TRANSFORMATIONS OF WIENER INTEGRALS UNDER
A GENERAL CLASS OF LINEAR TRANSFORMATIONS

BY
R. H. CAMERON AND W. T. MARTIN

Introduction. Let C be the space of all real-valued functions x(¢) continu-
ous in 0=<¢=1, and vanishing at {=0. Wiener has defined a measure over the
space C and in terms of this measure he has defined an average or integral
over C which is intimately related among other things to the theory of the
Brownian motion [1, 2](?). The present authors have recently investigated
certain aspects of the Wiener integral [3, 4] and have obtained for instance
in [4] a result which shows how the integral is transformed under transla-
tions. In the present paper we determine how the integral transforms under a
certain class of linear homogeneous transformations. This result is also com-
bined with the earlier result on translations to yield a transformation formula
for the nonhomogeneous transformation—translation plus linear homogene-
ous transformation. By applying the transformation formula to the special
linear transformation

¢ T T
0.1) y(@&) = «(t) + )\f tan N\(s — 1)-x(s)ds, — e <A< 5’

we obtain as a corollary the evaluation of the characteristic function of the
chance variable [ [x(¢) ]2d¢; namely,

w 1
(0.2) fc exp (ip.fo [x(t)]’dt)dwx = (sec (u)V/)12 (— o < pu < ®)

for a suitable determination of the multiple-valued function in the right-hand
member.
Our first transformation theorem is as follows:

THEOREM 1. Let K!(t, s) be continuous on the closed triangle [0<t¢<s,
0=<s5=<1] and let it vanish on the line segment t=0 [0=<s=<1]; let K2(t, s) be
continuous on the closed triangle [0<s<t, 0<t=<1]; let

K\(t, s) when 0=t<s, 0<s=1,
(0.3) K(t, s) ={ K¢, s) when s<t=1, 0=s<1,
2-1KY(s, s) + 271K%(s,s) when t=3s, O0=s<=1,

Presented to the Society, April 29, 1944; received by the editors March 16, 1944,
(*) Numbers in brackets refer to the Bibliography at the end of the paper. Other references
to the Wiener integral are given in [1]and [2].
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(0.4) J(s) = K*s, 5) — K'(s, 5), 0ss=s1,
K(Slt 51) te K(sb S,.)

0 1 1 1
(0.5) D=1+Z_f f .......... dsy - -+ ds,.
0 0

!
vt K K(sy, sl) o K(sp )

Assume further that K (¢, s) is such that the following conditions are satisfied:

(0.6A) For almost all s, K(t, s) ts absolutely continuous in t on 0=t=<1
after the jump at t=s is removed by the addition of a step function.

(0.6B) For almost all s, 0K (t, s)/0¢t is essentially of bounded variation
0=t=<1. More precisely, there exists a measurable function H(t, s) which is of
bounded variation in t for each s and which for almost all t, s in the square
[0=<t=1, 0=<s=<1]is equal to K (¢, 5)/¢(?).

(0.6C) The function H(t, s) mentioned in (0.6B) can be so chosen that

1 1
f sup |H(t, s)]ds < e and f var [H(, s)]ds < .
0 0sts1 0 0sis1

(0.6D) The function J(s) is of bounded variation on 0 =s=1.

(0.6E) The determinant D #0.

Let S be a Wiener measurable subset of C,and let T'S be the image of S under

0.7) T: y@) = x(8) +flK(t, s)x(s)ds
0
(so that y(-)ETS if and only if y=Tx and x(-) ES). Then we have
(0.8) measy (TS) = | D| fwe{:p (— ®[x])dwe,
s
where(®)

®[x] = fol[%fol K(t, s)x(s)ds]zdt
(0.9) . L 1
+2 fo [ j; —;?;K(t, s)x(s)ds]dx(t) + fo T[]}

Moreover if Fly] is any measurable functional for which either member of
(0.10) (below) exists, then the other member also exists and the equality holds:

(0.10) WF[y]dWy =|D[f:F|:x+folK(- ,s)x(s)ds] exp (— ®[x])dw=.

TS

(2) When we write 8K (¢, s)/8t we shall always understand that it is to be replaced, if neces-
sary, by the function H(¢, s) to which it is equivalent in the square [0<¢<1, 0Ss < 1].
(3) See footnote 2.
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Remark. 1t is understood that integrals with a superscript W over the
integral sign and a subscript W on the differential are Wiener integrals;
ordinary integrals taken with respect to an ordinary real variable are Le-
besgue integrals; and ordinary integrals taken with respect to a function of
a real variable are Riemann-Stieltjes integrals. The two Stieltjes integrals
which occur in (0.9) cannot be put together in the form

Zfol[:id?fol K(t, s)x(s)ds]dx(t)

since f:J (t)d{ [x(¢)]2} cannot be rewritten in the form 2 f: J(@)x(t)dx(t) and
still necessarily exist as a Riemann-Stieltjes integral (see Remark on Lemma 7
of §9). Moreover the use of the average of K! and K? on the diagonal in (0.3)
is not a mere matter of convenience. It is necessary to obtain the right numer-
ical answer, since the values of K on the diagonal enter very explicitly into the
calculation of D in (0.5).

We shall combine this theorem with our theorem on translations given in
[4] to yield the following result:

TueoreM I1. Let K(¢, s) satisfy the hypotheses of Theorem 1 and let xo(2)
be an absolutely continuous function of C whose first derivative xg (t) is essen-
tially of bounded variation on 0 <t =<1. (By this we mean that there exists a func-
tion w(t) of bounded variation on 0 <t =<1 which equals x¢ (t) almost everywhere
0=<t=1.) Let S be a Wiener measurable subset of C and let LS be the image of S
under the transformation

(0.11) L: y@) = x(@) + x(? +f1 K(t, s)x(s)ds.
Then
0.12) measw (LS) = | Difwexp (— ¥[x]dw=
8
where(4)
v[z] = j;l {;d;[xO(t) +fol K(, s)x(s)ds]} 2dt
(0.13) +2 01 {LI% [x(t) + K(3, s)x(s)]ds} dx(t)

+f 7 [+

(%) See footnote 2.
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Moreover if Fly] is any measurable functional for which either member of
(0.14) (below) exists, then the other member also exists and they are equal:

f Flyldwy
(0.14) Ls

= |D|fSWF[x + xo +j;l K(-, s)x(s)ds] exp (— ¥[x])dwx.

We shall find it simpler to prove first a somewhat less general theorem
than Theorem I; namely:

THEOREM la. Let K(t, s) satisfy the hypotheses of Theorem 1 and let F|[x]
be a bounded functional which is defined on C and is continuous with respect to
the uniform topology and vanishes outside a region in C which is bounded in the
uniform topology. Then under the transformation T of (0.7) we have

(0.15) f:F[y]dwy =] D|chF[x +j;l K(, s)x(s)ds] exp (— &[x])dwx

where ®[x] is defined in (0.9).

Most of the present paper will be taken up with the proof of this theorem.
Its proof will be based upon several lemmas stated and proved in §§1 to 9.
In §10 Theorem la itself will be proved and in §11 Theorem I will be obtained
from Theorem Ia by a simple argument. In §12 the results of Theorem I
and of the translation theorem of [4] will be combined to yield Theorem II.
In §13 a special case (0.1) of the transformation T" will be considered to yield
the evaluation of the integral (0.2).

1. Polygonal kernels. In this and the next two sections we consider a lin-
ear transformation

(1.1) T: y(0) = () + f " K, $)2(s)ds

where the kernel K, is subject to the following three restrictions:

A. K.(t, s) is continuous in (¢, s) in the square [0<¢<1,0=<s5<1], it van-
ishes outside the square and on the edge t=0 (0=s=1) and it is polygonal
(of order ») in ¢ for each s. This latter property means that K,(¢, s) is linear

in ¢ from j/n to (j+1)/n,5=0,1, - - - , n—1.
B. The determinant
(1.2) A, = det (4jp + 8jp) jip=1,---n (3;, = Kronecker’s delta),
(p+1)In ]
(1.3) A,-,,=f Kn(—: s>[1—|ns—p|]ds
(p=1)/n n

is different from zero:
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(1.4) A, 0.

