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I. METHODS AND CONCEPTS

1. The mathematical analysis of the statics of shells(?). It is possible to
treat the equilibrium of a thin shell as a problem of three-dimensional elastic-
ity. The boundary conditions are usually difficult to satisfy and the solutions
are complicated, but there are cases of success, a notable one being given by
Lamé(®) for a shell of any thickness bounded by arbitrarily loaded or dis-
placed concentric spheres. When the shell is thin the variation of stress across
it is often not particularly interesting, and a simpler but more enlightening
description may be constructed in terms of the resultant forces and moments
per unit length across a normal section; the theory of this description, under
some special assumptions about the nature of the displacements produced,
is called the bending theory of thin shells. For portions of the shell far from
supports or points where one of the radii of normal curvature is small, the
moments and certain other terms are negligible in comparison with the re-
sultant stresses; the theory resulting when the former quantities are neglected
is called the membrane theory of thin shells. We shall but touch on the bending
theory to aid us in clarifying our notions; our concern in this paper is the
membrane theory of shells whose middle section is initially a surface of revolu-
tion.

The raison d’étre of the membrane theory is its simplicity in contrast to
the bending theory, which, so far as I know, has not been forced to yield
practical results except for the sphere, the circular cylinder, and the cone(*).
In particular, the bending theory offers difficulties, as far as practical solutions
are concerned, even for simple surfaces, when the load or support is not axially
symmetric(®), although these difficulties have been overcome in some cases.
Even when the solution given by the membrane theory is not adequate, it is
customary to use it as a first approximation to which correcting terms from
the bending theory are added. Even though the membrane theory is much
simpler than the bending theory, except in cases of axial symmetry it has
rarely been treated with success(®). The purpose of this paper is to supple-
ment Fliigge's excellent treatise, Statik und Dynamik der Schalen, in its treat-

(?) For a brief history of the investigations of shells, see Love (1927) pp. 5, 29. References
are to the list at the end of the paper.

(®) Lamé (1854).

(*) Fliigge (1934), chaps. 6, 7; Timoshenko (1940), chap. 10; Geckeler (1929), pp- 238-260;
Love (1927), pp. 565-613.

(%) Fliigge (1934), p. 147.

(%) For a discussion of the treatment of unsymmetrical problems in the membrane theory
previous to this work, see §11, next to last paragraph.
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ment of the membrane theory of shells of revolution by giving an easy and
practical method of exact solution of all the equations concerned, and by using
this method of solution to discuss the limitations and capabilities of the mem-
brane theory in general.

2. The method of this paper. I have not attempted to replace any portion
of Fliigge's book in its entirety, and hence I have not repeated the results of
that work except when it seemed advisable to preserve the continuity of de-
velopment; with a few exceptions, mostly in Chapter 11, this paper contains
new results (or new derivations) only(?). On the other hand, it is self-con-
tained; the reader will require a knowledge of the fundamental notions of
three-dimensional elasticity and of power series solutions of linear differen-
tial equations, but nothing of the theory of shells.

Since a shell is a three-dimensional body, and since the equations of three-
dimensional elasticity are well established, I think it preferable to derive the
equations of shell theory as consequences of the general equations of elasticity
rather than to follow the usual practice of deriving them from figures(®).

The two surfaces of revolution for which the equations can be solved by
quadratures without the use of Fourier series, namely the cone and the circu-
lar cylinder, are conveniently excluded from the general discussions of the
theory; a complete treatment of cylinders of all types has been given by
Fliigge(®), while in the next chapter I give a discussion of the cone, which
should serve to acquaint the reader with the characteristic advantages and
defects of the membrane theory without introducing the complications of
calculation which are the chief obstacle in the general theory which follows.

3. Revolution coordinates. We shall find it convenient to describe a thin
shell in terms of a reference surface, called the middle surface, on which there
are any convenient coordinates !, @? To obtain a three-dimensional coordi-
nate system we erect normals at each point of the middle surface and call
the distance measured outward along these normals x; then sufficiently near
to regular points of the middle surface a?!, a?, x are suitable coordinates(*?).
x=+48/2 and x= — /2, where §=08(c!, a?), are the equations of two other
surfaces equally distant from the middle surface. By a thin skell we mean
the region between x=+6§/2 and x= —§8/2, if, except perhaps at certain
singular points, [ 6/R| «1, where R is the minimum radius of normal curva-
ture of the middle surface. 8 is called the thickness of the shell. A point where
one of the radii of normal curvature of the middle surfaces vanishes or be-
comes infinite will be called a singular point or singularity of the shell.

Throughout this work we shall be interested only in the case when the

(") In particular, the sections on the membrane theory of shells of revolution in Fliigge’s
book to which I have nothing to add are pp. 25-37, pp. 58-66.

(8) For a note on the different derivations of the equations, see §8, footnote 27.

(°) Flugge (1934), chap. 3.

(*%) Such systems are those called “normal” by Synge and Chien (1941), p. 109.
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middle surface is a surface of revolution. We shall always use meridians and
parallels as coordinate curves upon it(!!), and the corresponding three-dimen-
sional coordinate system we call revolution coordinates. If we use the longitude
angle 0 as a parameter for the meridians, if ¢ is the colatitude angle, 7, the
distance along the normal to the surface to the axis of revolution, 7; the radius
of curvature of the meridian on the middle surface, dm the element of arc

middle section

Fi16. 1. Conical Coordinates. F1G. 2. Revolution Coordinates.

length on this meridian, then the element of arc length in revolution coordi-
nates is defined by the equation (%)

r1+ x\?

1) ds? = ( ! ) dm? 4+ (r; + x)? sinp d6? + dx2.
7

At a singularity of the shell, the element of arc length is undefined. If the

middle section is a cone, it is convenient to parametrize the parallels by the

distance y along the meridian from the apex; formula (1) becomes, if

a E1r/2 —¢1

2 ds? = dy* 4+ (y sin a + x cos «)?d6? + dx2
Such a coordinate system we call conical coordinates (see Fig. 1). If the middle

section is not a cone or cylinder, it is convenient to use ¢ as a parameter for
the parallels, the element of arc length becoming then (see Fig. 2)

3) ds® = (r1 + x)%d¢® 4+ (r2 + x)? sin®pdf? + da?.
4. Stress resultants and moments. For three-dimensional bodies we are

(1) To parallel the succeeding treatment for shells whose middle surface is not a surface of
revolution one should use the lines of curvature as coordinate curves, as does E. Reissner (1941).
(12) In succeeding sections we refer to this formula as (3.1), and so on.
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accustomed to describe the distribution of forces by means of the stresses 74
(physical components) giving components of the force per unit area across a
surface. For thin shells one can obtain a simpler and more enlightening pic-
ture by introducing stress-resultants, quantities defined on coordinate curves
on the middle surface which when integrated along such a curve give the
same total pressure as do the stresses integrated over a normal section of the
shell cut along the curve. Thus, for example, the stress resultant Ny in the ¢
direction across a ¢ =const. curve is defined by the relation

0 0 /2
Ny re sin ¢ df = f f T4¢° (r2 + x) sin ¢ dodx.
8 8 o —4s2

Hence, by differentiation,

+8/2 x
N¢=f ‘r“(l-l-—)dx.
—3/2 £

Resultant moments are similarly defined. In all, we have, in the conventional
notation, ten resultants(?):

+8/2 x +8/2 g x
N¢=f r¢¢(l+—)dx, No=f Tao(1+_>dx,
3/2 1£] —3/2 71

+5/2 x +512 %
N¢o =f Ta¢(1 +—>dx, N04> "—‘f T¢0(1+'—)dx, .
—8/2 72 —8/2 71
+8/2 x +8/2 x
(1) Q\# == . 7'052(1 + _) dz, Q0 = - Toz (1 + —") dx,
—5/2 72 —3/2 71
+5/2 x +5/2 %
My = — xrw(l—l-—)dx, My = — xm(1+—)dx,
—3/2 72 —3/2 71
+5/2 % +5/2 %
My = — X749 (1 + —) dx, Moy = — XTo4 (1 + —) dx.
—3/2 72 —3/2 1

The moments M4 and M, tend to bend the meridians and parallels, respec-
tively, M4s and My, to twist them.

