GEOMETRIES OF MATRICES. 1. GENERALIZATIONS
OF VON STAUDT’S THEOREM

BY
LOO-KENG HUA

It was first shown in the author’s recent investigations on the theory of
automorphic functions of a matrix-variable that there are three types of ge-
ometry playing important roles. Besides their applications, the author ob-
tained a great many results which seem to be interesting in themselves.

The main object of the paper is to generalize a theorem due to von Staudt,
which is known as the fundamental theorem of the geometry in the complex
domain. The statement of the theorem is:

Every topological transformation of the complex plane into itself, which leaves
the relation of harmonic separation invariant, is either a collineation or an anti-
collineation.

Since the fields and groups may be varied, several generalizations of von
Staudt’s theorem will be given. The proofs of the theorems have interesting
corollaries.

The paper contains also some fundamental results which will be useful in
succeeding papers.

The interest of the paper seems to be not only geometric but also algebraic,
for example we shall establish the following purely algebraic theorem:

Let I be the module formed by n-rowed symmetric matrices over the complex
field. Let T' be a continuous (additive) automorphism of M leaving the rank un-
altered and T'(1X) =1(X). Then T is an inner automorphism of M, that is, we
have a nonsingular matrix T such that

r'(x) = TXT'

The author makes the paper self-contained in the sense that no knowledge
of the author’s contributions to the theory of automorphic functions is as-
sumed.

I. GEOMETRY OF SYMMETRIC MATRICES

Let ® be any field. In I, II, and III, capital Latin letters denote nXn
matrices unless the contrary is stated. But on the contrary, we use M(»™
to denote an #Xm matrix, and M = M»"_ I and 0 denote the identity and
zero matrices respectively.

Throughout I, we use
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1. Definitions. We make the following definitions.
A pair of matrices (Z1, Z,) is said to be symmetric if

(Zl’ Zz)%(zly ZZ)' = Oy

that is, if Z:Z2{ =2Z,Z/. The pair is said to be nonsingular if (2, Z;) is of
rank 7.
A 2nX2n matrix T is said to be symplectic if

TFT' = §.

=

AB' = BA’, CD' = DC', AD' — BC' = I.

Explicitly, let
T

Further, it may be easily verified that
D —B
e (27)
-C" A

(W1, Woy = Q(Z1, Z2)

to be a symplectic transformation, where Q is nonsingular and ¥ is symplectic.
Since

is also symplectic.
-We define

(W1, W§(W1, Wo)' = QZ1, Z)IFT' (21, Z2)'Q',

a symplectic transformation carries symmetric (nonsingular) pairs into sym-
metric (nonsingular) pairs.

We identify two nonsingular symmetric pairs of matrices (Z;, Z;) and
(W1, W) by means of the relation

(Z1,Z2) = Q(W1, W).

It is called a point of the space. The space so defined is unaltered under sym-
plectic transformations, which may be considered as the motions of the space.
If Z, and W, are both nonsingular and if (Wi, W2)=Q(Z,, Z;) T let

= - Wl_lW21 Z=— Zi"lzzv
then W and Z are both symmetric and
Z = (AW + B)(CW + D).



1945) GEOMETRIES OF MATRICES. I 443

Thus a symmetric pair of matrices may be considered as homogeneous co-
ordinates of a symmetric matrix. The terminology “geometry of symmetric
matrices” is thus justified.

2. Equivalence of points.

THEOREM 1. Any two nonsingular symmetric pairs of matrices are equiva-
lent. Or what is the same thing: every nonsingular symmetric pair is equivalent
to (I, 0).

Proof. Let (Z,, Z;) be a nonsingular symmetric pair.
(1) If Z, is nonsingular, we have

I
Z1,2y) = Z,(I1,Z7'Z5) = Zx(1, 0) (0 S):

where S=Zi'Z, is symmetric, and then

( ’

(2) Suppose Z; to be singular. We have nonsingular matrices P and Q such
that

I Q(r.n—r) '
Wy = PZ,Q = (Oo._,.,) o )
and
Qo0
(W1, Wy) = P(Z1,2Z5) 0 Q,_,),
and
s(r) m(rin—r)
= /—1 =
W, = PZYQ (q("_m o )
Since

G ¢-)

is symplectic, (W), Ws) is nonsingular and symmetric. Consequently s is sym-
metric and ¢ is a zero matrix.

Let /
(U1, Ug) = (W1, W) (0 i);

s 0
s=( ).
0 It-»

where

Then
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0m
U1=W1, Uz=—Wls+W2=(0t>.

Since (Ui, U,) is nonsingular, {7 is nonsingular. Let

WV V) = (U3, U (; g)

I(r)m
V1=U1+Uz=( )'
0 ¢

then

which is nonsingular. By (1), we have the theorem.

3. Equivalence of point-pairs.

DEFINITION. Let (Z,, Z,) and (W), W,) be two nonsingular symmetric
pairs of matrices. We define the rank of

21, Z)FWy, Wo) = Z, W — Z,W{

to be the arithmetic distance between the two points represented. Evidently,
the notion is independent of the choice of representation. Further, it is in-
variant under symplectic transformations. In fact, let

(Zl*r Zz*) = Q(Zh Z)%, (Wx*. W = R(Wl. W2)T,
then
@2 ZHFWE W) = QZ1, Z)TFT' (W1, Wo)'R' = QZy, Z)F (W1, Wo)'R'.

In nonhomogeneous coordinates, the arithmetic distance between two
symmetric matrices W, Z is equal to the rank of W—2Z.

THEOREM 2. Two point-pairs are equivalent if and only if they have the same
arithmetic distance. What is the same thing: every point-pair with arithmetic
distance r is equivalent to

(I’ O)y (I, Ir)

I™0
ne ()
0 0

Proof. By Theorem 1, we may assume that the point-pairs are of the form
(I1 0)! (Zly Zz).

The arithmetic distance being 7, it follows that Z; is of rank . We have
two nonsingular matrices P and Q such that

I 0
7P = = I,.
0z, (0 0)

where

Then
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0Zs Z5) (:_1 ?D) = (T, 1)

and

Q(, 0) (g’_l OP) = QP'-Y(I, 0).

Since (T, I,) is a nonsingular symmetric pair, we have, consequently,

s(f) t
T (o pon)
0 p(n—r)

where s is symmetric and p is nonsingular. Then

I — tp—t (r) '
o “F)@n=(( ) )
0 P 0 I

Further,
I 0
s(f) 0
(( ), I,) I—s0 = (I, 1,)
o o) (T
0 O
and
I
(Z,0) <(I -5 0) I = (I, 0).
0 O
Since

(9

is symplectic, we have the result.

DErFINITION. The points (X3, X,) with singular X, are called points at
infinity (or symmetric matrices at infinity). Finite points are those with non-
singular X;.

LEMMA. Any finite number of points may be carried simultaneously into finite
points by a symplectic transformation, if ® is the field of complex numbers.

