ¥a| exp [— X2K2)at

Since lim;.oP.(h) =N,(x) at each continuity point of N, we show that
limy. [Pa(h) —Qa(h) ] =0. We have

1 © 2.2

Pa(h) = 0l = o f_”R,. exp [— X242
1 0

.[(zﬂ_)l/zf_wl ul exp (— 2 l(u - hYn)z)du - hl Y”]]dt.

Using the well known formula
. 1 ©1—e iva
(4.7) ‘“|=_f Lo @),
T J v

we obtain by a clearly justifiable change of order of integration
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1
7 )mf |u| exp (— 27Y(u — hY,,)’)du
) [ = e o) exp (= 20w = w9
= — exp (ivw)) exp (— 2 '(u — hY,
ey B e p ivu)) exp u u
1 r= 1 — exp (lvhY, — 2714?)
= —f . dv
v
and
1 > 1 — exp (2vhY,
h]l’,,|=—f pz( ) 4o
*J_o v
Thus, ’

Po(h) — Qu(k) = f Ru exp [— X2K'/2]at

(z e

fooexp (whY,.) 1 - expv(z— 2-192) i
Since » -
1 p*1—exp(=27%)  (2\
(4.8 :f_., v? dv—<w> '
4.9) | 2u(h) = u(i| 5 (/) [ Ruexp [- X20/20ar.

But R, exp [—X2h?/2] is dominated by R, which is integrable. Thus

lim | R.exp [— Xob'/2]dt = | R.lim exp [— X»h'/2]dt = O.
h—o0

h—w J _p —o0

This establishes (4.4).
We now obtain other formulas for N,(x), based on the results of §3. It
can be shown, using (3.2), that Szm+1(N n; %) =0 and

Ly (=pm Hotnry(Xn)Hur(V)
19 Sn(lni ) = 2mr — r-zo (m — r)lr!(2r — l)dt

In obtaining (4.10), essentially the same integrals appear as those encoun-
tered in the derivation of (4.3). The only difficulties that arise are purely
computational in nature and, accordingly, wé shall omit the details. Now,
> m=0Sem(Na; %) is a rearrangement of the formal Hermite series of N,(x),
and therefore

(4.11) Na(x) = Lim. Y Spn(N,; 2).
70 e ’

Let (x) be a continuity point of N,. Since N, has the form (2.5), we can
choose a set T, such_ that (x) €T, and N, is constant over T,. Then if l T,|
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denotes the (n+1)-dimensional Lebesgue measure of T,

[ fviom = vl

Thus, termwise integration of the formal Hermite series yields

(4.12) No(x) = z 2 j;z ng,,.(N,.,s)ds

If the diameter of T3 is suﬂicxently small, we can choose T, in any manner
that we please, and it is conceivable that for some particular choices of
%o, * * *, %n, T, can be taken in such a way as to make (4.12) useful.

Finally, in light of (4.10) and Theorem 3.2, we have at each continuity
point of N,,

—_— 1 m+ly2m H i Xn H - Y”
(2) = lim ( ) 2 f 2(m—r) (Xn) Har( )dt
2= m—O o 0 (m—P)lrl(2r — 1)

5. A formula for m.e. {Nn(x)}. We suppose now that the coefficients
X9, + * +, %, in equation (1.1) are independent random variables. The results
of this section are similar to those obtained by Kac [5], and we follow the
methods which are employed there. We need the following lemma,

LEMMA 5.1. For each h>0,
) f R.|Y.| exp [— Xoh'/2)dt < 3n — 1.

Proof. Let 4, - - - , ¢, denote the points at which X, has a relative maxi-
mum or minimum. If vx=X,| s,

™ [ R V| exp [— X282

tk

= (B/(2m)'1%)

Vk+1
f exp [— uh?/2]du
using (4.6). Also, o
4
(h/2m)") f Ra| V.| exp [— Xok'/2)dt
- Lol

< (/@eyr) [ exp [— whe/2lan <1,

and similarly

(h/(21r)1/2)f °°R,.l Y.| exp [— Xak'/2]dt < 1.
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The lemma follows from the remark that p is not greater than the highest
power of ¢ in the numerator of V,; thatis, p=<3n—2.

THEOREM 5.1. If x, - - -, x, are independent random variables with finite
first absolute moments, then

5.1 me (M@} = lim (/@)™ [ Romee. {|7a| exp [ X28%/2]}dt.