C. The Fredholm determinant corresponding to the kernel K,(¢, s) with

= —1 is not zero. (This implies that T is a 1-1 transformation of C into itself

and vice versa, if T is 1-1, then this Fredholm determinant is different from
zero.)

We shall denote by x,(¢), corresponding to any function x(¢) of C, the asso-
ciated polygonalized function, that is x,(¢) is a function which is linear from
j/n to (j+1)/n and which is equal to x(¢) at the n+1 points p/zn, p=0, 1,

ce M.

Finally, let F[x] be a functional which depends only upon the values of x
at the points t=1/n, 2/n, - - -, n/n, and is a bounded continuous function
of these n values:

(1.5) Flx] = Fe[x(1/n), x(2/n), - - - , z(n/n)] = F[x.].
Our purpose is to prove the following lemma.

LEMMA 1.

chF[y]dWy = l A, | chF[x,. + folK,.(-, s)x,.(s)ds]
(1.6) -exp {—LI[LI% (A s)x,,(s)ds]zdt
-2 fo l[j:gt— (A s)x,.(s)ds]dx,.(t)} dwx.

2. Some preliminary results. In this section we shall derive a few prelim-
inary results, preparatory to proving Lemma 1.
First we shall prove:

RESULT 1. If x,.(s) is any polygonized function of C, then for j=1, .-, n
L ,
f K., (l-; s)x,.(s)ds
0 n
n (p+1)/n ;
= x,'(—p—)f K,.(i, s)[l — | ns — p|)ds.
p=1 n (p—1)/n n

Proof. Since x,(s) is polygonal, it has the form
%a(s) = 2a((p — 1)/n)(p — ns)
+ z(p/n)(ns — p+ 1) for (p—1)/n=s=p/n-

2.1

(2.2)

Thus
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1 j n pin j
f K,.(——: s) xn(s)ds = D K,.(——-; s) 2a(s)ds
0 n p=1¥ (p—1)/n n
n -1 pin y
> x,.(P )f K,.(—]—; s) (p — ns)ds
P=1 n (p—1)/n n
B\ [ (S
+ > x,.(——)f K,,(—, s)(ns-—p+1)ds
=1 n (»—1)/n n
n—1 p (p+1)/n ]
= xn(—)f K,.(——: s)(p+1—ns)ds
p=0 n o/n 4
D\ ([T (S
+ X xn(—)f K,.(-—, s> (ns — p + 1)ds
p=1 n (p—1)/n n
n P (p+1)/n ] )
= x,.(—)f K,,(—-; s) [1— |ns—p|]ds,
=1 n (p—1)/n n

where in passing to the final equality we have used the facts that

2.9 2,(0) = 0, K.(j/n> s) =0 for 1<s.

(2.3)

RESULT 2. If x,(s) is any polygonalized function of C, then

n 1 a
72, (Aip— A1) % (_p_) = f — K. (2, 5)xa(s)ds;
=1 n o Of

@3 (j=D/n<t<j/n, j=1,-+,n.

Proof. By the definition of the 4’s (see (1.3)) the left member of (2.5) is
equal to

eo "5 [RG)-=(5 )]

=] ns — p|lds

and by (2.1) this is equal to

2.7 nfol[K,.(—i—, s) - K,.(j; 1: s)]xn(s)ds.

Since K,(¢, s) is polygonal of order # in ¢, this is equal to

19
(2.8 j; % w(t, $)xn(s)ds,

This yields (2.5).
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Since the expression (2.5) is independent of ¢ on each interval (j—1)/n<¢

<j/n and since x.(s) is polygonal of order #, the relation (2.5) yields the fol-
lowing result as a corollary.

RESULT 3. For any polygonal function x,(s) of C we have

né[ ,Z:‘; (Ajp — A j1,5)%n (% ]2
+ Znﬁ:{[xn (%—) — % (J ; 1)] E (A4jp — H,,,)x,.(-%)}
= fl [fl ai K.(t, s)x,.(s)ds] dt
£2 [ [ 2 kit ymis | m0.

We return to the transformation T of §1 and associate with it a trans-
formation Tr of Euclidean n-space defined by

(2.9)

(2.10) Tg: nj= &+ 2 Ajppbp, j=1,---,n
p=1

By property B of §1 the transformation T is 1-1.
3. Proof of Lemma 1. By (1.5) we have

3.1) anF[y]dwy = f:F:;[y(%), s, y(%)]dwy.

Now the second member depends only upon the values of y(-) at the =
points 1/n, 2/n, - - -, n/n. Hence by Wiener’s general theory it can be ex-
pressed as the following n-fold Lebesgue integral

nnl2 © 0
(3 2) 1r”/2f "'f FE["llt"'ynn]
cexp (= nlni4 e — 1)+ - + (10 — 10g) Ddm - - - dn

We now carry out the linear transformation Tk defined in (2.10); it carries
the n; into £;4+2_ 4 j»£»- Thus (3.2) becomes

nl2 n
" f f FE[EI""EAI pgm'" :En+ EAn.pSP]

w2 1

(3.3)

n 2
- €xp {— ”Z(E:‘ — &+ E Aty — ZAf—l.pfp) }d& <« dkn.
=1

p=1 p=1
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In (3.3) A, is the determinant (1.2) of the transformation Tgz. In (3.3) we
have also used &'s and 4's with subscripts zero with the convention that

(3‘4) £0=0; Ao,p=0, p: 1’-.. , N,

which is consistent with (1.3) and the fact that K,(0, s) =0. Now in (3.3) we
isolate one part of the exponential function writing (3.3) in the form

nn/2 o © n n
IA”I—mf f FE[£1+ZA1.PEPV"’£n+EAu.pEp]
g —00 —00 p=1

— w3y [(zj )Y (- A-H.,)z,]}
F=1 p=1
cexp {— nlei 4 (e — £) + - + (En — £acr) |} dEr - - - dEn

By the general theory of Wiener integration this #-fold Lebesgue integral is
equal to the following Wiener integral:

] D)o (2))
-exp(— n’z::l[ g 4, — A;‘-Lp)"(%)]z)
maf (D) S r(2). - o(2)

+ > Ay (i)] dwx.
=1 n

Now we use Result 3 of §2 together with the simple observation (based on
(2.1) and (1.3)) that

a(0)+ Ba(D) () + Bae()]

- #[a0)+ [ paopeen|

3.6

This makes (3.6) equal to the second member of (1.6) and thus Lemma 1 is
proved.

4. The Fredholm determinant as a limit. In the next four sections we shall
prove the following lemma.

LeMMA 2. Let K(t, £) be continuous in the square
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4.1) 0st=1, 0=s¢t=s1.

For each positive integer n form the polygonalized function K,(t, £) of order n
with respect to t, namely

K.t 8) = K((G — 1)/n,§(G — nt) + K(/n, &)t — j + 1),

4.2)

for (j—1)/n<t<j/n, j=1:-,n

Form the nth order determinant
(4.3) Ay = det (A5 + ;1)
where
) (k+1)/n j

(4.4) 4P = K,(—, n) [1— | nn — &] Jan

k—1)/n n
Then
(4.5) lim A, = D

n— o0

where D is the Fredholm determinant for K (¢, £) corresponding to A= —1:
K(S1, 81) e K(S1, S,.)
(4.6) D= 1+Z f f .......... dsy - - - ds,.
w=1 Ml 0

K(Sw S;) T K(S,., S,,)

The proof of this lemma will be made to depend upon two other lemmas
which will form the content of the next two sections.

5. The kernel as a limit. In this section we shall prove the following
lemma.

LeEMMA 3. With each point (¢, &) of the square (4.1) associate two sequences
of positive integers { j,.(t)}, {k,.(E)} with

(5'1) jﬂ(t) é n, k,.(f) = n, n = 1: 21 Tty

and assume that

»

(5.2) fim 22D unitormlyin 0= =1,
n—ro n

and
. ka(®) . .

. m = §, unuormiy in = = 1.