Proof. (1) Given any symmetric pair of matrices (T}, T;), we have a sym-

plectic matrix
(7. 7)
T, Ty

In fact, by Theorem 2, we have a symplectic T such that
(Th T2) = Q(— I' 0)&.
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Let
(P1, Py) = Q-1(0, Z.

(-G (702
T.T.) \o ¢@/\-1o0
which is evidently symplectic.

(2) For a fixed point (X3, X;), the manifold

det (X1, X9)F(Z1,22)") =0
is of dimension n(n+1)—2. Let
(41, 42), - -+, (L, Ly)
be p given points. Then we have p manifolds
det ((41, 49)F(Z1,29)") = 0, - - - , det (L1, LIF(Z1, Z2)") = 0.

In the space, there is a point (T3, T2) which is not on any one of the mani-
folds. The transformation

Then

P, P)\! T; — P
¥4, Y2) = Q(X1, Xo) T, T = Q(X1, X») 7! P!
carries evidently the p points into finite points simultaneously.
4. Equivalence of triples of points.
DEFINITION 1. A subspace is said to be normal if it is equivalent to the sub-
space formed by symmetric matrices (in nonhomogeneous coordinates) of the

form
(r)

(6 o)
o o™ )

The least possible 7 is defined to be the rank of the subspace.

DEFINITION 2. A triple of points is said to be of degeneracy d=n—r if it
belongs to a normal subspace of rank r.

Evidently degeneracy is invariant under symplectic transformations.

THEOREM 3. In the complex field, two triples of points are equivalent if and
only if they have the same degeneracy and the arithmetic distances between any
two corresponding pairs of points are equal.

Proof. Evidently, if two triples are equivalent, they have the same de-
generacy and the arithmetic distances between any two corresponding pairs
of points are equal.

We prove the converse in six steps.

(1) Every triple with arithmetic distances %, %, 7 is equivalent to
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N JOW
0, I, ( 0 0) (in nonhomogeneous coordinates).

(Notice that now the degeneracy is 0.) We use 7(4, B) to denote the arith-
metic distance between 4 and B. Let A, B, C be the three points of the
triple. Then

r(4, B) = r(4,C) = n.
By Theorem 2, we may write in homogeneous coordinates
A =(1,0), B = (0, 1), C = (Z.,2).
Since 7(4, C) =n and Z, is nonsingular, we may write C as
(S, D),
where S is a symmetric matrix of rank . We have a nonsingular matrix I'

such that
I(r) 0
ST =1, = ( ),
0 O

(1, 0) o rT'(1, 0)
T{(,!I = 0; 1 .
(( ))(O o) ( ©: D) )
(S, 1) (I, I)
Thus the triple is equivalent to
1,0, ©, 1), I, I).
Since (in the nonhomogeneous coordinate-system)
01, —1,

is a triple with distances %, %, 7, we have the theorem.
(2) Every triple of points with arithmetic distances #, s, ¢ is equivalent to

—I® 0
0, I,( 0 0 0 >
0 0 I@

where p+qg=s, n—g=t. (Obviously, s+t=n.)
In fact, we may assume that
A = (I, 0), B = (I, I), C = (Zl, Zz).

We may determine two nonsingular matrices U, V such that

I Q
UZ,V = ( ),
0 0

then
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where 7 is the rank of Z,. If we set

V-0
¢=(r=yv)
V-v-iy

U, 0G = UV, 0),
U(I, G = UV(I, I),

)

imply that we may assume that

I Q
Zl = P, Zz = (0 O).

the relations

Owing to the symmetry, we have

(S(r) ]/V)
P= ,
o T

where S is symmetric and T is nonsingular. Further, since

R 19 TH) (M T )’

we may assume that

S I 0
wG) a7
(UN § 0 0

In the normal subspace of rank 7, the points (I, 0®), (I, I®), (SV, I")
are, by (1), equivalent to

— I 0
(n ) (r) J(n) (r)
ao, o0, aw,1e), (10,(7 7))

Thus, we have, in nonhomogeneous coordinates,

—J(» 0 0
™ 0 0 0 ’
0 0t—2 0 .
0 0=n)’ 0 Jun)

0 0  o=n

The transformation

I 0 0 0 v 0
(0 ae) G 1) gen) =¥
0 It o 1=nJJ\0o i1

carries the three points to the required form.
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(3) Now we are going to prove that any three points are equivalent to
4 =0, B=bi+---+b, C=a+---+a®,

where b, and ¢, are unit matrices of degree r, multiplied with a factor 1, 0,
or —1. (1) and (2) are special cases of this. We shall consider another special

case with
0 M 0
0 0eCE) e-(D)
N O

M0
0.--0 I(m
M=( ), N=( ) n=2m-+ 1.
I(m 0:---0
They form a triple with distances 2m, 2m, 2m.

Now we are going to establish that there exists a symmetric matrix S such
that the transformation

where

W =2Z(SZ 4+ I)!

will carry the three points to

imo 5=("%) o= (%)
=Y = 0 Bin—l) ’ .— 0 C:n—l) ’

where B, is nonsingular. In fact S is given by

1 0 0 -1 0
0 —-1) 0 0 0 0 0

0 0 of, 0 0 0 0 of,
-1 0 1 -1 0 0 1 0
0 0 0 0 0

and so on. The general form may be obtained easily. Applying the results ob-
tained in (2) to
O(n—l) , B:n—l) , Cin—-l) ,
we have the conclusion.
(4) Let B, C be a nonsingular pair of symmetric matrices (in the ordinary
sense), that is, we have \ and p such that

det (\B + uC) 0.

Suppose C is nonsingular; the conclusion announced in (3) is true by (2).
Otherwise (A>£0) we have I such that

() 4 and X’ denote direct sums.
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I'(A\B + uO)T = I,

(r)

, Ci' 0 (r) .
I'Cr = o o) C; nonsingular.

Then
(r)

(r)
I - 0
XP'BP = ( Oﬂcl I(n-r)).

Applying the results of (2) to

1 r _(r
0, 7 (I( ’ - F'Ci ))q C:'),

and

1 .
0, —I®", 0,
S

we have the result announced in (3).
(5) Finally, for any pair of symmetric matrices (cf. the lemma of §3)

B, C
we have a nonsingular matrix I' such that
Bl =b+---+ b
and
ICT =¢14 -+ 4o

where

(bn Cr)

is either the pair discussed in (4) or the pair discussed in (3), hence the re-
sults in (3).

(6) By a rearrangement and some evident modifications, for a triple of
points with degeneracy ¢, we have

A= 0@ 4 0@ 4 00 f 0@ 4 01,
B= I® 4 0@ 4 I J&) 40,
C=—I®4 1@ F 00 1 f 00,

which is the only possible form. The arithmetic distances between two points
are given by
e=17(B,C)=p+q+r

b=17(C,A) =p+q+s,
c=r(4,B)=p+r+s.
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Thus, for given ¢, a, b, ¢, if the equations are soluble, the solution is unique.
We have therefore the theorem.
The conditions for solubility are
n—t=a,b,ec,
(1)
a+b+c=2(n—1).