Proof. Since mathematical expectation is nothing but a Lebesgue in-
tegral over a set with a completely additive Lebesgue measure, the measure
of the whole set being one, it follows from Lemma 5.1 and a well known
theorem from Lebesgue’s theory that

m.e. {N.(2)} = lim (h/(20)"") m.e. {f R.| V.| exp [— X:hz/Z]dt}.
h— o —c0
Using (4.2), we see that

f Ruomee. {| V.| exp [— Xoh'/2]}dt < maxmee. {| x;] }f R, | b, dt.

0sj=n

An examination of b; shows that this last integral exists. Thus
m.e. {f R.| V.| exp [— X:hz/Z]dt}

=f R, m.e. { | Y,.| exp [—X,,zh 2/2]}dt,

and the theorem follows.

In case xo, - + + , X, are normally distributed, the orthogonality of X, and
Y., as pointed out above, implies their independence. Thus, from a well
known property of independent random variables, we have Theorem 5.2.

THEOREM 5.2. If xy, + + + , xn are independent, normally distributed random
variables, then
m.e. {N.(x)}
(5.2) = lim (5/(2m)"") | R.mee. {| V.| } me. {exp [— Xoh'/2]}dt.
h— o —c0

The formula (1.4) obtained by Kac is now a simple consequence of Theo-
rem 5.2 and (4.5). For if xo, - - -, x, have independent, standard normal dis-
tributions, then so have X, and Y,, whence

1 0 2 1/2
me. {|V.]} = f |s| exp (—2-1s%)ds = (—)

2m)r1zd _ ™
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and

m.e. {exp [— X:h2/2]} =

° - - 1
f exp (— 2 ) 1sz)ds = —,
(27‘.)1I2 —w (h2+ 1)1/2

so that

h ® 1 -
me. {N,(x)} =lim ———— | R.dt=— | R,
e w(h?4 1)12J_, T J_o

6. The average number of real roots in case the coefficients have means
different from zero. Remarks on empirical equations. In this section we sup-
pose that the coefficients in (1.1) are independent, normally distributed ran-
dom variables with different means, say co, - - -, ¢a, but having the same
standard deviation s. Thus, if xo, - - -, x, are independent, standard nor-
mally distributed random variables, we can write (1.1) in the form

6.1) (co + sx0) + (c1+ sx)t+ - -+ + (cn + sx)t* = 0.

Writing Na(c+sx) =Nn(co+sxo, + -+, ¢a+5x,), we find from (5.2) that the
average number of real roots of (6.1) is

m.e. {Na.(c+ s2)} = lim (h/(21r)”2)f°°R,, me. {| Va(c + sx)| }

m.e. {exp [— X:(c + sx)hz/Z]}dt.
Now,

me. {|Valc+ s2)| } = me. {| Va(c) + sVa(x)] }

= 6™ [ 5] ew [ & = ¥/ /200y
and
m.e. {exp [— Xo(e + sx)h2/2]} =m.e. {exp [— (X.(c) + sX,.(x))2h2/2]}
= (/s + 1" exp [- Xa@n' /2055 + D).
Therefore

m.e. {Nn(c + sx)} = (1/27r)me,. exp [— X:(c)/Zsz]dt
(6.2) -
f | v exp [= (v — Ya(e)/5)2/2]dy.

Let ¢, >0 be chosen so small that
(6.3) P, =Eu|| X.0)| < ]

contains no turning points of X.(c) which are not zeros of X,(c). In case
¢c,#0, we can write
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Ngn(e)
(6.4) P, =X 1,

i=1

where the I's are disjoint open intervals, say (r, s;),j=1, 2, - - - , Na(c), and
where N,(c) represents, of course, the number of real roots of

(6.5) cotcit+ - - +cut»=0.
If ¢,=0, then P, =_ZI,-+(— ©, @)+ (b, + =), where ¢ and b are suitably
chosen constants. We shall suppose that ¢,0; that is, that (6.4) holds. If

¢»=0; the arguments below still hold with slight modification. We use C(P.,)
to denote the complement of P,,. Let

(6.6)  Au(c, ) = (1/22m)" f "R Y.(c)| exp [— Xu(c)/20'|d¢

and

(6.7)  Balc, v, &) = (1/0(2)"") f Ra| Va(c)| exp [— Xn(c)/20"]dt.
P‘»

