CERTAIN CLASSES OF ANALYTIC FUNCTIONS OF TWO
REAL VARIABLES AND THEIR PROPERTIES

BY
STEFAN BERGMAN

1. Introduction. Let
(1.1) L(U) = AU/4 4+ A(dU/dx) + B(@U/dy) + CU =0

be a partial differential equation whose coefficients 4, B, C are supposed to
be entire functions of x and y.

As was shown in previous papers, with every real solution U(x, ¥) of (1.1)
it is possible to associate another real solution V(x, y) such that the class 2 of
complex solutions » = U1V obtained in this way possesses many prcperties
similar to those of analytic functions of a complex variable(!). For instance:

I. There exists a set of solutions {¢,.}, & (x, v)=U,(x, v)+iV,(x, ),
L(¢,) =0, each of which is an entire function of x and y, which can be consid-
ered as an analogue of {(x+iy)’}:

i. {¢,} behaves similarly to the powers for large values of », more ex-
actly, we have lqb,,(x, y)—H(x, y)(x-l—iy)"l =< Ci(x,9)/2(v+1) where H and C;
are entire functions which are independent of ».

il. ¢¢,, ¢ an arbitrary complex constant, is again a member of class (.

iii. Every solution # which is regular in a circle x24y2 < p? can be devel-
oped there in a uniformly convergent series, # = . a.¢, (see [4, §6])..

iv. Every « which is regular in a simply connected (closed) domain $,
(0, 0) €9, can be approximated there by a linear combination, ZZ‘_ 0P, of
the ¢, (an analogue of Runge’s theorem). See [4, §6].

II. There exist simple relations (similar to those of the theory of analytic
functions of a complex variable) between the properties of a solution # whose
series development at the origin is u = v ,_oAma2"3", z2=x-+14y, Z=x—1y, and
the behavior of the sequence {A,.o} ,n=0,1,2,3, - - .. For example:

i. u is regular in every domain in which D _z_o4mez™ is regular. (Note
that consequently the location of singularities of « is determined by the A mo,
m=0, 1, 2, - - -, independently of the coefficients of the equation.) [4, §7].

i, If Do Amo|2<  then u=) 2, oA masm2" is regular in x24+y2<1 and
possesses boundary values for radial paths of approach, almost everywhere.
Again the set of points where the boundary values exist is independent of the
coefficients of the equation (see [4, §7]).

Presented to the Society, April 29, 1944; received by the editors March 30, 1944,

(*) The conjugate V is uniquely determined by U within a fixed solution multiplied by an
arbitrary constant. ¥ and U are connected by certain linear integrodifferential relations (see
[4, §8]). The numbers in brackets refer to the bibliography at the end of the paper. The
present paper does not presuppose knowledge of previous publications.
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Clearly the results obtained about these (complex) solutions % yield cor-
responding results about the real solution U, and therefore the introduction
of the class of complex solutions indicated above represents a powerful tool
in the theory of partial differential equations.

The study of the duality which exists between the theory of (complex)
solutions #, mentioned above, and that of analytic functions of a complex
variable is essentially based on the fact that the solutions # can be obtained
from analytic functions f(z) by means of an integral operator.

w(z, 3) = P(f) = f "B, 2, Dfz(1 — £2)/2)dt/(1 — )12,

(1.2) 2= x + iy, Z=2x— 1y,
2 2 Ju(z sin? 6, 0) 1
f(z/2) = -——f z sin § ————— df + — %(0, 0).
wJy 9(z sin? ) T

Here E is a conveniently chosen entire function of z and z (which depends
only upon the coefficients 4, B, C of the equation L). When f ranges over the
totality of analytic functions of a complex variable, Reu ranges over the total-
ity of real solutions of (1.1). (f and % are supposed to be regular at the origin.)
See [3].

Remark. We note that the operator P is not defined only with respect to
some particular domain of the xy-plane; it can be shown that both functions
u(2, Z), 2 conjugate to 2, and f(2/2) are regular in the same domain of the
xy-plane, and that the representation (1.2) is valid in every simply connected
domain §, (0, 0)EF, in which u(z, 2) is regular.

DEeFiNITION. The totality of functions %, which we obtain by means of
an operator (1.2) when f ranges over the class of analytic functions of a com-
plex variable, is denoted as the class C(E); E is called the generating function
of the class C(E).

The relation (1.2) can be interpreted as a mapping, in function space, of
the class of analytic functions of one complex variable into the class of func-
tions (°(E). A more thorough analysis shows that the above-mentioned
method of investigation which is based on the study of the integral operators
of the type (1.2) is not limited to the case where the transformed functions %
satisfy equation (1.1) (see [4, §2]).

The two following properties of the set of functions are sufficient in order
to establish the duality between the theory of functions # and that of one
complex variable.

i. Every function u(x-14y, x—4y) which is regular in a domain B of the
(real) xy-plane can be analytically continued for complex values of ¥ and y
into a certain (four-dimensional) domain R(B) which depends on B but is
independent of %, and it is possible to represent % in R(B) in terms of values
of u and its derivatives on the boundary b of 8.
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ii. The generating function E is of the first kind, that is, has the form

(1.3) E = exp (— f‘ adZ)[l + 23°E*(3, 2, 1) ]

where E* is also an entire function(2) of 2, z. (Classes of functions of this kind
occur in other fields as well(®), for example, in the theory of linear partial
differential equations of order 2%, n>1.)

In this connection in [4] we considered what types of results of the theory
of analytic functions can be carried over to the theory of functions which
satisfy the conditions i and ii (above).

On the other hand one may obtain complex solutions of (1.1) using oper-
ators which differ from those described immediately above, One again ob-
tains classes of functions (U++W) where U ranges over the totality of (real)
solutions of (1.1) and W is determined in a unique way (within a constant
multiplied by a fixed function) from U by some suitable linear relation.

A particular case of this question is the investigation of classes which can
be obtained by an integral operator of the form (1.2) or similar to (1.2) but
where E is not necessarily a generating function of the first kind. (Clearly the
conjugate W corresponding to a given real solution U changes if we pass from
one generating function E to another generating function.)

One of the motivations of the study of the preceding question is the
fact that in certain investigations of real solutions U, these functions U+4:W
(W obtained as described immediately above) would be more suitable than
those obtained by means of the operator (1.2) with the generating function
of first kind(%). The first step in this direction is to determine all operators
which transform analytic functions into solutions of differential equations, or
at least a large class of such operators(*).

The first part of the present paper is devoted to this question.

(?) One of the essential results of paper [3] was the proof that to every equation (1.1)
there exists a class of complex solutions % satisfying ii, and that the Rex represents the totality
of (real) solutions of (1.1) each of which is regular at the origin.

(3) We wish, further, to stress the fact the results obtained for linear partial differential
equations are of interest for many nonlinear equations of physics. By suitable transformations
the (nonlinear) equations of the theory of a compressible fluid, of plasticity, of the theory of
heat can, in many instances, be reduced to linear equations, of the type considered in this ap-
proach.

(4) Indeed, such a situation occurs in the study of growth of entire solutions U(x, ).
It is possible to show that for various differential equations (1.1) there exists a generating func-
tion E=Q exp P, where Q and P are polynomials in ¢, whose coefficients are algebraic functions
of the coefficients of L, and it is often much easier to determine the growth of Q exp P than the
corresponding generating function of the first kind (see [5]). Another such case occurs in the
study of singularities of solutions of (1.1).

(%) Another problem of the theory, which however has been almost unexplored until the
present, is the study of different forms of the same operator and the connections between differ-
ent classes of functions.
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In §§2 and 3 we determine a large class of integral operators which trans-
form the totality of analytic functions of one complex variable into (certain)
complex solutions of (1.1).

Simultaneously in §2 we attempt to show that the transition from real
solutions U to the functions #uE((E), E being a generating function of the
first kind, can be considered as a natural generalization of the transition from
a harmonic function of two variables to the analytic function of a complex
variable of which it is the real part. We show, namely, that certain require-
ments (which are fulfilled in the case of harmonic functions) entail that the
operation transforming analytic functions into real solutions of U must be
representable as the real part of (1.2), E being a generating function of the
first kind, or derivable in a simple way from such an operator.

The second part of the present paper is devoted to the study of singulari-
ties of complex solutions of (1.1).

In §5, we show that in the case of classes of (complex) solutions with gen-
erating functions of the first kind singularities exist which are similar to
branch points and poles(®).

In §§6-8 we study the behaviour at infinity of entire functions of the class
(C(E) where E satisfies certain conditions but is not necessarily a generat-
ing function of the first kind. The following result is derived there. Let
n[r, (u—b)='] denote the sum of the “indices” of points which lie in the circle
x2+y2=r? and where % assumes the value 5. We then give an upper bound for
the growth of n[r, (u—b)~"], r— e, in terms of the Amo, m=0,1,2, - - -,
> D Amaz™z", 2=x+1y, z=x—1y, being the series development of # at the
origin.