In terms of a “triangle” we have the following theorem.

THEOREM 4. A triangle of degeneracy t with sides a, b, ¢ exists if and only if
(1) holds. If it exists, it is unique apart from equivalence.

Incidentally, we have
a+b22n—18) —c=c;

equality holds if and only if c=a+b=n—t.
The “triangle-relation”

a+b=2¢, bt+c=Za, c+axd

does not guarantee the existence of triangles with a given degeneracy, for
example, n=2, t=0, a=b=c=1. But we have the following theorem.

THEOREM 5. Given the lengths of three sides a, b, ¢ (Sn), where the sum of
every two is greater than the third one, there are X non-equivalent triangles, where

\ = {[(a + b+ ¢)/2] — max (a,8,¢) + 1, for n 2 [(a + b+ ¢)/2](),
n — max (a, b,¢) + 1, for n < [(a+b+c)/2].
Proof. From a+b2¢, b+c=a, c+a=b, we have
a+ b+ ¢ = 2max (a, b, c).
There always exists a ¢ such that
a+bdb+c=2(n—1t) = 2max (a,b, ¢).
Then
max (0, n — [(a + b+ ¢)/2]) £ ¢t £ n — max (g, b, ¢).
Thus, the number of ¢'s is equal to
n — max (a, b, ¢) — max (0, n — [a+b+0)/2])+1
=min (n, [(a + b + ¢)/2]) — max (g, b, ¢) + 1.
COROLLARY 1. If one of the sides is of length n, the triangle is unique.

COROLLARY 2. If the sum of two sides is equal to the third, then the triangle is
unique.

() [x] denotes the integral part of x.
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5. Equivalence of quadruples of points.
DEFINITION. Let Z,, Z,, Zs, Z, be four points in the nonhomogeneous co-
ordinate-system. The matrix

(Zl - Za)(zl - Z4)—I(Zz - Z4)(Z2 - Zs)—l
is defined to be the cross-ratio-matrix of the four poihts, and it is denoted by
(Zy) 24525, 2)).

It is defined only when Z,—2Z, and Z.— Z; are nonsingular.
In the homogeneous coordinate-system, we let Py, P,, Ps, P, be four points
with coordinates

(X1, ¥), (X2, Y), (X3, Yy), (Xo Yy).
In terms of
(Pyy Pj) = (X,;, Y)F(X;, Y3),
the cross-ratio-matrix is defined by
(P1, Py; P3, Py) = (P1, P3){(P1, Py)~*(Ps, Py)(Ps, P3)7,
‘provided that it is not meaningless.
Let P#* be the point with coordinates
(XYY = (X, YT,
where T is symplectic; then
(P, P} = (XHYFEXHTYY

= Qi(X; Y)F(X,, ¥)'Ql = Qi(Pi, PO
Therefore

(P#, P#: P¥ PP =(P¥ P#)P¥ P¥-P# P¥)(P¥ P¥)
=Q3(P1, P3)Q{ Qf ~X(P1, P)QQiT(Ps, P)Q: Qs 1Py, Ps)~'Q5%
=Qs(P1, Py; Ps, P)Qs7,

and we now state the following theorem.

THEOREM 6. In an algebraically closed field, two quadruples of points, no
two of the points having arithmetic distance less than n, are equivalent if and only
if their cross-ratio-matrices are equivalent.

In order to prove Theorem 6, we need to establish the following theorem.

THEOREM 7. In the algebraically closed field, any quadruple of points, no
two of which have arithmetic distance less than n, is equivalent to

0) «©, ZI ai, Z, bl'a

135i3y 15isy
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where
0---0 1 0 0---0 \;
0---10 0 0---N1
a; = , b = , N#=O0 or 1.
1---00 N1--20 0

Proof. In homogeneous coordinates, we may write the four points as
(01 I), (Iv O)r (Zl: Zﬁ)t (le Wz)-

Since no two of the arithmetic distances are less than n, Z;, Z;, Wy, W, are all
nonsingular. We may write them in the nonhomogeneous coordinates as

01 © ) Sl) Sz.
We have a nonsingular matrix T such that
TST = Y .'a;, TSI = D2.'b

The theorem follows.

The proof of Theorem 6 is now evident.

REMARK. The equivalence of quadruples in any field seems to be more
difficult. The condition in Theorem 6 is insufficient for the real case. (A signa-
ture system is required.)

DEFINITION. We define a quadruple of points satisfying

(Py, P3; P3, Py) = — I

to be a harmonic range.

Evidently a harmonic range is invariant under a symplectic transforma-
tion.

6. Von Staudt’s theorem in the complex number field. Now we let ® be
the field formed by complex numbers.

We use Z to denote the conjugate complex matrix of Z. The transformation

(W, Wa) = Q2Zy, Z2)T

carrying a symmetric pair (Wi, W,) into a symmetric pair (Z,, Z») is called
anti-symplectic if Q is nonsingular and T symplectic.

THEOREM 8. A transformation satisfying the following conditions:
(1) one-to-one and continuous,
(2) carrying symmetric matrices into symmelric matrices,
(3) keeping arithmetic distance invariant,
(4) keeping the harmonic relation invariant,
is either a symplectic or an anti-symplectic transformation.

Proof. Let T' be the transformation considered. Taking three points 4, B,
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C (symmetric matrices), no two of which have arithmetic distance less than 7,
let 4,, B;, C; be their images. By (3), the arithmetic distance between any
two of A1, By, Ciis n. Let T, and T be two symplectic transformations carry-
ing respectively 4, B, C and 4., By, G, into 0, I, «, in accordance with

Theorem 3. Then, without loss of generality, we may assume that
0 = I(0), I =T, o = ().
Since
z, Z, (Z+2zy/2 ®©
form a harmonic range, we have
I2Z) + T(Z) =TZ + Z)).
Consequently,
T'(rZ) = T(2)

for all rational ». By continuity, this holds for all real .
Now we introduce the following notations:

Eii = (p) {lifs=t=i,
i#= (uc)y e = 0 otherwise
and
lifs=4,t=Fors=7 t =14,
E;; = st)y it =
i= @) g {o otherwise.
Let

P(E".‘) =M e
Since M; is of rank 1 and symmetric, we have
Mi= Ny s 3 Nin) iy = =+ 4 Nim)©

Let
A= (\i)).

Then
I= F(I) = Z P(E.’,‘) = E M.'
=1

tel

=3 sy ey Nan) iy = =y i)

]
=3 (i) = 2 M‘)‘ik)
tm=] =1

= A’A.
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That is, A is an orthogonal matrix
Nty » +* sy Nam)A? = (i1y + + + 4 i)y

where 8;; is Kronecker’s delta. Thus

AT(E;)A' = E,.

