VALUATION IDEALS IN POLYNOMIAL RINGS

BY
A. SEIDENBERG

Introduction. Among the valuation ideals in a polynomial ring O =K [x, y]
in two indeterminates, the ones of central importance are the simple valua-
tion ideals, that is, the valuation ideals which are not products of two ideals
different from 9, since every valuation ideal has a unique factorization into
simple valuation ideals.

The problem of the characterization of simple valuation ideals has been
dealt with by Zariski, in the case that the field K is algebraically closed and
of characteristic 0, in his paper, Polynomial ideals defined by infinitely near
base points. There the problem is referred to the ring of holomorphic func-
tions in x, y: D*=K{x, y}, and a valuation ideal q in ©* is simple if and
only if its general element is absolutely irreducible. If, however, only the
characterization of the simple valuation ideals is desired, the notions of the
general element of an ideal in ©* and its absolute irreducibility are some-
what too strong for the problem set; although it should be stated that these
notions are applied by Zariski to other topics not touched upon here.

In this paper we treat the theory of simple valuation ideals by a more
explicit and direct method and we also extend the theory to algebraically
closed fields of arbitrary characteristic #0. We characterize the simple
v-ideals q in the sequence of zero-dimensional valuation ideals in O, for a
given valuation v, in terms of the value v(g) (under 2) of q (that is, the least
value assumed by elements of q) and of the least value greater than »(q) as-
sumed by elements of O. If q is not simple, an explicit factorization for ¢ in
terms of the two mentioned values is given

Since in our treatment the field K is of arbitrary characteristic, Puiseux
series expansions for valuations are not available. A corresponding tool is
found in Theorem 6. There for a given valuation v, a certain (finite or infinite)
sequence of polynomials f;(x, ) is introduced. In the case that K is of charac-
teristic 0, if v is given(?), for example, by y=cix™V+cox™ @+ - - -, ¢;EK,
r(¢) =r; rational, with 0<r;<r;;1, then the polynomials f;(x, ¥) correspond
roughly to the irreducible polynomials gi(x, ¥), g:(x, ¥), - - -+ which have
y=cx™V, y=cx™® 4-cx7D, . . . respectively as roots.

We next reduce our considerations to valuations of rational rank 2. This
reduction serves two purposes. First it unifies the discussion; but much more

Presented to the Society, August 14, 1944; received by the editors September 30, 1944.

(*) For the representation of valuations by means of power series, in the case of ground
field of characteristic 0, see A. Ostrowski, Untersuchung zur arithmetische Theorie der K iorper,
part 111, Math. Zeit. vol. 39 (1934).
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important is the following. If v is of rational rank 2 then the value group
contains irrational numbers, and if 7 is the least irrational value assumed by
elements of O, then the description of the valuation ideals in O for the valua-
tion v is intimately connected with the approximants and quasi approximants
to a certain integral multiple of 7.

Our treatment also provides a proof for the main theorem proved by
Zariski in the case p=0, to the effect that under a quadratic transformation
simple v-ideals are transformed into simple v-ideals.

1. Valuation-ideals and 0-dimensional valuations. Let = be a field con-
taining a subfield K and let v be a valuation of Z over K, that is, a valuation
in which the elements of K other than zero have value zero. Let 8 be the
valuation ring of v. Let © be an integral domain contained in 8. By the
valuation ideals, or v-ideals, in O belonging to, or for, the valuation v we mean
the contracted ideals in O of the ideals in B, that is, the ideal ¥ in O is a v-ideal
for the valuation v if A =aMNO, where a is an ideal in B. It is clear that the
v-ideals in O belonging to v may be characterized as the sets of elements in O
which contain together with any element all elements of O of equal or greater
value. Another simple property of valuation ideals in O dependent only on
the fact that they are contracted ideals of ideals in an overlying valuation
ring is the following. If v’ is a second valuation of Z over K with valuation
ring B’ such that OCB’'CB then the valuation ideals in O belonging to the
valuation v are among the valuation ideals in © belonging to the valuation v’.
In fact, if ¥=aMNO, a an ideal in B, then also A= (aNB’)NY, and aMNB’
is an ideal in 8B’.

Let now O be a finite integral domain over K, O=K[xy, - - -, x:], con-
tained in @ (that is, O consists of the polynomials in a finite number of ele-
ments of B with coefficients in K) and let 2 be of finite degree of transcend-
ency n=1 over K. By the dimension of v is meant the degree of transcendency,
over K, of the residue field of v. We assert that the valuation ideals in O
belonging to v are among the valuation ideals in © belonging to a 0-dimen-
sional valuation v’ of 2 over K. In fact, if v is not already 0-dimensional,
let vy be a 0-dimensional valuation of B/P over K, where P is the ideal of
non-units in B. It is well known(2) that the two valuations v and v, together
determine a valuation v’ of £ over K such that v'(e/B)=0 if and only if
v(a/B) =0 and vo([a/B]) =0; and such that v’ (a/B8) >0 if and only if v(/B8) =0
and vo([a/B])>0, where [a/B] is the residue, or image, of @/8 under the
homomorphism 8—8/P. Clearly the valuation ring B’ of v’ is contained
in B and v’ is 0-dimensional. Moreover v, can be taken such that 2’(x;) 20,
2=1, - - -, k. In fact, since v(x;) 20 it follows that the v-residues %; of the x;
are finite, and hence there exists a vy such that vo(%;) =0, whence v’(x;) 0.
O is then contained in B’, and this completes the proof of our assertion.

() This has reference to the process of composing v and vo. See Krull, Aligemeine Bewer-
tunzastheorie, §5, Journal fiir Mathematik vol. 167 (1932).
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Below, Z is taken to be a pure transcendental extension of K of degree 2,
and O to be a polynomial ring over K in two indeterminates. As our purpose
is a study of the v-ideals in O belonging to valuations v of 2 over K, these
valuations are restricted without loss of generality to be 0-dimensional.

2. Valuation ideals in a ring with chain theorem. Let v be a valuation of Z
over K with v-ring B, and let © be an integral domain with chain theorem
contained in B, and let the quotient field of © be Z. Then every v-tdeal in O
belonging to v has an immediate successor in the ordered set of v-ideals belonging
to v. In fact, let (a1, - - -, ax) be a basis for an arbitrary ideal ¥ in O, and
place v(A) =min(v(ey), - - -, v(ar)); it is immediate from the valuation axioms
that (o) is independent of the basis. If 9(A) =v(A’) for two ideals ¥ and A’
in O, we also write A~A’. Since v is non-trivial (by assumption), there exists
an element a of 2 with v(a) >0. Leta=f/g, f, gEO; then v(f) =v(a) +v(g) >0,
since g&OCB implies v(g) =0. Thus there exist elements of value greater
than (), for example, the elements of Af. Let A be a v-ideal for ». The set
of elements A’ in O of value greater than v(A) has the property that together
with any element it contains all the elements of O of equal or greater value.
Hence A’ is a v-ideal for v, and clearly U’ is the immediate successor of .

Let v be 0-dimensional, and consider the well-ordered set of 2-ideals in O
belonging to v. The first v-ideal go in O is O itself. The immediate successor
q1 of qo is the contraction to O of the ideal of non-units P in B, and is a prime
ideal in ©. Moreover, it is 0-dimensional. In fact, since PO =q,,
0/ SB/P, whence O/q; is algebraic over K, or in other words, q; is
0-dimensional. The well-ordered set of v-ideals in © belonging to v starts
with a simple sequence: qq, q1, G2, * - - . Each q;, 221, is a primary ideal with
q1 as associated prime ideal. In fact, v(q)<v(gd)< - - - <v(q}), whence
v(q}) 2v(q:); therefore qi Cq:Cq;, whence q; is a primary ideal with q; as
associated prime ideal.

The intersection Aq: of all the ideals G; is a prime ideal. In fact, if
ab=0(Ag;), a#0(Aq:), b#0(Ag;), then let g, be the last ideal in the sequence
{q:} containing a, and g, the last ideal in the sequence {q:} containing &.
Then v(a) =v(q,), v(b) =v(q.), whence v(ab) =v(q,q,). Since every v-ideal for
v contains together with any element all elements of equal or greater value,
we have q,0,=0(Aq;). Since some power of q; is in g, and similarly for g.,
also some power of q, is in Aq;, say q7=0(Aq:). This is a contradiction, for if
a7=0(q;) then 7 cannot exceed the length of q}.

If K is algebraically closed (and v is 0-dimensional) the sequence qo, qi, - *
is called a Jordan sequence, in view of the fact that in this case each Gis1 75 @
maximal subideal of ®) q;.

We are particularly concerned below with all the above results in the case
that K is algebraically closed, of arbitrary characteristic, that = is a pure

(®) O. Zariski, Polynomial ideals defined by infinitely near base points, Theorem 1, Amer. J.
Math. vol. 60 (1938).
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transcendental extension of degree 2, and that O is a polynomial ring in two
indeterminates (generating elements of 2 over K). These assumptions on K
and 2 are assumed hereafter. Also any considered valuation v of 2 over K
is understood to be 0-dimensional.

In general, Aq; is prime. In the case that © is a polynomial ring in two
indeterminates, Aqg; is either the ideal (0), or it is 1-dimensional, whence prin-
cipal, say Ag;=(f). In the former case every v-ideal belonging to v is in the se-
quence {q:}. In the latter case every v-ideal belonging to v is of the form
) qm, n=0,1, - - - ; m=0,1, - - - . As a consequence, the study of v-ideals
in O reduces essentially to the study of the 0-dimensional v-ideals.

3. v-ideals and quadratic transformations. Let v be a 0-dimensional valua-
tion of 2 over K. Since any element or its reciprocal has non-negative v-value,
> has two generating elements x, y with non-negative value. Let O =K [x, y].
The center of the valuation v in £, that is, the contraction to O of the ideal
of non-units in the v-ring B of v, is the prime ideal q;. Since g, is 0-dimensional
and K is algebraically closed there exist constants ¢, d such that x=c(q1),
y=d(q:). Clearly qi=(x—¢, y—d). Replacing, if necessary, x—c¢ by x and
y—d by y, we may without loss of generality assume qi=(x, y). At least
one of the elements x, y is not in g, say x£0(qz), or equivalently, v(q:) =v(x).
Since v is 0-dimensional and K is algebraically closed there exists a constant
b such that »(y —bx) >0. Replacing, if necessary, y —bx by y, we may without
loss of generality assume v(y) >v(x).

With these assumptions on v(x) and v(y), we consider the quadratic trans-
formation T':

=12 9 =y x=1a, y=12y,
having at x=y=0 a fundamental point, and we denote by O’ the ring of
polynomials in x’, y': ©’=K[x’, y’]. © is a subring of ’, and moreover
£'C® since v(y')=v(y/x)>0. Let qd, qf, - - - be the Jordan sequence of
v-ideals in O’ belonging to v.

If A is any ideal in O and if O'A=x"*A’, A’ #£0(x’), the ideal A’ is called
the transformed ideal of A (under the quadratic transformation T'), in sym-
bols: A’'=T(N). By a theorem of Zariski(*), the transform of a v-ideal in O
for v is a v-ideal in ' for v. We shall have occasion to give another proof of
this theorem.

Our principal goal below is to prove that the transform of a simple v-ideal
is simple. By a simple ideal we mean the following. An arbitrary ideal U in O
is said to be composite if it is the product of two ideals B, € in O different from
the unit ideal: A =BE, B=0, €= O. A is said to be simple if it is not composite.
It is true that if % ¢s a v-ideal for v and is composite, A =BE, then W is also the
product of two v-ideals for v different from the unit ideal. In fact, let ¥, €’
be the v-ideals in © for » such that 2(8) =v(8’), v(€) =v(€’). Since B, € differ

(4) O. Zariski, ibid., Theorem 4.1,
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from O and therefore ACTYB, ACE properly by a well known theorem, we
have v(8B) >0, v(€) >0, whence v(8’') >0, v(€’) >0, and B’, €’ differ from O.
Since B'DYB, €’'DE we have B'C'DBE =Y. On the other hand, () =2(BEC)
=9(B’C’), and since A is a v-ideal for v, ADB’'C’. Thus A=B’E’. This com-
pletes the proof. This remark permits us in proving the simplicity of a given
v-ideal ¥ to restrict the discussion, first, to any valuation » for which ¥ is a
g-ideal, and second, to the ideals in © which are v-ideals for v.

4. The valuation given by y =x". Let O=K][x, y] be a polynomial ring in
two indeterminates x, ¥ over the field(®) K, and let £ be the quotient field
of ©. Let 7 be an arbitrary irrational number greater than zero.

There exists one and only one valuation v of = over®K such that v(x)=1
and v(y) =7. v is necessarily 0-dimensional. The value group of this valuation
is the additive group of real numbers of the form a+br where a and b are
rational integers. (See, for example, Saunders MacLane and O. F. G. Schil-
ling, Zero-dimensional branches of rank one on algebraic varieties, construction I,
Ann. of Math. vol. 40 (1939).) We shall say that the valuation v is given by
y=x7, or that y=x" is the valuation v.

Consider the valuation v given by y=x7, 7 an arbitrary positive irra-
tional number. Since v(x)>0 and »(y) >0, the ring O=K|[x, y] is contained
in the valuation ring B of v. Let qo, q1, G2, - - - be the Jordan sequence of
v-ideals for v. Here qo=9, qi=p=(x, ).

From the definition of » every v-ideal q; has value m;+n.r, m;, n; non-
negative integers. Conversely, every number m+nr, m, » non-negative in-
tegers, is the value of one of the ideals g;, namely that one which contains
all the elements in O of value equal to or greater than v(x™y"). Hence the
sequence 9(qo), v(q1), v(gz), - - - coincides with the set of numbers {g+hr},
g and k non-negative integers, ordered according to magnitude.

THEOREM 1. Every v-ideal for the valuation given by y=x" has a basis con-
sisting of monomials x™y™.

Proof. Let q be a v-ideal for v, and let g(x, ¥) Eq. If g(x, ¥) =D cmax™y",
CmnEK, tma#0, then v(g) =min (v(x™y™)), by definition; that is, v(x™y") Z v(g)
=v(q) for every term cn.x™y" of g(x, y), whence x™y"&q for every such term.
Thus a basis for q can be replaced by all the various terms in the elements
of -the basis. This completes the proof.

COROLLARY. Let my+mt, me+mner, - - - be the set of positive numbers
{ g+h'r}, g, h non-negative integers, ordered according to magnitude. The ideals
qi, G2, - - - can be described in the following manner: q; has a basis consisting
of the elements x™®yn®  k>1 where m(k) =m;, a notation used later also.

THEOREM 2.1. If v(q:;) =m+n7, v(q;) =m, v(qx) =n7 then q;:=q;qz.

(®) K need not be algebraically closed in this section.
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THEOREM 2.2. If v(q:) =s7, v(qiy1) =m—+nr and if mn=0, then s>n and
9:=q;qr, where v(q;) =n7, v(qi) = (s—n)7.

THEOREM 2.3. If v(q:) =7, v(qiy1) =m~+nT and if mn0, then r>m and
q:=q,qx, where v(q;) =m, v(qi) =r—m.