(5.3) 1 ¢ uniformlyin 0<f=1

n— o n

Let K(t, £) be continuous in the square (4.1) and let A'p be defined as in (4.4).
Then
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. (n)
(5.9 lim 74 j, k.0 = K(2, §)
uniformly in (4.1).
Proof. First we observe that
(kn(D)+1) [
5.5 f (n = n|mm— ka® | )n = 1
(kn(§)=1)/n

and the expression n—n|nn—-—k,.(£)| is positive in the range considered.
Hence

(n)
| nd sy kaiy — K 9 |
(ka(E)+1) /n n(®)
(5.6) §f Kn( ’ "7> - K(t’ E)
( n

kn(H)=1)/n
Jn(®)
Kn( y M —K(l, f) ’
n
where the maximum is taken over

(5.7 0=t=1, O0=¢t=1, (ka® —1)/n =19 = (kal®) +1)/n.

(n—n|n — k(9| )dn

< max

We shall show that this maximum approaches zero as n— . For this purpose
let e be any positive number and write
7a(2)
( ') K(t’ E)
n

(0. )-uo]
e ) (0.

Now since K (¢, £) is uniformly continuous in (4.1) it follows that there exists
a positive number &, such that

(5.8)

(5.9) | K((Ga(®)/n), 1) — K&, 9| <2i
for all #n, ¢, £, 7 such that -
(5.10) |in@®)/n —t| <6,  |n—¢| <é.

Also since the function K. (¢, §) of (4.2) converges uniformly to K (¢, £) when n
approaches infinity it follows that there exists a positive number N/ such that

(5.11) | Ka(t, &) — K(1,8)| < ¢/2 for n> N!

and all (¢, £) in (4.1).
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Now let N, be so large that the following four conditions are satisfied:

(0
]()—t!<6., for »> N, 0=<t=1,
n
ka(®) 1
—£<_8¢; for n>Ne, 0§£_S.1’
n 2
1

—< i e N! <N.
N, 2
By (5.2) and (5.3) such an N, exists. With this N, we see by (5.7), (5.8),
(5.9), (5.10), and (5.11) that the maximum considered in the final member of
(5.6) is less than € for n> N.. Thus (5.4) holds uniformly and the proof of
Lemma 3 is complete.

6. Terms of the Fredholm determinant as limits. In this section we prove
the following lemma.

LeEMMA 4. If N is a fixed positive integer and qi, - - - , qv @ permutation of
1, -, N, then
n N ) 1 1 N
6y dm 3 TAPn = [ o I K s =22
BH® e, py=l puml 0 [
Proof. The limitand in (6.1) can be written in the form
1 1
(6°2) f tce f A,.(Sl, M) SN)dsl .- - dsn,
0 [

where A,(s1, - - -, sy) is defined as follows, Let (s, - - -, sy) be any point
of the N-cube 0<s5;<1,j=1,- .., N, and for each j=1, - - - | N, let p; be
so defined that

-1 .
(6.3) &—és,-<£i: j=1,---,N.

n n
Then for this point (s1, - - -, sy) the function A, has the value

N ®
(6.4) " TI 4.5 (8 = pg)-
pam1

For each positive integer # and each point s in 0 <s <1 define
(6.5) pu(s) = [ns + 1],
so that if (sy, - - -, sn) lies in (6.3) then
(6.6) pi = palsj)-

Thus [pa(sy), - - -, pa(sy)] merely names the N-cube surrounding the point




1945] TRANSFORMATIONS OF WIENER INTEGRALS 195

(s1, - - -, sw). With these p’s we have by Lemma 3

. (n)
6.7) lim #d4,, (e pnt) = K(Sg Su)

n—o

uniformly in 0=s5,,=1, 0=s,=1. Now since K (¢, £) is bounded in 0=5¢=1,
0=£=1, relation (6.7) implies that there exists an index N such that

(n)
6.8 1A oy (a0, 0n (00)

is bounded in 0 <5, =1, 0=s4,=1 for n>N. Hence

1 1
limf f An(sy, + ++ , sy)dsy« » - dsy
n—r0 o 0

6.9)
1 1 N
= f s f HK(sqp Su)dsy,
0 0 u=1
and this yields Lemma 4.
An immediate corollary is the following.
COROLLARY 1.
. 2 (n)
lim 3 [det (Ap.p)iimt,ee- ¥ ]
1o® py e, pyml
(6.10) K(s1, s1) - -+ K(s1, sw)

1 1
=f ...f ........... dS],"'dSN.
0 0

K(sy, 51) + - - K(sw, sn)

7. Proof of Lemma 2. By (4.4) and the fact that K,(¢, £) converges uni-
formly in (4.1) to K (¢, £) as n approaches infinity we see that

(7.1) ndg
is bounded in #, j, k. Call its bound M. Then by Hadamard’s lemma on de-

terminants, the determinant in the first member of (6.10) is in absolute value
not greater than

(7.2) NNI(M [u)N.

(See for example Whittaker and Watson, Modern analysis, p. 213.) In the
limitand in (6.10) there are ¥ such terms. Hence the limitand in (6.10) in
absolute value does not exceed

(7.3) n¥NYI3(M [n)¥ = NNI2MN

and hence the (finite) series
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LA | » o)
14+ 24+ — 2 [det (Ay,07)05-1.2]
(7 4) p=1 2' P1,pg=1
1 i )
++—= Z [det (Am.ri)".i-l.---.u]

n! PITEEEn Pp=1

is dominated (for all #) by the convergent series

0 NN/2MN
(7.5) 1+ :
N=1 N!

On using the corollary of the preceding section, we see that (7.4) has as its
limit when # approaches infinity the series (4.6).

This yields Lemma 2.

For later purposes we state and prove the following corollary.

COROLLARY 2. Let K, (t, £) be the polygonalized form of a continuous kernel
K (2, £) as in equation (4.2) of Lemma 2. Denote by D the Fredholm determinant
(4.6) of K (¢, £) corresponding to the value N\ = —1, and by D, the analogous Fred-
holm determinant for K, (¢, £). Then

(7.6) lim D, = D.
n—ro
Proof. By (4.2) and the continuity of K (¢, £) we see first that
7.7 lim K,(¢, §) = K(¢, £) uniformly in (4.1)

and secondly that there exists a constant M such that
(7.8) | K.(t, &) < M for (4, &) in (4.1); n=1,23"-.
Hence, for each positive integer N,

K, (s1, s1) - -+ Kau(s1, sw)

1 1
limf ...f ............ dsy -+ - dsy

K. (s, 51) -+ Ka(sn, sn)
K(Sl, 51) e K(Sl, SN)

K(sy, s1) -+ - K(sn, sw)

and then by Hadamard’s theorem on determinants the convergence is
bounded, the limitand in (7.9) being bounded by N¥/2M/¥. Hence the series

K. (s1, 51) - - - Ka(s1, sn)

© 1 1 1
1 ,_f f ............ dse- - - ds
+Nz-:1 N1J, 0 ' v

Ka(sy, 51) - - - Ka(sw, sn)
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converges boundedly to the series (4.6) for D.
This yields Corollary 2.
Similarly we have the following corollary.

COROLLARY 3. Let K.(¢, s) be Borel measurable in (¢, s) for each € and uni-
Jormly bounded for all t,s,eon 0=<t<1,0=s=<1,0<e<1, and let lim..c+K.(¢, s)
=K(t, s)forallt,son0=t<1,0=s=1. Then lim..#+D.=D.

8. Preliminary lemmas on Riemann-Stieltjes integrals. In this section
and the following section we shall prove three lemmas on Riemann-Stieltjes
integrals.