I. INTEGRAL OPERATORS IN THE THEORY OF PARTIAL DIFFERENTIAL EQUATIONS

As indicated in the introduction, in this chapter a large class of integral
operators which transform analytic functions into complex solutions of (1.1)
will be determined and an attempt will be made to derive the integral repre-
sentation (1.2), with generating function E of the first kind, as a natural
generalization of the representation of harmonic functions in terms of an-
alytic functions.

2. The associate function. Every real(") function ¢(x, y)=U(z, 2),
z2=x-+1y, 2=x—1y, of two real variables x and y may be written in the form

(2.1) ¢(x, y) = U(z, 3) = [k(z, 2) + k(Z, 2)]/2 = Re [k(3,2) ], Re = Real part,
where k(z, z) is some complex function and k(z, 2) is the conjugate of k(z, ).

(¢) It should, however, be stressed that while the branch points have the same character
as those in the theory of analytic functions, the singularities which correspond to the poles are
no longer single-valued, but represent a combination of a pole and a logarithmic branch point.

(%) Real=real valued for real values of x and y. If U(z, 2) =) _ Amaz™2", then Amp=Anm is
the necessary and sufficient condition that U(z, 2) be real.
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In fact we may choose for k(z, z) any function of the form U(z, 2)+:V(z, 2),
where V(z, 2) is an arbitrary real function of z and 2.

If ¢ is a harmonic function, then for 2 we may choose an analytic function
of a complex variable 2, say f(z). In this case if we continue ¢(x, y) to complex
values of the arguments, we obtain very simple relations

(2.2) k(z, 0) = f(z) = 2U(3, 0) + const., k(0, 2) = f(0) = const.

In many instances the study of the analytic function f(z) leads to interest-
ing results about the corresponding harmonic function. Thus, the introduc-
tion of analytic functions provides a powerful tool in the theory of harmonic
functions.

Consider, now, a partial differential equation of the elliptic type

LWU)=AU/4+AU.+BU, +CU=U,;+ aU,+ aU; + ¢cU = 0,
a=A + iB, ad=A — iB, C =,
U,=2Y(U.—-Uy,), U.=9U/dx,--- .

(2.3)

Here A, B, and C are functions of the real variables x and y which when
continued to complex values of the arguments are supposed to be analytic
functions of two complex variables, x and y, which are regular in a domain D
containing the origin of the (four-dimensional) space of these two complex
variables. (4, B, C are supposed to be real, see footnote 7.) In order to in-
vestigate the functions satisfying (2.3) in the real xy-plane, one may attempt
(by analogy with the theory of harmonic functions) to generalize the above-
mentioned method of attack, which method is based on the use of functions
of a complex variable. This may be done by associating with every function
satisfying (2.3) an analytic function of a complex variable.

In certain respects it is more convenient to introduce operators which
transform an analytic function of a complex variable into a complex solution
u= U1V, whose real part is U and whose imaginary part V is uniquely de-
termined by(8) U (to within a constant multiplied by a fixed function).

Under rather general assumptions an operator which links u(z, 2) to f(z)
can be defined in the following manner:

Let u(z, 2) =) m_02 oA mzz" and f(2) =D % o@x2". Substituting =0 we
obtain

(2.4) (z,0) = D Amez™
m=0
Let
(2.5) {7mn}, m=0,1,2,---;2=0,1,2,---,

(®) In §4 we shall discuss in more detail several possible choices of V, in particular also the
case where V is not necessarily a solution of (2.3).
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be an infinite matrix. Writing

(2.6) Z‘o: ( i Tm,.a,,.) z"

n=0 \ m=0

and making some assumptions about the convergence of (2.6) we obtain from
f another function of a complex variable. Since # is a solution of (2.3) it is
uniquely determined if the 4,0 and 4on are prescribed. We may thus define
an operator which transforms f into (2, ) by the introduction of the matrix
(2.5), setting

(2.7 D Tmnlm = Ano

m=0

and prescribing the Aom in a certain manner which depends only on f(0) but
is otherwise independent of f. For the sake of brevity we shall call f(z) the
associate of U of the type {Tmn}.

Before proceeding further we wish to make a remark concerning the choice
of the Tmn.

Consider U(z, z) in the complex domain(?). The characteristics of (2.3)
are z=const. and Z=const. If one wishes to associate with U(z, z) an analytic
function f(z) which possesses the property that f(z) and U(z, Z), Z conjugate
to 2, have the same regularity domain in the (real) xy-plane, it is natural to
choose f(z) =2U(z, 0), or some function which is in some simple way con-
nected with U(zg, 0). Clearly, it is of importance that, in addition to this, both
the operator which transforms f into U and the inverse operator be not too
complicated, and further, that they possess many properties in common with
harmonic functions. In this connection the following result was obtained in
[4]:

There exists for every equation (2.3) an operator S[f(z) ] =k(z, 2), defined
for all functions f(2) analytic at 2=0, which transforms each of these functions
into a function, k(z, ), analytic at the origin. This operator S has a unique
inverse which depends only on L (that is, on 4, B, C) and not on the domain
in which k is considered. In terms of this operator every solution of (2.3) can
be represented in the form ()

(?) Our aim is to obtain results concerning the behavior of U(z, %) in the real domain,
that is, when z and Z are conjugate to éach other. The continuation in the complex domain is
only a means of investigation.

In what follows, in most cases it will be clear whether we are considering ¢(x, y) = U(z, 2)
in the real domain, or whether we consider its analytic continuation in the space of two complex
variables x=x1-+1x2, y=y+1%y.. In the first case z and 2 will be conjugate to each other; in the
second case z and Z will be two independent complex variables. Sometimes, in doubtful cases,
in order to indicate whether we are considering U in the real or in the complex domain, we shall
add after U: “z conjugate to £” or “z, Z independent.”

(19) The function k(z, %) satisfies (in analogy to the case of harmonic functions) relation
(2.2).
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Uz, 2) = [p(z, 2)k(z, 2) + B2 k(G 2)]/2, k(s 2) = S[f(3)],
k@E 2) = k(s 2).
Here p(z, ) is a function which depends only on L and has the property
(2.9 p(3,0) = 1.
The matrix {7ma} and ) _s.o4 omz™ for the above operator are
x20(m + 1/2)

2.10 S il M e = 0, for m = n,
(2.10) T 270(m + 1) ’

(2.11) ZQ:AO,,.:Z”‘ = exp[— j;’d(z, 0)42].

me=0

(2.8)

In order to employ the operators in the theory of partial differential equa-
tions successfully, it is necessary to represent them in a form more convenient
for applications than infinite matrices. One form is an integral representation.

An integral representation (1.2) for the above operator was obtained in
[3], see also p. 311 of the present paper.

As mentioned in the introduction, it is in some instances preferable to use
other operators than those previously introduced. In this connection the prob-
lem arises of finding all integral operators which transform analytic func-
tions into complex solutions of (1.1), and determining their properties.

This problem will be partially solved in §3 where a very large class of
integral operators which transform analytic functions into complex solutions
of (2.1) is determined, and the corresponding matrices {T"m} and the A om,
m=0,1, 2, ..., are computed.

3. Integral representations for complex solutions of (2.3) in terms of
analytic functions of a complex variable. As was pointed out at thé end of
§2 the development of the described approach in the theory of partial differ-
ential equations requires finding for the operator P which transforms the as-
sociate f(2) in p(z, 2)k(z, 2) a form suitable for application.

The expression(**)

(3.1) K(s, /) + [[BG, 2 07lnts, 9o,

where the integration is taken over i}, represents a form for the operation P
which is convenient for many purposes.

(1Y) This form of operator was suggested by the study of the equation Au+4% =0, where we
have chosen K =0, E= (1 —#)~Y2[exp(#£(22)¥2) ], n=2(1 —#2)/2, and *=E[—1<t<1]. Substi-
tuting f(¢) =¢”, z=re™ we then have 277" [* [exp(itr) |(1 —2)*~12dt = =12 T (v4-1/2) T, (1),
where J,() are the Bessel functions of the vth order. See [2, p. 390]. The analogy suggests the
generalization of various results in the theory of Bessel functions to the case of operators of
the form (3.1). By E[ - - - ] we denote the set of points whose coordinates satisfy the relations
indicated in brackets.
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Here K(z, 2), E(z, z, t), n(3, t) are some fixed functions which are defined
in the neighborhood U* of the origin, 2=%=0, and for ¢&{*. They are assumed
to be differentiable with respect to 2, Zand ¢ as many times as will be necessary
in our further considerations. The integration curve i! can be assumed either
to be an open curve t=i(1), —w<7<m, {(—7)=a, t(r)=> in the complex
t-plane, or a closed curve.