While these components are not symmetric, the symmetry of the stress
tensor implies the relation

x x 1 x
w1 7) — a4 2) - - o (4 )]
71 72 (4] 71
1 x
)
181 72

(%) These are the components of the “macroscopic force and bending tensors” of Synge and
Chien (1941). They were introduced by Love in 1888.
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integrating, we find that
(2) N0¢—N¢o=—-——-.

Body force (¢, ¢4, ¢o) (physical components) we may replace by an
equivalent force per unit area acting on the middle surface:

+8/2 % x ,
Zy= — ¢z(1+_‘) (H——)dx.
—8/2 41 72
/2 x x
3 Y = f b (1 + ——) (1 + —-) dzx,
-8/2 71 72
+3/2 x x
Xb=f ¢a<1+—)(1+—>dx,
—8/2 71 72

while surface loads (Z,, Y,, X,) and (Z;, Yi, X;) in the —x, ¢, 0 directions
respectively on the outer and inner surfaces may be replaced by equivalent
surface forces acting on the middle section:

2= () (5% - (-3 (30
@ o= (egn) () e (-5 ()
x= () (g n- () (-5

Let (Z;, V., X;) be the resultant force per unit area of the middle section due
to the load:

©) Zi=2Zy+Z, Y=Y, +7, Xie=X,+ X.

Then the combined load on the shell may be represented by this equivalent
force density, provided we add a suitable moment density (L, Lz):

2 x x
L [ (142 (14 2)as
—3/2 71 72
=gl (4 50) v+ (- 57) (-5 7]
2 2n 2r,) " ° 2 2,/
© +4/2 % %
Loe = [ (14 2) (142
—~3/2 71 72
~al(+5) (4 a)x+ (-5 (- 30) ]
2 2’1 27‘2 272 I




102 C. TRUESDELL (July

All these definitions, which have been phrased for an element of arc length
(3.3) in revolution coordinates, can be transferred to conical coordinates with
element of arc length (3.2) if we replace 71 by «, ¢ by ¥, and r; by y tan « re-
spectively.

From the usual sort of equilibrium considerations it is easy to show that
the resultants transform according to the tensor law under orthogonal trans-
formations.

Noridd Qorodt

Qondo

3N,
o0 )ride
Neorido
)
(M+ 30—’ do) rnde
P
[owm55 e Ju -
3
s [Na'o +5 (Nmm]do
[N¢'°+6—\,‘> (1\".,ro)d¢]d0
F1cG. 3a.

Stress resultants and load force density.

A visualization of the forces and moments acting on a small section dF
of the shell may be seen in Fig. 3.

II. CoNICAL SHELLS

5. The equations of the bending theory for conical shells. Let the three-
dimensional stresses and strains (physical components) be 72z, * - - , €22, - - -,
the physical components of body force be ¢, - - - . Then the equilibrium equa-
tions of three-dimensional elasticity (') written in conical coordinates with
element of arc length (3.2) are

0740

5 a0

+ Py [(y sin @ + % cos a)ryz] + (y sin & + % cos a)¢, = O,
x

a
3}‘, [(y sin @ + x cos @)7yy] — 700 sin @ +

€Y

(1) Love (1927), p. 90; Trefftz (1928), p. 81; Sokolnikoff (1941), p. 179.
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d7ep

a0

a
33-’ [(y sin @ + x cos a)rye] + 740 sin & +
a
M +5— [(3’ sin @ + % cos @) 7a] + 7.0 cOs @ + (y sin @ + x cos a)ge = 0,
%

9 . 9 .
P [(y sin & + x cos @)7zz] + ™ [(y sin @ + % cos a)7zy]
x Yy

A729

— 700 cOS @ + (y sin @ + x cos a)¢, = 0.

a0

ro=ry sin ¢

F1G. 3b.
Moment resultants and load moment density.

To these equations we add Hooke’s law connecting the stresses and strains (%)

(1) Love (1927), pp. 102-103; Trefftz (1928), pp. 61-62; Sokolnikoff (1941), p. 179.
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and the conditions of compatibility ('*). We shall suppose there exist unique
functions 7z, - - -, €ss -+ - satisfying all these equations, such that on

x=+4+6/2,

Tee = —2oy Tay=VYo, Tu= X,
and on x=—4/2,

Tez=—2i Tog=VYi, 71a=2X,

while on some boundary (or boundaries) y=const., Tys, Ty, and T4y assume
prescribed values. If we integrate the equations (1) with respect to x from
—6/2 to +6/2, using the definitions (4.1) and (4.5), we obtain three equi-
librium equations in terms of the resultants:

oN, 1 csc & dNg,
+— (N, — No) + +Y:=0,
9 v y 9y
0Ny, 1 csca 0Ny cota
2) +— (W + Noy) + - 0+ X, =0,
9 v y 9 y

. 9 80, .
sin ¢ — (¥Qy) + — + Nocosa+ ysinaZ, = 0.
dy a0

If we multiply the first and second of equations (1) by x and integrate from
—6/2to +6/2,using (4.1) and (4.6), we obtain twomore equilibrium conditions:

Mo,

9 3
g;(yMy), — Mo + csc — 9Qy + yL, = 0,

3

) ] M,
— (yMys) — Moy + csca—— — yQs + yL. = 0.
dy a0

The conditions satisfied on boundaries y =const. can be translated by the
definitions (4.1) into boundary conditions on the solutions of the systems (2)
and (3). While we now have five equilibrium equations in ten resultants and
moments instead of three equations in six stresses, the new system is much
easier to handle because the boundary conditions have been reduced by six:

In order to obtain a manageable description of the deformation, we agree
to treat only those problems which lead to displacements having the following
properties(17):

ez ez

(D) | esy| K8/R, | €| K 5/R, |e,,|<<s/R,|R p

«1,

«1, ‘

(I1) | 72+/E| K| €22 + vA/(1 — 3) |,

(1) Odqvist (1937).
(17) These are essentially the assumptions of E. Reissner (1941).
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where R=y tan «, A is the cubical dilatation, E is Young’s modulus, and »
is Poisson’s ratio. Assumption (I) states that a line initially normal to the mid-
section is deformed into a line essentially normal to the deformed mid-section,
and that the thickness 6 is great enough that if ASd is the change in 8 due to
the deformation, then | A§| «8?/R. Assumption (II) does not state that 7.,
is negligible in the equilibrium considerations, but that the contribution of
the dimensionless ratio 7../E to the deformation is negligible. As a conse-
quence, from Hooke’s law we see that, approximately,

(4) €zz = — "A/(l - y);

this equation implies, by Assumption (I), that IAI «8/R, that is, the cubical
dilatation is much smaller than the relative thickness, and that, since y=~1/3
for most structural materials, e..=~ (e,y+€m)/2, or that the normal deforma-
tion is the negative of the mean tangential deformation, and that, in particu-
lar, deformations in which the shell is compressed or extended both in area
and thickness are excluded. These assumptions are such as to exclude very
thin or very thick shells, and to make the displacements of points on the
middle surface a sufficiently accurate indication of the distribution of dis-
placements throughout the shell, as we shall see shortly.

By using (4) we may simplify the remaining equations of Hooke's law,
three of which become:

Ty = (E/(1 — v)(eyy + vew), 700 = (E/(1 — »%))(eon + veyy),
Ty = Eeyo/(l + V).