Proof. 2.1. Clearly q;q:Cgq;. Conversely, let x™'y»'€q,. Since m’+n'r
=m-+nt, either n’ =7 or m’ Zm. In the first case,

amyr = 2™y € Qi

since x™'y*'~*€q; (in view of m’'+(n’ —n)r=m) and y*Eqs. In the second
case

gy = gme g™y € q,0e
since x™&q;, x™ ~™y™ €qs. This completes the proof.

2.2. We cannot have n = s, for n = s together with m 0 implies m +n7 —s7
=1, whence there exists an integer between the irrational numbers st and
m—+nr. (Note that s#0, for if s=0 then »(q;y1)=1 or 7.) This contradicts
the fact that st and m+nr are successive in the ordered set of numbers
{g+hr}, g, h non-negative integers. Hence s>, and the ideals q;, qx exist.
Clearly q;qx<gq:. Conversely, let q;=(y*, x™y*, x™'y»', . . . ). Then clearly
Yy =y"y*nq,qx and x™y"€Eq,qx since m> (s—n)r, so that x»Eqi. As for
x™'y* either n’ =m or n’ =2 n, since m’+n'r =m+nr. Hence if we write x™'y»’
in the form x™-x™'~my"" or in the form x™'y*»'~7-y» we conclude in either case
that x™'y*" €q,q:. This completes the proof.

2.3. This case is really not different from the case 2.2. In fact, consider
the order preserving automorphism of the additive group of real numbers
given by : x—ux /7. If we replace the value group of » by the isomorphic group
obtained under this automorphism, the statement and proof of 2.3 are the
same as those of 2.2. This completes the proof.

THEOREM 3. Let h be the greatest integer less than T if 7> 1, or the greatest
integer less than 1 /7 if 1 <1. If 1 < h then q; is simple. If i= h and if q; is simple,
then of the two numbers v(q;), v(q:y1) one is an integer, the other an integral
multiple of .

Proof. If 7>1 then v(qi) =1, v(q2)=2, - - -, v(qa) =k, v(quy1) =7. If 7<1
then v(q:) =7, v(q2) =27, - - -, v(qs) =h7, v(qs1) =1. In the first case yEqy,
1=1, 2, - - -, k; in the second case xEq;, t=1, - - -, k. In either case the
ideals qi, g2, - - -, q» must be simple because each element of the product of

two ideals which are different from the unit ideal must have a leading form of
degree at least 2.

If, now, 1=k and v(q;) =m-+n7, m>0, n#0, then Theorem 2.1 proves
that q; is not simple.

If ik, v(q;) =s7 and v(q;y1) =m~+n7 and 70, then also m 0. In fact,
if m =0 then clearly n=s541. If 7>1, then v(q:y1) —v(q:) =7 >1, whence there
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is an integer between v(q;) and v(qs41) : this is a contradiction. If 7 <1 then
st>1, since 22k and 2=1 is excluded because v(qiy1) =(s+1)71. If 2 is the
greatest integer less than (st —1)/741, that is,

(st — 1)/ < k< (st — 1)/7 + 1, k an integer,

then st <1+4+kr<(s+1)r; k>0 since st —1>0. This is a contradiction. Hence
m#0. By Theorem 3.2, then, g; is not simple.

If i=h, v(q;) =r and v(q:1) =m +n7 and m 0 then similarly q; is not sim-
ple. In fact, this case is not really different from the one immediately above,
as may be seen by the argument given in 2.3. This completes the proof.

We wish now to prove the converse of Theorem 3. For this we need two
lemmas.

Let mi+1/(me+1/(ms+ - - - be the continued fraction expansion of 7.
Consider the sequence of numbers: mi, mi+1/1, mi+1/2, - - -, mi+1/ms,
mi+1/(me+1/1, - - -, my+1/(mg+1/ms, - - - . Of these, the numbers m;,
mi+1/ma, mi+1/(me+1/ms, - - - are known as approximants, the others as
quast approximants(®), to 7.

LeMMA 1. If the two numbers r, st (or st, r), r, s positive integers, are suc-
cessive in the set of numbers { g+h1-}, g, h non-negative integers, ordered accord-
ing to magnitude, then (r, s)=1 and r/s is an approximant or quasi approximant
to T (and therefore s/r is also an approximant or quasi approximant to 1/7).
Conversely, if r/s, r, s positive integers with (r, s)=1, is an approximant or
quasi approximant to T and s/r is an approximant or quasi approximant to 1/t
then r, st (or st, r) are successive in the set of numbers { g+h1-} .

Proof. Let 7, st (or s, 7) be successive in the ordered set of numbers
{ g+h1'}. From the symmetry of the lemma, we need consider only one case,
say the case r <st. A theorem of Lagrange and its converse(?) state that r/s
is an approximant or quasi approximant to 7 if and only if #>s for every
rational number m/n, m, n positive integers such that r/s<m/n <r. Now,
if r/s<m/n<rt,m,n positive integers and n<s, then

st—r> (s/n)(nr —m) = nr —m >0,

whence r <m+ (s —n)r <sr, which contradicts the assumption that » and sr
are successive in the set {g+kr}. Hence n>s and r/s is an approximant or
quasi approximant to 7.

Conversely, suppose (7, s) =1, r, s positive integers, and that » <u+vr <sr
for some non-negative integers %, v. If v5£0 then either (r—u)/v>7/s or
u(s—v)>r/s, for (r—u)/v<r/s and u/(s—v)=<r/s imply rs—us<rv and
us <rs—rv, whence us=rs—rv, and r/s=u/(s—v) which contradicts the as-
sumption (r, s)=1. Moreover (r—u)/v and u/(s—v) are both less than .

(%) Perron, Nebenndherungsbriiche.
(*) See O. Perron, Die Lehre von den Kettenbriichen, p. 38, Theorems 20 and 21.
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Hence there exists a rational number m/z (either (r—u)/v or u/(s —v)) with
0<n=s such that 7/s<m/n<r. The same is true even if v=0; namely
m/n=u/s. By the theorem mentioned above, r/s is therefore neither an ap-
proximant nor a quasi approximant to 7. This completes the proof.

LeMMA 2. If my+mr, motnor, « « -, mu+nir, v, s7 15 an initial segment
of the ordered set of positive numbers { g+hr}, g, h non-negative integers, then
there exists an irrational number 7' >0 such that my+nr’, me+nsr’, - - -, my
+nyr’, st!, 7 is an initial segment of the ordered set of positive numbers {g+hr'},
g, h non-negative integers. A similar statement holds for an initial segment
m1+n17, m2+n2'r, s, mk-l-nu', ST, 7.

Proof. If s=1, then ny;=n;= - - - =x;=0 and any irrational number 7’
between r —1/2 and r satisfies the lemma. If =1, then any irrational num-
ber 7/ between 1/(s+1) and 1/s satisfies the lemma. If s1, %1 then /s
and s/r are not integers, since (r, s)=1. Let r/s have a continued fraction
expansion by+1/(be+1/(bs+ - - - +1/(b; with 8;>1. It is well known that if
o is an arbitrary irrational number greater than 1 then b;4+1/(bs+ - - -
+1/((b;—1)+1/(14+1/(¢ and b1+1/(be+ - - - +1/(bi+1/(c are irrational
numbers having 7/s as an approximant, of which one is larger, the other
smaller than r/s. Thus there exist irrational numbers 7’ <r/s having r/s as an
approximant: s/r will also be an approximant to 1/7’. Let 7’ (<r/s) be any
irrational number having 7/s as an approximant or quasi approximant. We
assert that 7’ satisfies the lemma. In fact, by Lemma 1, s7’ and 7 are succes-
sive in the ordered set of numbers {g+h‘r'}. Moreover, if u+tovr’ <st’, u, v
non-negative integers, then v<s, whence u+wvr <sr since 7/ <7. Hence
u+vr <r; equality is excluded since #+vr=r implies v=0, u=7>s7’. Thus
u-+vr <r. Similarly, if u+vr <r, u, v non-negative integers, then u+vr’ <r
since 7’ <r. Hence u-+ur’ <s7’; equality is excluded, since #+v7’=s7’ im-
plies u=0, vr=s7<r. It remains to prove that m;+n7'<m+n. 7',
i=1, - - -, k—1.1f n;yy=mn, thisisclear; if n; 7,1, then (m; —miy1)/ (Big1—n)
>7or <7 according as 741 <n; or i1 >0 U (mi—mi)/ (i —n) >7(>717)
then #;—7:<0 and m;+n7’ <m.~+1+n,~+17". If (m;—m,-“)/(n.-.,.l—n,-) <t
then (m;—miy1)/(niy1—n;) <r/salso since 0 <n;y1—n; <sand r/sisan approx-
imant or quasi approximant to 7. But then, again because 0 <7;.;—n;<s and
r/s is an approximant or quasi approximant to 7/, (m;—mip1)/ (R —n) > 7’
is impossible, that is, (m;—mu1)/ (i1 —n:) <’ and mi+na’ <mia+nigar’
follows. This completes the proof.

THEOREM 4. If of the numbers v(q:), v(qi+1) one is an integer, the other an
integral multiple of 7, then q: is simple.

Proof. The case i=0 is trivial. If 2>0 then v(q:) =7, v(qiy1) =s7 or
v(q:) =s7, v(qip1) =7, 7, s positive integers. As both cases are similar, we
consider for the sake of brevity only the case v(q:) =s7. Consider the sequence
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v(q1), v(qs), - - -, that is, the sequence:
my + nT, My + NoT, * ** , M1 + N AT, ST, 7y * * * ,

where v(q;) =m;+n;. By Lemma 2 there exists an irrational number 7’ such

that , , , ,
my + mr’, me + ner’, - - -, miy + nig7’, 7, ST

is an initial segment of the set of positive numbers { g+hr’ }, g, k non-nega-
tive integers, ordered according to magnitude. Consider ine valuation v’ given
by y=x7', and let ¢{ =(x, ¥), g7, - - -+ be the Jordan sequence of (0-dimen-
sional) valuation ideals in O =K [, y] for the valuation »’. By the corollary
to Theorem 1, qi=gq{, q2=q¢, - + -, q:=q/. The assumption q;=q;q, 7 <%,
k <1, now leads to a contradiction. In fact, (m;+n;r)+ (mir+n.7) =s7, whence
mj+m;=0. Since m;, m; are non-negative, m;=m;=0, whence v(q;) =n;7,
v(qx) =n,7. But the jth and kth numbers in the sequence m;~+n7’, my+na7’,

<, mia+ni7’, v, s’ oare n;’, ngr’, whence v'(q;) =n;7", v'(qx) =,
whence v’(q;) =v(q;q¢) = (n;+n)7" =s7’; this is a contradiction. This com-
pletes the proof.

Let m+1/(mi+1/(m3+ - - - be the continued fraction expansion for 7;
and consider the sequence: a¢=0, a1=1, a:=2, -+ -, Guay=mM1, Cma)+1
=m1+1/1, am(l)+2=m1+1/2, ce e, am(1)+m(z)=m1+1/m2, -+ .. Let %o, SBI,
Pe, - - - be the sequence of simple v-ideals for the valuation y=x"in K [x; 5],

PBiDPiy1, 120.

COROLLARY. There is a 1-1 correspondence P, 2a; between the simple v-ideals
B: and the a;, 1 =0. The correspondence is such that if a;=r/s, r, s non-negative
integers with (r, s)=1, then v(PB;) =min (r, s7).

Proof. Consider first the case 7>1, or equivalently, m;=1. By Theo-
rem 3, v(PB;)=4=min (s, 7), 2=0, 1, - - -, m;. By Theorems 3 and 4, for
k=m,, qix is simple if and only if either v(q:z) =7, v(qr1) =s7 or v(qs)=s7,
v(qx+1) =7, 7, s positive integers. By Lemma 1, »/s is an approximant or quasi
approximant to 7. Conversely, let 7/s, r, s positive integers with (r, s)=1,
be an approximant or quasi approximant to 7. Since 1/7 <1, s/r is certainly
also an approximant or quasi approximant to 1/7r. Hence r, st or sr, r are
successive in the ordered set {g+hr}, g, k non-negative integers; that is, if
v(qx) =min (7, s7) then v(qx41) =max (7, s7) and gy is simple by Theorem 4.
We make q; and 7/s correspond, and it remains to show that P.=a;. Itis
well known that if a;=r;/s;, r;, s; positive integers with (r;, s;)=1, then
r;<riy1. Since the set { g+h-r} is ordered according to magnitude, it is clear
that the correspondence could not be other than P.=a..

Consider now the case 7<1, or equivalently, m;=0. Here a,=0,
a,=0+41/1, - - - . The valuation y=x" is also given by x=y'r. Let
bo=0, b1, by, - - - be the sequence for 1/7 corresponding to the sequence
{a;} for 7. Clearly b;=1/a; for 1>0; if a;=r;/s;, r;, s; positive integers,
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(riy s:) =1, then b;=s;/r;. By the case 7>1, B;=2b; and the correspondence
is such that 2(B;) =min (sv(y), (r:/T)v(y)). Since v(y) =7, v(B;) =min (s.7, 7;).
This completes the proof.

Theorems 3 and 4 enable us to prove our principal theorem for the valua-
tion y=x7; that is, that the transform of a simple v-ideal under the trans-
formation T (see §3) is simple. Here we assume that 7> 1, whence v(y) >v(x).
T is then the transformation:

T: =2 7y =y/x; x=4a2, y=41ay.

As above we denote the ring K [x’, y']=K[x, y/x] by ©’, and the v-ideals in
L’ for v by q4, 6/, g7, - - - . Consider the valuations given by y=x" and
9’ =x'""1 Since in both the value of x is 1 and the value of y’ is 7—1, they
are, in fact, the same valuation: that is, the valuation y=x" is also given by
y =x'-1,

Let Po=qo, P1=0q1, P2, - - - be the simple v-ideals for v in O and let
Bs =qd, B/ =q/, B¢, : - - be the simple v-ideals for v in O’.

THEOREM 5. The transform of the ith simple v-ideal PB;, 1>0, is P/_1.

Proof. Let my+1/(me+1/(ms+ - - - be the continued fraction expansion
for 7; my=1 since 7>1. Let a1=1, a:=2, + - -, Gmay=m1, Cnypn=m1+1/1,
Anys2=m1+1/2, - - - | Gm@ysmey=m1+1/ms, - - - . By the preceding corol-
lary there is a 1-1 correspondence between the numbers a; and the ideals P;;
the correspondence is such that if a;=r/s, 7, s positive integers with (r, s) =1,
then v(P;)=min (r, s7). Let {a.’ } represent the corresponding numbers for
7—1 (>0). Clearly a! +1=a;;1.

Fori=1,2, - - - , m; the ideal PB,;=g; is simple and contains the element y.
Clearly 9¢:=0(x’). Moreover y=y'x'€q; so that Dq;#0(x’?). Hence, by
the definition of T, v(T(q:))=v(q;) —1=%—1, whence T(q;)SP/_;. By the
theorem of Zariski mentioned in §3, T°(q;) is a v-ideal for v, and since v(7T°(g:))
=9(P/_1) we have T(q;) =P/

In the special case with which we are dealing here it is also possible to
prove this result by a direct and simple calculation. In fact, clearly B/_1=q/
=(y’, '+ 1). The element y’ arises from y€Eq;, and the element x’#! arises
from xi€q;, whence, together with T'(q;)C B/_1, we have T(q;) = PB/—1. Thus
Theorem 5 is true at least for =1, 2, - - -, m.