LEMMA 5. Let
i p—1 ?
(8.1) f"(t)=nf f(s)ds; <t§—~7 p: 1’...,n.
(p—1)/n n n

Then if f(s) is a function of bounded variation on 0 <s =<1 and g(s) is continuous
on this interval, it follows that

1 1
8.2) tim [ g = [ 1050,
n— o 0 0
For the proof, we first note that
1 n pin
[ roan - g
0 p=1 (p—1)/n

" 3 ? p—1 »in
) g[g (£)- () S g

Now 7 fZ~ 1y/.f(s)ds is the average of f(s) on (p—1)/n<s < p/n and hence there
exist two points s, , and sy, on this interval such that

pln

(8.4) o snf " j6as s g5k

(p—1)/n

Let n,.,=f(sh.,) and 9% ,=f(sv.,) if g(p/n)Zg((p—1)/n), and let the reverse
be true, that is, 7., =f(si.») and 7, ,=f(sx.,) if the opposite inequality holds,
that is, if g(k/n)<g((k—1)/n). Then we can combine (8.3) and (8.4) and
obtain

L) (5= o
2 ()

(8.5)

IIA
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But the outer members of (8.5) are Riemann-Stieltjes partial sums for
f:f(t)dg(t) which exists since f(¢) is of B.V. and g(¢) is continuous. Hence they
approach this integral as #— «, and of course the middle member does also,
and the lemma is proved. This lemma enables us to establish the next lemma:

LEMMA 6. Let H(t, s) be measurablein t, s on the rectangle [0<t<1,0=<s5=<1]
and satisfy

1
8.6 s < oo
(8.6) j; M(s)ds <
and
8.7) f ' V(s)ds < w,
where
(8.8) M@ = swp |HG 9]
and
(8.9) V(s) = var [H(, 9)].
0sts1
Let
(8.10) lim x,(¢) = x(¢)

uniformly on 0 St <1, where x,(t) and x(t) are continuous on 0t <1 and vanish
at the origin and satisfy

(8.11) | 20 (®) | < bn < 1, 0st=s1,
and
(8.12) | ()| < u, 0<t=1.
Then if
kin k—1 k
(8.13) H»(¢,s) = nf H(%, s)dt when <ts—) k=1,2,--+,1n
(k—1)/n " n

it follows that

o ’I'T: °l [f"l e S)xn(S)ds]zdt - fol [fol H(, s)x(s)ds]zdt,
fol [fol 2 S)x"(s)ds]zdt

(8.15)

< [u. ) l M(s)ds]z,
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(8.16) ll_l:‘: 01 [fol H~(¢, s)xn(s)ds] dx,(t) = fol [j;l H(t, s)x(s)ds] dx(3),

fol[fol Hn(, s)x,.(s)ds] dx,.(t)‘ < ”:fol [M(s) + V(s):l ds.

For the proof, we first note that (8.13) implies for almost all s

(8.18) lim H™(¢, s) = H(8, )

n—wo

(8.17)

for almost all ¢, and since by (8.13) and (8.8), (8.11) and (8.12), for all ¢
(8.19) | BH(t, $)xa(s) | < uaM(s) S M(s),
(8.20) | H(t, 9)(s) | < uM(s)

we have by (8.6), (8.13), (8.18), (8.10) and the principle of dominated con-
vergence

(8.21) lim lH"(t‘, s)xa(s)ds = fl H(3, s)x(s)ds,
n—o 0 0
1 1

(8.22) lim H(t, s)x(s)ds = f H(t, s)x(s)ds
n—wo 0 0

for all £, 0=t <1. Moreover from (8.19) we have for all ¢

(8.23) fol H"(¢, s)xa(s)ds| < y,.fol M(s)ds < pfol M (s)ds,

so that f:H"(t, $)xa(s)ds is uniformly bounded in 7 and ¢. Thus (8.14) fol-
lows from (8.21), and (8.15) follows from (8.23).
Next, in order to establish (8.16), we note from (8.13) that

01 Hn(t, s)x(s)ds
(8.24)

kin 1
=n f ( dt fo H(¢, s)x(s)ds when

k—1)/n

E—1 )
<t<—r1k=1,2--+,m,
n n

and that [/H(t, s)x(s)ds is of B.V. in t on 0<¢=1 since

s [ [1s01f 1aae ol

1
= pf V(s)ds.
0

5

d; f ' H(t, s)x(s)ds

(8.25)
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Thus by (8.24) and (8.25) it follows from Lemma 5 with f(¢) = f:H @, s)x(s)ds
that

(8.26)  lim 01[ fo "En, s)x(s)ds] da(t) = fo 1 [ f ol HG, s)x(s)ds] dx(d).

Let us investigate the variation of H*(¢, s) in ¢ for fixed s. Letting H"(0, s)
=H"(0+40, s), we have

n—1 k k
H"(——-—+O, K —H"(———O, s)
n n

var [H"t )] = 2
05151
(k+1)/n kin ’
nf H(t, s)dt — nf H(, s)dt
k

k1
In (k=1)/n
=2 n

(k+1)/n 1
f [H(t, s) —H(t——, s)]dtl
k=l k/n n
n—1 (k+1)/n 1
anf H(t,s)—H(t———, s)
k=1 k/n n
n—1 1/n| . k k —_— 1
=an H(t-l--——, s)—H(t+ ,s)
ko1 0 n n
1/n n—1 k k — 1
- f {}: H(t+—, s)—H(t+ , s)
0 k=1 n n

1 1/n
. =n| d
Sn j; {og;x H(g, s)} dt=n fo V(s)dt

n—1

-3

120

n—1

at

dat

b

so that for all s,

(8.27) var [H"(, s)] S V(s).
0sts1
Thus
(8.28) O‘S,?;l [fo Hn(t, s)x,.(s)ds] S Wa- fo V(s)ds = ufo V(s)ds
and

var {j;l H*(, s)[2(s) — xa(s) ]ds}

Stis
8.29) -

< max | x(s) — x,.(s)l . flV(s)ds.
0sssl 0

Hence we have from (8.28), (8.29), (8.11), (8.12)
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fo ()i, f CE(, 9x(s)ds — fo L en)ds fo " Hn, ) (s)ds

- l fo l x()d. j; l H(t, 5)[x(s) — xa(s)]ds

+fl [=() — ::c,,(t)]d,f1 Hn(t, s)xn(s)ds

0sts1

s[mes 1s01] e [ [ 29000 - xn(mds]
+ max | 2(t) — 2a(t) | - JYar [ fo m, s)x»(s)ds]

1 1
= p max I x(s) — x,.(s)| . f V(s)ds + max | x(f) — xa(8) | °p-f V(s)ds;
0SssS1 0 0511 0 )

and since x,(s)—x(s) uniformly as n— =, it follows that
1 1
lim { f x(8)d, f Hn(t, s)x(s)ds
n—w 0 0

__fol x”(;)d,j:)l H(t, s)x,‘(s)ds} = 0.

But we may integrate these Stieltjes integrals by parts, and when we do we

obtain
Ll[j;l H™(2, s)x(s)ds] dx(?) --'j:)ll:fo1 ;00 S)x,.(s)ds] dn(s)

(8.31) = x(l)fl Hn (1, s)x(s)ds — :’c,.(l)j<l H7(1, 5)xn(s)ds

(8.30)

1 1 1 1
- H " ) n dl H" ) n d ;
fo x(t)d fo Hr(t, s)x(s)ds + fo 2.(2) fo (&, $)xa(s)ds

and (8.31), (8.30), (8.21), (8.22) imply

’}_llil’ {fol[fol H"(4, s)x(s)ds] dx(2)
- fo 1[ fo lI‘I"(t. S)xn(s)ds]d‘x,.(t)} =0,

which with (8.26) implies our third result, namély,‘(8.l6).
Finally, to establish (8.17) we integrate the left member by parts and use
(8.11), (8.23) and (8.28), obtaining
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fo l[ fo " an, s)x”(s)ds]dxn(t)

x,,(l)fl.H”(l;s)x,.(s)ds —fl x“(t)d¢f1H“(t, $)%a(s)ds
[1] ) L]

= I-‘n'(ﬂnj;l M(S)ds) + un-(#»fol V(S)ds>,

which establishes (8.17) and completes the proof of the lemma.

9. Preliminary lemma on the jump of the kernel. In order to remove dis-
continuities from the kernel of the transformation with which we shall deal
in our theorems, we introduce an odd function which has a jump at the origin
and vanishes outside the e-neighborhood of the origin, namely

sgns — s/e when |s|<e

©.1 Buls) = { 0 when |s|>e

This function, which is defined for all positive € and all real s, will be multi-
plied by one-half of the amount of the jump of the discontinuous kernel and
then subtracted from it to produce a continuous kernel. The limits will be
taken as e—0%, and in particular the limit given in the following lemma will
play an important role:

LEMMA 7. Let J(s) be continuous and of bounded variation on 0<s=<1 and
let x(s) be continuous on this interval and vanish at s =0. Then if for 0<e<1/2
Qc(s) 4s defined by (9.1), we have

9.2) l—omo}' j;l[f:%m(s - t)](s)x(s)ds]dx(t) =J;l](t)d{[x(t)]2}.