We shall not need to use the last two equations of Hooke's law, so I do not
write them here.

Let the displacements of a point in the 8, y, x directions be denoted by
u, v, w respectively. Then the expressions giving the strains in terms of the
displacements become(*8)

)

ou .
— 4+ vsina + wcos a

v a0 dw
€yy = T €y = N , €z = —
y y sin a + x cos « dx
v . u Rk
(6) — 4+ (ysina+ xcosa) — — usina
a0 dy
€ys = N ’
2(y sin @ + x cos a)
. ou dw
(y sin @ + x cos &) — — uc05a+—£

<é)w n 60)/2 dx
€ = [ — —_— , € P o
i dy  ox ? 2(y sin a + x cos @)

(*8) Love (1927), p. 54; Trefftz (1928), p. 78; Sokolnikoff (1941), pp. 177-178.
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Let us now express the displacement (%, v, w) of a point (6, v, X) in terms
of X, the displacement (U, V, W) of its projection (@, ¥, 0) on the middle
surface, and the strains, using the equations (6). For example,

U+f —dx,

U =
dw
#ucosaqg — —
x
=U—f - d(X—x)+2f €0d%
o Yysina-4 xcosa 0
ow
Ucosa — —
a6
=U+ X -
ysma

f [ ae"]d +2fxdd
- x x.
0 ysma+xcosa 0 0 €

Rearranging this result, and carrying out a similar computation for v and w,
we obtain the formulas

cot a csca OW
u=U+X[ U - ——:I
y y 9

O€zz

2(ysina — xcosa)ens + (X — x) %
dx,
+fo ysin a4 xcos a

ow X
=V_X—+f [(X ]dx.
ay 0

X
w=W+f €242,
0

Replacing X by x, and retaining only terms of up to and including the sec-
ond order in x, we find that under Assumptions (I) and (II) the relations
(7) become simply

x d
u = U+—<Ucota—CSCa—vK>,
5 a0

8 W
® v=V—x—0)
dy

w=W.

We can now put these expressions into the formulas (6) for the strains, put
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the resulting equations into Hooke's law (5), and evaluate the integrals (4.1)
for the resultants and moments. We are justified in retaining terms in x2
in the integrands; hence the resulting expressions are correct up to and in-
cluding terms in &4, since any terms in x® would vanish in the integration.
We obtain the following formulas expressing the resultants and moments in
terms of the displacements U, V, W of the middle surface:

WV  vesca/dU .
(—— + Vsina + Wcos:x)]
9y y

a0

K 3w
— — cot a
y ay?

csca [OU ] 1%
N0=D[ <~———+Vsma+Wcosa +v—]
y a0 dy

K cot a

v, -o[Z

’

?w L4
- [VCOSa+WCOtaCOSa+CSCa +ysma-—-——:|,
y¥sin a a6* dy
D(1 — )

U
Ny = — + ysina — — U sin ]
v 2y sin « [60 Y * oy *

K1 —v) cota[ aU W OW:I
—————F———|ycosa— —Ucosa—y +—
ay 09y a6

2y%sin a

9)

D1 — ) au
Ngy = ——— -i-ysma——Usma
2ysina L 36 dy
K(1 — »)cota v 2w (‘)W
~—————————] cot a————+ ¥
363y 90

243 sin «

3 y ay
v (6W n csc? o OW cot a €sC a aU)]

S\t Y o

aw aw
M9=K[ (Vcota+Wcot2a+csc2 +y W>+ ],
y? 902 y?

_ K1 - v)[ aU 2w BW:I

W cota 9V
M, = K[ v

Ucosa— ycosa— +y

dy 00y  af
K(1 - v)[ v oU
—————]| cota— — y cos @ —
0 ay
?w GW:I

B 292 sin &

U cos 2y —— — 2 —|,
+ *t 2 ey T i
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where
(10) D= Es/(1 —»?), K= E&/(12(1 — »?)).

D and K are called the flexural rigidity and the bending rigidity respectively.
E, and hence also D and K, has been assumed independent of x, but not
necessarily of y and 6. Similar expressions could be written down for Qg and Qy,
but we shall not need them. Of course, these formulas satisfy identically the
relation (4.2), which in conical coordinates has the form

cot a
(11) Noy — Ny =

Oy.

Equations (2), (3), and (9) form a system of thirteen equations in thirteen
unknowns, which can easily be reduced by elimination to a system of three
equations in U, V, W alone. These are the equations of the bending theory.
If the three-dimensional solution of a problem in question produces a state
of strain satisfying Assumptions (I) and (II), there will exist a solution of
these equations, and this solution will be as correct as the corresponding three-
dimensional solution, provided we are justified in neglecting powers of
6/(y tan o) higher than the fourth. In this form the bending theory pre-
sents a rather complicated but completely correct picture of the behavior
of a thin conical shell under small deformations with small strains satisfying
Assumptions (I) and (II). If such a deformation is produced by given loads in
a given shell, the bending theory equations will be correct. An estimate of the
validity of the assumptions can be obtained by computing the values of the
strains at the middle section by substituting the solutions U, V, W in (6)
and putting x equal to zero; if these values of the strains do not satisfy As-
sumptions (I) and (II), we know the bending theory is inadequate to treat the
problem in question. If these values of the strains do satisfy Assumptions (I)
and (II) at the middle surface, we are reasonably sure the bending theory is
adequate; if we were certain the strains did not vary much with x, we should
be certain the bending theory was correct for the problem in question.

We have two boundaries y =const. (one may be the apex, the other at
infinity) at which three stress components, and hence five resultants and
moments, may be prescribed. These ten quantities are subject to the six con-
ditions of equilibrium of the entire body under all its loads. Hence we may
prescribe four independent boundary conditions on the moments and re-
sultants.

The formal difficulties of the bending theory are considerable unless fur-
ther simplifying assumptions are made. Under conditions of complete sym-
metry with respect to 6, when the shear resultants and moments vanish, the
equations may be solved in terms of Bessel functions if 8 is a constant(!?),

(1) Fligge (1934), pp. 160-165; Timoshenko (1940), pp. 475-479.
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or with simpler functions if § =ky. Our concern with these equations, however,
is only to clarify the nature of the membrane theory.

Before leaving the bending theory we should notice that the effect of the
singularity at x=0, y=0 is that the resultants and moments should not be
expected to have much meaning in its vicinity, since the integrals defining
them are unaffected by the stress distribution in the portion of the region
where x>0 and y <0 which lies in the cone (the shaded region in Fig. 4). The
bending theory is not necessarily incorrect in this vicinity, but it does not
furnish a satisfactory description of events. For an accurate picture we should

middle
surface

Fic. 4.

resort to the three-dimensional theory. Usually, however, the apex is not a
point of interest. Since 8 is undefined at the apex, so are 7, Tsy, and 7oz, SO
the equilibrium equations (1) cannot be expected to have a meaning there,
and hence neither can the equations of the bending theory; we shall content
ourselves for the present with the artificial requirement that all resultants
and moments remain finite at the apex, the boundary condition customarily
imposed. Further discussion of singularities we defer until §§9, 15.