For 1>my, v(P:) =7, v(q) =st or v(P:)=s7, v(q) =7, r, s positive integers,
where q is the element of the sequence @i, Gz, - - -+ immediately following P..
The two cases are not really different: in fact, let m+ny7, ma+-ner, - - -, my
-+ny7, 7, s be an initial segment of the ordered set of positive numbers
{g+h1'} , g, h non-negative integers. By Lemma 2 of Theorem 4, there exists
an irrational number 7’>0 such that mi+nir’, matner’, - - -, mutnr’,
st/, r is an initial segment of the ordered set {g+k7'}, g, k non-negative in-
tegers. By the description of the v-ideals for y=x7 given in the corollary to
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Theorem 1, we see that qi, gz, - + -, PB; are v-ideals for the valuation y=x":
and in this valuation the value of P; is s7’. Moreover, since ¢ >m,; the numbers
my, T are among the first 2 numbers of the set { g+h‘r}, whence also m;, 7’
are among the first k of {g+kr'}, whence m; <7'. Thus by changing from =
to 7/ we retain the assumption 7> 1. Therefore without loss of generality we
need consider only the case v(P;) =s7, v(q) =r.

Now, a;=r/s, whence a/_1=(r—s)/s (and clearly (r—s, s)=1). Since
st<r, we have st’=s(r—1) <r—s; whence v(P/_1) =s7. On the other hand,
PB: has a basis consisting of monomials x™y» with m-+nr=s7; since 7>1,
m+n=s, whence OP;=0(x"*) and T(P;)#0(x’*+!) since P:Dy*'=7y"*x"
#£0(x's+1). By definition, then, v(T(P.)) =v(P;) —s=s(r—1) =s7"=v(P!-1).
Applying the fact that T($P;) is a v-ideal for v, we have T(P;) = PB/_1. This
completes the proof.

5. The general case; reduction to rational rank 2 valuations. Let
1,72 ¢ *+ - be a sequence of positive rational numbers. Let Ay be the additive
group of integers. For a given ¢=1, we consider the additive abelian group G;:
generated by 1, v, - - -, v;, that is, the set of numbers of the form m+4ny;
+ -+« +nsvi, m, n; integers. In this sequence of groups let A; be the jth
group G containing its predecessor properly. Let Ty be the set of non-
negative integers, I'; the set of numbers in A; which are of the form
m~+nyyioy+ - ¢ - +nyvis, where m, n; are non-negative integers. We de-

note the numbers v;q), Yi), + * + by 01, 82, - - - .
Let 6r=r/sk, where 7, si are positive integers and (7, sx)=1; let {o=1,
tr=l.cm. (s1, - - -, sx); and let dr =1 /t;_1. Since Ay, consists of all the numbers

m/t, m an integer, it is clear that di s the smallest positive integer such that
dr0r EAx1.

LemMA 3. If for a given j, 6;>dy18:1 for all 1 <j, then
(aj) k/t;=d;d;, k an integer, j=1, implies k/t;ET,
(bj) d;8,&€T;,j=1.

Proof. The lemma may be vacuously true, in fact, is vacuous if and only
if the v; are integers. We suppose this not to be the case: é;="viq =r1/51is
then the first non-integer in the sequence vy, v, + * - .

For j=1 we have t;=t=s;, t;.1=fto=1, so that d;=s,; whence (b) holds
for j=1. For j=1, (a;) becomes: if k/s;=s,-71/s1=r1 then k=ms,+nr,, m, n
non-negative integers. Since (71, s;)=1, we can at least get the equality
k=ms,+nr;, m, n integers. If now # is taken such that 0 =n <s;, then m must
be positive since k2 sir1>nr1: whence (a;) is true for j=1. Now (b;) follows
from (a;-1). In fact, since ¢;=0(s;) we have d;8;=1t;/t;—1-7;/s;=Fk/tj-1, k an in-
teger, and since ¢;>¢;_; and, by hypothesis, r;/s;>d;_18,-1, we conclude that
k/ti1>d;18;.; thus by (a;-1), 85/t -7i/s;ET 1.

Let s} =g.c.d. (¢j-1, 5;); we have also ¢;=l.c.m. (¢;—1, 5;). Then $]¢;=1t;15;.
Now g.cd. (s, s/tj))=g.cd. (5], tjm, s;)=s;* g.cd. (sj tia)=s;5;, whence
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g.c.d. (si/sj, ti/ti) =1. sj/s] =t;/t;1=d; Let t;/s;=s]'. Then (r;s]’,d;) =1,
whence there exists a non-negative integer m <d; such that k—mr s}’ =0(d;),
whence

tpsi b dgsis] sis]t i s i1
Statement (a;) now follows by induction.

Let K be an algebraically closed field of arbitrary characteristic,
Z=K(x, y) a pure transcendental extension field of K. Let v be a 0-dimen-
sional valuation of 2 over K with 9(x) >0, v(y) >0. In the case that v is of
rank 1, we may normalize the value group of v by placing v(x) =1; the mean-
ing of the phrase “v(2) is a rational multiple of v(x)” is then clear. In the case
that v is of rank 2, the phrase “o(2) is a rational multiple of v(x)” has the fol-
lowing precise meaning: there exist integers r, s, s>0, such that »(z*) =v(x").

Let g1, g2, - - - be the Jordan sequence of 0-dimensional v-ideals in
K[x, y]; vi=v(q:). Let A, be the group of values {mv(x) }, m an integer. In
case v is of rank 1, v(x) is taken to be 1, and A, is simply the group of integers.
Let D; be the additive abelian group generated by v(x), v1, ¥z, * - + , vi. We
have Ag=D,CD,C - - - . Let A; be the jth group D;(;, containing its prede-
cessor properly; we also place Ag=D;(,. Let T'y be the set of values {m(s(x)) },
m a non-negative integer; I'; the set of values {m+nryiy+ - - - +n:vi» |,
where m, n; are non-negative integers. We denote by &;, 8, - - - the integers
Yiay Vi@, © - v -

THEOREM 6. Let A,CA; C - - - be the finite or infinite sequence of groups in-
troduced above. There exists a correspondmg sequence of polynomzals Jilx, ¥),
folx, ¥), - - -, elements of K [x, y], such that:

1) f; ,(x y) is monic in vy, that is, the coefficient of the highest power of y is 1.

(25) v(f))=38;,j=1.

(3;) Degree in y of f; is equal to d;_.-degree in vy of fi1, j>1, where d;11s
an integer; degree in y of fiis 1.

(4,) dj_lv(f,-_l) EA,‘_g; kv(f,-_l) EAj_z, 0<k <dj...1, j > 1, where k is an integer.

(55 v(f) >dj-w(fi-1),j>1.

Proof. If every v; is an integral multiple of v(x), we have Dy=D;= - - -,
and there is nothing to prove; that is, the theorem is vacuously true. Suppose
then that some v, say vi, is not an integral multiple of v(x). If v(y) is not an
integral multiple of v(x) then v(y) =71 =68, that is, any element g(x, y)
€K [x, y] of value less than v(y) has an integral multiple of v(x) as value.
Thus Theorem 6 is satisfied, in this case, at least for j=1 (fi=y). Suppose
v(y) =Fkw(x), k1 an integer. Since v is 0-dimensional and K is algebraically
closed, there exists an element ¢ &K such that v(y—cix*®)>u(y); if
v(y—cx* V) =kyw(x), k2 an integer, then there exists an element ¢;EK
such that v(y—cx* D — k@) >y(y —cix*D)., Suppose this process can be
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repeated ¢ times, so that we have integers %, ks, - - -, kiy1 and elements
e, €, - -+, ;&K such that v(y—cx*®— . . - —cx*D)=k; 1v(x). Setting
y=y—cxkD— ... —cxk®), we assert that v(y1) <7 In fact, let g(x, )
be an element of K [x, y] with »(g) =+, and suppose v(y:) >v(g(x, ¥)) (equal-
ity is not possible since v(g) is not an integral multiple of v(x)). Then
g(x, y)=glx, mFax* O+ - - - dcx*D)=h(x, y1) =h'(x)+yh' (x, y1), where
B (x)EK|[x], h''(x, m)EK[x, m]=K[x, y]. Thus v(yh'")>v(g), whence
v(g) =v(h’(x)), which is a contradiction, since v(%’) is an integer. Only a finite
number of values less than v(g) are assumed by elements of K[x, y]. There-

fore, since k; <k2< - - -, there exists an integer m such that y —cix*® — . . .
—cnx*™ has a value not an integral multiple of v(x). As above, v(y —cix*®
— -+ —Cux*™)>y(g) is impossible, whence v(y—cx*¥ D — - . . —c xkm)

=9.:1=01. Thus assertion 2 of the theorem is satisfied by fi(x, ¥) =y — cix*®
— oo —Cpxt™ =4’ Also fi(x, ) is monic in y. Thus Theorem 6 is satisfied
at least for j=1, 3, parts 4, 5 being so far vacuously true. Note that we may
without loss of generality take fi(x, y) =y, since K [x, y]=K[x, ¥’] and any
monic polynomial %(x, ¥’) is transformed into a monic polynomial 7 (x, y)
=h(x, ytex* V4 - - - Fcux*™) with degy-k(x, y') =deg h(x, ).

The proof now proceeds by induction on j. Suppose, then, that we have
polynomials fi, fe, - - -, f; satisfying conditions 1, 2, 3, 4, 5. We have either
to show that Dyj=Dijsu= - - -, or produce an f;;1(x, y)EK [x, y] such
that the five conditions are satisfied by fi, fe, - « *, fj, fi+1-

Note that »(f1), v(f2), - - -, v(fj-1) are rational multiples of v(x). In fact,
suppose v(f1), (f2), - - -, v(fi), k<j—1, are rational multiples of v(x); these
values generate A;. Since di+10(fr+1) EAr by 4, v(fi1) is a rational multi-
ple of v(x). Thus v(f1), - - -, v(fj-1) are rational multiples of v(x). Let
v(fr) =8k =r1/sk-v(x), ri, Sk positive integers, (ri, sx)=1, k<j—1. Let to=1,
ty=l.com. (s1, - - -, Sx). By Lemma 3, in view of condition 5, we have:

(aj-1) If B/t;y-v(x) =d;j1v(fj-), k an integer, then k/t; - -v(x) ET ;.

(bj1) dir=tj1/tia.

Note that if »(f;) is a rational multiple of v(x), and d; is defined by (4;11)
that is, d; is the least positive integer such that du(f;) EA;,, then (a;) and
(b;) hold.

We now prove:

(c;) If degyg(x, y) <deg.f; gx, ) EK[x, y], then g(x, y) is a sum of
monomials in x, fi, - - -, fi-1,

g(x, y) = 2 clag, =+ aj—)F(ao, -+ -, @jm1), clao, -+ + , @jm1) € K,

with 0o <dy, k=1, 2, - - -, j—1, in which no two monomials have equal
values, and hence v(g)EA;; where F(ao,* *+, @j—1) is the monomial
x2OfFW . .. f2U°1 3 notation used throughout.

The proof is again by induction. For j=1, deg,fi=1, whence g(x, y) =g’ (x)
€K |[x], and the statement is trivial. For the general case, since f;_.(x, y)
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is monic in y we may write
g(x, ¥)= ao(x, 9) + ar(x, Nfia(x, ) + - - - + a(x, y)f;-l(x’ ¥)s

a:(x, y)EK|[x, y], with degya:(x, y)<deg,f;a(x, y), and I<d,_ since
degig(x, ¥) <deg,fi(x, y)=d;.-degyfia(x, y). By induction, v(ai) EAj,
k=0,1, - - - ,1, whence

v(akf:.l) # v(akrffll) for k= F

by 4, that is, since v(ff¥) €A _s. (c) now follows by induction. Note that
if v(f;) is a rational of v(x), and d; is defined by (4;11), then (c;;41) holds when
we write d;deg,f; instead of degyfit1.

If, now, v(f;) is not a rational multiple of v(x) then A;=D,,, m=1; In
fact, if g(x, y) €K [x, ] then, since f;(x, ¥) is monic in y, we may write

g(%, 9) = ao(, 3) + as(x, Nfi(x, 9) + - - - + aulx, Wfil=, ),

where a;(x, y)EK[x, y], and deg,a:(x, y) <deg,f;(x, ¥). By (c), v(a:) EA;1
whence v(aif}) =v(ax f ) for kk’ since v(f; ~¥) is not a rational multiple of
v(x), whereas v(ax/ax) is. Thus v(g(x, y)) =v(ax(x, y)f; (x, )), some k, 0 Sk <1,
whence v(g(x, ¥)) €A;. In this case, as remarked before, there is nothing more
to prove.

If v(f,) is a rational multiple of v(x), we define d; by means of condition 4.
Since dp(f;) =k/t;i1>d;w(fi), we have, by (a), dp(fi)=ac+aibr+ - - -
+a; 16,1, with 0Sa;<d;, =1, 2, .-+, j—1. Since v is 0-dimensional
and K is algebraically closed, there exists an element ¢&€K such that
”(ffw—CF(ao, <oy ) > (fED). Let fl(‘:-)l(xr ¥)=fiD? —cF(ao, - - -, aj).
Now

deg, F(ag, ay, * * *, @j—1)) < degyF(0,d1,ds —1,ds—1,---,d; 1 — 1) =deg, f;

whence f,‘.}.’l is monic in y. If v(f,‘.}.’l) €A, then by (a;), one has

o(fi) =as bt oy by, 05l <dy i=1,2,---,].

Then there exists an element &;EK such that v(fP,—c.F@®, - - -, o))
>o(fP). Let f& =f —,F(a®, - - -, &{?). Note, as above, that f{?, is monic
in y. Repeating the above process, we obtain a sequence f{}y, i3, - - - , which
is finite if, for some integer k, v(f&,) &4}, and which is infinite otherwise.

In case the sequence is infinite, all groups Da, m 21;, coincide with A;.
In fact, if g(x, y)EK[x, y] and v(g(x, ))=7: then there are only a finite
number of values less than v(g) assumed by elements in K [x, ¥], whence for
some &, v(f%,) > v(g). Since fi; is monic in y, g(x, y) can be written:

g(x, y) = a(x, y) + ¢'(=, 9 fsa(z, 9,
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with a(x, ), g’(x, y) EK [x, ¥] and deg,a(x, y) <deg,f?; =deg,f*?, whence
v(g(x, ¥)) =v(a(x, ¥)) €A, by (cjp)-

In case the sequence is not infinite, that is, in case for some integer &
we have v(f}i’,), v(f,‘?,?l), s, v(f,‘“”)EA,, while v(f} 1) €A, then either v(j}ﬁfl)
is infinitely large with respect to v(x) in which case A;=D,, m=1;, or
finn=f%) together with fi, - - - , f; satisfy (1, 2, 3, 4, 5, j+1). In fact, in
either case 1, 3, 4, 5, are clearly satisfied. It thus remains to prove in either
case that if v(g(x, ¥)) <v(fi1), g(x, ¥) EK|[x, v], then v(g) EA;,. Since fi
is monic in y we may write g(x, y)=g'(x, y)+h(x, ¥)f1(x, ¥), where
g'(x, ¥), h(x, y)EK[x, y] and deg,g’(x, y)<deg,fi1=deg,f’¥, whence
v(g(x, ¥)) =v(g’(x, ¥)). The statement now follows from (c;j;1). This completes
the proof.