The associate f ranges aver the totality of analytic functions of a complex
variable. It is assumed to be regular for all points n=n(z, ?), t&i?, Iz] <p,
p>0 sufficiently small.

We shall denote by C=(|[E, K, #; i!] the class of functions of the form
(3.1) which we obtain if f ranges over the above indicated totality of functions.

Two questions arise:

1. How to determine E, K, #, i* in order that the functions of the obtained
class are solutions of a given differential equation, L(%)=0.

2. How to characterize the obtained totality of complex solutions of
L (%) =0 independently of the operator.

1. We consider at first the case where i! is an open curve.

Two simplifications can be made.

I. Since [?E(z, z, t)f[n(z, £)]dt= [T, [E(z, 2, t(r)]t'(D)f[n(z, t(r))]dr, we
may assume from the start on that i'=E[—7<t<w].

1. If p(z, 2)k(z, Z) satisfies (2.3) then u(z, 2) = [exp(fiadz) |p(z, £)k(z, 2)
satisfies the equation

(3.2) L*(u) = s+ Du; + Fu =0

where D =d— [{a.d%, F= —a.—aa+c. (See [3, p. 1172].) We assume therefore
from the start that equation (2.3) has the form (3.2). We note that in this
section for the sake of simplicity we shall omit the asterisk and write L in
stead of L*.

We notice that

afn(z, t)] 3 af[n(z, 1)) 3
& ot m

and therefore

U, = Kzf+ Kfz +fT(Ezf+ Efz)dt

3.3 TR f. {fTn(z, 1} [E. — (Bno/n )t + j,

7 = (fEn:/n)iex — (fER/N1)tmx

+ 3 7ln(e, @) im [/ 1) ey = B/,
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t=a,=a,(3), v=1, 2, - - -, p, denoting the zeros of 7,(z, ¢) in the interval
E[—w<t<7].

Differentiating (3.1) and (3.3) with respect to Z and inserting the obtained
expressions into (3.2) we have

(3.4) L(u) = fL(K) + Kif: + f 'f(n(z, t)) [L(E) ol (E;ﬂg/ﬂg)t]dt +jj = 0.

(3.4) must hold for any analytic function f which is regular at the origin.
The expression (3.4) is a sum of terms M®N® and [, M»N®dt, where
N, m=1,2, -, depend upon E, K, # and (in the second expression) on
t but are independent of f, and M ™ depend also on f. If all N™ vanish, that
is, if

o8}

(3.5) N = LE) — ®am./n). = 0,
(3.6) =k =0
(3.7 ¥ =LK =0,
N;“ = [(En./n)t)te—r = 0,
(3.8) N = (Estts/ 1) tmayre — Batts/B)tmay—e =0, v =1,2,-++, p,

N,(:l = [(En./n):)i=r = 0,

then clearly (3.1) will be a solution of (3.2). Therefore a sufficient condition
in order that the operator (3.1) generate solutions of L(«)=0 is that E ful-
fills the differential equation V¥ =0 and satisfies the additional conditions(12)
N®=0,»=0,1, - - - p, p+1, and that K is a solution of (3.6) and (3.7).
However it could happen that two terms, for example M®N® and
JE.M®N®@dt, can be combined into one term of a similar structure, say

(3.9) M®N® 4 f MON®G = f MNdt

where N is independent of f. This would mean that the number of conditions
(3.8) is reduced. It is therefore of importance to show that certain relations
of the form (3.9) can never occur.

LeEMmMA 3.1. 4 relation

(3.10)  {f[n(z, @) |Ban./n} + f ff[n(z, )] NVdt = f Tf[n(z, 1)|Ndt,

where N is independent of f, is impossible unless n(z, t) is independent of t.
Proof. (3.10) can be written in the form

(12) We denote the points — = and = by @ and ap,1, respectively.
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(3.11) fln(z, @) ]En./n. = f'f[n(z, ) 1S(z, 2, Hdt

where 5(z,%,t)=N—N®W is a fixed function which is independent of f. But a
relation (3.11) is impossible. Assume, on the contrary, that a relation (3.11)
holds. Then for some value of 2z, say 2=2g, n=n(2, t), —7<t=m, will repre-
sent a curve in the complex plane, and, of course, #(2q, @.1), a,0=a,(20), is
only a point of it.

Assume at first that [Ei(zq, Zo, @0)7.(20, G»0)/7:(20, @10) | 0. Then we can
determine a function f which is sufficiently large at the point %(2,, a,,) and
sufficiently small on the remaining part of the curve n=n(z2, ), — 7 <t=m,
so that the right-hand side of (3.11) will be smaller than the left-hand side.
Therefore such a relation is impossible.

If further we assume that [E;(20, Zo, @,0)7.(20, @.0)/7:(20, @0) ] =0 then we
may determine a function f so that the real part of f in the neighborhood
of n(z, ) is sufficiently large, and which is on the remaining part of the curve
sufficiently small so that the right-hand side of (3.11) is not zero.

In a similar way one can show that it is impossible that a relation

(3. 12) f(Z)L(K) = f[n(z’ a") ]E3(21 z, a‘v)”z(zy av)/m(z, ay),
&=012--,pp+1,

holds unless #(z, a,) =2.
Finally it is evident that no relation

(3.13) f+(2) =f'N(z, z, 0f[n(z, 8)]dt or f.(2) = f[n(z, a,)]

exists since we may determine a function f which is smaller than 1 in absolute
value on the integration curve n=n(3, t), —w<t=m, z fixed, and possesses
a derivative at the point z which is larger than the above integral and

fln(z, a)].

Summarizing our reasoning we obtain the following:

THEOREM 3.1. Let the functions E(3, 2, t) and n(s, t) satisfy equation (3.5)
and the additional conditions
N =Bz, 2, — Mnalz, — )/nz, — m) = 0,
N = iz, 5 mna(s, »)/nz, 1) = 0,

(3.8), N:n = 1;1510 { [Ei(zv 2, t)”z(z) t)/nl(zv t)]t-dy+¢

— [Es(z, 2, Ona(z, 8)/n4(2, ) Jimarme} =0, v =1,2,---, p,

where t=a,=a,(2), Izl <p, p>0 sufficiently small, are the roots of n(z, t)=0
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which lie on the interval E[— 7 <t<w). Let K satisfy the equations (3.6) and
3.7).

Then the operator (3.1) transforms any analytic function of a complex varia-
ble which is regular at every point n=n(z, t), —wSt=sm, |zl <p, p>0 suffi-
ciently small, into a solution of equation L(u)=0. (See (3.2).)

If n(z, ) =n(2, —m) then both first equations of (3.8) have to be replaced by

Es(z, 2, m)n.(z, m)/n(z, ) = — E.(2, 2, — m)n.(3, — 7)/n:(z, — 7).

If some functions n(z, a,(2)), v=0, 1, 2, -+, p+1, say n(z, a,,.(2)),
u=1,2, . k (see footnote 12), are equal then the corresponding expressions
N¥ can be combined in one equation

k
(3.14) S NS =0
p=1
If finally n(z, a,,.(2)) =2 then N® =0 (see (3.7)) can be combined with (3.14),
and instead of (3.14) and (3.7) we have one equation

k
(3.15) > Ny + L(K) = 0.
pe==1

In the case where i! is a closed curve the considerations are similar but
slightly more complicated.

From now on L will again denote the expression introduced in (2.3) and E
the corresponding generating function.