Let

A@Z) = AT(2)A’,

then A has the same property as T, that is,
AZ 4+ Z,) = A@Z) + A@ZY),
0=40), I=4a0), ==A(x)

and
E;; = A(Ey).
Let

A(E:) = M = (m.y), i # §,
M is of rank 2. Since

E;j+ MEii + Eji/\
is of rank 1, owing to the invariance of arithmetic distance, the matrix
(1) M + \Ei; + Eji/\

is-also of rank 1 for all \. We are going to prove that M = + E;;. In fact, we
may assume that =1, j=2. The two-rowed minor of (1)

mu + N Mg —0
Mis mas + 1/\
for any A, that is

mumsey — mlzz + mu/N+mA+1=0,

that is

mi = My = 0, m = + 1.
Further

m1:1+‘)\ mul:O t§3,
mie M
for all A, then m,, =0, m;,=0 for all £=3. Finally
0 My .
=0 if (5,2 (1,2),
Mst

then m,. =0 for (s, £)#(1, 2). Hence, we have
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M = £ E,.
Thus
A(E;;) = t Eij.
Let
D=[‘11°'°)£u]v €y=:t1.
Then

DA(E;j)D = % eie;E;;.
Thus we may choose e properly so that
DA(Ey)D’ = Ey.
Let DAD’ =1I. Then II has all properties of A and further
H(Ey) = Ey.

Now we consider E;;. Without loss of generality we take (1, j) =(2, 3).
Then, if II(E:s) = — Eg3, we have

II(E1n + Ess + Ei2 + Eis + Egs) = En + Ess + Eje + Eis — Egs,

since

1 11
1 0 e |=—(e—1)2
1 € 1
which is equal to zero for e=1 and not zero for e= —1. Consequently the

ranks of Ey+ Ess+ Ewe+ Eis+ Ez; and Ey+ Ess+ Eis+ Ei3— Eag are not equal.
This is impossible.
Thus, we have
nx)=Xx
for all real X. (If we do not use continuity, it holds for all rational X.) We
may assume I' to be II.

Further for real ¥, the four points Yi, — Y%, ¥, — Y, form a harmonic
range, while

ryy =y, TI(-Y)=-Y,

thus we have
T@EY)Y! = — YT(@HY)~L.

In particular,
rGn):= — 1.

Then
T¢I = iJ

where J is an involutory symmetric matrix, that is J2=I and J=J’. We have
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a matrix T (not necessarily orthogonal) such that
J=TT.
T-T2)T' = 2),

Let

we have then
&@I) = il.

Let
VZ) = — i®(iZ).

Then
V(O) =0, V(I) =1, V(OO) = o,
so the ranks of Z and V(Z) are equal. By the method used before, we have

V1 = B'VB
such that

VI(X) = X,
for all real X. Thus, we have finally that
I'(X 4+ ) =T(X) +T@GY) = X + iA'YA4,

where 4 is independent of X and Y.
Now we have

A'YA- Y =Y(A'V4),

that is,
(A'YAY-): =1,

for all real Y. Here we introduce a lemma.
LEMMA. Let A be a nonsingular matrix. If
(AYAY )2 =1
for all symmetric YV then A =pl, where p=+1 or +i.
If the lemma is true, then
I'X+®&)=X+1i& or X — V.

The theorem is proved.
Proof of the lemma. (1) We have a nonsingular matrix I" such that

T-AT = B

and . .
B=Jl+"‘+Jn

where J; is a Jordan matrix of degree n:. Evidently
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(B'(T'YT)B(I'YT)~1)2 = IV(A'VAY-)I'-1 = I.

Thus it is sufficient to prove the theorem for B instead of 4.
(2) We shall prove n;=1. In fact, if

A 1.---0
0 A--:0
J.‘= ’
0 0---\
then
PN 0--- 0 TOLNNH 1) N3N 2.
AN14N AN-- O . .
i) = + = ‘ =1,

0 0 O0---142)

which is impossible. Thus #;=1, that is,

B=[a, ,el 6 # 0,
which is a diagonal matrix.
(3) Putting
110 0--:0
1 000:--:0
0010:---0
Y =
000 1---0
000 O0---1

we have
22

(GGG IE - )-8 ) -G

which implies
€1 = €.
Similarly
B = ¢l, e# 0.

Then A =el. For V=1, we have ¢=1, that is e= +1, 4. The lemma is thus
completely proved.

7. Remarks. The following results are contained in the proof of Theo-
rem §8:

THEOREM 9. Let ® be the complex field, and let MM be a module formed by sym-
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metric matrices over . Let T' be an additive continuous automorphism of M
leaving the rank invariant, so that I' satisfies

@) rxX)em, if XeMm;

(ii) T(X+Y)=T(X)+T(Y), if XEM and YEWM;

(iii) T(¢X)=4T'(X);and

(iv) T'(X) has the same rank as X.
Then I'(X) is an inner automorphism, that is

I'(X) = TXT'

Jor certain T.

In the case of. the real field the situation is more complicated. In Theo-
rem 9, we require an additional condition that the signature of I'(X) is the
same as that of X.

The analogue of Theorem 8 in the real field is more complicated. Since
Theorem 7 is not true in case of the real field, degeneracy and lengths of sides
do not characterize the equivalence of triples of points, for example, there
does not exist a real symplectic transformation I' satisfying

r'(0) =0, T(x)= o, I‘(z _(2))=(_<2) —(2))'

In fact the transformation satisfying the first two of these relations is of the

form
I'Z) = czcC’

where C is nonsingular and real. It keeps the signature invariant. By means
of the signature of a triple, we may obtain an analogue of Theorem 9 in the
real field.

II. GEOMETRY OF SKEW-SYMMETRIC MATRICES
Throughout II, we use

ws() 2()
" \ro/) N1/
We let n=2m.

8. Notions. A pair of matrices (Z,, Z,) is said to be skew-symmetric if
(21, 298121, 22) = 0,
that is,
Z\Z] = — Z2Z1_
A 2nX2n matrix ¥ is said to be §i-orthogonal, if

TFET = §1.
We define



460 L. K. HUA [May

(W, Wy) = Q(Zx, Z2)T

to be an {i-orthogonal transformation if Q is nonsingular.

The transformation carries nonsingular skew-symmetric pairs into non-
singular skew-symmetric pairs.

The nonsingular skew-symmetric pair of matrices may be considered as
the homogeneous coordinates of a skew-symmetric matrix.

It is easy to verify that the geometry so obtained (analogous to I) is
transitive, that is, any two points of the space are equivalent.

We define the rank of

@1, Z)T(Wr, W)

to be the arithmetic distance between the two points represented by (Z:, Z,)
and (Wl, Wz).
- We have also: _
Two point-pairs are equivalent if and only if they have the same arith-
metic distance. ‘ o o
We may also define the cross-ratio-matrix of four points Py, Ps, Ps, Py,
Pi=(Xin Yt) (i=ly 2,3, 4) by

(P, Ps)(Py, Pay~{(Py, P){(Ps, Py,

where - o :
(Pi, Pjy = (X;, Y)§:(X:, V).