6. The equations of the membrane theory, and their integrals. Since we
are supposing that, except near y=0, &/(y tan a)<1, it follows that
K /(y? tan? a)<<D, and the terms in (5.9) of which K is a coefficient may
be neglected unless they are much larger than the terms of which D is a
coefficient. Under the assumptions of the classical theory of elasticity, that
displacements and their derivatives are small, these terms will then be neg-
ligible except (i) near the apex, y =0, or (ii) when they are prescribed quanti-
ties at certain boundaries. When these quantities are negligible the shell is
said to admit a state of membrane stress, and the equations of the bending
theory are much simplified. All moments vanish, and Ny = Ns,. Equations
(5.3) give us the values of Q, and Qs at once:
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(1) Qﬂ = Ly’ QO = L,.
If we define quantities Z, ¥, X :
csca 0L, 1 9

Z2=2 L,),
t+ y Py 5 3y (yL,)
(2) Y = Yg,
cot a
X = Xt - L:o
y
the remaining equilibrium equations (5.2) become simply
N 1 csca 0N
S+ — (N, - No) + 24y =0,
dy y a6
3) aN 2 csca 9N,
Y+ = Ny + +X =0,
dy y y a0
No= —ytana Z.

For most cases of interest, the load moments are negligible, and (Z, Y, X)
represents the equivalent force density of load on the middle section. The
relations (5.9) which do not vanish may be rearranged into the form

v 1
—£=E(N” vNo),
@) U o Vsinat Weosa=222% N — Wy,
a8 Ej
CSCQ.?_I:.*.yﬂ— U=MN0”.
a0 3y Es

The equations (3) and (4) are the equations of the membrane theory of
cones; like those of the bending theory, they form a determined system, from
which by elimination we could derive three equations in the three unknowns
U, V, W alone.

When we have solved the equations of the membrane theory for a par-
ticular boundary problem, we can always tell whether the problem in question
admits a membrane state of stress by substituting the displacements U, V, W
in the equations of the bending theory (5.9); if all the terms following K are
of the same magnitude as those following D, then we know that our solution
of the membrane theory equations is a solution of the bending theory equa-
tions correct up to and including terms of the second order in §/(y tan «).
Thus except near the apex of a cone whose behavior is described by the bend-
ing theory, there is always a membrane state of stress unless the boundary
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conditions forbid it. It is possible, of course, that even near the apex there
may be a membrane state of stress.
In the usual treatment of the theory Hooke's law is written in the form

14+
Eb

If €y, €, €9y are regarded as approximations to the three-dimensional strains,
the expressions (5) are incorrect; they contradict our earlier formulation of
Hooke’s law (5.5), and furthermore such strains cannot satisfy the conditions
of compatibility, even approximately(?%). The equations (5) give the correct
values of the three-dimensional strains at the middle section, but it is incor-
rect to neglect their variation across the thickness of the shell. The conditions
of compatibility may in fact be used, with the aid of equations (5), to compute
the correct values of the derivatives of the strains with respect to x evaluated
at the middle section. The preceding treatment shows that in the theory of
shells it is quite unnecessary to introduce two-dimensional strains at all(3?).

The two systems (3) and (4) are separate, so that (3) may be solved
alone. As a consequence we see that if the load (X, ¥, Z) is independent of
the thickness of the shell, so are the membrane stresses, and in any case the
membrane stresses are not affected by the material of the shell. By consider-
ing different types of shells of varying thickness but the same middle section,
one may get quite different displacement distributions corresponding to the
same state of membrane stress.

The integrals of the membrane equations (3) and (4) may be written down
at once(22):

fye

1 1
(5) €yy = ‘E (Nu - ”Nﬂ), €9 = "E—a— (NO - ”Nv)v €y =

Noe=—ytanaZ,

Ny, = ! A6 f(X oz 2d
o.,———;[ ®) + —seca—60—>y y:l,
1 csc a aN,,,
N, = ———-[B(G) +f<Z tan a + + Y)ydy]
6
© V=C(o)+f(N,—vN.,)—y-,
2y(1 aV\ d
= yI:D(G) + f(______y( +7) Noy — csc:x—)l]
a0 / y?
y tan « aU
W=-——(Ny—vN,) —seca— — V tan a.
Eb a9

(2%) Truesdell (1943), pp. 51-54.

(*) For a correct “Hooke’s law” for stress and moment resultants, see (8.10).

(22) The first three of these results were apparently first given in series form by Dischinger
(1928); see Fligge (1934), pp. 45-46.
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In these results E and & may depend on y and 6. The arbitrary functions
A and B represent two boundary conditions on the stresses out of the original
four of the bending theory; the other two have been absorbed by the vanish-
ing of the moments. The arbitrary functions C and D represent a. rigid
translation along the axis and a rigid rotation about the axis respectively,
and may be chosen in any convenient way.

7. Examples. While we have seen that a membrane state of stress is not
likely to exist near the apex of a closed cone, solutions for closed cones are of
interest far from the apex. Let us suppose X =0(y~1), Y=0(y"1), Z=0(y™?)
as y—0; then a necessary and sufficient condition for the resultants given by
(6.6) to remain finite at the apex is that 4 (6) =0 and B(#) =0. In other words,
for a given load distribution there can exist at most one boundary problem for
a closed cone admitting a membrane state of stress near the apex. For ex-
ample, suppose the cone is subject to its own weight:

(1) X =0, Y=pcosa, Z=psina,

» being the surface density of the shell (note that although we do not need to
specify whether the thickness & is a constant or not in order to obtain the
following equations (2), they represent the effect of the shell’s own weight
only in the case of constant thickness, since we have assumed p is constant in
order to obtain them); then the only boundary problem which might be satis-
fied by membrane stresses near the apex is that for which

2) Ny = — py sin « tan a, Noy = 0, N, = — pysec a/2.

Since this state of stress is independent of 6 and since the total force
across the boundary y=1y, is directed axially and is of magnitude
[— (py0/2) sec a][cos a] [27y, sin a], equal to the weight of the shell above
¥y =19y, this solution is for the problem of a cone uniformly supported. From
(6.6) we may compute the displacements, when § is constant:

V = p(I* — »?) sec o/ (4Ed),
(3) U=0,
W = p[(1 4+ 2»)y? — I2]sec « tan o/(4E8),

where we have evaluated the constants of integration by prescribing that
U=0, V=0 at the lower edge y=I.

Although the results (2) and (3) are solutions of the membrane equations
which remain finite at the apex, nevertheless a membrane state of stress does
not exist near the apex, for if we put these displacements back into (5.9) we
find that although M,=0, M, =0, Nsy,=0, Nyy=0, M,~0, and Me=0,
nevertheless Ny and N, become infinite as y—0. Then while the stress result-
ants (2) describe a membrane state of stress far from the apex, near the apex
they are not justified at all, and are in fact meaningless. A closed cone stand-
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ing under its own weight does not admit a membrane state of stress near the
apex, even though a solution of the membrane equations yielding formulas
which remain finite at the apex exists for this problem.

A membrane state of stress may be inadmissible by the nature of the sup-
port at y=1I. For example, there is no solution of the membrane theory equa-
tions finite at the apex and satisfying the condition Ny=0 at y =1/, when the
load is given by (1); we must resort to the bending theory in this case(?).

We may now ask, is it ever possible for a closed cone to admit a state of
membrane stress near the apex? Since a necessary condition for finiteness at
the apex is that 4(0) =0 and B(f) =0, there must be axial symmetry; for
simplicity let us suppose all quantities expansible in power series in y near
the apex, and let us suppose 6 =0(1). Then the conditions that the terms fol-
lowing K in the expressions (5.9) remain finite at y =0 may be shown to be

V=Vs+yv¢, W= —"Votan a + ¢,

where Vjis a constant and ¢ and ¥ are arbitrary power series starting with y3.
Putting these results into the first parts of the expressions (5.9) for Ny and N,
we see that these resultants may be arbitrary series starting with 2, and hence
by the equilibrium conditions (6.3) the loads ¥ and Z may be arbitrary series
starting in y. For example, suppose

4 X=0, Y =pycosa, Z = pysina;

this load represents the weight of a uniform cone with varying density, or of
a tapered cone of uniform density. The corresponding resultants and displace-
ments are quickly found:

(5) Ny = — py?sin «a cos a, N, = (— py¥/3) sec q,
l3 — a3
V = g(___y_z (sec @/3 — v sin « tan a),
3Es
p tan «
(6) W = ———— [y3([1/3 4+ v] sec /3 — [1 + »/3] sin « tan a)

Es

3
iy (sec /3 — » sin a tan a)].