Moreover, if

(9.3) | 2(5) | < m, 0ss=1,
(9.4) V = var [J(s)],
0sSsS1
(9.5) M = max |J(s)],
0sSs=<1
we have

(9.6)

fol[fol%sz.(s - t)J(s)x(s)ds]dx(t)‘ < u¥(M + V).

Remark. This lemma is the critical lemma for the “Volterra case” of our
theorems, that is, the case in which the kernel of the transformation has a
line of jumps along the diagonal; and this lemma explains why the Stieltjes
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integral of J in our theorems is written as it is. We could not, for instance,
replace the right member of (9.2) by

9.7 2 f lJ(t)x(t)dx(t),

which appears to be formally equivalent to it, because this integral need not
exist as a Riemann-Stieltjes integral. Thus, if J(¢) =1 and x(f) =¢'/2 cos 7/t
when £50, the R-S sums of (9.7) would be made arbitrarily great, so that
(9.7) does not exist; but of course the right member of (9.2) would exist and
would have the value unity. When (9.7) fails to exist in the R-S sense, we
may think of the right member of (9.2) as giving a sort of “Cauchy principal
value” or “Cesiro mean,” and the fact that we have to use a “Cauchy prin-
cipal value” here is connected in some indirect and deep lying way with the
fact that in our theorems we have to use an arithmetic mean along the diago-
nal of the kernel in calculating the Fredholm determinant. Moreover the
latter fact is not a mere matter of normalization, but has definite significance
in the numerical calculation of our results. It might seem, therefore, that the
type of Stieltjes integral used here, or the type of average used in evaluating
it, may not be without numerical significance in the results. At any rate, we
can prove our theorems using an integral of the type used in (9.2), and have
so far not been able to do so with any other type.

In order to facilitate the proof of the lemma, we first extend the definition
of x(s) and J(s) so that they are continuous and constant outside the interval
0=<s=1. In particular,

(9.8) x2(s) =0 when s=0.

Now in order to evaluate the repeated integral in (9.2), we first note by direct
calculation that

1/e when |s—t|<e st

9
9.9 '—-Qes—t=
(©-9) ot ( ) {0 when |s—¢|> ¢

and since the non-existence of the function at the three points s =t—¢, s=¢,
s=t+e€ does not affect the Lebesgue integral, we obtain by using (9.8), (9.9),
and integration by parts

fo 1[ fo ! _:% (s — t)](s)x(s)ds] dx(l)

(9.10) - % fo l[ f :MM" J(s)x(s)ds] dx(t)

- L. f U () a(s)ds — — f ), f Y as)ds.
€ 1—e € 0 t
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Defining the smoothing function
1 t+e
(9.11) J() = - f J(§)dg,
¢

we are able to simplify the last integral, thus

ifl x(t)d‘fmin (t+e,1) ](s)x(s)ds

= —z_fol 0) [%f::n e J(s)x(s)ds] dt

- %[ fo THOTC + 98t + d — f 0T — Ox(t — e)dt]

¢

1—e¢

- %[ fo 0T+ 9 + 9dt — fo (+ e)J(t)x(t)dt]

9.12) L e
-- f 2Dt + I+ ¢ — J(t))a

= % f ' szt + [Tt + & — T(¥)]ds

_ % 2Ot + I+ & — J()1ds

1 d
= j:’ 2D x(t + ¢ [Et- J.(t)] dt — x(r)x2(re + O [J(re + € — J(74)],

where 1—e=7.=<1, the existence Qf 7. being established by the law of the
mean for integrals. Hence, if we can show that

1 d . 1
0.1  lm fo 2Ot + [E-J.(t)]dt= fo [x() %I (2),

it will follow that

min (¢+e¢,1)

0.1 Im 1 f )i, f T()x(s)ds = f 200,

since lime.o+[J(re+€) —J(7e) ]| =J(1) = J(1) =0 and x(¢) is bounded.
In order to establish (9.13), let J(¢) =P(¢) — Q(t) where P(t) and Q(¢f) are
continuous everywhere and are increasing (not merely monotonically increas-

ing) functions on the interval 0 £¢=<1 and are constant outside that interval.
Then if
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t+e t+e

1
P(¥)dt and Q.() = ~ Q(®)dg,

s

(9.15) P, = —1-

we note that P.(¢) and Q.(¢) are (definitely) increasing functiors on the inter-
val —e=t=1 and constant elsewhere, that J.() =P.(¢) —Q.(.) everywhere,
and that P—¢)=P(0), Q(—e€)=0Q(0), P(1)=P(1), Q(1)=0Q(1). Now
P.(t) and P(¢) have continuous increasing inverses P;!(s)and P~'(s) defined
on P(0)<s<P(1), and Q.(t) and Q(¢) have inverses Q:'(s) and Q~(s) on
Q(0) =s=<Q(1). Since lim.¢+P(t) = P(¢) uniformly in ¢, we have lim,.o+P¢(s)
=P-1(s) for all s on P(0) <s<P(1), and hence

cl_'.l.I;}'_ fol 2Dzt + ¢ [dit Pc(t)] dt = g:l+ﬁl 2()x(t + €)dP.(t)

PQ)

= lim 2[P. () ]2[P. (s) + elds
(9.16) ‘_’1(1) o
= [ alpu9lelp-io)las
P(0)
= fo [=() 12dP(2).
Similarly

1 d 1
o1 i [Cas+ 9200 |a = [ 00,

and since J(t) =P(t) — Q(f) and J(t) =P(t) — Q.(t) we obtain (9.13) by sub-
tracting (9.17) from (9.16), and (9.13) establishes (9.14) as noted above. Now
taking limits in (9.10), integrating by parts, and applying (9.14), we have

lim ol[fol-(% Q(s — t)J(s)x(s)ds:I dx(b)

ping

= linl [x(l).i, 1 J(s)x(s)ds] - linl %-fl x(t)d,fmin(‘+"I)J(s)x(s)ds

€ 1—¢ —e

= s(I(D)a(1) — f [+() 247 2

- f T@dl®],

and this establishes (9.2).
To establish (9.6), let
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Py =2 )

—0<ts

o0 = - i‘3+— v DO

P = —e— P*(E)df.

t
and
1 t+e
QF@) = - Q*(H)dt

and note that P*, Q*, P*, Q* are monotonically increasing functions for which

var [P*()] = P*(1) — P*(0) = P¥*(1) — P¥(—¢) = var [PX()]
0s1s1 —eStS1

and

Jyar [0*®] = 0*(1) — @*(0) = Q¥(1) — Q¥(— ¢ = var [o*@®].

—es 1S

Now J(t) =P*(t)— Q*(t) and J.(t) =PX()—Q*(t), and we have

var [J.(0] = var [P*(»)] + var [ox@]
©.18) —ests1 —ests —ests

= P*(1) — P*(0) + Q*(1) — @*(0) = oyar I®]=

Then from (9.12), (9.3), and (9.18) we see that

ij;l x(t)d‘ j:min (t+e,1) J(S)x(s)ds‘

€ —e

(9.19) - ‘—:— f 06+ UG+ O — TO) ]dtl

1—e
= ’ f (D) x(t + €)dT (D) { < i,
)
and since

(9.20) | x(l) g J(s)x(s)ds SuMu

1—e

we obtain (9.6) from (9.10), (9.19), and (9.20). This completes the proof of
the lemma.
10. Proof of Theorem Ia. To prove Theorem la we approximate K(¢, s)
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by kernels of the type which appears in Lemma 1. Thus, for 0<e<1/2, let

1 0=s:t=s1
(10.1) At ) = 0 [Q(s = 2) — Q(s + 0)]/(s) on [0 <s< 1]

where Q.(s) is defined by (9.1); and let
(10.2) K.t s) = K@, 5) + A2, 9.