An immediate consequence of (4.4) is that N,(c) =lim,.e4.(c, v). Since

A"(C, v) - B’l(cv v, 5»)

= (/220" [ Rl 7.0 exp [ Xa(0/20'lat

c(P,)

(6.8)

we have
| 4.4(c, v) = Balc, v, &) | = (1/9(27)"") exp [— en/20'] f Ra| Ya(c) | at.
Thus, lim,.o[4.(c, v)—Ba(c, v, €,) | =0, and therefore
(6.9) N.(c) = lim B,(c, v, €,).
) -0
By (4.9), we see that
(6.10) |m.e. {N,.(c + s2)} — 4a(c,5)| < (l/w)f R, exp [— X:(c)/2s2]dt.

We now proceed to show that

(6.11)  N.(c) — Ba(c, s, ) = (2/7) 2N (c) ) exp (— 2~ u?)du.

€n/s

Since
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1/v :
f a- uzX:) exp [— X:uz/Z]du
1/s

= (1/v) exp [— X:/sz] — (1/s) exp [— X:/Zsz],
we have

B,.(C, v, G,.) - Bﬂ(c’ S, e")

= 1/2n" f Ra| Va(o) | dt f 1/"(1 — u4'X1(c)) exp [— Xa()u'/2])du.
1

/8

Now, using (4.6), we can integrate by parts and obtain

Ra| Va(c) | 4'Xn(c) exp [— Xa(c)u'/2]dt
Ij

= — X.(c) exp [— X:(c)uz/Z]:I‘f+ .R,.| Y,;(c)| exp [— X:(c)uz/Z]dt.

Since i K
2 2 i 2 2

X.(c) exp [— Xn(c)u /2]:' = 2¢, exp [~ e, /2],

we find, using (6.4), that

75

f R,.| Y.(c) | uzX:(c) exp [— X:(c)u2/2]dt
P,

= — 2¢,N.(c) exp [— e:uz/Z] +f R,.I Ya(c)| exp [— X:(c)ua/Z]dt,

P,
so that

1/v

Ba(c, 9, &) — Ba(c, 5, &) = (2/7) "ealVa(c) | exp (— 2 eu)dun.

1/s

Formula (6.11) is now seen to follow from (6.9) if we let v—0.
Using (6.8), (6.10), (6.11) and the well known inequality .

f exp (— 27'u%)du < (w/2)'* exp (— 27%?), &> 0,

we have
| Na(c) — m.e. {Na(c + s0)} |

< (.l/w)wa,. exp [— X,z.(c)/Zsz]dt/
(6.12) -
+ (1/s(2m™) Ra| Ya(0) | exp [ Xa(c)/25"]dt

C(P)

+ Na(c) exp [— ex/25°].
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It is interesting to ask under what conditions the left-hand side of (6.12)
is near zero. That some condition must be placed on the polynomial in (6.5)
is apparent from consideration of the trivial case ¢o= - + - =¢,=0; for then,
by (1.5),

[Na(e) — mee. {Na(c+ s2)}| = mee. {N,.(sx)} ~ (2/x) log n.

We shall, in the following, exclude this case from consideration, and also ex-
clude those polynomials whose real zeros are near 1 and —1.

THEOREM 6.1. If, for a fixed 3, 0 <B <1, equation (6.5) has no real roots in
1-8< | t| <148, and if s=¢€,/(2a, log n)'/2, where a,>k>1, then, for n =2,

5 4| P, |
w1 B4 — 6

where | P.,| denotes the Lebesgue measure of P.,,.

(6.13) | Na(e) —mee. {Nou(c+s2)}| <

In order to prove Theorem 6.1, we shall need the following lemma.
LeMMA 6.1, For s>0,

(1/s2m)") Ra| Va(e)| exp [— Xn(c)/2s )t

(6.14) C(Pe,)
< (8ns/ean(2m)”) exp (— €n/25).
Proof. The left-hand side of (6.14) is certainly less than
1/2 2 2
A = (1/se,(27) ") R.| Y.(0)X.(c) | exp [— Xa(c)/2s )dt.
C(P¢,)

Lett, - - -, t, denote the points at which X,(¢) has a relative maximum or
minimum but which are not zeros of X,(c). Using the notation of (6.4), we
arrange the 7;, s; and ¢; in ascending order and integrate over the successive
intervals so formed, omitting, of course, the intervals (7}, s;). We find integrals
of the following kinds:

(I/Sen)f kR,.| Y,.(C)X,.(c)l exp [— Xf.(c)/Zsz]dt
s

+ (s/ex) [exp [— Xa(0)/25'11s;
+ (s/en) [exp [— 04/25 ] — exp [— en/25’]],

where v, =X,(c) ] t=ty)

(1/5¢,) f M Ra| 7u(@Xa(0) | exp [~ X(0)/25"Jat

=+ (s/es) [exp [— v24/28 ] — exp [— ve/25 ]];
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(1/5¢2) f ! Ra| Y(0)Xa(c) | exp [~ Xn(c)/2s )dt

= =+ (s/ex) [exp [— 51/252] —exp [— vzk/2s2]].

In each of these integrals we have made use of (6.4). Since the choice of ¢,
implies that |v:| >e,, each of the above integrals is certainly less than
(2s/€.) exp [—€2/2s2]. We also need to consider integrals from — @ to the
smallest of the 7; s;, ¢; and from the largest of these to + «. It is easy to
see that the last estimate holds for these integrals as well. Now p, the number
of relative maxima and minima of X,(c), is certainly not greater than the
highest power of ¢ in the numerator of Y,.(c); that is, p =3z —2. Thus the
number of integrals involved above is less than 4n. Hence 4 < (8ns/e,(2mw)1/?)
-exp [—€2/2s%]. This proves the lemma.

Proof of Theorem 6.1. Denote by Ji, Ja, Js the three terms on the right-
hand side of (6.12). From the inequality [5, p. 319]

6.15 RS —)
(6.15) =7

and the hypothesis of the theorem, we see that if S =E(t)[|t[ <1] and
T=E[|¢| >1], then

(/7) [ Roexp [- X30/25 )

dt dt 4| P, |
< :
= /")fspen —et (l/w)fmn P 1 84— Y

Also, since [5, p. 319]

(6.16) (1/7) f “Rudt < (2/x) log n + (14/m),
we have
(1/x) Roexp [— X20)/25% )t < (1/m) exp [— ¢/25°) [ Rodt
OFer < (14 + 2 log n)/n*.
Thus
(6.17) J1 < (14 4 2 log n)/an* + 4| P, | /xB(4 — B?).

Using Lemma 6.1, we find that
To4 Jo < exp [— en/25"|(8ns/en(2m)”” + Na(c))
< (4/(m log n)ll2 + 1)/'nk—l.
Combining (6.17) and (6.18) and supposing 7> 2, we obtain (6.13).

(6.18)
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The question of the proper order of s/e, to insure that m.e.{N.(c+sx)}
is near N,(c) is a delicate one and we shall attempt to answer it in only one
particular case. To that end, we shall confine ourselves to the interval 0S¢ <1,
and N,(c) will designate the number of roots of (6.5) in this interval. All
previous results hold in this interval by simply replacing the integrals over
(— =, =) with respect to ¢ by integrals over (0, 1). We assume furthermore
that the polynomials in (6.5) are bounded away from zero uniformly for all n;
that is, there is an ¢>0 such that for0=<¢=<1,

E cit?

i=0

(6.19) > ¢, n=1,2---.

A trivial consequence of (6.19) is that N,(c) =0.
LEMMA 6.2. If

16)= [ "Iyl e [= (v = /200y,

—00

p real, then
2 < I(p) < 2+ (2m)2| p).

Proof. Formula (4.7) and an easily justified change of order of integra-
tion yield

1) = @/0 (1~ (cos pu) exp [~ w/2)du/w?
= @/ [T = exp [ w/2Did/w?

+ (2/r)"2fw(1 — cos pw) exp [— w?/2]dw/w.
Let -

J(g) = f”(i — cos w) exp [— w’/Zq]dw/z_v"’, . ¢>0.

Then

7@ = /20 [ "1 = cos w) exp [~ w/2q]
= (x/2¢)*(1 — exp [— ¢/2]).

Since J(q) is a continuous furiction of ¢, and since J(0) =0,

J(g) = fqu'(s)ds = (T/Zd)”zﬁq (1 — exp [— s/2])ds/s?
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Letting s=gq?, J(g)=Qr/g)"*f;(1—exp [— gzzﬂ/Z])dv/v2 By (4.8),
I(p) =2+ (2/7)V2| p| J(p?), so that

I(p) = 2+ Zf (1 — exp [— p=?%/2])dv/v2

Then, obviously, I(p) =2, and

0 =2+ zfow(‘ — exp [~ p?/2])dv/v* = 2+ (2m)'2| p |

by a second use of (4.8).
The following theorem will enable us to find the proper order of s in cer-
tain special cases. Let A,.=Z}'_o| c,l and B, =Z}'_oj|c,-| .