The analogue of Theorem 6 is also true.

If the cross-ratio-matrix is equal to —I, we define P, P2, P;, Py to be a
harmonic range.

9. An algebraic theorem. On the ground of similarity, the following state-
ment seems to be true. _

Let T be a continuous (additive) automorphism of the module formed
by all skew-symmetric matrices, such that I'(4X) =4I'(X), and that the rank
is left invariant. Then I'(X) is an inner automorphism.

Unfortunately, this statement is false and so the situation becomes more
complicated. For n=2,

0 a b ¢ 0 a b d

—a 0 d e —a 0 c e
"o —a o f| T |=b—=¢c o ¢
—c —e — f 0 —d —e¢ — f 0

is an automorphism but not an inner automorphism.
It is an automorphism of the required kind, since the principal minors
form equal sets, say

(af — be + cd)?; a?, b2, c?, d? e, f2
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It is not an inner automorphism. In fact, we write

(Lo w-(Cox)

-Q R -QR/

where P and R are two-rowed skew-symmetric matrices. Suppose it is an
inner automorphism, that is, that there exists a nonsingular matrix

( )
C D

® o) o DCo)(ox)
¢ pJ\-¢ R/\¢c b/ \-Q R/
for all P, Q, R.
In particular, if P=R=0, Q=1I, we have

@ Co)ro)len)-(Cra)

Combining (1) and (2), we have

oG )G T o)
Putting P=R =0, we have
40=Q4, BQ'=QB, CQ=¢QC, DQ =0QD

for any Q. Consequently, we obtain

B = I, C =1l A=D=0.

Gr'0) o B 0)= (o 7)

which, in general, is not equal to
—QR )

Thus the automorphism is zot an inner automorphism.

The above argument suggests that in general we might have m —1 basic
automorphisms:

(i) @a142a4s, other elements invariant;

(ii) @a1422ass, a16=2as, other elements invariant;

But
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(1ii) @142a23, G1622a2s, A1g2asy, other elements invariant;

(m—1) 6142033, - - * , @1,2mT202 2m1, Other elements invariant.

Such a reasonable suggestion is a false one, since for m = 3, “a;s22a4” does
not keep the rank invariant, for example,

0 0 0 0 1 0 0 0 0 1 1 0

0 0 1 0 0 1 0 0 0 0 0 1

r 0 -1 0 0 -1 0 _ 0 0 0 0 -1 0
0 0 0 0 0 0 -1 0 0 0 0 0

-1 0 1 0 0 1 -1 0 1 0 0 1

0 -1 0 0 -1 0 0 -1 0 0 -1 0

Here one matrix is singular while the other is nonsingular.

THEOREM 10. Let ® be the field of complex numbers. Let I be the module
Jormed by all skew-symmetric matrices over ®. Let T be a continuous (additive)
automorphism of ® leaving the rank invariant and T'(1X)=4T'(X). Then, for
m#=2, I is an inner automorphism. For m =2 there exists a nonsingular matrix T
such that

r'Xx) = 1Xx, 17’
where X, is either X or
0 a2 a13 Q23
— a1z 0 n (N
— a13 — Qu 0 a34
— Q23 — G2¢ — Q3 0

Proof. (i) Evidently, the automorphisms
Y=TX,T

satisfy the requirement, where T is nonsingular.
(ii) The additive property may be stated as

(1 X +7) = I'(X) + I'(¥),

for any two X and Y belonging to IR. Putting X = V=0, we have
2) T(0) = 0.

It is also very easy to deduce that

3) I'(rX) = T(X)

for any rational 7. By continuity, it holds for any real r. Since I'(4X) =4I'(X),
the relation holds for all complex r.



1945] GEOMETRIES OF MATRICES. I 463

(o) ()

where 4 is a nonsingular skew-symmetric matrix. There exists a matrix Q

such that
o= (20
Q “\=-10 —-10/

Let T'(X) =QI'(X)Q’, then T is an automorphism satisfying the properties
given in the theorem and

4) n(J) =

where
S0 ()
“\-10 —-10/

Write I instead of T'y. (In the following we shall repeat this procedure by the
simple statement “we may let T satisfy (4).”)
(iii) Let Ay, - + -, A be m distinct numbers, and let

=)t (o)

Consider the two pairs of matrices 4, J and T'(4), J. Since I'(4 —\J))
=T'(4)—\J, the characteristic roots of I'(4A —\J) are also \y, - - - , An. (Each
is a double root.) We have a nonsingular matrix M such that

(5) MT(AM' =4, MIM =].

Now we are going to prove that M can be chosen independent of the N's.
Write M=M,,,...,. We have

(Go++ (o) 6
=M‘((gg)+ ”+(—1o)' ( )M(a)’

where M;=M,,, ..., *» With A;=1and ;=0 for j#+. In this expression, only
the (2¢—1)th and 2¢th columns are significant. Let P be a matrix having
(2¢—1)th and 2ith columns in common with M; fori=1, 2, - - -, n. Then

I'(4d) = PAP".

Let

Putting A\;= - - - =\, =1, we find that P is nonsingular.

(®) The term different from the zero-matrix is the 7th term of the sum.
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Now we may let

(6)
where

4

L. K. HUA

r) =4,

(22
-M0

HCL0)

(iv) The theorem is evident for m =1.

Now we take m =2. Let
0 a b

—a 0 d

—-b —d 0

—-c —e —f

I‘ .

Since
0

—a+ X\
—b

—C

that is, (@ —\) (f —u) —be+dc =0, if and only if

0
—ad + 2\
-y
— G,
we have
7
®
Now we consider
T
T

S N o o

0
—-d

- e

g — 2\
0
—d

_c'

a=d,

10

01

10

00

*

0 a b
—_ al 0 dl
-y -4 0
—¢ —¢ - f’
b ¢
d e
=0,
0 f-=
—f+uen 0
b ¢
d ¢
’ = 0'
0 ff—n
-f+us 0
=7

be — cd = b'e — d'.

("

!

[May

where “-” stands for zero-matrix and “*” stands for a matrix which either is
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evident or has no essential significance in the consideration. (This convention
will be retained for the rest of the paper.) Then M is of rank 2, M, and M — M,
are of ranks less than or equal to 1, that is

| My =M | =0

has two characteristic roots 0 and 1. We can find two matrices P and Q of de-
terminant 1, such that

)

00
Therefore
- 10
(PO' - M\/P' O
NG| o
0 Q'/\» 0 Q
. .
and L 0)
PO - M\\/P' 0 .
Ge)( G o] o
0Q/\+ - 0
* . )
Since '
(1PN 0
(P 0) -0 (P’ 0) —20
0¢Q oul\o0 B opl’
—u 0 : —-un 0
we may let
50 b0).
T 0e| = 0e
* *

We deduce easily that
9 b=V, e=c¢.