2. Since %(3, 2) =2 m-0D m=0Amaz™z" are (complex) solutions of the equa-
tion L(x) =0, they are determined if Y m_odmoz™ and Y o oA omZ™ are given.
If ue(E, K, n, i!) then for many (E, K, =, 1), Z;_oAmoz"‘ can be an arbitrary
analytic function of a complex variable, which is regular at origin. On the
other hand if f[#(0, £)] =co, co independent of ¢, then the An are determined
essentially by the operator, within f(0) and ¢o. Indeed substituting 2=0 into

(3.16) i i Amnz™z™ = K(z, 2)f(2) + f E(z, 2, t)f[n(z, t)]dt

m=0 n=0

we obtain

(3.17) > Aonz™ = K(0, 2)£(0) + co f E(0, z, #)dt,
n=0
where the integration is taken over {l.
3. We proceed now to the determination of the matrix {7} and the
function Y s _oA4 omz™ which corresponds to a given operator of the form (3.1).
For the sake of simplicity we assume that

(3.18) it=E[-r<t<x], K=0,
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and that n(z, ¢) is an analytic function of z which is regular at z=0 for
tEil. Hence we may write

(3.19) n(z, §) = no(t) + m@)z + ma(®z2 + ---, |z| = ptE

where p >0, sufficiently small.
Let now E(z, 2, t), |z| =p, |2| =p, tEi!, be a solution of (3.5) which satis-
fies the initial value conditions (3.8), let

(3.20)  E(3, 0,9 = Ho(t) + H\()z + H:()z* + - - - , 1 E I, | z| <o,

and

(3.21) f@) = X aw, |3] <.
n=0

Substituting these series developments into f*,E(z, 0, £)f[n(z, ¢) ]dt, we obtain

(3.22) U(z0) = iA,.oz” = f ’E(z, 0, &)f[n(z, ) ]dt = i( z“’: 1,,.,,am> 2",

N0 -7 n=0 \ m=0

A formal computation yields

To0 = f Hodt, Ti0 = fHonodt,

T20 = fHonozdt, ctcy,

To1 = ledt, ™ = f (Hino + Homy)dt,
(3.23)
To1 = f (H1n02 + 2H0”0”1)dt1 IR

Toz = szdt, T12 = f (Hamo + Hiny + Hons)dt,

Tos = f [#2H, + 2Hinony + Ho(2nons + mi?)]dt, - - -
(the integration is to be taken over i!) and
(3.24) > Aomz™ = f(0) f E(0, , #)dt.

m=0

Thus using the procedure described above we may determine the matrix
{#an} and D s oA om3™ for all possible integral operators of the form (3.1).
Another question is which among these operators are of interest. For some
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purposes one integral operator may be more valuable than another.

Remark. An interesting problem is the question how, for a given differ-
ential equation, to choose K, # and i! in order that E is a function of ¢ which
can be represented in a closed form in terms of elementary functions. See
[5, §3].

In many applications it is necessary that E(z, %, £) be an entire function
of 2, 2, or at least regular in some prescribed domain.

4. We obtain the operator introduced in [3] to which we referred in §§1
and 2 in the following way. Setting('?)

(3.25) n(z, t) = (z/2) cos? ¢, K(z3,2) =0
we obtain for E the equation (see (3.5))
(3.26) N® = [(z71/2) cot t(E; + aE)]; + L(E) =

Among the solutions of (4.8) we choose the solution (14)

3.27) E(z, 3, 8) = [exp (— fo’ adz):l [1 + i (sin2» £)¢ (™ (z, Z):I,

n=1
where ¢ (z, z) satisfy the following recurrence formulas:
¢:M + 22F = 0,

(3.28) (21 + Ds™D + 25($ss™ + D + F¢™ — (m/2)gs™) = 0,
n = 1’ 2, cee,

E
$™(z,0) =0,2=0,1,2,--- ,whereD = d—f a,d3,F = — a, — ad +c.
0

See [3, p. 1174].

Assuming that 4, B, C are entire functions of 2, z it is possible to show
that E is an entire function of z, z. See [3, Theorem 2](%). As before men-
tioned, in the case under consideration the relations (2.10) and (2.11) are
valid for the matrix {7n.} and for ) m_oA4mz™, respectively.

(%) We often use ¢ instead of sin ¢, so that the operator under consideration assumes the
form P(f) f_lE(z, Z, H)f(z(1 —#2)/2)dt/(1 —2)1/2, The factor 1/2 in this operator causes some
inconvenience. For instance, if the star domain &? is the regularity domain of f, then %(z, %)
is regular in 2@2. It would be more convenient to use #(z, t) =z cos? ¢ rather than (2/2) cos? ¢. Un-
fortunately the second expression was introduced in previous papers, and we shall contlnue to
use it in order to avoid confusion.

(1) The solution E of the form (3.17) has the advantage that E(z, 0, t) =1, and therefore
u(z, 0) = [f((2/2) cos? £)dt so that f(2) and u(z, 0) are connected in this simple way.

It was suggested by the study of the equation #,;+u/4 =0. See [2] and footnote 11, p. 305.

(%) This result follows if we choose, in Theorem 2 of [3], u40, 0)=E[ | l < o0, |zl]< 0,

We note further that in (1.13), (1.16) and (1.20) of [3], “(2s—1)” has to be replaced by
“(2n+1)” and in (1.23), (1.26), (1.27), (1.28), “(2n—3)” has to be replaced by “(2n—1)".
Further in (1.16), “P 2")(z £)” has to be replaced by «p@n (z z).”
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The class of complex solutions of (1.3), (3, which has the generating func-
tion E, introduced in (3.27), has many properties in common with the class of
analytic functions of a complex variable(*). See [4, §§5-7] and §§5-9 of the
present paper. We denote it as the generating function of the first kind. The
associate function of # with respect to the above described operator is called
the “R-associate” of u(z, 2), R(z| u). The relation

2 /2
(3.29) R(z|u) = ——f 2 sin 8[du(2z sin? 6, 0)/d(z sin? 8) ]d8 + =—'u(0, 0)
T Jy

holds for R. In addition to R(z|u) often we consider the “Q-associate,” for
which we have simply

(3.30) Q(z| #) = u(z, 0)
(Q and R are connected by -the relation
(3.31) R(z| ) = [1(1/2)]2(22)/2d"2Q(22 | u)/dz"!2.)

For details see [3, §1] and [4, §3]. A formal computation yields

u(z, z) = [exp (-— foi adé)] [g(z) + i 22T (2 + 1) [P(n + 1) ]!

Nl

(3.32) 0™z, 3) fo ’ fo o fo " g (an)dan - - - dzl]

L

= —f E(z, 2, sin £)

T -
/2 2 sin dg(z cos? ¢ sin? 6)
. f z cos? 0 - do + g(0) |de.
0 d(z cos? t sin? 6)

Remark. If u =ZA,,.,.z"'§"€G(E), Ao real, where E is the generating func-
tion of the first kind and ) _Dm.z™3" its real part, then Y Dpez™=) Amz™
+exp [—/5a(0, z)dz].

4. Additional remarks.

1. An alternate form for the representation of operators. For the purpose of
applications it is of importance to obtain various forms of the operators pre-
viously described in this paper.

LEMMA 4.1. Let
4.1) | ¥ (3, 2) | < C|2/7|", 2z conjugate to 2.
The operator

(%) We note that often we write (°(E) instead of (P[(1—£)"12E(z, 2, ¢), 0, z(1—£)/2,
E(—1<t<1)].
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@.2) 2() = [ BiGe 5 01600 - 2)/Dar/a - oy
where

(4.3) Ei(z, 2,8) = ﬁ%q’(’)(z’ z)

can be written in the form )

where

H(, 2,2) = i P (z, )T (n + 1/2)/T(n + 1),

ne=0

(4.5) :oph tam1
Hbl(;, 2, z) = f f . e H(g—m 2, g)dg-” . oo dEadi,
0 0 0

|z| <p, where p=min (r, R), R being the radius of convergence of f(z/2).

Proof. Substituting

(4.6) flz(1 = #)/2) = i 27rgnfUMI0)(1 — #)/T(n + 1)

into (4.2) we obtain

1 L] ©

4.7 3 w3, z)tz'[ D 2-ngrfImI(0)(1 — #2)/T(n + 1)] dat/(1 — )12,
-1 v=0 n=0

Both series converge uniformly and absolutely in the circle E[|z] <p]. Inter-

changing the order of summation and integration and rearranging the terms

we obtain

2 OO (E’,‘P( & At D ]

(4.8)

= 2. 2fIOT( + 1/2) HY)(1, 2, 2)/T(v + 1).
yau()
LeEMMA 4.2. If the coefficients a, ¢ of the equation (2.3) are entire functions
of 2, Z and if E, is the function E of the first kind which generates the solutions u
of (2.3), then representation (4.4) holds in the circle of convergence E[|z| <R]
of f(2/2).

Proof. According to (1.27) of [3], for every 7 there exists a constant C
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such that
4.9 | ¥ (g, 2)[ = |<I>(’)(z, 2)[ =< CI 2z/r |

(see also (3.28)). Therefore H(¢, 2, Z) is an entire function of z, Z for [([ <1,
and for every 7 there exists a constant C=C(r), such that

(4.10)  HUN,2,2) SC/Te+1), |z =7 2] =7 [¢] =1

Since lim sup,., [f1®1(0)/2’T(»+1)]"*=1/R, (4.4) converges for lz] <R.
This implies Lemma 4.2.

An application of the operator (3.32). Let u(z, ) =2 A mn2"z" be a solution
of (2.3), uE(C(E), where E is a generating function of the first kind. From the
form (3.32) of the integral operator which transforms u(z, 0) =2 A ne2™ into
u(z, ), it follows that many relations of the sort indicated in II, p. 299, hold
in the case of functions (3, z) of class ((E). Typical examples are:

1. Let Ano=0(m='"¢), ¢>0. Then g=u(z, 0) and all integrals in (3.32)
are continuous on |z| =1, and since (3.32) converges uniformly there, u(z, z)
is also continuous there.