It is clear that K.(¢, s) is continuous in the whole square [0<t<1, 0<s=<1]
since both K and A, are continuous except when ¢=s, and for this diagonal,
as t increases (for fixed s) and passes ¢=s, the functions K and A, change by
J(s) and —J(s) respectively. Moreover for each of these functions, the value
on the diagonal is the arithmetic mean of the right-hand and left-hand limits.
We also note that K.(¢, s) is uniformly bounded, that K.(0,s) =0 (0=s=<1),
and that for all ¢, s in the square (including the diagonal)

(10.3) lini Kt s) = K(,s),

since for all s (including s=0)

lim Q(s) = 0.
0" ‘

Next, for each positive integer #» form the polygonalized function K. .(t, s)
of order n with respect to ¢, namely,

._1 .
Kc,n(t, s) = Kg(j ) S) (j - nt) + K.('LJ § (ﬂt - j + 1)
(10.4) " 1 , "
1= il
n n

We note that K ,(0, s) =0 for 0<s=<1. Let D, and D.,, denote the Fredholm
determinants obtained by putting K. and K., in place of K in (0.5). Then,

since K., and K, are obviously bounded, we have by (10.3), (10.4), and
Corollaries 2 and 3 of Lemma 2,

;i 7=1,2,---,m 0=s=1

(10.5) lim D, =D
Q—‘0+

and

(10.6) lim D, , = D..

7n—o

Thus, since D=0 by (0.6E), there exists an ¢; such that D.#0 when 0 <e<e;.
Similarly, there exists # =#,(€) such that D, ,>0 when n>n:(e) and 0 <e<e;.
Moreover if A,,, is obtained by replacing K by K. (and hence K, by K.,»)
in Lemma 2, we have
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(10.7) lim A¢n = D,

Nn—r 0
and hence we can find 7; =n2:(€) >n,(e) such that when
n > nye), 0<e<e, then A,,=0.

Finally, F[x,] is a functional of x which depends only on the values of x(t)
at the points¢=1/n,2/n, - - - ,n/n and is a bounded and continuous function
of these values. (Here x, denotes the polygonalization of x, as defined in §1.)
We have now verified all the hypotheses of Lemma 1 for K,,, and the func-
tional F[x,], and we therefore have when 7 >n,(€), and 0 <e<e,

w
Fly.]dwy
(10.8) “° . 1
= || f F[x,.+ f K..»(-,S)xu(S)dS]exP (= Bunlz])dws,
(o} 0
where
1 1 a
& [x] = f[f Py en(t, s)x,.(s)ds] dt
(10.9) °

+ Zf [f — K...(t, s)x,.(s)ds]dx,‘(t)

Our next step is to take limits as #— « on both sides of (10.8) and obtain

"F [y]dwy
(10.10) . .
=10 [ F[s+ [ K908 [oxp (- 2o aw
where
d.(x) = fl[fl—a—K (¢, s)x(s)ds] ds
(10.11)

+ 2f [f —K(t s)x(s)ds]dx(t)

The passage to the limit on the left of (10.10) is immediate, since, ¥,—y in
the uniform sense and thus F[y,]—>F[y], and since F[y.] is bounded so that
we may employ the principle of bounded convergence. Passing to the right-
hand member, we notice that (10.7) takes care of the factor outside the in-
tegral; and hence if we can show that the integrand of the right member of
(10.8) approaches that of (10.10) boundedly, (10.10) will be established.
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Now since K. (¢, s)=K.(t, s) uniformly in ¢ and s, and x.(s)—x(s) uni-
formly in s, it follows that f:Ke,,.(t, $)%n(s)ds—> f:K.(t, 5)x(s)ds uniformly in ¢
and

(10.12) lim F[x,, + fol Ken(-, s)x,.(s)ds] = F[x + fol K.(-, s)x(s)ds]

n—o

boundedly in x. We next show that there exist an integer No=N,(e) and a
subset I' =T'(¢) of C which is bounded in the uniform topology and such that
when x&T, >Ny, 0<e<¢,

(10.13) F[x + fol K..(-, s)x(s)ds] = Q.

This is based on our hypothesis that F(x) vanishes outside of a bounded
domain, say G; and on the fact that we can solve

(10.14) »o) = 2(0) + f Eunlt, D)k
and obtain
(10.15) 2() = y() + f Kos(, Dyt

throughout C for sufficiently large n, since the Fredholm determinant
D, .#0 when n>ni(e), 0<e<e¢. In fact, it follows from (10.6) that we
can choose No=No(e) so great that |D..|Z|D.|/2%0 when n>N,, and
hence [D._,.]“1 is bounded in 7 for all #> N, Thus the resolvent kernel
K7a(¢, £) is uniformly bounded in ¢, £, n for fixed e when 0=¢=<1, 05£<1,
n> Ny(e), since it is the product of [D..]~! by a Fredholm numerator de-
terminant D, (¢, s) which is uniformly bounded in ¢, s, €, # because it is given
by the familiar Fredholm algorithm in terms of the uniformly bounded
K. .(t &). For fixed ¢, we now define I'=T'(¢) as the set of functions x(¢)
obtained from (10.15) by letting y(¢) range over G and 7 range over the set
of integers No+1, No+2, - - - . We readily see that this I' and N, satisfy
the desired conditions, namely that I' be a subset of C which is bounded in
the uniform topology, and that (10.13) holds when x&T, n>N,, 0<e<e;.
Since (10.14) takes C into C (for K. (¢, §) is continuous and vanishes when
t=0) and takes functions which are not zero at t=0 into functions which are
not zero when ¢=0, it follows that the inverse transformation (10.15) takes
C into C, and hence T is a subset of C. Moreover G and K., are uniformly
bounded, and hence so is the set I' of functions x(¢) defined by (10.15) in
terms of functions y(¢) in G. Finally, if x(¢)€T, then for each n>N,, the
corresponding y(¢) defined by (10.14) is not in G, and since F vanishes out-
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side G, F(y) is zero. Thus (10.13) is established in the specified region, and the
set T' has the specified properties.

Turning next to the second factor of the integrand of the right member
of (10.8), we note that for each xEC, 0<e<e,

(10.16) lim &.[2] = ®[x].
n—r0

‘This follows immediately from (8.14) and (8.16) of Lemma 6, with
0K (¢, s)/0t playing the role of H(¢, s) of the lemma, and, in consequence,
dK. .(t, s)/0t playing the role of H"(¢, s) (since (10.4) implies (8.13)). Hy-
potheses (8.6) and (8.7) of Lemma 6 are given by hypothesis (0.6C) of the
theorem together with (10.1) and (10.2). Now (10.12) and (10.16) imply that
for each x, the integrand of the right member of (10.8) approaches the integral
of the right member of (10.10). It remains to show that the limits are ap-
proached boundedly. Todo this, let ¥ be so great that when x(¢) is in the uni-
formly bounded set I', we have Ix(t)l <+ for all t on 0=¢=<1. Thus when
maXoggél‘ x(t)l >v,n> Ny, 0<e<e, the equation (10.13) must hold; and con-
sequently when maxogtgllx,,(t)l >, >Ny, 0<e<e¢, we have

(10.17) F[x,. +f) Ken(-, s)x,,(s)ds] exp (— ®a(x)) = 0.

On the other hand, if maxogggllxn(t)l <v, n>N, 0<e<¢, we find from
(8.15) and (8.17) of Lemma 6 (with dK (¢, s)/d¢ playing the role of H(t, s)
and v playing the role of u.) that

(10.18) | ®.a(2)| = ['y fo M,(s)ds] + 292 fo [M(s) + V(s)]ds,

where M.(s) and V(s) are the analogues -of M(s) and V(s) of Lemma 6 as
applied to the function dK.(t, s)/dt. Thus we may take (by (0.6C), (10.1),
(9.9), (10.2))

1 a * 1 1
{10.19) M5 =fo sup a_tK(t' s)| ds + Zfo ]J(s)lds

0511

and

(10.20) Ve(s) = fo " var [a% K(t, s)]*ds + % fo l | 7(s) | ds,

0st<1

where the star indicates that dK /9t is to be replaced by an equivalent func-
tion for which the integrals exist, as given in (0.6C). Hence if B is an upper
bound for the bounded functional F(x), we have when maxos:s1|%.()| =7,
2> Ny, 0<e<e,




1945] TRANSFORMATIONS OF ‘WIENER INTEGRALS 211

(10.21) \F[x,, + fol Ken(-y9) xn(S)ds] exp (— ®..(%))

< Bexp ([7 fol M.(s)ds] + 2'y2fo1 [Mg(s) + V.(s)]ds).