COROLLARY 1. The sequence fi, fa, - - - 1is infinite if and only if v is non-
discrete, and of rational rank 1.

Proof. Let the sequence fi, fa, - - - be infinite. Since deg,fi—® as i—w,
we have, by (c) of the above theorem, that lim A; is the value group. Since
the value group contains an infinite ascending sequence of subgroups it must
be non-discrete; since v(f;) is rationally dependent on v(x), it is rational rank
1. The converse is trivial. (Actually, the corollary does not depend on any
special properties of the f;, but solely on the fact that the f; are in 1-1 corre-
spondence with the A;; in fact, the value group is non-discrete, rational rank 1
if and only if the value group contains an’infinite ascending sequence of sub-

groups).

COROLLARY 2. If v is of rank 2, in which case the sequence fi, fo, - - - s
finite, containing j terms say, then, except for the valuation in which v(y) is
infinitely small with respect to v(x), the possibilities (a) Aq:%0 and (b) Ag;=0
correspond respectively to the possibilities (') v(f;) is a rational multiple of v(x),
and (b’) v(f;) is not a rational multiple of v(x).

Proof. Also this corollary may be proved without recourse to any special
properties of the fi. In fact, in all cases of rank 2 valuations, if Aq;0 then
the v, generate a group of the type of all integers (in fact, an isolated subgroup
of the value group). Hence any two v’s are rationally dependent. In particu-
lar, then, if v(y) is not infinitely small with respect to v(x), then x&Aq; and
the statement follows.

If Aq;=0, the v, generate the entire value group, which does not possess
a rational base of one element. This completes the proof.

We wish to remark that if v is of rank 1 then “v(f;) not a rational multiple
of v(x)” means v(f;) is an irrational number : if, however, v is of rank 2, then
“y(f;) not a rational multiple of »(x)” can be distinguished into two cases.
Namely, either o(f;) may be infinitely small with respect to v(x); or, although
my(x) >v(f;) for some integer m, v(x") #o(f}) for any integers n, n’ different
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from 0. The former case can arise, however, only for j=1 and if v(y) is infi-
nitely small with respect to v(x). (The case v(f;) infinitely large with respect
to v(x) cannot arise here, since z9(x) > §;=v(f;)).

Let v be a rational rank 2 valuation of 2 over K with v(x) >0, v(y) >0 and
let fi; f2, + ¢+ -, f; be the polynomials for v introduced in this theorem.

COROLLARY 3. If v, is a rank 1 valuation of = over K (a subgroup of the ad-
ditive group of real numbers being taken as a value group) and if v(x)=v(x),
u(f:)=v(fs), =1, - - -, j, then v, =v.

Proof. We have shown that if g(x, yY)EK|[x, y] then g(x, y)=a.(x, ¥)
+ailx, Y)fi+ - - - +aix, ¥)f), where ai(x, y)EK|[x, y] and degyai(x, y)
<deg,fi(x, y); moreover, that v(axf;) #v(alf;') for k=k’. Henceby (c), g(x,y)
is a sum of monomials in x, fi, - - -, f;,

g(xr 3’) = ZC(ao, Tty ai)F(aOy R ai)r C(ao, Tty ai) E K:
a;, 1=0,1, - - -, j, non-negative integers, with
‘U(F(ao,' o rai)) 7£v(F(a0’r e 1“}))

unless a;=a/, 1=0, 1, - - -, j. Hence the value of g is the minimum of the
values of these monomials. The corollary is an immediate consequence.

We insert here a table displaying the polynomials f introduced in Theo-
rem 6 for a given 0-dimensional valuation. The valuation in which v(y) is
infinitely small with respect to v(x) forms an exception, and is omitted.

Rank 1

Discrete: fi, fo, * * -, fis f}?l, @, - - - (infinite).
‘Non-discrete:
Rational Rank 1. fl, fz, LR ,f,', fj+1, ey
Rational Rank 2. fy, fo, - - -, fj, fit1-

Rank 2

Aqt’:O fl’ny tc r.firfi+1'
Aq;#0. N, fo s fi f}ﬂfl, ,('fr)l, -+ - (finite or infinite).

Let v be a rational rank 2 valuation of K(x, ¥) with v(x)=1, v(y)>0. Let
A,y be the value group, and fi, fe, - - *, fi, fit1, 720, the polynomials con-
structed in Theorem 6. v(f;;1) =7 is an irrational number.

THEOREM 7. For any irrational number o >1=v(f;11) there exists a rational
rank 2 valuation v, of K (x, y) with vi(x) =1, v.(y) >0, and such that v,(f;) =v(f:),
i=1,2, -, 7, 0u(fi1)=0.

Proof. Since f};1 is monic in y, every polynomial g(x, y) EK [x, y] may be
written

) g(x 3) = ao(x, 3) + ar(®, fs1 4 - - + aalx, M fien
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with a;(x, ¥Y)EK|[x, y] and deg,a; <deg,f;1. The expansion (1) for g(x, ¥)
is unique; in fact, let g(x, y)=ad (x, y)+a{ (x, Yfin+ - - - +ad (=, Mfrn
with a!(x, y)EK[x, y] and deg,a;<deg,f:1. Since ay—ad =0(f;1) and
deg,fir1>degy(as—ag ) we have ap=ay . Similarly k=%’ and a;=a/!. By (c) of
Theorem 6, v(a;) €EA;. We now place

v1(g) = min (v(a;) + i0),

where ¢ runs from 1 to k. Clearly u.(f;)=v(f)), i=1, - - -, j, u(fi1) =0,
n(x)=1 and 0:(y)>0. If k(x, y) =bo(x, ¥)+bi(x, V)fsa+ - - - +be(x, ¥)fFr
is the expansion (1) for a polynomial k(x, y) €K [x, y] then

g+ kb= (Go+ bo) + (a1 + b)fira + - - + (@ + bi)fim

is the expansion (1) for g+k, where 2’ =max (&, k') and a;=0for i >k, b;=0
forz>k’. Then

v1(g + #) = min (v(a; + b:) + i) = min (min (v(a;), v(d;)) + o)
‘ ‘
= min (v(a;) + i0, v(b;) + 7¢) = min (min (v(a;) + i0)),

mi‘n (v(d:) + 40)) = min (v:(g), v1(k)),

that is,

(2) v1(g + £) = min (v:(g), v1(k)).
Moreover, since (1) =v,(—1) =0 we also have

) v(g + &) = min (n1(g), 11(k)) if v1(g) # ().
We wish now to prove

3) vi(gh) = vi(g) + (k).

Because of the uniqueness of (1) and because of (2) and (2’) it is sufficient
to prove (3) for g=a.(x, ¥)f}+1, k=0 (x, y)f}'.,_l. Since the expansion (1) for
k(x, y)fi1, k(x, ¥Y) EK [, ], is simply obtained from the expansion for k(x, y)
by multiplication by f7i1, we may assume, without loss of generality, that
1=1'=0, that is, g=a.(x, y), h=b:(x, y). Since deg,a: <deg,f;+1 and deg,b;
<deg,fi+, the expansion (1) for gh is

gh = a(x’ }’) + b(xr y)fi+1-

Since v(gh) and v(a) are elements of A; while v(bf;11) €A, we have v(gh)
=min (v(a), v(8f;+1)), whence v(gh) =v(a) <v(bfj+1) =v(d) +7 < (bv) +0o. Hence
1(gh) =v(a) =v(gh) =v(g) +v(h) =v1(g) +v:1(k), which proves (3).

If we now place

vi(g(x, 3)/h(x, 3)) = 01(8) — v1(h)
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where g(x, ¥), k(x, y) EK [, ¥], 1 becomes a valuation of K(x, y). Since »,
is of rational rank 2, it is necessarily 0-dimensional. This completes the proof.

Let v be a 0-dimensional valuation of 2 over K with v(x) >0, v(y) >0.

1. If v is non-discrete, rational rank 1, place v(x)=1, and let fi, f2, - - -
be the infinite sequence of polynomials constructed in Theorem 6.

2. If visrank 1, discrete, or of rank 2 with Aq,;éO and »(y) is not infinitely
small with respect to v(x), let fi, - - -, f5 f(f-)n f1+1, ..+, 720, be the se-
quence of polynomials constructed in Theorem 6. If v is of rank 1 then the
sequencef}.’,?l,fﬁ)l, - -« is infinite: this is also possible for v of rank 2, but the
case v(f®,) infinitely great with respect to »(x) can arise. To conserve nota-
tion, we place O =f*Y= ... in the latter case.

3. If v is rational rank 2 or of rank 2 with Aq;=0, let fi, fe, - * -, f&, frsns
k=0, be the sequence of polynomials constructed in Theorem 6.

In all three cases we write w(v(g)) =7/s, g EZ, if sv(g) =rv(x), 7, s integers,

s#0.

THEOREM 8.1. For any integer >0 and any irrational number T>v(f}’0’)
there exists a rational rank 2 valuation vy of 2 over K with vi(x)=1, v:(y)>0
such that v1(f;)=v(f:), 1=1, - - -, 7, and v;(f;1) =7.

THEOREM 8.2. For any integer k>0 and any irrational number v >x (v(fi?)),
there exists a rational rank 2 valuation v, of 2 over K with vi(x)=1, v:(y) >0,

vl(.f‘)':w(v(fi))r i=1,..-,j,and vl(f;(:.)l) =r. (For j=0, placeﬁ(f) =7y.)

THEOREM 8.3. For any j, 0 <j <k, and any irrational number v>m(v(fi9)),
there exists a rational rank 2 valuation v, of Z over K with vi(x)=1, v:(y)>0
such that vi(f;) =7 @(f:)), i=1, - - -, j, w(fi) =7. (For j=0, place f3 ) =y;
for k=0, the theorem is trivial, where T is any positive irrational number.)

Proof. By Theorem 6 there exists a monomial ¢F(y,, - - -, v;.1), cEK,
0§'Yi<di’ i=17 cte vj_ly SBCh that v(F(O) ct e 107 di)_cE(‘YUy c oty 'Yf—l))
>o(F(O, - - -, 0, d;). Let fiu=F(0,---,0,d;)—cF(yo, - -+, vj). If v

is non-discrete, rational rank 1, or rank 1, discrete, then v(f;;1) is certainly
a rational multiple of v(x); if v is rank 2 with Ag; 0 (as in Theorem 8.2) then
v(fi) is p0551b1y infinitely large with respect to »(x) (in which case firn= f}“
=f@ = .. .)or v(fi1) is a rational multiple of v(x); in Theorem 8.3, v(f,.,.;)
will be a ratlonal multiple of v(x), unless j=%, and f;y1=fi11. In case v(fiy1)
is a rational multiple of v(x), it is sufficient, by Theorem 7, to prove Theorem 8
for an irrational number 7 such that

Wi)(F(O, -0, 0, d:)) <7< 1I'1J(F(0, Tty 0’ dl) - CF('YOr e "Yi—-l))’

since any number greater than wo(f#(?) is also greater than some irrational
number satisfying this inequality. Since f;;; is monic in ¥, any polynomial
g(x, ) EK [x, y] can be written as
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(1) g(%, 9) = ao(x, ) + ax(x, NFirs + - - - + axlz, NFirn,

where a;(x, y)EK[x, y] and deg,a:(x, ¥) <deg,,f-,~+1. Just as in Theorem 7,
one proves that the expansion (1) is unique. Placing

v1(g) = min (w(2(a))) + i),

we can prove exactly as in Theorem 7 that

(2 v1(g + k) = min (v:(g), v1(k))

and

(2) vi(g + k) = min (01(g), 21(A)) if v1(g) # va(h)
where g, hEK [x, y]. Also as before, in proving

(3 u(gh) = v1(g) + n(h)

we may assume without loss of generality that
degyg(x, y) <degyfi1=deg,f{? and degyh(x, y) <deg,fs1=deg,fi".

By (c) of Theorem 6, g(x, ¥), k(x, y) are sums of monomials cF(ay, - - -, a;),
cEK,0=5a;<d;,i1=1, - - - ,.7, of distinct value. Hence by the uniqueness of
(1), and because of (2) and (2’), we may further assume without loss in
generality that

g(xry)'_‘F(aOr"”ai)r O§a0;0§0i<di,i=l,'-°,j
and
h(xly)=F(ﬁDr'°'|Bi)v 0§ﬁ010§ﬁt’<dl‘ti=lv"°ojy

or, more generally, that

g(%, ) = g'(x, 7", where g'(x, y) € K[z, y], deg, ¢’ < degy f1 and a; < d;,
and
h(z, y) = K(x, y)f;", where ¥(x, y) € K[z, y] deg, ' < deg, f;, and B; < d;.

Consider first the case a;=0. If 8;<d;—1 then deg,gh=deg,g’ h’f,’(”
<deg,f7f}"=deg,f#", whence v:(gh) =mv(gh) =mv(g) +mv(h) =v:(g) +v: (k).
If B;=d;—1, then

gh = ghf;" ™ = (a(x ) + bz, NI
= a(z, Nf; "+ b2, ) Frr + Fro - -+ ¥i1))

wherea,bEK [x,y] and deg,a <deg,f;, deg,b <deg,f;. Also,v(g’h’) = min (v(a),
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v(bf;)) =v(a), that is,
v(a) < v(bfy)

since v(g’h’), v(a) EA;_1 while v(bf;) EA;_;. Because of the limited degree in y
of a(x, y) and b(x, ¥),

vl(af:(j)_l) = r(v(af?(i)—l)),
vl(bf:(:)) = min (7(v(d)) + 7, 7B -F(ye, * -+, ¥i-1))))
= x(@® Flyo, «  + , ¥i-1))) = w(v(b-f?m)) > w(v(af;-i(l)_l))
d(H—1
= vn(af; )
whence

vi(gh) =vi(afjP~") =7 (v(af}?~1)) =7 (v(gh)) =wv(g) +mv(h) =vi(g) +:(h).

Consider now the case a;>0, the general case. Here we can write, for
reasons given in the case a;=0,

gh = gth/f;(i)+ﬁ(i) = (a(x, y) + b(x, y)fj)f;(jHﬂ(i),

with the same conditions on a(x, y) and b(x, y), and again deduce that v(a)
<v(bf;). We assert that

e f:(z‘)+ﬂ(i)) — f?(i)+ﬁ(i))
and that
vl(bf;(i)+ﬁ(i)+l) _ W(bf:u)wmn),
whence will follow,
2:(gh) = min (v;(af;(i)wm)), vl(bf;(j)”w“)) _ w(v(af;(i)+ﬂ(i)))

= w(2(gh)) = w(v(g)) + 7(v(k)) = vi(g) + v:(h).