2. As is well known, it is possible to formulate, in terms of the Ao,
m=0,1, 2, - - -, sufficient conditions in order that [Zu(z, 0)dz is continuous
on | zl =1 and that Re [#(z, 0)] has a jump, as well as to determine the magni-
tude and location of this jump. (2, %) has at the same point on |z| =1a
similar singularity.

We note that the expressions for the location and the magnitude of the
jump of Re{ [u(z, 2)]/exp(— [oa(z, 2)dz)} do not involve the coefficients a, ¢ of
equation (2.3). From the above results for complex solutions we may derive
analogous results for (real) solutions U(z, z) =ZD,,,,,Z"‘2” =Re(u). By therela-
tion 2U(z, 0) =u(z, 0)+exp(— [:a(0, z)dz)u(0, 0) (see (2.9), (2.11)) we see that
in addition to the Do, m=0, 1, 2, - - -, now only a(z, 0) and a(0, z) will
appear in the corresponding formulas.

In similar manner we can obtain various theorems on behaviour of solu-
tions #(2, ) and Uf(z, Z) in the neighborhood of singular points, results con-
cerning methods of summation of ) A4,..2"z", and so on.

2. Other types of integral operators. By a procedure similar to that de-
veloped in §3 we can determine the integral operators

P(f) = K(z, 2)f(z) + f EM(z, 2, £)f[n(, t)]dt
(4.11)
+ ff E®(z, 2, ¢, 7)f[na(z, t, 7) |dtdr,
where the first integral is taken over i' and the double integral is taken

over &2, or those of more complicated structure, which transform analytic func-
tions into solutions of (2.3).
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Another type of integral operator has the form

(4.12) 2() = 1) + [ flnta 3, D 1EG, 3, D,

where the integration is taken over i!. This kind of operators will be discussed
in another paper (in connection with differential equations of three variables).
Remark. In considering special types of differential equations, it is of inter-
est to introduce also differential operators.
Generalizing the “method of cascades” we conclude that if the coefficients
of the differential equation are connected by certain differential relations,
then the totality of solutions can be represented in the form('7?)

(4.13) u(z, 2) = D(f) = D Bu(z, 3)d*f(z)/dz.

k=0
Here B;, are some fixed functions and f(2) ranges over the totality of analytic
functions. (See for details [5, footnote 5], and the literature indicated there.)
The result formulated in Theorem 3.1 leads us to a great variety of integral
operators, since for many functions #n(z, t) there exist functions E(z, Z, ¢) and
K(z, %) satisfying the equations (3.5), (3.6), (3.7), and the conditions (3.8).

Further integral operators of considerable interest for applications can be
obtained if we take for i! a closed curve(®) or if we introduce integral opera-
tors of different types, for example of the form (4.11).

We wish to add here two remarks concerning the linear operators.

Remark 1. In introducing operators (in a general manner) by matrices it
is useful to make a certain classification of these operators.

A. Suppose that for every sequence {am} , for which Z;=oa,,.l rl mL o, r>0,
the sums Z,‘:=orm,.am converge and the corresponding function p(z, 2)k(z, 2)
is regular in a sufficiently small circle x2+4y2<p2?, p>0. If, simultaneously,
the inverse operator transforms every function p(z, 2)k(z, z) which is regular
in a circle x2+y2<p? into a function g(z) which is regular in a sufficiently
small circle, say x2+y2<7%, 7,>0, then the operator under consideration is
said to belong to the type A.

B. If the operator is of type A and in addition to this, proceeding in both
directions, we always have r=p, then we say that the operator is of type B.

Remark 2. We concentrate in the present paper our attention on finding
operators in the case of all equations (2.1) with analytic coefficients.

If, however, one limits himself to special classes of partial differential

(*7) Clearly using the Cauchy formula we may express D as an integral operator of the
type (3.1).

(1%) By the procedure indicated in [3, §5], every operator can be replaced by an integral
operator [H(z, Z, t)f(t)dt, where the integration is taken over a closed integration curve il
We note that in this case i! can be any closed rectifiable Jordan curve which lies in the regu-
larity domain of f and includes the origin.
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equations, for instance to equations whose coeflicients are connected by some
relations, then for some special classes of equations there exist very interesting
pairs of solutions (U, W).

3. The conjugate function. As indicated in §3 we shall make some remarks
concerning the choice of the “conjugate” of a (real) solution U.

Many theorems on analytic functions can be formulated as statements
about properties of a real harmonic function. Ther¢ are, however, many re-
sults which essentially involve the real and the imaginary parts of an analytic
function and which when formulated in terms of harmonic functions represent
statements on pairs of harmonic functions (which are connected by the
Cauchy-Riemann equations).

By introducing an operator which transforms an analytic function into a
complex solution, U+1V, we associate with every U a conjugate V(*?).

There exist, however, other interesting possibilities of choosing the
“conjugate.”

For any of these choices of the “conjugate” V we shall require (i) that the
V is uniquely (to within a fixed function multiplied by an arbitrary constant)
determined by U; (ii(2°)) that the regularity domain of V (in the real xy plane)
coincides with that of (2!) U(z, 2), Z conjugate to z; (iii) that V has some basic
properties which conjugates possess in the case of harmonic functions.

We obtain a choice which satisfies all these conditions, and which differs
from that used before by requiring that U and V are connected by generalized
Cauchy-Riemann equations:

011(‘)Uz + 021(')Uy + asl(c)U + d“(‘)
(4.14) = 015V + 0220V, 4 0320V + a4(®, s=1,2,

a‘x(l)a‘z(z) —_— 0‘1(2)0‘2(1) #~ 0, K = 1’ 2.

Clearly a generalized Cauchy’s integral formula holds for such pairs of func-
tions(22) (see [4, p. 145]), and therefore we are in the position to apply many

(1) In the case of harmonic functions it is very natural to require that both functions,
U and V, are connected by Cauchy-Riemann’s equations. Any attempt to consider pairs of
harmonic functions which are connected by other relations would probably lead to a highly
complicated theory.

In contrast to this is the case of functions U satisfying (2.3); there exist various combina-
tions the study of which is of interest.

(2%) We note that this property is not always satisfied by the conjugates obtained by means
of an integral operator.

(2') The usual classification of singularities (poles, branch points, essential singularities)
refers to analytic functions, that is, to the pairs of harmonic functions.

Therefore in particular we shall expect that the conjugate V will be chosen in such a way
that to each singularity of the associate corresponds a singularity of U-+:V at the same point,
and that the classification of singularities of analytic functions can be used as a basis for a
classification of those of U-+:V, L(U)=0.

(%) The generalized Cauchy formula involves a “fundamental solution” W(x, y; & n)
=A(x, v; £ n) log [(x—z)’+(y—-q)2]+B(x, ¥; &, n) of (2.3). In this connection it is of importance
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of the methods of attack used in the theory of analytic functions of a complex
variable, and we obtain analogous results.

4. An interpretation of the integral representation (1.2) with a generating
function E of the first kind. The integral representation (1.2) where E is the
generating function of the first kind permits an interpretation which sheds
some light on the nature of our approach. In (2.3) let us replace z by X and
z by Y where X and Y are supposed to be real variables, and write b instead
of a. The resulting equation

(4.15) uxy + aux + buy + cu = 0

is of hyperbolic type. If now the values of (X, 0)= > oA.0X" and of
(0, Y) =2 =040, Y™ along intervals E[0S X <X,] and E[0< V< V] of the
X and Y axes, respectively, are given by a known formula

(X, ¥) = u(0, OR(X, ¥, 0,0) + f RO Y 8, O (@)t

Y
(4.16) + [ RO Y0, ) hata)an,
0

hl(E) = au(f, O)/BE + bu(f: O)v hz('ﬂ) = au(Or 77)/677 + au(ov 77))

w(X, V)=2 20D moAm XY™ is determined in the rectangle E[0 <X < X,,
0SY=Y,]. Here R(X, Y; & 1) is the Riemann function. Since we assume
that a, b and ¢ as well as D 040X and D oA 0, ¥ are analytic functions
of real variables, the function #=Y o_o> 2 oAmX"¥" is also an analytic
function of two real variables, and can be analytically continued outside of
the rectangle E[0SX <X, 0S VY=< Y,].

w(X, V) = f_ : [EI(X, Y, 0fs (% - t2))

+ Eo(X, 7Y, t)fz(% 1- tz))] dt/(1 — 212,

( )_ f ¥ 6u(Xsm26 0) d0+l ©,0)
- sin 8 a(X sin? 6) T w

au(O Y sin? 6)
— ) =— f Y sin 6 dé,
6(1/' sin? 6)
where E; and E2 are the corresponding generating functions, gives a represen-

tation of % in the whole regularity domain of #. (See Duke Math. J. vol. 6
(1940) p. 540.)

to study the “fundamental solutions” of (2.3) and to determine those among them which are
especially suitable for certain purposes.