THEOREM 6.2. If (6.19) is satisfied, and if 0<a <1, then:
(1) If s=¢/(2(1+a) log log n)'?,
m.e. {N,.(c + sx)}
(6.20) 1 74+ logn (2log log n)l/?
7 (log n)“‘"‘[ ' +
(2) If s=A,/(2(1—a) log log n)?,

- 2D 4+ 8.
(6.21) m.e. {N..(cv+ sx)} > (1/7)(log m)=1 fo lR,.dt.
Proof. Usingv (6.2) and Lemma 6.2,
m.e. {Noa(c + s2)} > (1/7) fo ‘R, exp [— Xa(c)/2s"dt.
For 0=t=<1, we find, using (4.2), that | Xa(c)| <4, Thus
m.e. {Na(c+ sx)} > (1/x) exp [— 45/25"] fo lR,.dt,

and for s=4,/ (2(1 —a) log log #)V/2, we obtain (6.21). On the other hand,
Lemma 6.2 yields

m.e. {N,.(c + sx)} < (l/ar)flR,. exp _[-— X:(c)/2s2]dt
+ /50" [ R 70| exp [~ X20/25" Lo

<ewp [~ /2] [(1/:) f lzgndz + (/520" f "R 740 | dt].
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Using (4.2), we see that for 0=t =<1,
| ¥a(0)| < (Ku/Da)V2By + Ladn/(KaDa) 2
so that
(/500" [ Rl Val0)| 0
0
<asen™ 5 [t an [ ama)
0 0

(Kn)1/2
Now,
1o dt
[y
0 (Kn 1/2
and, since dK,/dt=2L,,
1 L, —1/241
fo Kmdt =-[K. ] <1
Thus, using (6.16),
74+ lo 1
m.e. {Na(c+ sz)} <exp [— 52/232][ i + (4. + B,,)]
2T s(2m)u?

and with s = ¢/(2(1+«) log log #)/2, we obtain (6.20).

It is now easy to verify that if 4, is bounded and if B,=0 (log ») as
n— o —for example, if ¢;=j"2—the estimates (6.20) and (6.21) become re-
spectively
p1(log log n)/?

m.e. {N.(c+ sx)} < (log n)"

and
m.e. {N,.(c + sx)} > po(log n)

where p; and p. are absolute constants. Thus, in this case, the proper order
of sis 1/(log log n)/2.

As a possible application of the foregoing results, let us pose the following
question: Suppose we have an equation of the type (6.5), the coefficients of
which are to be determined experimentally. With what precision should the
observations of ¢, - - +, ¢, be made to insure that the equation with the ob-
served coefficients will, on the average, have the same number of real roots
as has (6.5), the equation with the theoretical coefficients? The observed co-
efficients ¢an be written in the form ¢;+sx;, j=0, 1, - - -, n, where sx; repre-
sents the error term, x; being a standard normally distributed random
variable, and s the precision or standard deviation. We can suppose further-
more that xo, + - -, X, are independent. Thus the observed equation is pre-
cisely (6.1), and an investigation of the above question is nothing more than
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an investigation of the conditions under which m.e. {N a(c+sx) } is near N,(c).
The results of this section, particularly Theorem 6.1, offer a partial answer
to the problem.

7. Some further remarks about the roots of random algebraic equations.
We assume in this section that the coefficients xo, - - -, x5 of equation (1.1)
are standard normally distributed independent random variables. I am in-
debted to Professor Kac for suggesting the following lemma which is a gen-
eralization of his formula (1.3).