Since a;<d; and B;<d; we have a;+B;+1=2d;—1. If a;4+B;4+1<d; then
deg,bfe(N+E(+1 < deg, f; ?, whence

a(i)+B(i)+1 @ (i) +B()+1
v1(bf; ) = m(v(bf; ))-
If a;+8;+1=d; we can write
a()+B )+ a(DHB()+1-d(D) , %
bf; T = bf; (fiv1 + cFlvo, - =+, vi-1)).

Since deg,bfs(N+B(+1-d <deg,fi,

a (H+B(H+1-d() 5 a(§)+6()+1—d(7)

v1(bf; fir1) = wo(bf; )+ 7,
and since a;+8;+1—d;<d;, we have by the case a,;=0,
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a()+8(NH+1—-d(7)

v1(bf ; “F(yo, + =+ vi-1))
= n8f; PO L nBlye, - vin)
= 7, ") 4 w5 ),
whence
vl(bf?(i)+ﬁ(i)+l) = vy (bfe(P+BDHI=dD . Flyy, - - -, Y1) = w(u(bfE(DHEDHL)),

Similarly v)(afe(D+6(0) = (v(afeP+8D)).

Thus (3) is proved. Placing v:1(g/h) =v1(g) —v:1(k), g/h any element of Z,
g, hEK [x, y], we obtain that ; is a valuation of = over K. Since , is of ra-
tional rank 2, it is 0-dimensional. That v:(x) =1, v,(f;) =7 (@(fy)), =1, - - -, 7,
is immediate from the definition of ;. f1 is monic in ¥ of degree 1, whence
fi—y=0(x), since v(fi—y)>0. Hence v(y) >0, since #:(f1)>0 and »(x)>0.

It remains to prove the conditions on vl(_f,+1), vl(f(“), respectlvely In
the case v(f;41) is not a rational multiple of v(x), fi11=fr41 or fisa —f+1 and the
condition has been verified. In the other cases we assume 7 <7v(f;;1). Recall-
ing the construction of &), note that f{%; =f;11. Thus for k=1, the required
statement holds. Now unless %, =f,, we have deg,(f?,—f%,) <deg,f#?,
whence v, (f%, — %) =7 @(f&, — f21)). Hence,

[¢)) (k) (1) (k) 1)

z’1(f1+1) = 7’1(f:+1 + (f:+1 — fi¥1) = min (7, 7(o(fis1 — fix1)) = 7,

since 7 <mv(f)) = (o (f; —f3)). The statement for v;(f;11) follows similarly
if we consider f;. constructed from f; as in Theorem 6. Note also, however,
that since f;;1 and fis1 are both monic in y of the same degree it is true that
v(fir1—fi1)EA; by (c) of Theorem 6. Hence v(fj1—fi1) 29(fia), since
9(f;+1) €A;. The statement for f;,; now follows exactly as above for f?,. This
completes the proof.

Remark. For j=0, the restriction 7>v(f§?)=uv(y) is superfluous with
7>0 only required. In fact, for =0, and the restriction on 7 lifted, Theorems
8.2 and 8.3 become: For any monic polynomial fEK [, y] of degree 1 in y,
and any irrational number 7 >0, there exists a rational rank 2 valuation v,
such that v;(x) =1, :(y) >0, and v:(f1) =7. This is clear directly, without refer-
ence to the theorem.

Let v be a 0-dimensional valuation of Z over K with v(x) >0, »(y) >0 and
let g1, 2, - - - be the Jordan sequence of 0-dimensional v-ideals in K [x, y]
for v.

THEOREM 9. For any integer m >0 there exists a valuation v, of Z over K
of rational rank 2 with vi(x) =1, v,(y) >0 such that qi, Gz, * -+, Gm are the first
m valuation-ideals for v in K [x, y].

Proof. Consider first the case that v is non-discrete and rational rank 1;
let v(x) =1, and let fi, fo, - - - be the (infinite) sequence of polynomials intro-
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duced in Theorem 6. We assert that if q is a v-ideal with v(q) <v(f;41) then q
has a basis consisting of f;1 and monomials F(ay, * * * , &;), 0S5, 050, <d;,
i=1, - .., 4. Infact, if g(x, ¥) Eq then, since f;1 is monic in y,

g(x, 9) = g'(x, 9) + ¢ (%, Mfin(x, 9),

where g'(x, ), g’ (x, ») EK[x, y] and deg,g’(x, y) <degyfin(x, ). Since
fir€Eq, also g'=g—g'’f1€q, whence the statement follows by (c) of Theo-
rem 6. Since qn is preceded by (contained in) only a finite number of v-ideals
for v, there exists an integer j =3j(m) such that v(gm) <9(f;41). Consider the set
of monomials F(ay, * - -, a;), 0Sap, 0Sa; <d;, 1=1, - - -, j=j(m), and order
them according to their value: F(ao, - - -, a;) precedes F(ayg, - - -, af) if
v(F(ao, - -+, a;))<v(F(ad, - - -, a@})). Since every F(ay, - - -, a;) has only
a finite number of predecessors, the ordered set {F(ao, -, )} is a simple
sequence:

1) Wy, Uz,

For some k, v(ux) <v(f;1) <v(#i41), where clearly k=m; consider also the
sequence:

(2) Ury U,y * v 0y Uky [inly Ukaly Bigny  ° ° -

Every v-ideal q with v(q) <v(f;;1) has for value the value of some u;, 1Sk, and
conversely, whencev(q;) =v(%;),s=1, - - - , k. Sinceq;,2=1, - - -, k, has a basis
consisting of elements in (2), the q; may be described in the following manner:
q: has a basis consisting of #; and the elements of (2) following #;,1=1, - - -, k.
Since v(ff(”) =v(u;), some i, and v(ff?) <v(f;1), we have i<k, whence
v(u) =2v( f,"(”). Thus if 7 is an irrational number with v(x;) <7 <v(u:41) then
there exists, by Theorem 8, a rational rank 2 valuation of Z over K with
v(x) =1, »1(y) >0 such that v,(f;) =v(f:), i=1, - - -, j, and ,(fj+1) =7. Since
vi(u;) =v(u;), every ¢, and () <v1(fi11) <v1(#x41), the set of monomials
{F(ao, <o, a;)}, 0=ay, 0=a;<d;, 2=1, - -+, j, together with f;, ordered
according to their value v;, again yields the sequence (2). The v;-ideals of
v-value less than ;(f;1) can be described again as above: the ith v;-ideal
has for basis #; and the elements of (2) following u;, =1, - - -, k. Since
m=k, qi, ** *, Gm are the first m vi-ideals.

Next, consider the case that v is discrete, rank 1 or of rank 2 with Ag;>0
(leaving aside the case v(y) is infinitely small with respect to v(x), for which
case the theorem is readily verified). In this case, the sequence fi, f2, « -« *
of Theorem 6 is finite, containing j terms, say. If v is of rank 1 then the se-
quence £, 7%, - - - is infinite: this is also possible for v of rank 2, but the
case v(fi?,) infinitely great with respect to v(x) can arise. To conserve nota-
tion, we place i =f%{"= ..., in the latter case. Now, since g, is con-
tained in only a finite number of v-ideals, there exists an integer ! such that
9(qm) <v(f,(2,). The ideal g;, =1, - - -, m, then has a basis consisting of £},



1945] VALUATION IDEALS IN POLYNOMIAL RINGS 409

and monomials F(ay, - - -, @;), 0S5, 0=2a;<d;, 2=1, - - -, j. We order the
set { Flaw, * + + @;)} by means of v, again obtaining the sequence (1); and
if 9(f%;) =v(us:) we also introduce the sequence:

Q)]
(2,) Uy, Uy * * * y Uk, f:'+ly Ukt1y

Introducing a rational rank 2 valuation v, of 2 over K with v;(x)=1, 9;(y) >0
such that 9;(fa) =7 (v(f:)), 2=1, - - -, j, where m(v(f;)) =r/s if v(f{) =v(x"), and
u(f9)) =7, where 7 is an irrational number satisfying 7 (%:) <7 <7 (4141), we
can conclude as above that q, - * -, qm are the first m v;-ideals.

Finally, we have the case that v is of rank 2 with Ag;=0. The sequence
f1, fa, + + - 1s finite, containing j+41 terms, say. Here every v-ideal has a basis
consisting of monomials F(ag, * « -, aj, aj1), 0Say, 0S5, 0S50:<d;,
1=1,2, - - -, j, and two distinct such monomials have distinct value. These
may be ordered according to their value 9, and again we obtain the sequence
(1). We introduce a rational rank 2 valuation v, of £ over K with v,(x)=1,
u(¥)>0, n(f)=0v(f), i=1, - - -, 4, s(fi) =7>0(F),  irrational. The
valuation 9, also orders the set {F (o, =+ + 5 @, ajy1) } y 0=, 0=ajy,
0=So;<d;, 1=1, - - -, j, yielding the simple sequence

(ll) Woy, Wi,y * ° *
corresponding to (1). We wish to determine the extent to which (1’) coincides
with (1); or rather, how large an initial segment of (1) may be made to coin-

cide with an initial segment of (1’) by a proper choice of 7. To this end, con-
sider two terms of (1):

(3) F(aOv RN 77 aH—l)v F(Oyﬁ ) ﬁjv Bi—i—l)

with v(F(aﬂy o, O aj+l)) <v(F(ﬂ0) Tty BJ'Y BJ'-H.))' If ai+1=ﬁi+1 then these
two terms will have the same order in (1’) as in (1), no matter what 7, since

v (Flao, -« -+ ,a))=v(Flas, - - - ,;),t:(FBo, - - -,B7))=v(F(Bo, - - -, B).
Thus we need consider only the cases aj;1<B;1 and @j1>Bj41. In case
;1> B4 we shall use the letters vy, § instead of «, 8; that is, consider two
terms of (1):

(3) F(yoj- v vir1),  F(o, -+, 85 8is1)

with o(F(yo, - - -, ¥i V5+1)) <v(F(8o, - - -, 8;, 8;41)), where ;41> 8541 and
;1 <Bj41 is now understood in (3). The two terms of (3) will have the same
order in (1’) if and only if 7 is such that

w(v(F (o, -« -, @;))) + ajar < 7(WEFBo, - - -, B7))) + Bisr,
that is, if and only if,
w(v(F(ao, ct al))) - T(P(F(Bo, MY BJ))) .

Bir1 — ain

4) T>
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For the appropriate terms, condition (4) includes the condition 7>dp(f;),
since dp(f;) is the value of some %; with v(#,) <v(f;41). Similarly, the two
terms of (3’) will have the same order in (1’) if and only if

T(0@F @, - - -, 87))) — 7(@F(vo, - -, ¥)))

Yi+1 — G041

4) T <

Now
(virr — 8i)v(F (a0, - - -, @) /F(Bo, - -+, B)
< Bi+r — @) (Yir1 — 8i41)0(f4+1)
< (Bi+1 — ap)v(F (3o, - - -, 8;)/F(vo, - -+, ¥1)
by (3) and (3’), whence
w(v(F(ao, - -+, @}))) — 7#(v(F(Bo, - - -, B1)))

Bit1 — ajn

< T(0F o, - - -, 87)) — 7EFE(vo, - -+, 1))

Yirr = 81

Thus 7 can be taken such that (4) and (4’) be satisfied. Similarly, any finite
number of conditions (4) and (4’) are satisfied by some irrational number 7.
Thus for any initial segment of (1) there exists a valuation »; such that the
elements of this segment retain the same relative order in (1’); that is, for
any integer n>0 there exists a valuation v;=v,(n) such that if u;=w;
then k; <k;y1 provided 7 <. For a given 1, k; is a function of v,: k;=k;(v1).
Let k9 =min {k:(v:)} over all v;. We assert that k("—w as i— . In fact,
consider the monomials {F(ao, ce e, aj)}, 0=<ay, 0=w;<d;, 1=1, - -+, j,
and order them according to their v-values, which are also their v;-values,
obtaining the sequence:

21y 22, *

Clearly the sequence (1) may also be written:

m(1) m(2)
sinfivl, i fi

We have
k@ = max (I;, m),

since vl(wk(.-))=vl(ug)=v1(z,(;)f,'”_,_('1’)gmax (‘1}1(21(,’)), vl(ﬂ’_;(‘l))). Since not both
'l;, m; are bounded, k(9— o as i— «. Hence for any integer N >0 there exists
an integer n=n(N) such that if »;=w;, where k=Fk;(v,), then &;(v;) >N for
any vy, provided 2>n. Thus if the elements %, us, - - - , %, retain their order
in (1’) then the initial segment %, - - -, ux of (1) coincides with the initial
segment wy, + + -, wy of (17).
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Let s be an integer such that v(q.) <v(f};,). Then every ideal q1, - - -, Gm
has a basis consisting of fj,; and monomials F(ao, a1, * - -, &}, @j41), 0= a,
0=Sa;<d;, 1=1, - - -, j, ;1 <s. In fact, if g(x, y) Eq;, 1 <m, then, since f;u1
and f;,, are monic in y one can write:

g(x, %) = ao(#, 3) + 0%, N1+ - - - + o, Nfie1 + 6z, 9fier

where a;(x, y)EK[x, y],i=0, 1, - - -, 5, and deg,a; <degyfs1, =0, 1, - - -,
s—1. The statement now follows from (c) of Theorem 6. We can therefore
describe the ideals qi, - - -, qm in terms of the sequence (1) in the following
manner: q; has a basis consisting of the elements u; with 2= k. If, now, 2, is
such that the initial segment of (1) preceding f},; coincides with an initial seg-
ment of (1’), one concludes, in a manner employed above, that qi, - + *, Gm
are the first m v-ideals of v;. This completes the proof.

The significance of Theorem 9 is that it allows us in the study of 0-dimen-
sional v-ideals of 0-dimensional valuations to restrict ourselves to rational
rank 2 valuations, at least if this study is confined to the ring K [x, y].

COROLLARY 1. In the case v is non-discrete, rational rank 1, or rank 1 and
discrete, or of rank 2 with Aq;540, the vi-ideals of value less than T are the first
v-ideals for v. In the case v is of rank 2 with Aq;=0, the vi-ideals of value less
than st are the first v-ideals for v (where s is as in the theorem).

COROLLARY 2. If the vi-ideals of vi-value less than st are the first v-ideals for
vand if r>1 then:

(a) in the case that v is non-discrete, rational rank 1, s <d;.,

(b) in the case that v is rank 1 and discrete or of rank 2 with Aq;=0, s=1,

Proof. Suppose s=dj;1. Then the v;-ideals of v,-value less than o, (f2UF7)
are the first v-ideals for v. We order the elements F(ay, - - -, ajt1), 0=Zaq,

0<wa;<d; i=1, - - -, j+1, according to their v- and v;-value, obtaining the
sequences

1 Ui, o, vt

(2) Wiy Way * * .

If vy (wi) <o (ff5Y) <vi(wi41), then as in the theorem it follows that u;=w;,
i=1,---, k. Let q, g3, -+ - ; qf, 625 - - - be the Jordan sequences of 0-
dimensional valuation ideals for » and 9 respectively. We know that
v(fi9) =v(um), for some un,, and since qi=qi*, we have m=k. If m=k
then qi15 0% since f¥% Y €qt but f157 Y Equyr, whence s >d 1 is impossible.
If m >k then qry1=qi*1 but qree#qi¥e, since %11 Eq25e but %41 Grye. Now
if s>d; then st>djar+1, whence v1(qiy2) <v1(ff+1). But then qrie=0q:%,
a contradiction. This completes the proof of (a). Part (b) follows in the same
way if we place d;1=1 (and write £i%: for fi1). This completes the proof.