In particular, taking as basis the generalized Cauchy formula one can develop the theory
of entire functions U+ V.

(4.17)
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Let us assume (in the remaining part of the section) that 2z and z are not
necessarily conjugate to each other. This means that we analytically continue
u to the complex values of x and y, z2=x-+1y, { =x—12y, and consider u(z, {)
in the (four-dimensional) space of two complex variables z and {.

The analogue of intervals E[0SX=<X,, ¥=0], E[0SY=<Y, X=0] and
the rectangle E[0 <X <X,, 0= V< Y,] become the circles E[|z| <P, {=0],
E[|¢| £Ps, 2=0] and the bicylinder E[|z| =Py, |{| SP.], respectively. The
integral (1.2) gives the representation of #(z, {) in terms of its values in the
z and in the { planes.

Since, however, we are limiting our considerations to the real domain
(that is, to the real values of x, y), we must consider the function %(z, {) in
the plane { =2. This last fact often complicates the formulation of the results.

Remark. Introducing as the argument of f conveniently chosen expres-
sions, for example, x+2(1 —y)Y2, we often obtain solutions of differential equa-
tions which are elliptic in one part of the xy-plane and hyperbolic in another.

II. SINGULARITIES OF FUNCTIONS OF A CLAss (°(E)

5. Singularities corresponding to the poles and branch points of the asso-
ciate function, in the case of a generating function of the first kind. The
introduction of complex solutions % of L(u) =0 suggests the study of the sin-
gularities of the function = U414V, belonging to a class (°(E), whose generat-
ing function is of the first kind.

If the associate function f has a singularity at the point z2=2« and is
regular in E[|z| £b, 252a], b>2|a| >0, then the function u(z, ) obtained
by applying (3.1) has a singularity at the point z=a. (See [4, p. 150].)

Further if the R or Q associate has at the points =2« and z=q, respec-
tively, a singularity of a certain type, for example a pole or a branch point,
then as we shall show it is possible to describe the character and various prop-
erties of the singularity of u(z, 2) at the point z=a.

Let the associate Q(§‘| u) possess a pole at the point { =a. Clearly, it will
be sufficient for our purposes to consider

(5.1) Q| w) = (a =0
Employing (3.32) we have

u(z,2)=exp(——féadz>{ ! +Q(1>2(z,z) 10g(1_i>+,
0 a — 2 a

T(2n + 1) [ (a—=2)" 5
5-2) Tt ) C ’@’Z)[m log (1‘ a>

+ Z”: (_ 1)"+lan,ka”_’°z"] + e e
k=1

where a,1=1/T(n+1),an = [nT(n+1)]71Co s+ E 001,51
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The associate R(i‘l u) can be written in a closed form; substituting the
obtained expression into (3.33) we have

NS ] 22(1 — 12)2 1/ 2a T2
ue 2 = fle(z, 29 [a[Za —i-m] (1 2(1 — tﬂ))

(3(1 — 1) — 20)7* + (s(1 — t‘*’))”?] @
86l — #) — 204 — (a1 — )yl (1 — ey

By (5.3) and [4, p. 150], » is determined in the whole space except z =2«
where it possesses a combined pole and branch point of an infinite order.

The Riemannian surface of (5.3) consists of infinitely many sheets, con-
nected at the branch points, 2=a and z= ». Cutting the Riemannian surface
of (5.3) along E[z=as, 1 £s< o ] we denote as the principal sheet of % that
sheet in which Im [log (1 —z/a)] varies between 0 and 27. Clearly if we let z
approach « along a path situated in the principle sheet we have

(5.3)
+ lo

(5.4) l‘l_l:fal (¢ — 2)u(z, z) = exp [—- foia(z, z)dé].
We proceed in similar way if the R-associate has a pole. Let

5.5) RE|w) = (=~

Then

! dt ~ r .
aRa—c1 =)t =22 2[ale— )]

1
(5.6) mﬂw=7

Thus we obtain

) __flE _ dt
B =) B mala - m
= [exp (—j; a(z, é)dﬁ)] {[a(a——ﬂ-z)]m
Q(l)(z’ 2) /2 _ ,1/2
(5.7) g a9 e
T(5Q® (5[ 2 e L g
297 (3)all? [_?(a_ D+ 5o a/z]
T(7NQ®(z,2)[ 4 4 4 2 _2 3/2 __1 1/2,2
29T (4) o /2 [E(a_z)sl BT S ]

b,



320 STEFAN BERGMAN [May

from which we may draw conclusions analogous to those obtained in the
former case.
Since

f‘(a - zl)”dzl = ! [(a - Z)”+l - a’”“]
0 n+1 '
(5.8) f’ fn(a - Zz)”dele

1 , an+2 an+1
= ————(a— g™ — - ’
[M+DM+%( ) (n+1)(n+2) n+14

we obtain from (5.2) the following theorem ().

THEOREM 5.1. If the Q-associate g(2) has a branch point of the nth order
(n not an integer) then the corresponding function u(z, z) has also a branch point
of the nth order.

If g(2) has a pole of the nth order at o, and |a| < o, then the corresponding
Sfunction u has a combined pole and a logarithmic branch point at c.

If g(2) has a pole at infinity, u(s, 2) has also a pole of the same order at in-

finity.

DerINITION. The above described singular point of #(z, Z) which corre-
sponds to a pole of nth order of the Q-associate (that is, a combined pole and
branch point if lal < « and a pole if o= «) will be denoted subsequently
as a g-singular point of nth order.

Many theorems concerning connections between the coefficients of the
series development of a function and the character of its singularities hold for
functions #E€((E), E being generating function of the first kind, for ex-
ample:

LeEMMA 5.1. Let
(5.9) G = '

where Ao+ o1 D meoAmaz™z® is the series development of a function u,
ueC(E).

The necessary and sufficient conditions that all singularities of u are q-sin-
gular points is that for suitable M and N

(5.10) =0, A=M+1—NM+2—N,--+; p=N+1.

(2*) We omit the formulation of the corresponding results for the case where the R-associate
has a pole or a branch point.
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LEMMAS5.2. Letu=A oo+ mu1dmmoAmnzz" andv=Boo+ D o uid muoBmaz™2"
be functions of the class C(E). If the determinants C¥ corresponding to the Ao
satisfy the relations (5.10) and if

(5.11) AowBoo =1, . Buod, =0, n=1,2,3---,
Va0
then v has only q-singularities, and the number of q-singular points (each singu-

larity counted with the corresponding order of multiplicity) of v equals the num-
ber of zeros of 3 Amz™

6. The value distribution of functions of the class (°(E). The analogy with
the theory of analytic functions suggests the study of the value distribution
of the functions belonging to the class ((E), that is, the investigation of how
often a function %(z, ), Z conjugate to 2, assumes a fixed (complex) valueb.

Just as in the theory of entire functions of a complex variable, we shall
investigate some relations which exist between the behaviour of the following
three sets of numbers(?4) which we can associate with a given function %(z, )
of a class (P(E):

I. The coefficients, Am,, of the series development of Dz _o> w0 maz™z"
of u(z, Z), or some subsequences of the 4..,, say of {A,,.k}, k fixed, m =0, 1,
2, ...
II. The maxogysse| #(re'®, re=%)| when r— .

II1. The points z,=2,(b), |z,[ =< z,+1| , where u(z, Z) assumes some fixed
value, say b,

Remark. As was indicated in §5 a branch point of #(2, Z) of a certain type
corresponds to a pole of the associate of the first or of the second type. A
similar situation holds for various other types of the generating function, E.
This enables us to investigate functions (2, £) €((E) which possess denumer-
ably many singular points of the above mentioned character, that is, functions
whose associate with respect to some generating function E is meromorphic.

A simple example shows that, in general, we meet in the theory of func-
tions of the class (°(E) a situation which is quite different from, that in the
case of analytic functions. The functions #,(r, ¢) =72 (n+1/2)J,.(r)e*"*
=2-n" itrpnein(1 —2)n—12dt S Clexp (itr)], r2=x?+y2, are solutions of the
equation Au+u=0. Here J, are the Bessel functions of the nth order. If
r=r©® where 7 is a zero of J,(r), then # vanishes on the circle |z| =7 2
situation which never can occur in the case of analytic functions.

However, if we generalize in a suitable manner certain notions from the
theory of analytic functions the generalization of classical theorems on value
distributions is possible.