Combining this with (10.17), we see that (10.21) holds whenever > N,,
0<e<e¢ independently of the size of max [x,,l . But the right-hand side of
(10.21) is independent of x and of %, and therefore (10.21) shows that the con-
vergence of the integrand of the right member of (10.8) is bounded in x
and 7, and the passage to the limit is justified. Using (10.12) and (10.16) in
taking limits on (10.8), we obtain (10.10); and thus (10.10) together with
(10.11) is established.

Having taken limits in (10.8) as #— « and obtained (10.10), we next take
limits as e—0* in (10.10) and obtain (0.15). The argument is carried out on
the same lines as the preceding. The left members of (0.15) and (10.10) are
identical, and the factor ID.| outside the integral on the right of (10.10) ap-
proaches | D| by (10.5) and we thus need only show that the integrand on the
right of (10.10) approaches the integrand on the right of (0.15) boundedly.

Dealing first with the factor F, we note that

flA,(t, x(s)ds | = ’—;—fl [Q(s — &) — Qs + 0) JJ(s)x(s)ds

l min (¢+e,1)
<— f | (s — )T (s)x(s) | ds
2 max (¢—e,0)

(10.22)
+ —l—f e | Q(s + O)J(s)x(s)' ds
2J, '

A

3
—e max |J(s)x(s)|,
2 0sss1
so that for fixed x,
1 1
(10.23) lim f K. (2, s)x(s)ds = f K(¢, s)x(s)ds
ot Jg 0

uniformly in ¢, 0S¢=1. Since F is continuous in the uniform topology,

(10.24) 311;1 F[x + fol K.(-, s)x(s)ds] = F[x +f°! K(-, s)x(s)ds],

and since F is bounded, the limit is approached boundedly in x. We next
show that there exist a positive number ¢ and a subset I'’ of C which is
bounded in the uniform topology and such that when x TV, 0 <e<e,
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1
(10.25) F[x +f K.(-, s)x(s)ds] = 0.
(1]
Choose G as before, so that F(x) =0 when x &G, and solve
1
(10.26) 9 = =) + [ K., 920
0
obtaining
L
(10.27) 20 = 50 + [ K6 0500
0

throughout C for sufficiently small e. By (10.5) we can choose €; so small
that when 0<e<eo, | D|=|D| /250, so that [D.]-! is bounded in ¢ for all
positive €<ey. Thus the resolvent kernel K7!(¢, £) is uniformly bounded in
?, £ ewhen 05¢<1,0=£=1, 0<e<e, since it is the product of [D]-! by a
Fredholm numerator determinant D.(¢, s) which is uniformly bounded in
¢, s, € because it is given by the Fredholm algorithm in terms of the uniformly
bounded K. (¢, £). We now take I'’ as the set of functions x(¢) obtained from
(10.27) by letting y(¢) range over G and e range over the set 0 <e<¢. Then
T’ and ¢, satisfy the required conditions, for T is obviously a uniformly
bounded subset of C, and if x & T, then, for each ¢in 0 <e< ¢, the correspond-
ing y defined by (10.26) is not in G, and F(y) =0. Thus (10.25) is established
in the specified region, and I'’ has the specified property.

Turning next to the second factor of the integrand of the right member
of (10.10), we shall show that for each xEC,

(10.28) lim & [x] = ®[x].

Differentiating (10.2) and using (10.1), we have for almost all ¢, s in the
square(®),

29 aK(t)—aK(t)+1aQ HJ
(10- ) at b, §) = 6t R 2 at G(S (S),

so that for almost all £ we have by (9.9),

1

f -:—tK‘(t, s)x(s)ds =f

0 0

l —:; K (8, s)x(s)ds

(10.30) 1 min (¢+e,1)
+ J(s)x(s)ds.

2eJ max (t—¢,0)

It follows from the law of the mean for integrals that if eS¢<1—¢, the last

(8) See footnote 2.
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term of the second number of (10.30) can be written J(7)x(r..:), where
t—e=<7.:<t+e¢; and hence we have (using (0.3) and (0.4)) for almost all
ton0=t=1,

1

li i K ds = g K ds+7J
im gt- (¢, s)x(s)ds = fo 5; @, s)x(s)ds + J()x(?)

ot Jo
(10.31) - %[ fo K21, 5)(s)ds + f‘ 'K, s)x(s)ds]

= %fol K(t, s)x(s)ds.

Moreover for fixed x, the limit in (10.31) is approached boundedly, since from
(10.30)

ifolg;K.(t, s)x(s)ds

1
< max |a(s)] - {f sup. }
0sss1 0 0sts1
and the right-hand side is finite by hypothesis (0.6C). Hence by the princi-
ple of bounded convergence we have from (10.31) and (10.32)

(10.32)

i)
— K(t, s)|d
Py @, s)|ds + max

0sss1

J(s)

1

(10.33) .l.if:l . [—;3; K.(¢, s)x(s)ds]zdt = fo 1 [% fo l K(t, s)x(s)ds]zdt,

and we see that the first term of the second member of (10.11) approaches
the first term of the right member of (0.9), and it remains to show that the
second term of (10.11) approaches the sum of the second and third terms of
(0.9). We do this by applying Lemma 7 to the second term of the right-hand
side of (10.29), obtaining

lim ol[fol%l{ﬂ, s)x(s)ds] ax(¥)

0.3 e et L o
-[1[ 2 9e(s)ds |as) + [ it

and thus (10.33) and (10.34) establish (10.28), which, together with (10.24),
implies that the integrand on the right of (10.10) approaches the integrand on
the right of (0.15) for each fixed «.

Finally, we complete the justification of the limiting process and estab-
lish (0.15) by showing that the convergence is bounded. To do this, choose
¥’ so great that when x€T’, maxo§,§1| x(t)l <+’, and note that when
max05.§1|x(t)[ >+’ and 0<e<ep, (10.25) holds, so that
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(10.35) F[x +f 'K s)x(s)ds] exp (= .(x)) = 0.

On the other hand, if maxogzgllx(t)| =%’ and 0<e<¢, we let B denote an
upper bound of F as before, and let(®)

1

(10.36) g = sup

<]
— K(¢, s
o 6s:1<1 | Ot 9

ds + max 'J(s) I
0sss1
so that by (10.32),

(10.37)

LI[LI%KJ!, s)x(s)ds]2dtl < (B>

1 [i]
(10.38) g =fo var [5 K{(t, s)]ds + o;ra;l OJR

0sts1

Similarly, we let

so that by (10.29), (10.28), (9.6), (9.3), (9.4), (9.5) we have

fol [ fol gz‘ Kt ) x(s)‘“] da(?) ‘ < )8 + B),

fol [f | ai K, ‘>x<s>ds] da(t)

(10.40) . .
= x(l)f [ K(, s)] x(s)fis—fo x(t)dtﬁ %K(t, s)x(s)ds

by integration by parts. Thus when maxo§,§1| x(t)] =<+v’and 0<e< €, we have
from (10.11), (10.37), (10.39)
exp (— (%))

\F[x + fol K-, s)x(s)ds]
< Bexp ((v)*B* + 28 + 26));

and since (10.35) holds when maxogtgllx(t)l >/, 0<e<e, it follows that
(10.41) holds whenever 0 < e < ¢, irrespective of the size of x(¢). But the right
member of (10.41) is independent of x and ¢, and therefore (10.41) shows that
the convergence of the integrand of the right member of (10.10) to its limit
as e—0% is bounded in x and €, and the passage to the limit is justified. Thus
by (10.24) and (10.28), we obtain (0.15) from (10.10), and the proof of Theo-
rem Ia is complete.

(10.39)

since

(10.41)

(%) See footnote 2.
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11. Proof of Theorem I. We shall derive Theorem I from Theorem Ia.
(The method used is similar to that used in [4] in obtaining Theorem II of
that paper from Theorem I of that paper.) First let I be a quasi-interval

(11.1) N < () < pj
j=1.,---,n;0<t1<---<t,.§1(—oo SN <p; S o)

Let €>0 and let ¢;.(n) be a continuous “trapezoidal” function which equals
zero outside the interval A ;<7 <uj;, equals unity inside the interval A;+€e<7n
<pu;—e¢, and is linear on the remaining intervals. (If \; takes on the improper
value — «, so does N\;+¢€, and so on.)