From (8) we have

cd = c'd'.
In particular, we have
01 0
r| 1o|l=| &o|, =1
* *

Since
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@ o 0 0 0 a b ) (@) o 0 0
0 (@) o 0 —a 0 d e 0 @)oo o0
0 0 (@) o0 -b —d 0 f 0 0 @)1 o0
0 0 0 @) \—¢ —e —f 0 0 0 0 (d)w

we may let
(O 0 0 1 0 0 0 1
0 0 1 0 _ 0 0 1 0
"l o1 o ol | 0-1 0 o
[~ 1 0o 0 o -1 o 0 o

Finally, we have
0 0 0 1 0 0 0 A
r 0 0 0 0 - 0 0 " 0
0 0 0 0 0 —p 0 0
-1 0 0 0 - A 0 0 0
Then

0 01

o) =*Go)l-o
0 10

for k=1 and 0, so we have either

rx)=Xx

I'(X) = X

(v) For the sake of simplicity, we give the proof for m =3. The method is
valid for any m.

Let M=(a:;), M1=(ai;) and
F(M) = Mx.

or

Since, by (iii),

(UDY J A

—n0 ' . —u0]
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the determinants of
0O\ (DN
M- -0 and M, — -0
Ou 0Ou
—un0) -0

are identically equal. Comparing the coefficients of A%u?, we find ar=ai/.
Similarly, we deduce

’ 14
Q34 = Q34 age = Qage.
Now we let
10
01
=M,
. .
Since for \u=1
{1 0] (130N
01 -0
- =0,
0pu
* . .
-0
it follows that
(13BN
-0
M: - Owu
—20

is of rank not greater than 2 for all A, u satisfying Au=1. Thus we have

’ ’ 4 !’ ’ !’
(1Y a13 Q1 0 @13 Q15 0 a13 Q16
’ 4 !’ 1 !’ ’
-0 A3 Qa4 —-\0 @33 Ggs -0 @33 Gg6
= . r | = r |
0 u 0 a3 0 ase
* * ’ * ’
— M 0 —as O —az O
4 ’ ’ ’ ’ [
(LN Q14 Q15 (11D Qaiq Q16 (1Y a1 Q¢
’ 14 4 ’ 1 !’
-0 @34 Azs it ) Qa4 G2¢ —NO0 @35 Qge
0 as 0 a4
* ’ * , *
—ai 0 —a O
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The first equation gives ,
G13 Gu4

=1,

’ ’
G23 Q24

G -G
o an/ \01/

(In fact, we can choose a suitable Q such that

so we may take

100 100
0 Qo{M|0o QO
00 I 00 I

has the required form.)
Then, from the system of equations, we have

» ’ ’ ’ ’ 14 ’ ’
G35 = Q36 = G5 = Gy = 15 = G186 = G5 = ag¢ = 0.

Thus, we may let

10 10
01 01
I‘ = .
* *
\ (
Let
10
P *
00
T = | | =M,
*
* *

Since M, is of rank 2, we have | P| =0. Since

10
01
(10) - M,

is of rank 2, we have | P—I| =0. There is also a matrix Q such that

()

Thus we may assume that

(May
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10 a
10 *
0 0 (1733
00 ,
= (1213
* * ’
Q45
* *

By consideration of the ranks of the previous matrix

in (10) we find

469

!
a6

’
az26
’
ase | -

’
Q46

and the matrix given

’ !’ !’ !’ !, ’ 4 !’
Q15 = G186 = G35 = Gg¢ = G35 = Gg6 = Gg5 = G4¢ = 0.

Consider again a general skew-symmetric matrix M and its image
M,=T(M). By the same method used for m =2, we have either

’

0 G2 Q13 Q44 G35
. !’
0 dz3 (24 QG2p
’?
0 e ass
M1 = ’
0 (213
*
0
or
. !’
0 a1z a13 @y ass
’
0 Q14 Q24 Qags
!’
0 Q3¢ Qas3s
M] = ’
0 [/ 773
%
0
Repeating the process for
(015 am)
’
Gd2s5 Q26
we obtain either
825 &2 ags, 816 22 aye,
or
Q25 <2 A1e, Q16 2 Q.

’
aie

’
Qa2¢

1
Gse

’
Q46

1
Qse

’
aje
7
Q26
7
asze
7
Q46

!
‘A6

For the equivalence of “a;4as” and “a;¢2as,” we have three cases: (c)
T'(M)=M,, M, is obtained by replacing ass, @ss, @45, G4 by ais, alg, als, alg

in M;
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0 a2 a1z 6 a5 aye
0 aw a6 a5 asz

’ ’
0 Q34 Qa3s Q36

8 M) =M,= P
0 a5 a
’ 0 ase
0
0 a1z 613 623 a5 as
0 614 G2 @16 a2
() (M) = M, = O ow o o
0 aus a4
! 0 ase
0

() We leave ass, @ss, Gus, G4 arbitrary. Putting ajs=asc=as=1, 25 =%,
and the others equal to 0, we have det(M) = (x —ass)?, det(M;) = (x —ags)2. We
have det(M)=0 if and only if det(M;) =0, that is ass=as;. Next putting
@16 =023 =0a34=1, ass =%, and the others equal to 0, we obtain a.=a/;. Putting
15 =024=014=1, ass=%, and the others equal to 0 and putting ais=a:=as
=1, as=x and the others equal to 0, we have respectively

’ ’
a3¢ = dase, Q46 = Q4.
Thus we have
(M) = M.

(B) and (y) Putting a:4=as =1, ag=ax=x and others equal to 0, we
have ass =ajs. Further, if we put

G2=013=0, au==%, as=1, 616 =0, a3 =19y, Gu=20aw=0, a=1,
83=0, ass= — 1, as6 =85 =a46=0, ags =1,

then
dM) = (x(y — 1))?, d(M) = (y(x — 1))~

By putting x=—1, y=+41, we see that this is impossible.

The general proof may be arranged in the following steps:

(a) Dividing the matrix into m? 2-rowed matrices.

(b) Choosing the first row of the small matrices as in the case m =3 and
applying the analogous method as above to the image.

(c) Determining the other small matrices by the method given for m =3
(from (10) et seq.).
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(d) Considering the 6-rowed minors we find that the exceptional case ap-
pearing for m =2 cannot exist for m = 3.
10. Another generalization of von Staudt’s theorem. The transformation

(W, W2)=Q(Z1, Z2)T
is called anti-orthogonal if Q is nonsingular and ¥ is §-orthogonal.
LEMMA. Let A be a nonsingular matrix. Suppose that
(A'YAY ) =1

holds for all skew-symmetric Y. For m =1, A is a matrix of determinant+1. For
m>1, then

A=pl, or A=pT[1,---,1, —1]T,
where p=+1, +1, and conversely.