These displacements are for a uniform and homogeneous cone, § and E both
being constant; the solution (5), (6) is a correct first order approximation to
a solution of the bending theory equations when 8/(y tan &) is small, valid
even near the apex, and hence represents a membrane state of stress. For a
tapered cone, say d=~ky, the stresses (5) are still correct, but the displace-
ments become, if E is constant,

(23) For this example worked out in detail, see Fliigge (1934), p. 165.
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l2 —_— g2
V= !%_IeEzl (sec /3 — v sin a tan a),
t
@) W= ptana [y2([v + 1/2] sec /3 — [1 + /2] sin « tan a)

kE

2
-7 (sec @/3 — v sin @ tan a) .

The displacements (7), however, correspond to a membrane state of stress
only far from the apex, so that the resultants (5) are now not correct in a re-
gion near the apex.

(@)

Stresses Displacements
(a) Equations (2) Equations (3)
(b) Equations (5) Equations (6)
(c) Equations (5) Equations (7)
Stresses are read normal to the meridian. The broken line represents the deformed meridian,
the displacements being greatly exaggerated.

Fi1G. S.

The preceding three examples (see Fig. 5) are good instances of the flexi-
bility of the membrane theory; for the load (1), a membrane state of stress
can exist only far from the apex, while for the load (4), the same stress dis-
tribution (5) represents everywhere a membrane state of stress with displace-
ments (6) if the thickness of the cone is constant, but is correct only far from
the apex with displacements (7) if the cone is tapered. They indicate also the
care with which the membrane theory should be handled.

Another problem of possible interest is that of a closed cone subject to
wind pressure. Various authors have been accustomed to approximate wind
pressure by a load of type:

® X=0, Y =0, Z = F cos a cos 0,

supposing F to be the surface force of the wind on a flat normal surface and
the wind to be coming from the direction § =0, and experimental studies show
that while such a load is not sufficient to fit wind pressure curves, it represents
an important component (see (14.3)). The only stress distribution (6.6) finite
at the apex is
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Ny= —Fysinacos, Ny=(—Fy/3)siné,

© N, = (Fy/2) cos 8(csc /3 — sin a).

It is interesting to notice that the shear is independent of the vertex angle o,
while for «=35°16’ the resultant N, vanishes everywhere. If we preclude a
rigid body motion by prescribing U=0, V=0 for y=1I, we obtain from (6.6)
the displacements for a uniform cone:

F(y? — 1?) cos 0

v T [esc @/3 — (1 — 2v) sin ],
=.F sin 6 [— 201 + ») Uy — 99/3 + (y — D2(csc? /3 — 1 + 20)/4],
(10) E$
W = F cos 0 sec a [— y%(9 sin® @ + 6 + 12v + csc? a)
12Es

+ 291(1 4+ 10» 4 csc? &) + 312 cot afcsc? /3 — (1 — 20))].

A membrane state of stress exists only far from the apex.

Since little can be done in the membrane theory with a closed cone whose
stresses are free of singularity, we shall now consider some examples when the
stress is allowed to become infinite with y~* at the apex y =0. Such a singular-
ity often occurs when the region of application of a load is diminished indefi-
nitely; in this case the solution is said to represent a point load, and sufficiently
far from the singularity it may be considered to approximate the stress and
displacement patterns due to a load applied in a very small region near the
point where the singularity occurs. First let us consider the effect of a load P
in the direction of the axis. For such a load the total force across any section
of the cone, say ¥ =1y, should be axially directed and of magnitude P. From
(6.6), since the cone is free of surface and body forces except at the apex, we
obtain the stréss resultants

(11) N,= — Pcsc2a/(ry), Noy=0, Ny =0.

We may check these results by comparing them with the solution of the three-
dimensional equations of elasticity given by Neuber(24) for an infinite tapered
cone bearing an axial point load P at the apex. In spherical coordinates
(r, ¢, 0) this solution is

1
7re=—[4 = 2(2 + »)B cos ¢ + C],
(12) ]

1
roo = _[_ A—25% L (1-2)Bcoss +Ccot’¢],
r? 14 cos ¢

() Neuber (1934), pp. 207-208.
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Top = ;12-[— A m + (1 — 2»)Bcos¢ — Ccsc2¢],
(12) rw=mw[—A————"+u—bw+{w%¢m&q,
r? 14 cos¢ :
706 = 0, 740 = 0,
where
A= — 1 4 cos B cos y
(1 — cos B)(1 — cos v)
13) B = ¢

B (1 — 2¥)(1 — cos B)(1 — cos ) ’
P(1 — 2v)(1 — cos B)(1 — cos v)
2m(cos B — cos y)(cos? B + cos® vy + 2» cos B cos v) ’

the cone being bounded by ¢ =+ and ¢ =8, v>B. If in these results we make
the substitutions ¢=a, B=a, y=a, r(y—PB)=6d, T»=N,/8, Tee’=Ns/9,
7o, = N,/ 8, we find that 744=0, 7,4=0, and we obtain the equations (11) for
N,, Ny, and Ne,. In this case then the solutions of the membrane equations
give a correct first approximation to the solutions of the complete equations
of the infinitesimal theory of elasticity when the cone is thin. The displace-
ments corresponding to (11) for a cone of uniform thickness are

V = — [P/(2rE8)] sec a csc a log (y/1),
(14) U=0,

W = [P sec? a/(2wE8)][v + log (y/1)],
where again we have prescribed that U=0, V=0 when y=1.

Another case of interest is that of pure torsion. The boundary conditions
are that at y=1, Ny,=0 and Nay= [M/(271?)] csc? «, there being an axial
moment M applied at the vertex. We obtain a state of pure shear:

Ny =0, N, =0, Noy = M- csc? a/(2wy?),
M1+ v) csc?a 12— y?

V=0, W =0, U= ,
2w Eb y

(15)

where the displacements are for a cone of uniform section.

Suppose now we have a uniform conical roof of surface density p supported
by a pillar at the apex (or held down by a guy wire at the apex) and supported
at its base by several symmetrically placed equal pillars (Fig. 6). It is reason-
able to suppose the structure so set up that conditions are the same at each
pillar, and uniform across each, in other words, that at y=1
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0 between the supports,
16) o= {) o PP

P (constant) at the supports.

The most convenient way to find such a solution is to superpose upon the

FiG. 6.

solution (2) a second solution for a load X =0, ¥ =0, Z=0, which satisfies at
y =1 the boundary condition
17

(pl/2) sec a between the supports
v, -4 Prorst = s, say.

P’ (constant) at the supports

We notice that, except at the discontinuities of f, f'(6) =0. The solution con-
tained in (6.6) satisfying the boundary condition (17) is

No=0, Noy=0, N,=1If(6)/y,
(18) V = [f(6)/(E®)] log (3/D), U =0,

W = — [1(6)/(E®)][» + log (y/)] tan a,

where U=0 and V=0 at y=I, and § is assumed constant. P’ should be de-
termined from consideration of the equilibrium of the whole structure. If we
suppose the central column bears a load H, that the peripheral columns are n
in number and each of angular width 2¢, then

(19) P’ = (pl/2) sec a — (p7l? sin @ — H)/(2enl sin a cos a).