(*) Clearly the behaviour of all three kinds of quantities depends upon the choice of the
origin. The study of the dependence of the coefficients, A s, on the choice of the origin does not
represent in many instances any essential difficulty.
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Let
(6.1) Z=X++1i¥ = u(z32) = U(x, y) + iV(x, )

map the neighborhood of the point 2=2( into the neighborhood of the point
Z=7Z©, With every point 29 we may associate the index C(z(¥) of the
mapping.

Remark. In the following we shall assume for the sake of simplicity that
the function #(z, £) under consideration possesses only isolated b-points.

Let ®2 be a simply connected domain in the z plane and let z, be the
points of 82 which are mapped into the points Z=54. As is well known

6.2) 3 Cla®] = @riy [ dllog s, ) — 3]

where the sum is taken over the 2,(6) ER2, and the integration is taken over f?,
the boundary curve of 2.

If, in particular, 82 is the circle of radius ¢ with the center at the origin,
we shall write

(6.3) > Clz®)] = nla, (u(z, 2) — b)),

where the sum is taken over the z,(b) ER2.

There exists an important special case of a generating function E, when
it is possible to develop for the entire functions of the class (°(E) a theory
similar to that of the entire analytic functions of a complex variable.

Suppose that E(z, Z, ¢) has the property that introducing the variables 2z
and s=(22)'/? instead of 2z, Z we have

(6.4) E(z, 2, t) = EN(z, s, 8) = E(3, s¥/z, 1),

where E® is an entire function of two complex variables, z and s, for |¢| <1.
Let us indicate an example of a function E possessing the above
property. If we assume that u satisfies the equation Au—+ F(z, Z)u=0,
F=zQ F. > ¥ AWV 7*), where A5 =0 for m<p, then the generating
function of the first kind will be of the required type. For, if we write
E=1+4Y 7 122®@m and P@m =z"®(", we obtain (see [3, p. 1174]):

(2n)

z
PP = —2F  (@n+1)PT = — 2P 4 F f Pz,
0

Let A% denote a sequence of numbers which possesses the property that
? 1 p
A® =0 for m<p. Then &= —222[40:"7dz=) AZ"z". Assume now
that ¢ =3 4" 7", Then
P = T A

and
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(2n+42) _n -—1 (n) m_ (1) m_p (n) m_p
P = [ S A" sl )f > Ama dz]
—(n+1) —1; (m)m p (") m P
=z [Ampz 2 Z An

(Note that the AT do represent different numbers in the above expressions.)
Therefore

(2n+2) (n+1) m P
® =3 Anp .

For the sake of brevity, in the following the classes C(E) whose generating
function E possesses the above property will be denoted by C}(E).

The basic idea of the applied method consists in considering simultane-
ously with %(z, z) the family of functions

(6.5) 2,(2) = flE“)(z, 5, Df(z(1 — #)/2)dt/(1 — )12, 0<s < o,

where f is the associate of the first kind of u. v,(2) = _c,(s)z" is a function of
a real variable s and of the complex variable 2. In the following we extend
the domain of variation of s to the whole complex plane. v,(2) =2 Cmas™z"
becomes then an analytic function of two complex variables, s and z. Clearly,
it is rather simple to express the ¢m, in terms of the 4., or some subsequences
of the A .. Using the classical method we can then determine an upper bound
u(Z, S) for the growth of 2| cma| | s|™|2|» on the hypersurface E[|z|=

|s] =S, 0<S< ®, Z=KS], K constant. Clearly

(6.6) Irlnax | 25(2) l < er(0 K8 s> 0.

Applying now the classical theorems of the theory of entire functions of a
complex variable, we obtain upper bounds for the quantities

m[s, (va(z) — B)71],
6.7 mlr, (v.(z) — b)) = ?:;;foh [log+

and

(6.8) ”[3, (vs(z) — b)_l}r

where (6.8) denotes the number of the b points of v,(z) in |z| <s.

On the other hand, as we shall show in §8, the quantities connected with
growth and density of b points of #(z, Z), Z conjugate to 2, can be expressed
in a simple way by (6.7) and (6.8).

We proceed now to a more detailed exposition of this method of attack.

7. Some auxiliary theorems of the theory of entire functions of two com-
plex variables.

ﬁ 'd‘ﬁ]
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THEOREM 7.1(2%). Let

(7. 1) V(S, Z) = Z E Cm,.S"z", Cmn g 0'

M= N0

be an entire function of two complex variables, with non-negative coefficients, and
let

(1.2) u(s,2) = max  [V(s 9|
and
log log u(¢, Kt
(7.3) p = p(K) = lim sup S B HE& KD 0<p< w,
toe log ¢

be the order of growth of u on the hypersurface
E[|s|=¢ |s| =Kt 0<t< =]
Then

(7.4) = = lim su (n + m) log (n + m) .
' o s Tog (1/Cmm) + nlog (1/K)

Proof. A. We shall prove at first that p is not smaller than the right-hand
side of (7.4). By Cauchy’s formula we have

w(|sl, |2])

5[] 2]

Let us assume that k is chosen in such a way that for |s| = .S,, So sufficiently
large,

(7.6) u(|s|, K|s|) = exp (]| s|*), and therefore CnnK™ < exp (| s|¥)/]| s|™*"
Substituting |s| = [(m+n)/k]"* we obtain

1/k
1.7 Co Mg g( ok ) ,
m-+n

(7.5) Comn

A

CrnK*| s|™™ < u(|s|, K| s|).

that is,

1 1 1 log(m +n) —log & — 1
1 log— | =
(n+m>[ogcm+nogK]__ k

(%) Similar results were obtained by Baumgarten [1] and Sire [8, p. 11]. Since, however,
we need inequalities which are different from those obtained by Sire and Baumgarten, we derive
here directly the relation (7.4). The procedure is clearly a trivial generalization of analogous
considerations in the case of one complex variable. We note that for the sake of brevity we omit
considerations which lead to sharper results.
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or

(n + m) log (m + n)
. = ficiently 1
(7.8) k= Tog (1/Co) + m 1og (L/E) (m 4+ n sufficiently large)

since for sufficiently large (m+n) we can neglect log k+1. Thus

1
(7.9) p = lim sup (n + m) log (n + m) .
ntmow 10g (1/Cms) + nlog (1/K)
Thus the order, p, of growth is not smaller than the right-hand side of (7.4).

B. We shall now prove that p is not larger than the right-hand side of
(7.4). Let py<k. We write

(7.10) N(s) = 2| s|*(ex).
Then
ex 1/«
(7.11) (m+n) |s| <1/2 for m+ n= N(s):

From p; <« we can work backwards from (7.8) to get (7.7), k being replaced
by « in both expressions and m+n sufficiently large. Therefore

e(|s], K|s|) S Coo+ Crol| s| + Cor| 2| + - - -
S X Cuals|™|s|*+ (/27®) [N(s) + 3].

minSN (8)

(7.12)

For sufficiently large |sl , V(s) becomes arbitrarily large, and therefore
(7.13)  w(]s], K|s]|) = [N(s) + 2]%C(s)/2, C(s) = max (Cmn K”| s|™+").
Using (7.7) (with « instead of k) we obtain by a formal computation

(414

(m+n)lx
(7.14) ch»|3|m+n=c,,,,,|s|m|z|ng( ) | s|m+n, slarge enough.

m-+n

The maximum of the right-hand expression (when (m+n) varies) is assumed
for m+n=x|s|* Substituting this value in the right-hand side of (7.14) we
obtain

(m+n) /[«
(7.15) C(s) = (T§F> l'sl"'“‘“ = exp (l sl‘).

By (7.13), (7.10) and (7.15) we have
(7.16) p(]sl,K|s|) §22'|s|2‘e’x’exp(|s|'),

which yields the assertion B, and thus completes the proof of the Theorem 7.1.
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Remark. p=p(K), 0<K SK=K;<», p< o, the order of growth of
u(| s| K| s| ) 2s independent of K.

This follows immediately from (7.4): divide the numerator and the
denominator by #n. Since (14+(m/n)) log (n4+m)—x~ for (m-4n)— o,
n='log (1/Cmn)—  for (m+mn)— o, and therefore log (1/K) can be neglected.

If the series development

(7.17) u(z, 2) = i i Amnz™z"

m=0 n=0

is given we can express the coefficients ¢mn of 9,(2) = > ;,,”,OZ:socm,.s'"z" in
terms of the A4 o.