Proof. (i) The result is evident for m =1.
For m>1, A =pI evidently satisfies the equation. Now we prove that
A=pT[1,---,1, —1]T" satisfies the equation.
We write
(n—1)

Y, v , Y o*
ryr=(" ) @rn- :

- ™ 0
Then
10 Y, v Yy YW — v  Vo*
(0 I) N (— v 0) (— ™ 0 ) - ( — oY — v’v*).
Further
TAVAY- T = 21, - - -, 1, — 1]( ok v) [, 1, — 1]( ve ”*)
-9 0 - 0
(Yt w* ¥Vt _ T+ 20 0
- f ( vV ¥ v'v*) - p( 0 - 1>'
Since v*'v= —1, we have

IV 4 200*)2 = I + 40v™ + doo¥v*™ = [,

hence the result.
(ii) As in the proof of the lemma of §6, we may assume that

A=-71‘i‘]2+"' ’

where J, is again of degree #,. The number of odd #,’s is always even.
(iii) We consider the case
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= J (ﬂj'

where n is even. Write

J = (P q) p= p(nl2)’ q= q(nlﬁ)’

0p
where
A 0 0 {0 0 0
0 1 0 00 0
p = , q =
0 0 0---X 10 0
Take
/2
Y= ( I/ )
then

== 9)(2DCC )
()

implies (p’p)?=1I?, which is impossible for n>2 (that is m>1).

(iv) Let . .
' A=TJ14T,, m+tnmn=mn

where 7, and 7, are both odd. Let #,=n,. Write

p 0 0 I/
=G (70 )
. \0 ¢ -I0

(A'VAY-1)? = ((P :q)2 ') =1,

*

Then, we hav_e

which is possible only for ny=n,=1. Further let n,>n,. We write

0 J(»)
-6 (o)
\O 7» -I0

(A'VAY-Y)? = ((1’ ’:)2 ) =1,

Then

*
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which is impossible for #;,>3. For #;,=3 and #.=1, we have consequently

A1 00
0OxN10
A= R p= —N\, NM=1,
0 0 NDO
0 0 0 4
Taking
21
Y= 11],
*
we find this also to be impossible.
Thus each of the numbers
ny, Ny, * -

must be either 1 or 2.
(v) It is easily seen that no two of the #,’s can be 2. In fact

M1 00
0 M0 0 b -
00 A 1 =[ q]'
00 0 A

0r
7= (L7 o)
-I0
we find this to be impossible.
(vi) Further, if one of the #,'s is 2, then % is equal to 2. In fact, suppose
that

A=

say. Taking

M1
4 = 0N
X2 0
0 X
Taking
( 01r
(%)
-10
we have

Ae=—1As, AMha=1.
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Taking further
0 o0 1 1
0 0 1 0
Y= ,
-1 -1 0 0

-1 0 0 0

we have A2 =N\;. Both results cannot hold simultaneously.
(vii) Suppose n=4. Let

A = [Ay, Az, Ag, Ma).

Taking
0 0 1 1
0 0 1 0
Y = ,
-1 -1 0 0
-1 0 0 0
we have

2
MAe MO AAA) As—Ny)

(1) (A¥AY-)2= M . -
Az AsQAAFAaAs) (A1 —2N,)
MAd
which implies
MM = Ak = 1.
Since A;, Az, A3, A4 can be permuted, we have
Ay =1 for all 4, § (5 > j).
Thus
M=1, M=l=l=k=z1
In general A=[\;, - - -, N\,] where Nj= - .. =N}=+1. By choosing a

suitable p in the lemma, we may consider the case with
2 2 2
X1=XQ="'=X,.=1.

If among the \’s there occur two positive and two negative numbers, we take
Ar=MAs=1,N2=N;= — 1. Then (1) is impossible. Thus we have the lemma.

THEOREM 11. 4 transformation satisfying the following conditions:
(1) one-to-one and continuous,
(2) carrying skew-symmetric matrices into skew-symmetric matrices,
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(3) keeping arithmetic distance invariant,
and

(4) keeping the harmonic relation invariant,
is for n£4 either §-orthogonal or anti-orthogonal. In the case n=4, the trans-
formation is either Fr-orthogonal or anti-orthogonal, or is equivalent to

() = Z,, where z=( ? q), z,=( ”),
—-q r —q 7

or equivalent to _
P(Z) =2 1.

Proof. (i) A triple of points, no two of which have arithmetic distance less
less than =, is equivalent to '

0 Im
— Itm 0

We may let the transformation satisfy
r0 =0 T@ =8 T(w)= .
(ii) As in the symmetric case, we have

TZ)+ 1) =TZ 4+ Z).
Again, for n4, we have, analogous to the symmetric case,

(X +i¥Y) = X + iA'VA.
Since ¥, — Y are separated harmonically by ¢1¥ and —4Y for real ¥, we have

Ty = — Y(T(¥i)),
that is,

(A'YAY )2 =1
for all real Y. Now we suppose m = 3(4); then we have
IX+id¥)=X ¥
or
NX+4¥)=X+4iT1,.--1, = 1]T'YT[1,-- -, 1, — 1]T1

The first case is what we require. Changing variables in the second case we
may let

MX+d&)=Xxi[1,---,1,—1]P[1,-.-,1, - 1].
Since

(4) For m =1, the result is almost evident.



476 L. K. HUA (May

0 0 1 1 0 0 1 1
0 0 i i1|=0 and | O 0 i —i|#0

* . *

the rank is not invariant. The last case does not satisfy our requirement.
In case m =2, a great deal of special consideration is needed. Apart from
the lemma, we require the solutions of

(A7, AV = T,

(09 (09

The proof of the lemma establishes that either
A = oI
A =pT[1,1,1, — 1]T,

where

or

(The Q used here is always symmetric.)
As in the preceding proof we have four cases,

T(X+ i) =X+ iAY4A, or X, + iA'V, 4,
or X, * iA’YA, or X % iA'V:A.
By the previous argument, for m = 3, we have, for the first two cases,
P(Z) = Z, Z, Zly zll

where Z=X+41Y, and Z, is obtained from Z by the process yielding ¥;
from Y.
Next, if I(X+1Y)=X,+14'YA, we have either

IX+i&¥) =X+ or Xi+i[1,1,1, —-1]F[1,1,1, —1].

Putting
0 0 i i
0 0 1 1
zZ= ,
-3 —1 0 0
-4 -1 0 0
0 0 i i+1 0 0 i —i+1
0 0 1 0 0 0 1
P(Z)= or ]
- 0 0 0 -1 0 0 0
—-i1—-1 -1 0 0 i—1 —1 0 0
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we see that both these automorphisms could render a singular matrix non-
singular. Thus both these cases are ruled out.
Finally, the possibility of

T(X 4+ i) = X + iAV, 4’
may be treated in a similar way.

II11. GEOMETRY OF HERMITIAN MATRICES

The geometry 6f symmetric matrices in the real domain is closely analo-
gous to the present geometry.
11. Notions. We define an Hermitian pair (Z1, Z,) of matrices by

@Z1, Z)§(21, Z2) = 0.
A conjunctively symplectic matrix ¥ is defined by(5)
TPFT = 3.
We define a conjunctively symplectic transformation by
(W1, Wi) = QZ1, Z2)T.