Fig. 7 shows graphs of the stress and displacement distribution for equations
(2), (3), and (18) superposed, when H= —T, T being a tension equal to twice
the weight pml? sin o of the cone, when n=4, e=7/32, a=n/3. The lines
drawn from the edges of the supports up to the vertex are lines of discontinu-
ity of both stresses and displacements.
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When H=0, the column or guy wire may be removed and we may no
longer speak of a point load, but the singularity at the apex does not disap-
pear. Sufficiently far from the apex, the resulting solution will be the correct
one for the cone with a free apex (see §16); the singularity in the membrane
stresses does not necessarily indicate a singularity in the three-dimensional
solution of the same problem, since when the stresses are O(1) at y=0 the
resultant N, may become infinite with y~!, as can be seen from (4.1). The
general character of the solution is as in Fig. 7, but the stresses and displace-
ments are not so great.

L
*

+0-
AN Deformed middle © 7 \ N
3\, section (exaggerated) \ &

N\

~ supports
between supports L No >
n suppo N, at
at supports v at supports

: Stresses read horizontafly.

Fic. 7.

In this chapter we have seen from the example of the cone that the mem-
brane theory produces ready solutions to fit a large variety of physical situa-
tions, but that while sometimes these solutions are correct approximations,
sometimes they are not, depending on the region in which they are considered
and the type of boundary solutions they are made to satisfy. We shall find
results of the same character in the general theory of shells of revolution,
which we now proceed to investigate.

111. THE DIFFERENTIAL EQUATIONS OF THE MEMBRANE
THEORY FOR AN ARBITRARY SHELL OF REVOLUTION

8. The differential equations of the bending theory. Using the expression
(3.3) for the element of arc length, we can set up the equations of the three-
dimensional theory of elasticity in revolution coordinates. To put them in a
convenient form we need to notice that

1) % [(r2 + x) sin ¢] = (r1 + 2) cos ¢.

To prove this relation, suppose that the Cartesian equation of the middle
surface meridian in some axial plane is r =f(z), where the z-axis is the axis of
revolution. Then we have the geometrical formulas

a csc2gp 0 csct ¢
2) f/=—cotgp, —= rs=fcscgp, ri=—

)

a¢— f" a—z’ bid
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from which (1) follows if we carry out the differentiation on the left. The

equilibrium equations of three-dimensional elasticity(®) can now be put in
the form

L [+ 2 sin ¢ 740l (ra + + 0y 2
% re + %) sin ¢ 744 — (r1 + %) cos ¢ 700 +(r1 + %) P

sing 9
n+ x

[("1 + 2)2rs + 2)742] + (11 + 2)(r2 + x)pgsing = 0,

(1 + 2) —a—;‘- + 5; [(r2 + %) sin ¢ 0] + (r1 + ) cos é 7a

sin ¢
r:+ %

©) i [(fx + x)(r2 + 2)2r0:] + (11 + x)(r2 + x)posing = 0,
9
3; [(’1 + z)(r2 + x)‘l'zz] — (re 4 2)146 — (11 + 2)700

07z a .
+(r+ ) csc g —= 4 csc L [(r2 + =) sin ¢ 74:]

+ (r1 4 2)(r2 + x)¢. = 0,

while the expressions(?) giving the strains in terms of the displacements be-

come
1 [8v+ ]
€9 = —+w|,
¢ r1+ xL3¢

csc ¢
€y = I: +vcos¢+wsm¢:|
f2+x
w
ezz="—')
ox
csc ¢ dv
4 = - =
4) €y 2(r1+x)(’2+x)[(r1+x) P u(r1 + x) cos ¢
+ (ra+ #) sin ¢ —
7o+ X sm¢a¢],
_ 1 I:( n )614 n aw]
602—2(7’2+x) r2+ x u csmﬁao )
_ 1 [ +) +8w:|
€pz = 2(r1 + x) 71 X, ? 6¢

(%) Love (1927), p. 90; Trefftz (1928), p. 81; Sokolnikoff (1941), p. 179.
(*) Love (1927), p. 54; Trefftz (1928), p. 78; Sokolnikoff (1941), pp. 177-178.
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where %, v, w are the displacements in the directions of 6, ¢, x respectively.
We shall now derive the equations of the bending theory as we did for conical
shells in §5. We shall not repeat the general discussion made at that time, for
all our observations, with a few obvious changes, are effective here as well.

If we integrate equations (3), prescribing on x=+46/2 and x=—§/2 the
boundary values ;.= —2Z,, 74:= Y, 0. =X, and 7= —Z;, 74.= Y}, 10.= X
respectively, and introducing the quantities defined by equations (4.1) and
(4.5), we obtain the equilibrium equations

9 . 9N, . .
;# [r2 sin ¢ Ny]l—ricos¢ No+ 1y 2 — r2sin ¢Qy + Yirira sin ¢ = 0,

ON,
41
(5) a9

a
+ % [rasin ¢ Ngs] + 71cos ¢ Nog — r15in ¢ Qs + X ri7ssing = 0,

]
sing (r2 Ny + rlNo)+£ [r2sin Q4] + 71100 + Zi 7172 sin ¢ = 0.

If we multiply equations (3) by x and then integrate, using also the definitions
(5.6) we obtain two more equilibrium equations:

e OMos ,
-a;[fz sing My] — r1cos ¢ My + — rirg.sin ¢ (Qy — L) = 0,
(6) ,
IM, i) . .
rn % + a [r2 sin ¢ M 49] + 71 cos ¢ Moy — 172 sin ¢ (Qs — L) = 0.

Again we suppose that the deformation will satisfy Assumptions (I) and (II) of
§5, expressed, of course, in revolution coordinates, and we deduce simplified
Hooke’s law equations similar to (5.5). The expressions for the displacements
u, v, w of the point (¢, 8, x) in terms of thie strains and of the displacements
U, V, W of its projection (¢, 8, 0) on the middle surface are easily shown to be

z x_£<aezz 2 >d
m——: P csC ¢ €52 | A€

u=U-+— ( —-cscqs—-—>+
0

+2 f oo,
)

v+ (V W) f’ x—E(ae:z 9 )d$+2fz s
= - - - z € ’
? o nnt+&\ ¢ “ 0 ¢

w=W+f €208,
0

which become, under Assumptions (I) and (II), simply
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oW T
aocscdr
u=U—«x ’
72
8 oW
(8) a_¢—V
=V -2 —m——,
71

w=TW,

when terms of at most the second order in x are retained. If we put these
results into the expressions (4) for the strains, and with the aid of Hooke's
law compute the integrals (4.1), we obtain a set of formulas, correct if we re-
tain terms of at most fourth order in §/R, giving the resultants and moments
in terms of U, V, W, r, rs, and their derivatives; these expressions can be
made symmetrical if we introduce the following abbreviations:

Ey,= €¢¢|z-o, Ey = éoolz-o, Eop = €4 lz-Oo Eg = €p Ih’fh

csco [ 1 /oW aU cos¢ /AW
Ko = — cscp —— )+ — =V
72 72 962 a0 7 o
1 a1 /oW
kg=——|—(——=V)|,
r1 d¢Lr; \ 9o

cscop OV
9) Coy = Epy — (—— — U cos ¢),

2r, a9
o = E 1 9U
9= e 27’1 6¢ ’
csco [ 1 /W 9V cos¢ [OW
o S ) 2 (e )]
72 71 608¢ a0 72 a0
Koo = Ko/2.