6. Characterization of simple v-ideals. Let v be a 0-dimensional valuation
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of Z over K with v(x) >0, v(y) >0. If we further assume that (y) =v(x) then
the groups Dy, Dy, - - - introduced in Theorem 6 no longer depend on the
element x, but solely on the ring K [, ¥]; in fact, v(y) Zv(x) >0 implies that
v(q1) =v(x), and we may write v(q:) instead of v(x) in Theorem 6. If v does not
belong to the set of non-discrete rational rank 1 valuations, then for some in-
teger j we have A;=D,,, m 21;. This integer j depends only on v and on the
ring K [x, y]. We shall call j the type of v with respect to the ring K [x, y].

THEOREM 10. Let v be a rational rank 2 valuation of = over K with
0<v(x) <v(y) and of type j with respect to K [x, y], i>1, and let f1, fa, - + - , f;
be the polynomials introduced in Theorem 6. Then the v-ideals for v of value equal
to or less than d;_1(f;—1) are also the first v-ideals for a rational rank 2 valuation
v, of Z over K with 0<vi(x) <vi(y) and of type j—1 with respect to K [x, y].
The polynomsials fi, « + + , fi-1 satisfy Theorem 6 for the valuation v,.

Proof. If q is a v-ideal with v(q) =d;_1v(f;-1) then q has a basis consisting
of ,_i") together with monomials {F(ozo, ce e, a,-_l)}, 0=ay, 0=a;<d;,

2=1,:-., j—1. As in Theorem 9, we order the set {F(ao, N a,-_l)},
0=y 0=2a;<d;, t=1, - - -, j—1, by means of v, obtaining the simple se-
quence:

(1) Us, Ug,y - - o

If o(ff% V) =v(ui) then any v-ideal q; with =<k can be described in the fol-
lowing manner : q; has a basis consisting of f%,™" together with the elements
uy of (1) with ¢/ 24. Normalizing v so as to have v(x)=1, we introduce for
every irrational 7>d; v(f;—s) (if j=2, for every irrational 7>1) a rational
rank 2 valuation v, of T over K with v(x)=1, »(y)>0, v(f:)=v(f),
i=1,---, j—2, and 91(f;-1)=7. The valuation v, also orders the set
{Flag, - -+, @j1)}, 0=aq, 0S@:i<d;, =1, - - -, j—1, yielding the simple
sequence:

(1) Wy, Wy, ¢ -

corresponding to (1). Now |o(u:) —o:(u:)| <dja|7—v(fi1)|, since aj1<dja
in any term u;, whence, if

2 dialr—o(fi) | < min o) — o(uiy) |

then the initial segment u,, - - -, #; of (1) coincides with an initial segment
of (1"). (We may note that if v;(%;) >v(u;) for one u; then v;(u;) =v(u;) for
every i.) Let V; denote the set of valuations {#;} for which (2) holds. For
every valuation »;E Vi such that 7 >9(f;—,), the ideals qi, « - -, qx are the first
kus-ideals; in fact d;—191(fi—1) > d,;-19(f51) =v(ur) =v1(ur) =vi(we) (v(ur) =v1(ur),
since by condition 4 of Theorem 6, u; does not involve f;_1), whence we can
draw the required conclusion in a manner several times employed in Theo-
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rem 9. The polynomials fi, fs, - - -, fi-1 clearly satisfy Theorem 6;_,. Since
v1(fi—1) is irrational, the sequence fi, f, * - - for v; terminates, as is shown in
Theorem 6, with f;_i; that is, v, is of type j—1 with respect to K[x, y]. It
remains to prove vi(y) >w(x). If fi=y, this is clear. If fi#y, then v(fi—7y)
is an integer, and since v(f1) is not an integer, v(fi —y) =v(y) = 2. Hence also
ni(fi—y) =2, since vi(fi—y) =v(fi—y). Since »:(f1) >1, v1(y) >1=u(x) follows.
This completes the proof.

COROLLARY 1. Theideals qi, - - - , Qi are the first k vi-ideals for any valuation
!116 V1.

Proof. For r>v(f;_1) the proof has been given above. The proof there de-
pends on the fact that, since d;_1v(fj—1) > v(ui) =v1(ux) =v1(ws), the kth v;-ideal
has a basis consisting of fi¥7? together with the monomials w; with 7= k.
If T<1J(fj_1) then d; 1v(f;—1) <v(ui) =vi(ui) =vi(w:). However, if d;_v(fi)
>v,(wr_;) then the kth v;-ideal can still be described as before: it has a basis
consisting of f}’.‘{l’” together with the monomials w; with 1=k, whence, as

before, qx would be the kth v-ideal. And, in fact, v(#s_1) = v1(#%x-1), whence
di10(fi1) — diani(fim1) < o(ux) — v(ue—1) S v(ur) — v1(x-1),
by (2), and d;_191(f;—1) >v1(#x-1). This completes the proof.
COROLLARY 2. The v-ideai qi with v(qi) =d;—1v(fj—1) is a simple v-ideal.

Proof. Since v(f;—1) >d;2v(fi—2), 7=v:1(fi-1), uE V1, may be taken greater
than or less than v(f;). If 7>v(fim) then d;_w1(fi1) >dj1v(fim) =v(us)
=v,(u:) =v1(q:), whence v:1(qx) is rational, while if r <v(f;_1) then d;_19:(f;-1)
<u(ui), whence v1(q:) =d;10:1(fj—1), that is, 91(qx) is irrational. Suppose now
that qx isnotsimple: qr=qr)qx@ * * * Qe (m), m>1. Since #x(p,1=1,2, - - -, m,
belong to the initial segment u,, #s, - - -, #x—1, we have

01(0x () = n1(ur ), l=1,--,m,

and v1(qx) =01 (ury) + -+ + Fv1(Urm). Let vi(urny) =7ey +sey01(fi-r), where
7y is a non-negative rational number, and s (; is a non-negative integer,
I=1, - - -, m. The numbers 74, Sk(;y are independent of the valuation v;:54;
is the exponent of f;_; in %y, while iy =v1 (% fi—1 €Xp sk(p) is the same for
any v,E€ V4, since #r(y/fj—1 €xp Sk(y is a monomial in %, fi, fa, - -+, fie. If
now v & V; is taken such that v;(qx) is irrational (=d;_1v:1(f;—1)), we have that
fk(l)+ .. +7k(m)=0y whence TeQ)= * * ° =1’k(1)=0. But then vl(u,,(;))
=skmt(fim) for every v, €V, I=1, - - -, m, whence v1(qz)=(sry+ - - -
+skm)?1(fi—1), that is, v1(qx) is irrational for every v; & V1. This is a contradic-
tion.

COROLLARY 3. All the v-ideals q; with d;—w(fi—1) Sv(a:) Sv(f;) are simple.
Proof. For v(q;) =d;_1v(f;—1), this is Corollary 2. If v(q:) =v(f;), then q; is
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certainly simple, since v(q;) is irrational, while v(q;), v(q2), - - -, v(q:—1) are
rational. Suppose v(q:)=wu;<v(f;), 2>k, where v(u;)=d; v(f;_1). Since
o(#i1) 2dj12(f;—1), there exists by Theorem 8.3 for any irrational num-
ber 7, v(u;_;) <7 <v(u;), a rational rank 2 valuation »; of Z over K with
v1(x) =1, v1(y) >0 such that u,(f;) =v(f:), ¢=1, -+ -, j—1 and v (f;)=7. The
first 4 vy-ideals (in K [x, y]) may clearly be described in the following manner :
the Ith v;-ideal, I =4, has a basis consisting of f; and the monomials %, with
k=1l. Hence, qi, qz, - - -, q: are the first ¢ v;-ideals. Moreover, since (f;)
<wi1(u;), we have that v(q:) =v,(f;) =7. This case, however, has already been
considered. This completes the proof.

COROLLARY 4. Every v-ideal q; with d;_1v(f;—1) <v(q:) Sv(f;) belongs to a ra-
tional rank 2 valuation v, of Z over K with vi(x)=1, v;(y) >0, with fi, - - -, f;
as associated polynomials, and with a1, - - -+, Qi as first v-ideals, such that
v(q:) =u(fy) =1".

Proof. This has just been proved in Corollary 3.

Let v be a rational rank 2 valuation of £ over K with v(x) =1 and v(y) >0,
and let fi, fo, - - -, fo be the sequence of polynomials for » introduced in
Theorem 6. We have v(f;)=r;/s;, ri, s; positive integers, (r;, s;)=1, i=1,

-+ -,n—1,and v(f,) =7 is irrational. Every z-ideal has a basis consisting of
monomials in x, fi, - + -, fa, thus every ideal has a value u/t+vr, u, v non-

negative integers, where t={,_;=lc.m. (s1, - - -, Sn—1).
LemMa. Ifv(F(ew, - - =, ax)) >v(F(Bo, - - -, Br)) +v(fir) =1, 0=, 0=8;
1=0,1, - - -, R, then there exist non-negative integers o, 8¢ such that ! 23!

v(F(aﬂ,y A '1ak, ))—_-U(F((Yo, ° '7ak))yv(F(60’) i .?Bk,:))=v(F(BO, °t '167&)):

Proof. The proof is by induction on k, being trivial for 2=0. (That is,
ao>ﬁo—1, whence aogﬁo.)

First, if ax <fBx then v(F(ao, - -+, ar-1))>v(F(Bo, + + -, Br-1))+ov(fr) —1,
so that by induction we may assume a;=f;, ¢=0, 1, - - -, k—1. Factoring
out F(Bo, - - -, Bs_1), we may assume Bo=01= - -+ =8r_1=0. Assuming
Bo=B1= - - - =P4_1=0, let a; be as large as possible, that is, let oz = max ay’
over the set of monomials F(a¢, - - -, ai) of value=v(F(ay, - - -, ai)),
where 0=a/,7=0,1, - - -, k; that is, we may without loss of generality sup-
pose that a) Sa; if v(Flad, - - -, o)) =v(F(ao, - - -, ax)), where 0=Za/,
2=0,1, - - -, k. Thena; = Bs. Infact, supposing ay <8, thenv(F(ag, -+ - -, 0r_1))
>v(fr) +9(ferr) —1 >dw(fr) +o(fr) —1. Now dw(fi) =v(F(yo, - - -, ¥%-1)). By
induction we may assume that e;=7;, 2=0, 1, - - -, k—1. But then

v(F(ao, oty Oy ak)) = v(F(ao — Yoy * ", Qk—1 — Yi—1, Ok + dk))

which is in contradiction with the maximality of a;.
Second, if ) =B, we may assume, factoring out f; exp B, that 8, =0. As-
suming By =0, let a; be as small as possible, that is, let a;=min a)' over the
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set of monomials F(ad', - - -, ai') of value=v(F(ay, - - -, ax)), where 0=a/,
1=0, 1, ..., k. Then certainly oa;<di, whence v(F(ag, -+ -, ai.))
>v(F(Bo, * * * , Br1))+v(fr) — 1, since v(fiy1) >v(fi®) >ov(fi®). The proof is

thus complete by induction.
The essential facts of the following theorem have already been proved for
n=1. Principally on the grounds of simplicity, therefore, we assume n>1.

THEOREM 11. Let v be as in the lemma, and let n>1.

1. If v(q:)=u/t+vr, then q:=q;qk, where v(q;)=u/t, v(qs) =v7; G, Q;, Gk,
v-1deals for v.

2. If v(q:;)=m7 (¢>0) and v(qiy1) =u/t+vr then v<m and q;=q;qr where
v(q;) = (m —v)7, v(qz) =v7; q, Q;, Gk, v-ideals for v.

3. If v(q:;)=m/t (m an integer), v(qiy1) =u/t+vr and v#0, then u<m
and q;:=q;qx where v(q;) =(m—u)/t, v(qx) =u/t, qi, Q;, Gk, v-ideals for v.

Proof. 1. We have to show that if v(F(ao, - -+, a,))=u/t+vr then
Flow, « + -, an) =2 a:(x, )bs(x, ¥), a;, b;EK [x, y], with v(a;) = u/t, v(b;) Zvr,
where Y is the summation of a finite number of products a:b;. This is clear
for v(F(a, - - -, a,)) sufficiently large; in fact, let ko, k1, « + «, kn, bo, bty + + +, 1
be integers such that kew(x) = u/t, kw(fi)Zu/t, - - -, ko(fa) 2 u/t, low(x) 2 vr,
ho(fiyZor, - - -, Lo(fa)Zvr. If, now, v(Flao, - - -, an)) Zv(Flkotlo, - - -,
ko.+1,)) then a;=k;+1; for at least one 7, 1=0, 1, - - -, n; if OwZkmn+tin,
say, then F(ag, * * +, &) =0(fm exp kmn-+1.)=0(q;q:). Hence in the proof we
may assume that all monomials of value greater than v(F(ay, - + -, au))
are in q;qx. Moreover, if v(F(ag, - - -, an))=v(F(QB, -+, B.) then
v(Flao, - - -, an)—cF(Bo, - - -, Ba))>v(Flao, - -+, @,)) for some ¢EK,
so that F(ayg, -+ -, a,)—cF(B, - - -, Ba) is a sum of monomials of value
greater than v(F(ag, - - -, a,)), since every v-ideal g has a basis consisting of
monomials in x, fi, - - -, fa. Hence it is sufficient to prove F(ay, - -+, a,)
=Y a:b; for some monomial of value equal to v(F(ao, - - -, a,)). If w/t+ovr
=9(F(B, - -+, Bn1, v)) and a,=v, then this is clear: F(ay, - * + , an_1, &n)
=F(ag, - * *, An-1, @n—0) - fa=0(q;qx); if ¢, <, then by the lemma we may
assume a;=0;, 1=0,1, - - -, n—1, whence F(ao, * - -, @a_1, o) = Flag—fh,
« A1 =By, @s) - F(Bo, - - -, Ba-1)=0(qxq;). This completes the proof.

2. Let [r] indicate the greatest integer equal to or less than the real num-
ber r. If q is a v-ideal then 1+4v(q) is the value of some v-ideal, whence
2(q:i+1) —(q:) 1. Since 7 =v(f,.) 2 v(f2) > diw(f1) 2 v(x) =1, we must have v <m.
Moreover, v =m is impossible; in fact, v=m implies >0 and mr < [u+mtr]/t
<u/t+mr. By (a) of Theorem 6, [u+mtr]/tis the value of a v-ideal; this is a
contradiction. Hence v<m. The only monomial of value mr in q; is fy
(=f7""f), which is clearly in q;q:. For monomials F(ag, - - -, a,) of value
=u/t+ovr, we have, as in 1, Flaq, - * -, a.) =2 ab:, with v(a;) = u/t, v(b;)
=ur; since u/t> (m—v)7, a;E<q;, whence F(ay, - - -, a,)=0(q;9x). This com-
pletes the proof.
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3. Here u/t+vr—1<m/t<u/t+vr, since v(q:y1) —v(q:;) <1 (equalities are
excluded since 7 is irrational and »7£0), so that not only m>u, but
(m—u)/t>71—1=v(f,)—1. Hence it follows from the lemma that there exist
non-negative integers a;, B:; with a;=8; such that v(F(o, -+ +, @)
=m/t>u/t=v(F(Bo, - + -, Bn-1)), whence at least one monomial of value
m/tis in q;qx. For monomials of value greater than m/¢, the proof goes as in 2.