LeEMMA 7.1. Let E(z, 2, t) be a generating function of the first kind, and let
u(z, ) ECt[E(, 2, t)] and v,=C[E®™(z, s, t)] be functions of different classes
which possess the same associate. Then

o A, T'(v+ 1) by 2 r—1/2

(7.18) Cmn = E) m —1En_y(t)(1 —t) dt,

where Ef,"‘) (t) are the coefficients of the series development

(7.19) EVG s ) =Y D E )55
M= pu=0
Proof. Denoting by f=2 »_,a.2* the R-associate of u (see p. 312) we
have by (2.10)

(7°20) an = I/Tnn Ano, Tan = 1r‘/2I‘(n + 1/2)/2"I‘(n + 1)
Thus
b o maen 2T+ 1) (1 — gy
s = E 3 A, » dt
- 0(2) f_l EE O e e

L2 S mal & om '+ 1) 2 v—1/2
- Z,;,Z.:os ’ [ g Enes()so 2T (y + 1/2) =) ]dt'
which yields (7.19).

If E(z, 2, ¢) is not a generating function of the first kind the only difference
is that with the case considered above instead of (7.20) we obtain a more
complicated expression representing the a, as functions of the A mo.

Writing now Cpn=|¢ms|, We obtain for the maximum u( s|, K|s|) of
|> om0 meotmasmz®| on E[|z|, K|s| ], and sufficiently large |s|,

(7.22) p(|s|, K|s]) < exp (] |9, e> 0,

where
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(m + n) log (m + n)

ol 1 - —
/ 1/20 brD 1(»—3(‘)(1 - tz) "
vo ™27 (v 4+ 1/2)

8. Upper bounds in terms of the coefficients A4,, of (3, 2)
*zmsozﬂ_o nnz™z" for functions, n[s, (u(z, 2)—b)~'] and ©[s, (u(z, 2)
—b)~1], characteristic for the distribution of b-points of u(z, z). We intro-
duced in §6 the function v,(2). In contrast to §7 we shall now consider it as a
function of one complex variable 2, for some fixed real s.

Denoting (1/21r)f;"[log+ ]v.(te‘¢)| lde, t>0, by m[t, v,(z)] we have for
sufficiently large s

(8.1) m[Ks, v,(z) ] < log u[s, Ks] < sete, s> 0,

(7.23) p =limsup
m-+n—o

where p is determined by (7.24).
The fact that

(8.2) u(z, 2) = 0,(2), for |z|=s,
and therefore

nls, (u(z, 2) — b)~] = nls, (u(z) — b)7],
m[s, (u(z, 2) — b)~'] = m[s, (v.(z) — b)~!],

leads us to various conclusions on the distribution of the b-points of u(z, 2).

LemMa 8.1. If u(z, 2) ECT(E) then

(8.3)

(8.4) nls, (u(z, ) — b)~'] = 0, z conjugate to z, s > 0.

Proof. The inequality (8.4) follows from (6.2), (8.2) and the fact that
n[s, (v.(z) —b)~1] =0.
Let 8!(b) denote the totality of points of the positive s axis, for which

1
f [ED(, s, dt/(1 — 2)2] — 5| 2 ¢, ¢>0,
-1

¢ being an arbitrary fixed constant.

THEOREM 8.1. Let

© 1

(z,8) = 2, D Apaz™" = f E(z, 2, 8)f(z(1 — #2)/2)dt/(1 — )12,
m=0 n=0 -1

2 conjugate to 2, be an entire function of x and y which possesses only isolated

b-points in the (real) xy-plane. Let further EM(z, s, t)=E(z, s2/z, t) be an

entire function of two complex variables z and s. Then for every e >0 and for suffi-

ciently large s, s&8(b/f(0)),
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(8.5) nls, (u(z, 2) — b)1] < sete,
(8.6) mls, (u(z, 2) — b)~1] < s+,
where p is given by (7.24).

Proof. Applying classical techniques to the function
1
2,(%) =f EM(z, s, )f(z(1 — ¢3)/2)dt/(1 — 2)1/?
-1

(see [7, p. 11]), we obtain

log* | f(0) l [E™(0, s, H)dt/(1 — 2)112] — b’
+ m[": (vs(2) — b)_ll + N[": (ve(2) — b)_l]
1
&7 =l 00) = B]log™ | 2o R0, i@ = A =5 l

1
< mlr, v.(2)] + log* If(O)f_i [E®(0, s, Hdt/(1 — 2)12] — b ’

+ 2 log* b + 2 log 2.
Substituting r =Ks, K > 1, noticing that
(8.8) m[Ks, 1,(z)] < log u[s, Ks], s> 0,
and using Theorem 7.1 we obtain

£(0) 1E(l)(o, s, dt/(1 — )12 | + m[Ks, (v.(z) — b)~1]

-1

logt
8.9) ¢

+ N[Ks, (0(2) — 8)~'] < S*+e + log (1/c) + O(1)
for sufficiently large s which belong to 8'(b/f(0)). Since
N[Ks, (v(z) — b)~']

(8.10) n[s, (u(z, 2) — b)7'] = n[s, (u(z) — b)'] =
log K

[see (8.3)], (8.9) implies (8.5).

Taking lz] =s in (8.10) and using the second relation of (8.3) we ob-
tain in similar manner inequality (8.6). n[s, (u(z, z)—b)~!] is a sectionally
constant function of the real variable s which in every interval E[0<s=<So],
So< «, possesses finitely many finite jumps.

We now introduce the expressions

) = [k e D 297 Cla®)]

N l‘,lSp

(8.11)

2,(b) |#
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where [ denotes the Stieltjes integral, z,(b) are the b-points of %(z, Z) and
C|z,(b)] their indices.

Lemma 8.2, If
(8.12) nls, (u(z, £) — b)1] < s, e> 0,
then I\( ) is bounded. Conversely, if I\( =) is bounded, then

f” n[s, (u(z, 2) — b)~']ds

(8.13) v

exists.

Proof. A well known procedure (see, for example, [7, p. 27]) yields im-
mediately the lemma.
In fact, integrating by parts we obtain

 nls, (u(z, 2) — b)~!]ds _ nlro, (u(z, 3) — b)~]

o R )
(8.14) B nlr, (u(z, 2) — b)) + if' dnls, (u(z, 2) — b)71]
pN Ny st .

Suppose now that (8.10) holds. Then it follows by (8.14) that I\(r)
< Cir—+0(1), and therefore I,(») is bounded. Conversely I\(®)< « im-
plies that (8.13) is bounded since, by Lemma 8.1, n[r, (u(z, 2) —b)~!] is non-
negative.

9. Some additional remarks concerning the value distribution of entire
functions of the class (°(E). In §§6-8 we assumed that the generating function
E(z, 2, t) has the property that E(z, s/z, ¢) is an entire function of z and s.
Clearly, in the general case E(z, 52/2, £) =9 2 02 v — wHpa(t)s™2" is not regular
in E[|s| < w, 0<|z| < » ];in addition to singularities at 2=« and at s= o
it possesses an essential singularity at 2=0. The application of our procedure
will require the generalization of the corresponding results in the theory of
entire functions of one and two complex variables to the case of functions
which are singular also at z2=0.

It will be of interest to indicate another method of attack for the study of
value distribution of #(z, ) in a domain bounded by an arbitrary closed
curve, il

In [4, §5], see also footnote 18, p. 315 of the present paper, the operator

9.1 u(z, ) = (21ri)‘1fj(Z)H(z, 2;,Z)dZ,

where the integral runs over i}, was introduced. Here f is the Q-associate
(see p. 312);
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9.2) H(z%2) = fl [E(z, 2, 8)/@ — 2(1 — )/2)]at/ (1 — )11

is a solution of L(x) =0 which possesses a singularity at the point 2=Z, and
i’ is an arbitrary closed rectifiable curve which lies in the regularity domain of
f(Z) and includes in its interior the origin. '

The representation (9.1) of u(z, £) is very suitable for investigation of
u#(z, 2) in the domain bounded by i!. This method of attack leads to the study
of the properties of the function H(z, z; Z).

In particular if certain differential relations between the coefficients of
L(x) =0 exist we obtain for E(z, Z, ¢) a closed expression in ¢ in terms of ele-
mentary functions (see [3, §3] and [5, §3]), which is very convenient for
investigations of this kind.

The formula (9.1) can also be used for the study of the derivatives of
u(z, z).

Lastly we observe that the introduction of the operator

1
f E(z 2, )f(z(1 — #2)/2)dt/(1 — )12
-1
enables us to investigate the behaviour of various subsequences,

M N
9.3) > D Ames™zn,
me=p ne=p
of a function u(3, ) =2 o0 n=oAmz"z" of a class C(E).
Using the relation

1
(9.4) Amnzmzﬂ = (21!'1:)—1 fa fb . g-l_(m+l)§2_(”+l)E(§‘121 ?22, t)
S(§12(1 — 13)/2)diadSedt/ (1 — )12

where @ and b are rectifiable -closed Jordan curves in the {; and {. planes,
respectively, and employing standard methods of the theory of functions one
may draw various conclusions about the left-hand side of (9.4) from the
behaviour of f and E.
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