We may notice that since Egg = Egs, it follows that G4+ €46 = Esy. With the
aid of the abbreviations (9), the expressions for the resultants and moments
become

1 1\[1
Ny = D[Es + vEo] + K(——— -—) [——E¢. + x.,,],

71 72 71
. 1 1\[1

(10) No = D[Es + vE4] + K(— - -—) [— Ey + x,],
72 71 72

1 1 1
Ngo=D(1 — »)Es + K(1 — ») (—- - —) [r— Gy + K¢o:|,
1

1 7o




122 C. TRUESDELL [July

Neo = D = 9 Ery + Kt =) (== =) [ G+ o |

72 71
1 1
M¢ = K[K¢ + VKo + (—-' —>E¢],
71 18]

1 1
M, = K[Ko + vy + (—-— —)Eo],

(10) 72 141
1 1
Mo¢ = K(l - l') [Ka¢ + Ko + (— - "—) @0¢:|,
71 14
1 1
My=K(1—1v) [x“ + Koy + ('— - -—) @.w:l,
72 71

where the moduli D and K are defined by (5.10). Equations (10) may be
considered as a macroscopic Hooke's law, but we shall prefer to regard them
merely as expressions giving the stress and moment resultants in terms of
U, V, W and their derivatives. We could write down similar expressions for
Qs and Qs, but we shall not need them.

The equations (5), (6), and (10) are the equations of the bending the-
ory(?"). A straightforward but prohibitive way to solve them would be to
eliminate Q4 and Qs from (5) by using (6), then to substitute the expressions
(10) into the results, obtaining three partial differential equations in U, V, W
alone.

If the middle surface is a sphere, the formulas (10) are greatly simplified,
and the shear resultants and moments become symmetrical. Practical solu-
tions have been obtained for spheres even under unsymmetrical conditions
by Schwerin(?8). If loads and boundary conditions are independent of 8, then,
whatever the form of the shell, the shear resultants and moments vanish,
and a much simpler theory results, especially when, as is customary, in the
equations (10) the terms following K in the expressions for Ny and Ne and
the terms involving E, and E, in the expressions for M4 and M, are neglected;
this simplified theory yields ready results for spheres and cones of constant

(3") The preceding derivation, deducing all the equations of the bending theory from three-
dimensional elasticity with the aid of Assumptions I and II, has not been given previously so
far as I know. The first general treatment of thin shells is due to Aron (1874), who introduced
averages rather than resultants. The first correct general treatment was given by Love in 1888;
an account of his work may be found in Love (1927), chap. 24. A neat derivation in vector nota-
tion is given by E. Reissner (1941). An elegant derivation in tensor notation of much more gen-
eral equations of shell theory is given by Synge and Chien (1941), who develop separately a
“macroscopic” and a “microscopic” theory; in the terminology of their paper, the present deri-
vation deduces the macroscopic theory from the microscopic under the assumptions of small
thickness and smaller strains and displacements. I have not followed the method of any of these
authors.

(28) Schwerin (1918).
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thickness, and for tapered cones, and a discussion of it forms the bulk of the
standard treatments of the bending theory(2?). With these special theories we
are not concerned here.

9. Singularities (bending theory). The expressions (8.10) give the terms
up to the third order in the series expansions of the stress and moment re-
sultants in powers of 6/R, where R =min (ry, 72), under the Assumptions (I)
and (IT) regarding the deformations. Under the assumptions of the three-di-
mensional theory of elasticity, that U, V, W, and their derivatives are all
small, it is clear that when | 8/ Rl is sufficiently small the series will converge
and the evaluations (8.10) will be sufficiently accurate. At a singularity of
the middle surface of the type where R—0, the series will usually diverge;
near a singularity, the expansion may or may not be justified, depending on
the magnitude of U, V, W and their derivatives. The divergence of one or
more of these series does not mean that there is no three-dimensional solution
of the problem in question, but that the description given by the bending
theory is not a convenient one in this region.

For a surface free of singularity, if there exists a solution of the three-
dimensional equations satisfying prescribed values of the stresses on the
boundaries(*?), we may state at once an existence theorem for the bending
theory: Under prescribed finite body forces and prescribed finite surface
forces, for a thin shell with middle section an arbitrary given surface of revolu-
tion there exists a unique set of functions satisfying the bending theory par-
tial differential equations such that the stress and moment resultants assume
prescribed values, subject to the condition of equilibrium of the whole body,
on the edges ¢ =¢, and ¢ =¢,, provided that the strains given by the three-
dimensional theory satisfy the Assumptions (I) and (II).

The apex of a closed shell is often a singularity, for example, for a cone or
for any pointed dome. Unfortunately it does not seem possible to make any
general statements regarding the convergence of the series in problems con-
cerning such shells. While the divergence of the series for some or all of the
stress or moment resultants near the singularity may be of little concern to
us if we are interested only in behavior far from the singularity in question,
we need some boundary condition to be applied at such a point in order to
obtain a solution valid elsewhere. It has been customary heretofore to require
that all stress and moment resultants remain finite at the apex, and Fliigge
in a deceiving particular example(?!) has claimed, wrongly, to show that this
boundary condition is a requisite one. As a matter of fact, if finiteness at the
apex were necessary to obtain a satisfactory solution, a great variety of prob-

(**) Flugge (1934), chap. 7; Timoshenko (1940), chap. 12.

(%%) The existence of such a solution is probable from physical considerations. A mathe-
matical existence theorem has been proved when the displacements, rather than the stresses,
are prescribed on the boundaries; see Trefftz (1928), pp. 124-128.

(31 Flugge (1934), p. 40.
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lems of technical interest, in particular all those involving pointed shells un-
der unsymmetrical loads or supports, would not be amenable to the treatment
of the bending theory, as we shall see in §15. Alternatively, if a small hole is
cut out around the singularity, some of the resultants and moments may be
made to vanish on the edge of this hole, and it might be argued that such a
solution is the desired one, but it can be verified experimentally, say, for the
cone, that the stress patterns given by such a solution depend significantly
upon the dimensions of the hole, and that those resultants and moments
which do not vanish become infinite as the size of the hole is diminished in-
definitely. In any case either of these approaches is arbitrary, for near a
singular point one might well expect the resultants to become infinite, as
they clearly may (see the definitions (4.1)) even when the stress is quite
small, without anything’s being affected except the convergence of the series
in §/R. When the series converge, term by term comparison indicates that
the terms in & must form an equilibrium system by themselves, as must the
terms in 8%, and so on. As a boundary condition let us prescribe that the terms
in & must continue to form an equilibrium system in the limit at a singular
boint, even though the series may diverge and the terms become infinite,
and similarly for the terms in 8. Since the series usually diverge we may
be going too far in prescribing this term by term equilibrium; I suggest it
because it seems a reasonable boundary condition, automatically satisfied at
all points which are not close to singularities, which will enable us to find well
behaved solutions for numerous interesting problems not previously amenable
to the methods of shell theory. When a solution of the equations of the bend-
ing theory satisfying in this sense the conditions of equilibrium cannot be
found, we shall say simply that the problem in question is 4nsoluble. Since
we have preserved only two terms of the series in question, we shall never be
able to show that a problem in question is not insoluble; we shall often, how-
ever, be able to say that a problem is insoluble from considering only the first
or second terms, and if these two terms can be made to form equilibrium sys-
tems we shall describe the problem as soluble in the best sense which we can
expect from the theory. In any case we shall not attempt to use these solutions
near the singularity; we are imposing this boundary condition at a singularity
simply to obtain solutions valid sufficiently far away from it.

We shall not pursue the study of singular points here, but we shall take
up in detail in §§15-17 their role in the membrane theory.