THEOREM 12. Let v(q:) 27, v as in Theorem 11. The v-ideal q; is simple only
if of the numbers v(q;), v(qiy1), one is rational and the other an integral multiple

of 7.

Proof. If v(q;) =u/t+vr, w0, v#0, then q; is not simple by Theorem 11.1.
If 9(q:) =m7, v(q:ip1) =u/t+v7, and 950 then 0 since v <m. Hence q; is not
simple by Theorem 11.2. If (q;) =m/t, m an integer, t=4£,_1, v(qiy1) =%/t +vr,
u, v integers, and if, first, 740, then either #0 and q; is not simple by Theo-
rem 11.3, or #=0 (and there is nothing to prove). If =0 then by (a) of Theo-
rem 6, v(q;41) = (m—+1)/t. Let qi be the first v-ideal after g; of value u/t+or
such that v5£0. Then also 0. In fact, if =0 then v>1. Moreover,
7>d,_10(fa1) =k/t, k an integer, whence [tr]/t=k/t=d._1w(fa—1). Hence, by
(a) of Theorem 6, there exists a v-ideal q; with v(q;) = (w—1)7+[tr]/t. i <j<E
since 0 <7— [tr]/t<1/t. This is a contradiction, since v—10. Hence % 0.
Then u <m and ¢;=q,q;, with v(q;) = (m —u) /¢, v(q;) =u/t. In fact, proceeding
as in Theorem 11, we need only prove that some monomial of value =v(qg:)
=m/t is in q;q; (because at the same time this proves that some monomial
of value =v(q:/), <1’ <k, is in q;q;). To prove this it is only necessary, by (a)
of Theorem 6, to show that m/t—u/t>7—1 (the proof then proceeding, by
means of the lemma to Theorem 10, as in Theorem 10.3). If v>1 then
u/t+(@w—1)r<m/t, whence m/t—u/t>@w—1)r=71. If v=1 then u/t<7. In
fact, if u/t>r then u/t>d,_w(f._1)=k/t, k an integer, whence (u—1)/¢
=d,10(fa1); by (a) of Theorem 6, (¥ —1)/t+7 is then the value of a v-ideal,
whence (u—1)/t+7<m/t, or u/t+71<(m-+1)/t: this is a contradiction since
we are in the case v(qip1) = (m+1)/t<u/t+vr=u/t+7. Since v(q:) =u/t <7,
we have v(q;_1) =#'/¢t, 4’ an integer (I—1 possibly =0), and »/t—u'/t<1.
From «'/t+7<m/t follows: m/t—u/t>7—1. This completes the proof.

Let v be as in Theorem 11, gy, G2, - - - the Jordan sequence of 0-dimen-
sional v-ideals.

TueEOREM 13. If of the numbers v(q;), v(qir1) one is rational and the other
an integral multiple of v, then q; is simple.

Proof. a. Consider the case v(q;) =v7, v(qi+1) =%/¢, # an integer. Consider
the ordered set of numbers, v(q;), (a2), - - - v(qi-1), v(q:), v(qis1), - - -, that
is, the numbers

(1) s ,m/t+ onr,vr, uft,
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We shall show that there exists a rational rank 2 valuation v; of 2 over K
with 22(x) =1, v2(¥) >0, »(f;) =v(fi), 2=1, - - -, n—1, v2(f,) =7’ such that the
set of numbers: v:(q), v2(q¢), - - -, v2(q/-1), 22(q/), v2(q/41), + - -, where
a/,q7, - - - is the Jordan sequence of 0-dimensional ,-ideals, is the sequence:

(2) ceeymft+ ', uft, o, - -

This implies that g; is simple. In fact, every v,-ideal ¢’ has a basis consisting of
monomials F(ay, - - -, a,), @; non-negative integers, =0, 1, - - - , n—1. This
follows for the v.-ideals exactly as for the v-ideals. We can now assert that
q=a, - -+, g =q{. For example, to prove g;=gq/, let F(ay, - - -, a,)Eq;,
whence v(F(ag, * + * , @n-1)) F a7 =vr. Hence v(F(o, - + + , an_1))+a,7 is not
among the first 4—1 numbers of (1), hence va(F(ao, * * +, 1)) Faar’
(=v(F(ao, * + + ,a@n_1))+a,r’)isnot among the first . — 1 numbers of (2). Hence
vo(Floto, + = -, @q1))tan,t'=u/t, whence Flay, * ¢+, an1, as)Eq!. Thus
a:Zq!. Similarly ¢/ Cq;, whence q;=4q/. Similarly, qi=q{, - - -, qic1=0¢/-1.
Now suppose ;= q;q9x. Since v(q;) =vr, we have v(q;), v(q) are integral multi-
ples of 7, say v(q;) =p7, v(qx) = (v—p)7. Since j<i, k<%, the numbers p7’,
(v—p)7’ are the jth and kth numbers in the sequence (2). Hence v.(q;) = p7’,
v2(qi) = (v—p)7’, and v2(q;) =v7'. This is a contradiction.

Thus i¢ remains to prove the existence of the valuation v;. Suppose that
there exists an irrational number 7’ such that the set of positive numbers
{a0+a1v(fl)+ e Faa g v(fan) Fanr’ }, a; non-negative integers, ordered
according to magnitude, is the sequence (2); then 7’ >r is immediately im-
plied by (2) and (1): 7’ >u/vt>7. The existence of the valuation v; is then
given by Theorem 7. Thus it remains to find 7’.

Consider the sequence obtained by multiplying (1) by t=¢,_1, that is, the
sequence

1) s ym+ n(tr), v(ir), u, - - - .

This set of numbers will be contained, in the same order, in the set of positive
numbers {g+Ah(tr)}, g, h non-negative integers, ordered according to mag-
nitude, and, in fact, (1) can be obtained from that sequence by first dropping
the numbers k+4I(¢7) in which %k is not of the form #(ao+aww(fi)+ - - -
+on 19(fao1)), @, 01, - -+, sy Nnon-negative integers, and then dividing the
sequence by ¢.

Now we assert that the numbers v(¢7),  which are successive in (1’) are
also successive in the ordered set of numbers {g+h(tr) }. In fact, let k+1(tr)
be the number immediately following »(¢7) in the sequence { g+h(tr) } Since
o(tr) < [v(tr) +1] <v(tr)+1, necessarily 0<k+I(tr)—v(tr) <1, whence I<v,
and k> (v—Dir=tr=tv(f.). Hence by (a) of Theorem 6, k is of the form
Haotaw(fi)+ - -+ +anv(fam1)). Hence k/t+Ir succeeds vr in (1), whence
I=0and k=u.

Let then the sequence of numbers {g+h(tr)} be
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1,---,p+ q@r), v(tr), u, - - - .

From our consideration of valuations given by y=x’, there exists an irra-
tional number 7’ such that the ordered set of numbers { g+hr@r )} is the se-
quence

1,---,p+ q@tr"), u, v(tr'), - - - .

Dropping from this sequence the numbers k+I(¢7’) in which k is not of the
form t(ao+aw(fi)+ - - - +a.9(fa1)), and dividing by ¢, we obtain the se-
quence (2). This completes the proof in case a.

b. This is the case: v(q;) =u/¢, v(qi+1) =v7. The proof is almost the same.
Here the sequence v(q1), v(gz), * * - , 2(qi-1), ¥(qs), 9(qst1), * * - is the sequence:

(1) cee,m/t+ nr, w/tvr, - -
Multiplying (1) by ¢, we get the sequence
(1,) AN (4 + n(tT)! u, 'l)(t‘l'), vt

which we wish to compare with the ordered set of numbers {g+k(tr)}, g, k
non-negative integers; namely, we wish to show that # and v(¢r) are successive
in the set { g+nrr) }, ordered according to magnitude. In fact, let k4-I(tr) be
the number immediately preceding »(¢7) in the set {g+h(t1-) } Then I <v and
kE+14+1(r) >v(tr) (clearly B+14I(tr) 2 v(ir); equality is excluded since k+1
is an integer, while (v—1I)¢r is not), so that k+1> (v —2)iT 2 tr > tdw19(fn),
whence k2 td,_1v(f.1) since &, td,_19(f.—1) are integers. Hence, as above, =0,
k=u, and we can find an irrational number 7’ such that the ordered set of
numbers {aotaw(fi)+ - - - +on19(fa) +a,r’} is the sequence

(2) cee,mft+ nr vt uft, -

However, it does not follow as in (a) that there exists the required valuation v,.
For v>1, however, it does follow. In fact, (v —1)7+d,_19(fo—1) Su/t, since u/t
and »r are successive in (1), and if v>1 then (v —1)74+d._19(fa—1) <u/t, equal-
ity being excluded since u/t is rational while (v—1)7+d.—1v(f.—1) is not.
Hence, by (2), (v—1)7"+d .10 (f.—1) <vr’;hence 7' >dn_19(fn_y). Thus forv>1
the required valuation v, exists by Theorem 8.3.

For v=1, the fact that q; is simple is given by Corollary 3 of Theorem 10.
This completes the proof.

CorOLLARY. If v(q:)=u/t, v(qiy1) =vr or if v(q:)=vr, v(qiy1) =u/t then
(u,v) =1 and u/v is an approximant or quasi approximant to tt; and conversely.

Proof. The direct statement follows by Lemma 1 of Theorem 4 from the
fact that u, v(¢7) (or v(¢r), u) are successive in the ordered set of numbers
{ g+h(tr) } , 2, h non-negative integers. Conversely, let #/v be an approximant
or quasi approximant to (7. Since v is of type n>1, 7 =v(fa) Zv(f2) >d1v(f1) 21,
since dyv(f1) is a positive integer. Hence v/u is certainly an approximant or
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quasi approximant to 1/¢r (<1). Hence by Lemma 1 of Theorem 4, u, v(ir)
(or (¢7), ) are successive in the set {g+h(tr) } .Nowr>d,19(fra)=Fk/t, kan
integer, whence u = [tr]=k=td,_w(f.-1). Hence by (a) of Theorem 6, u/t is
an element of (1); that is, u/¢t, v7 (or vr, #/t) are successive in (1). This com-
pletes the proof.

7. The quadratic transformation 7" and rational rank 2 valuations. As al-
ready indicated, Theorem 9 allows us in the study of valuation ideals to re-
strict ourselves to rational rank 2 valuations, at least if the study is confined
to the ring O=K[x, y]. We wish now to see to what extent the same restric-
tion can be made when the transformation T and the ring O’=K[x’, y'] are
also involved.

Let, then, » be a 0-dimensional valuation in which, without loss of gen-
erality, we assume v(y) >v(x) >0. T is the transformation:

T: =2 o =y/x =12, y=14ay.
Let fi(x, ¥), f2(x, ¥), - - - be the (finite or infinite) sequence of polynomials
introduced in Theorem 6. From these polynomials, we wish to derive poly-
nomials f{ (x’, ¥'), f/ (x’, ¥’), - - -, in the ring K [x’, ¥'], satisfying Theorem
6 for v. In accordance with (b) of Theorem 6, let ¢;_y=deg,f:.

LEMMA. fi(x, y) =fi(x’, x'y") =0(x’ exp t;1), fi(x', x'y') #£0(x" exp t;1+1).

Proof. The proof is by induction on 2. For =1, deg,fi=1, and f, is monic
in y, whence fi(x, y) =fi(x’, x'y") £0(x'?); since v(f1) >0, fi(x, y) =fi(x’, x'y’)
=0(x’). For i>1, deg,(fi(x, ¥) —f& (%, )) <deg,f:(x, y), whence, by (c) of
Theorem 6, f;—fi " is a sum of monomials in «x, fi, - - -, fi_1 with distinct
values:

d(i—-1)
fi _fi—l = Z C(“Or R ai—l)F(am AR at‘*l)) 5(0'07 ) ai—l) e Ky
0=a, 0= <di, k=1, -+ -,1—1. Hence

d(i—1) d(i—1)

v(F (o, + - -y @im1) Z o(fi — fimr ) = o(fi
for each term of the sum ) ; that is,
1 a0+ aw(f) + - - - + aiv(ficd) 2 diw(fi).
By (3) and (5) of Theorem 6,
diydegy fio1 = dideg, fi + (d2 — 1) degy fa+ - - - + (diey — 1) deg, fir

and

)

di1w(fie1) > dw(fy) + (d2 — Do(fo) + - - - + (dicy — Do(fia).
A fortiori,

d.'—l(‘v(fi—l) - degyf.'_x) > al(v(fl) - degvfx) S o ai-l(z’(fi—l) — deg,fi-1).
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Combining this with (1) we have,
ap + aydeg,fi + - -+ + a1 degyfio1 > di_y degy,fi-1 = deg,fi.

Hence f(x, 3) —fi 2 (x, y) =fi(x’, x'y") —fE&70 (', x'y)=0(x" exp tis+1),
by induction. Also by induction,

fG ) = £S5 (@ #'y) = 0(a! exp i)
but
=D, ,
fior (&, &'y') # 0(«" exp tis + 1),
whence
fi(x, y) = fi(«', «'y") = 0(2" exp t;1),
but

fil#', 2'y') # 0(«" exp tio1 + 1).

This completes the proof. We also make the remark (already proved) that if
0<aip<di, k=1, .-, 4—2, then v(fi1) —degyfi1>a1(v(fi) —degy,fi)+ - - -
+ai_o(v(fi_s) —deg,fi—s). Note also the following : deg,f; =subdegree f;(=de-
gree of the leading form of f;).

THEOREM 14. We place
&, y) = fu&, £'y')/ %" exp ti_s.
The elements f! (x', y') are polynomials in K [x', 3" | and satisfy Theorem 6 for v.

Proof. That the fi(x’, ¥’) are polynomials, and, moreover, monic in y’,
is the content of the lemma. We proceed now by induction on 7. Note that
v(f:) —o(f!) is an integral multiple of »(x), in fact equals ¢;_v(x). Since f{
is monic, of degree 1 in y’, it follows as in Theorem 6, that any polynomial
g(x’,y")EK [x’, y'] with v(g) <v(f{) has an integral multiple of v(x) as value;
that is, (2) of Theorem 6 is satisfied for 1=1. For ¢>1, (3) is trivial since
deg,fi=degyf!; (4) follows directly from the remark that v(f!)—o(f;) is an
integral multiple of v(x), and the fact that all the groups D; involved contain
the group of integral multiples of v(x). (We assume by induction that
Ai—-l =A."_1.) As fOl' (5),

o(f) = o(f) — tiw(x) > diyv(fior) — timav(%)
= dia(v(fl-1) + tiov(x)) — fiow(x) = diorw(fi-).
Thus it remains to prove (2). Explicitly stated, we have to prove that
if g(x’, ¥') € K[x’, '] has value less than the value of f/ then v(g)
=v(F'(ao, - - -, @;_1)) for some integers ay, o, - - - , @;—1, where F’ is a mo-

nomial in the f;. Since f/ is monic in y and v(g) <2(f;), reducing g(x’, ¥’)
mod f{(x’, ¥’), we may assume m =deg, g(x’, y") <degyf;. But then
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g(x,r yl) = g(xr y/x) = g,(xv y)/x”‘, g,(x» y) € K[x’ y]‘

Hence v(g’) =mv(x)+v(g) <tiw(x)+v(f!)=v(f;), whence v(g’) EA;_;. Since
v(g’) —v(g) is an integral multiple of v(x), (2) now follows. Note finally that
if the sequence fi, fa, + - - is finite, then the sequence f{, fs, « - - is finite, and
of the same length, as follows at once by considering the 1-1 correspondence
with the groups A;. This completes the proof.