We identify two nonsingular Hermitian pairs of matrices (Z), Z:) and
(W1, W,) by means of the relation

(21, Zy) = Q(Wy, Wy).

It is called a point of the space. Evidently, the space so defined is transitive.

The rank of .
(Wy, Wo)§(Z1,22)'

is defined to be the arithmetic distance of the points (W1, W) and (Z,, Z,).
Two pairs of points are equivalent if and only if they have the same arith-
metic distance.

Let P,, P,, P; be three points no two of which have arithmetic distance
less than #. Then they are equivalent to the three points

0, @, K(= [11°'°01y-1:'°'1—1])°

The signature of K is defined to be the signature of the range Pi, P,, P;.
(The order of points is significant.) '

Evidently the signature is invariant under the group. We also may say
that two triples of points are in the same sense if they have the same signa-
ture. We may prove that if two ranges are ip the same sense, there is a con-
junctively symplectic transformation carrying one into the other.

As to the equivalence of quadruples of points, a great deal of difficulty
arises from the fact that the existing treatments of the theory of Hermitian

(5) T* denotes the conjugate complex matrix of .
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forms are incomplete. We shall give elsewhere a complete classification and
then its application to the present problem will be immediate.

12. A further generalization of von Staudt’s theorem.

THEOREM 12. Let T' be an additive continuous automorphism of the module
formed by all Hermitian matrices keeping rank and signature invariant. Then T’
is either an inner automorphism or an anti-automorphism (Z—PZP').

Proof. (Cf. the results of §6.) (i) We have I'(0)=0. Let

I(I) = H..

Since H, is positive definite, we may let
() =1

As in the proof of Theorem 8 (in the real field), we may let
'X) =X

for all real symmetric X.
Let Y be any real skew-symmetric matrix, and let

T(¥) = H.
Since
det (X +4¥) =0
if and only if
det (X + H) =0,
by Hilbert's theorem on polynomial ideals, we have an integer p such that
(det (X + iY))? = 0 (mod det (X + H))
and
(det (X 4+ H))? = 0 (mod det (X + iY)),

in the polynomial ring formed from the real field by adjunction of the ele-
ments of X. Let X =X"=(x:;). We write

det (X + iY) = fizu + g1,
det (X 4+ H) = foxu + g2,

where f1, f2, g1, g2 are elements in the ring R (generated by the elements of X
omitting x1). Since

(fo(frz1r + g1) — fi(fax11 + £2))? = O (mod det (X + H)),

and since fag1—fig2 is independent of xu1, we have
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Jfe81 — fig2 = 0.

Since the determinant of a Hermitian matrix is an irreducible polynomial in
its elements, fi and f; are irreducible and f; and g, have no common divisor.
Consequently we have

fi=fi &1=g

In this procedure, we have to compare one of the coefficients.
Thus
det (X + i¥) = det (X + H)..

Consequently each principal minor of ¢¥ equals the corresponding principal
minor of H. We complete the proof with the aid of the following lemma.

LeMMA. If two Hermitian matrices H and K have the same principal minors
of orders 1, 2, 3, then (for exp (x) =e?)

o= [exp (iol)r cc*, €Xp (1:0,,) ]K*[CXP (— iol)r c**,€Xp (_ ien) ]r
where K* is obtained from K by replacing k., by either k., or k,,.

From the lemma, we may let

hee = £ iy
Since one of
2 i — 1 2 -1
-1 0 1 and | — 1 0 1
i 1 0 i 1 0

is singular and the other is not, we have
H=%1iY.

The proof of the lemma is straightforward. Considering the 1-rowed prin-
cipal minors of H=(h,,), K =(k.,), we have

hﬂ- = krr.
Since
hr' hrc _ hrr kYS
ﬁfl hll B Ef! h.‘ '
we have
| hﬂ 2= | kul’-

We may choose 6, - - -, 0, such that the matrix
[exp (i81), - - - , exp (i8,) |H[exp (— 48y), - - - , exp (— 16,)]
has real ks, b3, « « + , B1n. We may let
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hi = ki
be real and positive. Consider
ha ki hi; by hi by
hu ki ki |=| hu ki ki |
hij hij hj; ki ki Ry

We have
Bij + hij = kij + kij;

then letting h:j=a-p1, kij=vy+ 01, we have
o + 2 = y* + 8, a=1.
Thus 8= £ 6 and we have

h.',‘ = k.'j or Eij.

THEOREM 13. A transformation satisfying the following conditions:

(1) one-to-one and continuous,

(2) carrying Hermitian matrices into Hermsitian malrices,
(3) keeping arithmetic distance invariant, ’

(4) keeping sense of triples of points invariant,

(5) keeping the harmonic relation invariant,

[May

Q.E.D.

is either a conjunctively symplectic or a conjunctively anti-symplectic transforma-

tion.

The proof is omitted because of the similarity to the real analogue of

Theorem 8 (cf. §7).

IV. GEOMETRY OF RECTANGULAR MATRICES

13. Subgeometries of the geometry of unitary matrics. The geometry
studied in IJI may also be interpreted as the geometry of unitary matrices.

Since the matrix

5=y o)
5= (o 1)

instead of it. Then the pair of matrices (Zi, Z,), satisfying

is of signature 0, we may use

Z 2)(’ 0)(2 Z) =0
L1y 2 0 —-I L1y 2 - y
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that is
ZZ! — 22 =0, I— (Zi'Z)@Zr'Z)' =0,

is the homogeneous representation of a unitary matrix. We can generalize the

idea a little further. Let
I 0
82 = (0 _ I(m))» n

The matrix I'"+" satisfying

v
8

TFor = §.

is called conjunctive with signature (n, m). The pair (Z, Z™™) of matrices

tisfyi
satistying Z1, Z2)§2(21,Z5)' = 0

is called an (n, m)-unitary pair.
Instead of going into the details of this geometry we shall be content to
make the following remark.

Let

(n,m)

W™ = 212,

Then we have _
' W[W],' = I.

W, is formed by m columns of a unitary matrix. Thus the geometry may be
considered as a subgeometry of the geometry of unitary matrices by identify-
ing the elements with the same m columns as an element of the subgeometry.
This may be described in short as “the process of projection.”

14. Remarks.

(i) The condition “one-to-one” is redundant, since the invariance of arith-
metic distance implies it.

(ii) The continuity for the real case is also very probably redundant. (Cf.
Sierpinski’s contribution to the solution of the functional equation f(x+y)
=f(x)+f(3).)

(iii) The geometry of pairs of matrices (Z{”, Z"™) with the group given
in IV has interesting applications to the study of automorphic functions. It
is mot an analogue of projective geometry but of non-Euclidean geometry.

(iv) Analogous to IV, we may establish a geometry of real rectangular
matrices.

Finally the author should like to express his warmest thanks to the referee
for his help with the manuscript.
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