Also let Y(#) be a continuous polygonal function on 0<% < « which
equals zero for #>1+41/¢, equals unity for 0 <% <1/e and is linear elsewhere.

Let p:(y) be the characteristic functional of I (that is, ps(y)=1 if y&I
and 0 otherwise), and let

(11.2) pr.(y) = w.[max ly®| ] I1 ¢5.(x(22).
0sts1 jeul
First we observe that

(11.3) pr.(y) 7 pr(y) as e\ O (¥(:) in 0),

for if y(-) €I, then at least one of the inequalities (11.1) is not satisfied and
the corresponding ¢ ;,.(y(¢;)) will be zero for every €>0, while if y(-) &I, then
for sufficiently small positive € each factor ¢;,(y(¢;)) will be unity and also
the factor ¥, [maxl y(t)l ] will be unity. Thus (11.3) holds for all y on C. Next
we note that

Fly] = pr.[y]

satisfies the hypotheses of Theorem Ia. (Boundedness, Wiener summability
and the fact that it vanishes outside a uniformly bounded domain are obvi-
ous. Continuity follows from the continuity of the individual factors in
(11.2).) Hence the conclusion (0.15) of Theorem Ia holds for pr..[y], and by
monotone convergence (see (11.3)) it also holds for pr[y].

This yields

w w 1
ata [ ublivy =|0] | pz[x+ ) K(-.s)x(s)ds]exp<— 8[x)dws

which is equivalent to (0.8) of Theorem I with S=T7-'I. By progressively
enlarging the scope of .S we obtain (0.8) for every Wiener measurable subset
S of C. The details of the proof of this and of the proof of the remaining por-
tion of Theorem I are entirely similar to those given in §5 of [4]; for this
reason we omit further details of the proof.
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12. Proof of Theorem II. We now consider the transformation L of (0.11),
and we resolve it into the product of two transformations

(12.1) T: 2() = 2(t) + f " K, 9)x(s)ds,

(12.2) T: y(8) = 2(8) + xo(d).

The transformation T is one to which Theorem I applies, and 7" is one to
which Theorem II of [4] applies(?). Hence if S is any Wiener measurable
subset of C and if F{y] is any Wiener measurable functional defined for y
in T'TS, then by Theorem II of [4] we have

w

Flyldwy
T'TS

= exp (— fol B (t)]’dt) T:F[z + xo] exp (— Zfol xd (t)dz(t))dwz,

this equality holding whenever either member exists.
Next we apply the transformation T using the (measurable) functional

(12.3)

(12.4) G[z] = Flz 4+ 0] exp (— Zfl xg (t)dz(t));

we find

exp (—- fo I [x¢ (t)]’dt> fT :F[z+ %o) exp (— 2 fo 1 xd (t)dz(t)) dwz
=10l e (= [ mora) [ Fs+ et [ KC9x02]

(12.5) -exp (— 2 j; "t (t)dx(t))

-exp (-—- 2];1 %0 (t)d,l:fol K(t, s)x(s)ds]) exp (— ®[x])dwx

= | D|LWF[x + 2o -f-fol K(-, s)x(s)ds] exp (— ¥[z])dwx.

(" In the translation theorems of [4] it was actually assumed that x{ (¢) exists every-
where on 0 <¢=<1 and that x; (¢) is of bounded variation on 0 <¢=1. It is easily seen that the
two theorems of [4] still hold if it is assumed merely that xo(¢) is absolutely continuous on
0<t=<1and that x/ (t) is equivalent to a function w(¢) which is of bounded variation on 0 ¢ <1.
It is this slightly modified form of Theorem II of [4] which applies to the transformation (12.2)
of the present paper.
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Combining (12.3) and (12.5) we obtain the conclusion (0.14) of Theorem
II.

By selecting F[y] to be the characteristic functional of the set LS we
obtain (0.13).

13. An example. In this section we use our transformation theorem, Theo-
rem I, to evaluate the characteristic function

(13.1) fcwexp <iuf°l [x(t)]’dt)dwx (= 0 <p< ®)

of the chance variable f; [x(£)]%dt. The characteristic function (13.1) is evalu-
ated (8) by a consideration of the special linear transformation

(13.2) T: y@) = «2() + )\f ‘ tan N(s — 1) - z(s)ds
for ’
(13.3) —x/2 <A< w/2

We shall first show that the transformation (13.2) satisfies the hypotheses
of Theorem I. Writing

(13.4) K'(4s) =0, Kt s)=AtanAs—1) (0sSts1,0sss1),

0 when 0=5¢1<s5, 0<s=1,
(13.5) K(t,s) = { AtanA(s — 1) when s<t<1,0=s=1,
271\ tan M(s — 1) when ¢t=3s5, 0=s =1,
(13.6) J(s) = 27!\ tan N\(s — 1), 0ss=s1,

we easily see that (0.6 A-D) are satisfied. Also
K(s1, s1) « -+ K(s1, 55)

l . .
1+Z f f ........... dsl...dsp

- ' .
=t 2 ° K(sm 81) Tt K(S,, sP)

=0 Pl{f (s, s)ds} = exP(f K(s, S)dS)

1 rt 1
= exp (—z-f \ tan \(s — l)ds) = exp (7 logsecN\(s — 1)
0

D

(13.7)

)

1
= exp (—- 5 log sec )\) = (cos \)/2,

(8) The expression (13.1) can also be evaluated by a modification of the method of Paley
and Wiener [2] using the statistical independence of terms in the orthogonal development of
dx(t). For this method it seems preferable (or even necessary) to use as an orthogonal set the set
{2v2 cos (n+1/2)wt}, rather than the set {exp (2nif) }.
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Thus D#0. Hence (0.6E) holds and Theorem I applies to the transforma-
tion (13.2). We apply the transformation formula (0.10) to the entire space C:

(13.8) fc F[y]dwy=lp|fc F[”""‘fo tan AM(s — 1)'x(s)ds:|
* €xp ('— ‘P[x])dwx

with
(13.9) ID| = (cos \)1/2
and
®[x] = f] A2 tan? M(s — 1) - [«(s) ]%ds +fl X\ tan M(s — 1)df[2(s)]?}
[] 0
(13.10) = )\’fl tan? A(s — 1) - [2(s) ]2ds — Vfl [%(s) ]2 sec? N (s — 1)ds
0 0
= — \2 2 .
\ fo [%(s) ]2ds
Hence
w w ‘
f Flyldwy = (cos M)1/2 f F[x+ )\f tan \(s — 1)-x(s)ds]
as.an ¢ ° °

-exp (7\’ fo 1 [x(s)]’ds)dwx

and with F[y]=1 we obtain

(13.12) f:exp (e[ tator1as ) s - E%T

The relation (13.12) holds for all real N in —7/2 <X\ <w/2, since the trans-
formation (13.2) meets the requirements of our theorem for such values of A.
The right-hand member of equation (13.12) is single-valued and analytic in
the complex A-plane if this plane is slit along the real axis from (w/2, «)
and from (—w/2, — «). (We consider the branch which is positive for \ real
and in —7/2<A<w/2.) With this interpretation equation (13.12) holds for
all complex values of A for which the integral in (13.12) converges and repre-
sents an analytic function. Now the integral in (13.12) converges for all real
values of X in A\2<72/4. Also if \ is complex we have

fcw exp (Vfol [x(s)]’ds> dwx = fcwexp ((Re A\?) fol [x(s)]’ds) dwz,
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and hence the integral in (13.12) converges for Re A2<w2?/4. If we consider
the left member of (13.12) as a function of the complex variable A? and
integrate around a contour lying in Re N2<72/4, we are able to interchange
the order of integration by the (mixed) Fubini theorem. Hence, by Morera's
theorem, the left member of (13.12) is analytic in Re A2<#2/4, and hence
(13.12) holds for Re A2<72/4, with (cos A\)/2 having the determination which
is real and positive for \ real and on the interval —w/2 <A<w/2. (It may be
noted that the Wiener integral in (13.12) diverges for Re A2 =Z72/4 and hence
(13.12) holds whenever the integral has a meaning.) Writing A2=1u, where
1 is real, we obtain the result (0.2) mentioned in the introduction.
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