We now derive a theorem which is a continuation, in a sense, to Theorem
9. Let v, be the rational rank 2 valuation introduced for v in Theorem 9.
If 7 is the least irrational 9;-value assumed by elements in O then we have
seen by Corollary 1 to Theorem 9 that for certain integers s it is true that
the v1-ideals of value less than st are the first v-ideals for ». Note that in
Theorem 9 we now have 7> 1, since we are assuming v(y) >v(x) >0.

THEOREM 15. Let v and v, be as in Theorem 9; let T be the least irrational
v1-value assumed by elements in O, and let v’ be the least irrational vi-value as-
sumed by elements in O'. If for some integer s the vi-ideals in O of vi-value less
than st are the first v-ideals for v, then also in O’ the vi-ideals of vi-value less
than st’ are the first v-ideals for v.

Proof. Let f1, - - -, fiy1 be the polynomials of Theorem 9, and consider the
elements F(ay, * * +, aj aj1), 02 ap, 05 a;<d;, =1, - - - ,7,0=0a;1<s. Any
two of these have distinct v;-value and, by Corollary 2 of Theorem 9, the
integer s is bounded in such manner that they also have distinct v-value. We
may therefore order these elements according to their v- and v;-values, ob-
taining the simple sequences

(l) Uy U2y * * *
(2) Wiy, Wy * *
respectively. Let qi, gz, - - - ; 0%, 6%, - - - be the Jordan sequences of 0-dimen-

sional valuation ideals for v and 9, respectively. If v (wi) <v1(f}41) <v1(Wi41)
then, as in Corollary 2 of Theorem 9, u;=w;, =1, - - -, k. In the ring
O’'=K|[x’, '] consider the elements F'(aq, - -+, e, a;41), with the same
limitations on the a;. Now if

(3 v(F (a0, -+ -y @z1)) < VF Bo, - -+, Bin)) < sv(ffs1)

then

4) vFlao+m— oy, a1, -, @541) <vFBo+m— 028, -+, Bit1))
< s9(fi41)

where m =s-deg,fi1, o1=deg, F(0, a1, * + +, @j1), o2=deg,F(0,0, - - -, Bis1)-
Since o1 <m and 03 <m, the elements evaluated in (4) are in K [x, y], whence
the inequality (4) holds with v replaced by v, whence it follows that (3) holds
with v replaced by v,. Likewise, any two distinct F/(ay, - - -, aj1) have dis-
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tinct v-value. Hence the elements F'(ay, - - -, aj+1) can be ordered according
to their v and »;-values to yield the sequences

(1) i, uf, -,

(2" wi, wi, -,

respectively, and if vi(w/) <o(fj;;) <v(wiy1) then u! =w/, i=1, - -, L. It

follows now in a manner several times employed that the first / valuation
ideals in O’ for vy coincide with the first I for v. This completes the proof.

Theorem 15, like Theorem 9, will be used to replace a given valuation by
a rational rank 2 valuation.

CoOROLLARY. Theorem 15 also holds for a rational rank 2 valuation v (of

type not less than j+1) having fi, - « -, fi+1 as the first j+1 associated polyno-
mials, and such that v(f;)=u(fs), 1=1, - - -, J.

8. The transform of a simple v-ideal, general case. We come now to the
proof that the transform of a simple v-ideal is simple. As usual we assume
v(y) >v(x)>0; and T is the transformation

T: =2 9y =9y/x; x=1a, y=4y.
THEOREM 16. The transform of a v-ideal q is a valuation ideal for v.

Proof. If v is not already of rational rank 2, let v, be a rational rank 2
valuation, as given in Theorem 9, such that v,(q) <sv(f;+1) and such that the
vi-ideals of v;-value less than svi(fj41) are also the first v-ideals for v. We assert
that v.(7T(q)) <sv1(ff+1). In fact, the ideal q has a basis consisting of fj,; and
of elements F(ay, - - -, aj, @j11), 0=y, 05 a;<d;, =1, - - -, j, 021 <s.
Placing

h = h(q) = min {ao + 2 aideg,f:}

over the elements of this basis, we have v:(T(q)) =v:1(q) — k. Clearly kA =deg,fi,;.
If equality holds, the assertion follows at once. Supposing % <deg,f;,;, then
for at least one of the basis elements F(ey, - - + , @j1), it is true that

v(F(ae, -+ 4 1)) — (@0 + D i degyfs) = v(T(a)),

whence the assertion follows from the remark at the end of the lemma to
Theorem 14. Hence, by Theorem 15, if T(q) is a v;-ideal it is also a v-ideal,
and we may pass from v to v;, that is we may assume without loss of generality
that v is rational rank 2.

We now prove a lemma.

LEMMA. Let 0=5a:<d;, t=1,---, j; 0=Zajn. If the subdegree k of
F(0, au, - - -, aj1) is equal to or greater than h="h(q) then

vFO, oy, - -+ @jpr)) — k2 0(q) — k.
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Proof. The proof is by induction on k. In fact, let 2> k. Since subd fi=1
and v(f;) > 1=v(x) we have, if a150,

vF(0, ai, -+ - 1) — k> 0F (0,00 — 1,00, -+ - ,aj41)) — (B — 1) = v(q) — &,
by induction. If oy =0, let ay= - - + =a;; = 0, @; #0; then
v(F0, a1, +++ , ajy1)) — k
' >oF0,81—1,-+-,diis— 1, i = L, @iq, -+, @j11)) — (B — 1)
Z 2(a) — &

by induction. Thus it remains to prove the lemma for k=#h. In the case
k=h, let F(Bo, - - -, Bjy1) be an element of q of subdegree k. Clearly
a2 B If a;=p;, 2=1, - - -, j+1, then By=0 and the lemma is trivial.
Otherwise, let ;41 =841, * * * , @jy1=Bj41 but e;>B:. Then clearly,

ka(O,a1+d1 —Buartda—B2—1, - @i+ di—Bi— 1, a1 — Biy1 — 1)
> ﬁov(x),

since both terms evaluated have like subdegree, and v(y) >v(x). The lemma
is an immediate consequence.

To proceed with the proof of the theorem, let g(x’, ¥')EL’, with v(g)
Z9(T(q)): to prove g&ET(q). We can write g(x’, y’) =Ec(ao, cee, @)
“Fl(ag, * * + ,aj41), wherez is a finitesum of terms with distinct value. Thus it
suffices to assume g= F'(a, - * *, ajy1), where 0 S, 0= ;<d;, =1, - - -, 7,
0 =Za; 1. Clearly, if g is sufficiently large then g & T'(q); in fact, if v(x*@) 2 v(q)
then x’=® arises from x*©@+* and g is a multiple of x’*®. Thus we may as-
sume that if A(x’, ') =0(x'*®+1) and v(k) Zv(7T(q)) then k(x’, y')ET(q). We
now make an induction on k=subd F'(0, a1, - - + , @j1). If E<h then g(x’, y’)
arises from F(ao+h—k, oy, - - -, aj1). Let, now, k> k. If o >0 then by the
lemma F'(ao, 01 —1, ag, + + + , aj1) has value not less than T'(q), and hence is
in T(q) by induction, whence also g&T(q). If 1=0, let ay= - - - =a;_1=0,
a;7#0. Then

F,(a()yoy'" vosai"'° vai+l)
=f{ Flao,dr— 1, -+, dici— 1,00 — 1, aiy1, -+, @j11)
+ O+, 4,
where k(x’, y’) € ©’. The first term on the right is a multiple of
F'(ap, d1—1, - -+ ,dia—1, ;—1, ai1, + - -, @j1), which by the lemma has
value not less than T'(g), and hence is in T(q) by induction. Hence also the

second term has value not less than T(q), and since it is divisible by x’a(®+!
it also is in T'(q). Thus g&T(q). This completes the proof.

THEOREM 17. The transform by T of the ith simple v-ideal PB; is the (i —1)th
simple v-ideal P!_;.
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Proof. As in the previous theorem, if v is not already of rational rank 2
then there exists a rational rank 2 valuation v, such that the v-ideals up to
and including ; coincide with the v;-ideals up to and including PB; and such
that the v-ideals in ' up to and including T'(B.) coincide with the v;-ideals
up to and including T(P:). Hence P is also the sth simple v;-ideal, and if
T(P.) is the (1—1)th simple v;-ideal then it is also the (¢—1)th simple v-ideal
for v. Thus we may pass from v to v;; that is, without loss of generality we may
assume v to be of rational rank 2.

Let 7 be the type of v with respect to the ring K [x, v]; fi(x, ¥), - - -, fa(x, ),
the polynomials introduced in Theorem 6 for v, and let v(f,) =7. The proof
is by induction on n. For n=1, the proof has already been given in Theo-
rem 5. For n>1, every v-ideal of value equal to or less than d,_v(f.—1) be-
longs also, by Theorem 10, to a rational rank 2 valuation v’ of type n —1 with
respect to K [x, y]: and moreover v’ exists such that P, is the ith simple
v’-ideal. (Here also, by corollary, Theorem 15, if T(P;) is the (1—1)th
simple v’-ideal, then it is the (—1)th simple v-ideal.) Thus we may assume
v(P:) >dn_1v(f+—1) by induction. If v(B.) <r=v(f,) then, by Corollary 4 of
Theorem 10, P; is also the ith simple valuation ideal for a rational rank 2
valuation v’, of type n with respect to K [x, y] and with fi, - - -, f, as asso-
ciated polynomials, such that v'(B;)=7"=v'(f,). In short, we may assume
without loss of generality that v(B;)=7.

Let .q be the immediate successor of P; in the sequence qi, g2, - - - . By
Theorem 12, either v{B;) =s7, v(q) =7/t or v(B;)=r/t, v(g) =s7, s, r positive
integers, t=t,_=deg,f.. The two cases are not really different, since, sup-
posing v(PB;) =r/¢, there exists a second valuation v" with fj, - - -, f. as asso-
ciate polynomials such that qi, Gz, - - -, B, are the first v’-ideals in K[, y]
and such that v'(P;)=s7’, where 7'=v'(f,). We suppose therefore that
v(PB;)=s7, v(q)=r/t. If F(ao, - - -, a,)EP: then, just as in the lemma to
Theorem 14, since v(F(ag, - - -, o)) Zv(fs), we have

xaw)f:(l)(x, y) e fi(x, 9) = 2 URC W ) e 2 (, wy) = 0™,
Also fi(x, y) =fa(x', x"y") #0(x"**+!), whence, from the definition of T, »(T'($.))
= 9(B;) — st. Now v(f.) —v(f+ )=t¢, whence, placing v(f)=7', »(T(P)) = s7’.
By the corollary to Theorem 13, /s is an approximant or quasi approximant
to tr. Since 7’ =7 —1, clearly (» —st?) /s is an approximant or quasi approximant
to tr’. By the corollary to Theorem 13, then, s7’(=min (s7’, (r—st?)/s)) is
the value of a simple v-ideal for v in K [x, y]. Since(3) T(B:) is a v-ideal, it is
therefore a simple v-ideal. It remains to prove that T(%P;) is the (z—1)th
v-ideal in K[x’, y'].

(®) In the case of a simple v-ideal P, the proof that T'(B;) is a valuation ideal for v is quite
immediate. In fact, let q’ be the v-ideal in K [x’, y'] having value sv’. We have T($:) Cq’and we
wish to prove q'C T(B:). Let g’(x’, ) E q’. Since v(q") =v(f) and since f, is monic in y’, reduc-
ing g’(x, ") mod £, we may assume m=deg,g'(x’, ¥') <degyf. =st. There follows: g’(x’, ¥’)
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We have shown above that if v(B;)=v(f;) then v(T(P.)) =v(f*); simi-
larly one shows that if v(Pi) =dn—19(fa1) then v(T(Bi)) =dn19(f4—1) whence
v(Br) —v(T(Pr)) =dna9(fn1) —@na19(fa—1) =dnstn2=t,1=t. (The ideal of
value d,_1v(fa_1) is simple by Corollary 2 of Theorem 10.) Also, if »(P:) =7
then v(PB;) —v(T(P:)) =¢. Hence if q is a v-ideal for v with P DqD Ps, the in-
clusion being proper, thenw(q) —v(7T'(q)) =¢also, T(PB:x) D T(q) D T(P:),and each
inclusion is proper. Hence there are at least as many v-ideals between T'(P:)
and T(P;) as there are between PB; and P.. Since q is simple by Corollary 3
of Theorem 10, T'(q) is simple, and there are at least as many simple v-ideals
between T'(B:) and T(P;) as there are between P, and P,. If, in addition,
there are not more v-ideals between T'(Pi) and T(B;) than there are between
Br and P; then the present theorem certainly holds up to i, since by induc-
tion it holds up to Pi. This is the case. In fact, as we have seen, v(T(B:)) =7,
and every v-ideal in K [x’, y’] preceding T(;) has rational value #’/¢t, 4’ a
non-negative integer. For every integer 4’ such that v(T(Bx)) <u'/t <v(T(B.))
there exists, by (a) of Theorem 6, a v-ideal for v in K[x’, y’] with value «’/t.
Thus there are as many v-ideals between T(Pi) and T(PB;) as there are in-
tegers in the interval (to(T(Bx)), tv(T(P:))). Since v(PBx) —v(T(Px)) =(B:)
—o(T(B;)) =¢, an integer, there are the same number of integers in the in-
terval (tv(PBr), tv(P:)). By the reasoning just used, this is the number of
v-ideals between PB; and PB;, which was to be proved. Hence T(P;) = B/ if
v(PB;) =7. Placing 9(P.») =7, we have T(PBm) = Pm-1.

Returning to the general case: v(P;) =s7, v(q) =r/¢t, we know that r/s is
an approximant or quasi approximant to ¢r, say the kth. The correspondence
between the simple v-ideals and the approximants and quasi approximants
to ¢r is such that P, is the (¢ —2)th simple v-ideal after B,.: that is, s=m+k
—2. Since (r—st?)/s is the kth approximant or quasi approximant to
tr'(=t(r—t)), T(B,) is the (k—2)th simple v-ideal after the simple v-ideal in
K|[x', y'] of value 7’. Hence T(P:)= Pm—1+x—2=B/-1. This completes the
proof.
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WiLLiaMs COLLEGE,
WILLIAMSTOWN, MaAss.

=g'(x, y/x) =g(x, y)/x™, g(x, y)ED, whence g’(x’, y’) arises under T from g(x, y)x**—™. This
last element is in P; since it has value =v(g") +stgv(f:') +st.=v(f,',').