LemMA 7.1. If neither a nor b is a root of (1.1) and if &y, - - -, iy are the real
roots of (1.1) in the interval (a, b), and if ¢(t) is continuous in a <t=b, then

k b
S é(t) = lin:) (1/2¢) f ()Y (F) | oF /ot | ds.
j=1 € a

Proof. Choose €>0 so small that no turning point of F in (a, b), which
is not at the same time a zero of F, has absolute value less than e. Then if
S.=E[| F| <e], we can write S.=)_%_,I;, where I;isan open interval. Then,
since we obviously can suppose that ¢ is real,

2¢ min ¢(f) < f o(f) | OF/8t| dt < 2¢ max ¢(t),
el I; zel}.

so that

k k
> min ¢(f) < (1/2e) f o(2) | 0F/at| dt < 3 max ¢(t).
=1 ’EI,' Se j=1 IEI’.
Letting ¢—0, the lemma follows from the continuity of ¢.
Formula (1.3) is obtained from Lemma 7.1 by taking ¢ (¢) =1. We find that

k b
(7.1) me. { Z¢(t,~)} = 11_{:; (1/2¢) | &) m.e. {Y(F)|oF/at| }ds

i=1

or

k b
(7.2) m.e. { > ¢(t,~)} = (l/r)f o(t)R.dt.
i=1 a

To prove (7.1), we follow exactly the method used by Kac in the case
o(t)=1 [5, pp. 316-318]. We need only to remark that ¢(¢) is bounded for
@ £t=)b, and that the probability that either a or b is a root of (1.1) is zero.
In case the resulting integral exists, we can puta= — « and b=+ « in (7.2).

Formula (1.3) shows [5, p. 320] that, on the average, the real roots of
(1.1) cluster about 1 and —1. The following theorem gives an indication of
just how close the roots are to these points. It states, in effect, that in finding
the average sum of the real roots, we obtain the correct asymptotic result
by taking each positive root as 1 and each negative root as —1. Recalling
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that the average number of roots in any open interval containing 1 and —1
is asymptotic to (2/7) log n, we have

THEOREM 7.1. If ty, + - - , & are the real roots of (1.1) in the interval (— A, A)
with A>1, then m.e. { D t,|¢;|}~(2/m) log n.
Proof. Putting ¢(f) =|¢| in (7.2), we find
k A 1 1
m.e. { EI tjl} = (2/1l')f tR.dt = (2/1r)f tR.dt + (2/7) R,dt/t.
=1 0 0 1A

We shall need the following estimates [5, pp. 319-320]: '
(7.3) R, = (2n+1)/(1 — )72, 0=s:<1,
(7.4) R.>(1—(n+4+ D%W*)?/1 -1,  0=t=Za<l.

From (6.16), we see that [|tR.dt< [,R.d¢t<(7+log n)/2, and by (7.3) and
(6.15),

1

-n gy L (2n + 1)vea
4 fua (1 = 8) -y (=02

< (7 + log (42 — 1) + log n)/2.
Thus

m.e. { ij[ z,l} < (2log n + 14 + log (4* — 1))/

=1

In order to obtain a lower estimate, let € and « be arbitrary positive numbers
less than 1. Then by (7.4),

1 (,_,,a.x)uz
f IR.dt > f tR.dt
0 0

> (= (o D2t — metyoyor [ —
. —

(—na-hy2 404

’

and for # sufficiently large, this can be made larger than

(1 — e f oo™ _tat
— e :
0 1—12

Thus f:tR,.dt>(l —€)2(1 —a) (log 7)/2. On the other hand,

1 1
f Rdt/t > R.dt
1/4

1/A

> (1 —¢'*(1 — a)(log n)/2 — log ((4 + 1)/(4 — 1))*72,
following [5, p. 320]. Therefore
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k ) )
m.e.{ > t,-]} > (2/m)(1 — &)12(1 — a) logn — (1/7) log [(4 + 1)/(4 — 1)].

=1
Since € and « can be made arbitrarily small, the theorem follows at once.
A natural question to ask now is whether the average of the sum of the
roots in an interval not containing 1 or —1 has a limit as n— . This question
can be answered in the affirmative by means of the next theorem. :

THEOREM 7.2. If ty, - « - , Ix are the real roots of (1.1) in the interval (—a, a)
with 0<a <1, then

-k
lim m.e. { Z| t,~|} = — (1/x) log (1 — a?).

n—w o1

Proof. From (7.2) and (6.15),

k a
.e. i = Ra,

me{g“l} (2/w)fo tR,dt

a ldt

sem [T
. = — (1/x) log (1 — a?).
Using (7.4),
. k : ¢ td
m.e. { El| til} > 2/7)(1 — (n+ 1)2a2n)1/zj; 1 t—ttz

= — (1/m)(1 — (n + 1)2a?")/2]og (1 — a?).
Sincé 0<a<1, lim,., (+1)a"=0, and our result follows.
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