10. The equations of the membrane theory. Since except near a singular-
ity K/R?*&D, the terms following K in (8.10) may certainly be neglected
in regions far from a singularity unless the boundary conditions prescribe
that these terms are large. When it is justified to neglect these terms we de-
scribe the situation, as we did in the case of the cone, as a state of membrane
stress. From equations (8.10) we see that the moments are negligible, that
Ngy =Ny, and that the expressions for N4, Ns, and Ny, are simplified. The
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equilibrium conditions (8.6) yield the results

1) Qs=Ly, Qs=0L..
If now we define effective load components Z, vV, X:
a
Z=2,+———|— in¢L L.|,
o ¢+'1'2 sin¢[a¢('25m¢ v) 1 ]
Y = Yg - Ly/'ly

X =X¢— Lo/rs,

the remaining equilibrium equations become simply

—a—[r sin g Ny] —ricos ¢ No+ r aN“+ YVrirasing =0
a¢ 2 ] 1 [] 1 ao 172 )
dN, 9 . .
3) rl'—ao—-l- 5; [r2 sin ¢ N 49] + 71 cos ¢Ngy + Xrira sin ¢ = 0,
N N
__1_|.__'_= -2,
71 72

while those of the equations (8.10) which do not vanish may be rearranged in
the form

W oW =T, — N
3 T Es e
@ O Veose+ Wsing = 2222 (v, —uvy)
Y cos ¢ sin ¢ = s [) viVg),
72 aU av 2(1 + v)rz2 sin ¢
Zsine—+ ——U = ———— " Np,
" sin ¢ ” + Py cos ¢ s 0e

These are the equations of the membrane theory. It is customary to treat
problems in the bending theory by first solving the equations of the membrane
theory under suitable boundary conditions and then superposing correcting
terms involving solutions of the complete bending theory equations; that this
process is justified is clear when we realize that the equations (3) and (4) are
really the first terms in the expansions in powers of §/R of the complete
equilibrium and stress-displacement equations. When the shell is free of singu-
larity and the boundary conditions are consistent with a membrane state of
stress, a membrane state of stress will always exist for a thin enough shell.
In practice it is observed that correcting terms supplied by the bending theory
fall off exponentially from the supports, and that hence if a problem is soluble
its solution, sufficiently far from singularities and supports, is given by the
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membrane theory. A solution of the systems (3) and (4) does not necessarily
represent a state of membrane stress, however; near a singularity, when the
series for the stress resultants diverge, the solutions may be meaningless, even
though quite valid elsewhere (recall the examples given in §7).

From the preceding remarks and the fact that the systems (3) and (4)
are separate, the system (3) alone sufficing to determine the three stress re-
sultants, it follows that sufficiently far from supports and singularities of a
sufficiently thin shell, deformed in accordance with the assumptions of three-
dimensional elasticity and Assumptions (I) and (II), the state of stress is inde-
pendent of the displacements and of the thickness and material of the shell, pro-
vided the loads X, Y, Z are independent of the thickness of the shell. X, 7,
and Z may depend on & through equations (2), (4.3), (4.4), and (4.6); if terms
in /R are neglected, then any load distribution X, ¥, Z is independent of &.
Indeed, one state of stress leads to a variety of displacement distributions,
depending on the thickness and material of the shell, which play an essential
role in the equations (4). Its widespread adaptability, combined with the
relative simplicity of its partial differential equations, makes the membrane
theory at least the starting point in practically all elastic considerations of
shells.

11. Stress functions. In order to solve the equations (10.3) it is convenient
to introduce Fourier series:

L 0 ©
Ny~ Z N 4nei™, Ny~ Z Nonei®, N, ~ E Nognei™,
—

(1) N N .
Z~ Y Zaei, Y~ Vaeind, X~ 3 Xneim,

The coefficients are functions of ¢ only. In practice cosine series for N4, Ny, Z,
and Y, and sine series for Nyy and X, are usually sufficient; the coefficients
of the cosine series will of course be 2(N4»+Ny,—,), and so on. If we multiply
equations (10.3) by (1/2m)e~"%df and integrate from 0 to 2w, we obtain the
equations satisfied by the Fourier coefficients:

Nn NO»
"4

71 72

(2) = =2,
d . . .
3) —d; (r2 sin ¢ Ngn) — 71 €0S ¢ Noo + 071 Nogn + YVarira sin ¢ = 0,

d
4) inry Non + 71 cos ¢ Nogn +d—; (72 sin @ Nogn) + Xnr172 sin ¢ = 0.

These equations form a system of ordinary differential equations for the
Fourier coefficients, but their complexity renders them unmanageable unless
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some tricks are used, or unless #=0. The analytically clumsy description of
the middle surface in terms of its radii of curvature should be abandoned in
favor of the Cartesian equation of the meridian introduced in §8. Let us first
define the stress functions of Nemenyi,

(5) U, = re sin? ¢ Ngn,

and by putting (2) into (3) to eliminate Ny, derive an expression for Ngg,
in terms of U,:

d My
6 in?1Nogn = — —\|\—) — Zarirscos ¢ — ¥, in ¢.
(6) inr1Nog csc ¢d¢(‘; ) 7172 COS ¢ 172 sin ¢

Using (6) to eliminate No4n from (4), and again using (2) and (5), we obtain
an equaion satisfied by U,:

d¢['1 d¢C)] t¢£(‘%)+n’cscz¢%

7 .
Q) = h; [Y,.r: sin’ ¢+ Z,,rzz sin ¢ cos ¢)

— Zarira(n? — cos? ¢) + Y, 7172 sin ¢ cos ¢ — inX, 7i7; sin ¢.

If we use the geometrical relations (8.2), this equation becomes simply

d (4
(8) m - I)Lu = gn(Z)v
f
where
d
&) = — — (2] + 1+ (v = DA + f9)]Za
()

Yo + inXaf(1 4+ fA12,

The equation (8) is the central equation of the membrane theory of shells of
revolution.
The general solution of the equation (8) may be written in the form

(10) u,. = Cnunl + D»uu2 + unm

where U,; and U,, are two linearly independent solutions of the homogeneous
equation associated with (8), C, and D, are arbitrary constants, and U,,is a
particular integral. A particular integral may be written explicitly:

i s
(11) uup = ﬁ‘l.‘ gﬂ(E) [unﬁ(z)uﬂl(f) - unz(S)uul(z) ]dsr
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where @ is any convenient point and the constant B is the Wronskian de-
terminant of U, and U,e.
Later we shall wish a notation for the complete solution:

(12) unc = Cnunl + Dnunzo

The U.. we shall call the complete stress functions, the U,, the particular stress
Junctions.

When the stress functions 11, have been chosen as solutions of (8), the
system (2), (3), (4) will be satisfied if we obtain Nga, No,, Nogs from

Nen= (1+ fYU/f2 Now = f"U/[f1 + fHY2] = f(1 + f2)VZ,,
d M,
iMNogn = —(—)-{—f(f’Z,. — Y,).
dz \ f
The equation (8) is very easy to handle, as we shall see by numerous examples
in Chapter IV.

The form of the equation (8) indicates that the stress functions will be
real, since if Z,=Z_,, Yo=Y_,, and X,=X_,, that is, if the loads are real,
then the equation for U, is the same as that for 1l_,, so that by a proper ar-
rangement of the constants U,=U_,.

The stress functions (5) are very similar to those introduced by Nemenyi
(1936) from graphical considerations; essentially the preceding derivation
was given by Nemenyi and Truesdell (1943). A stress function for the mem-
brane theory when the shell has a quite arbitrary middle surface has been
given by Pucher (1938); it does not seem closely connected with these stress
functions, and the differential equation for its Fourier coefficients for the case
of a surface of revolution is more complicated than the equation (8). Pucher
gave as examples of the use of his stress function a general solution for the
spheroid in terms of hypergeometric functions and a simple algebraic solution
for generalized paraboloids; these, and the original solutions of H. Reissner
(1912) for the sphere and Dischinger (1928) for the cone, were, so far as 1
know, the only general solutions of the system (11.2), (11.3), (11.4) published
until the paper by Nemenyi and me (1943).

The relative usefulness and convenience of Pucher’s and Nemenyi's stress
functions may be seen by comparing Pucher’s solution for spheroids, involv-
ing hypergeometric functions, with my simple algebraic solution (22.7) for
a triply infinite family of surfaces including not only spheroids but also hy-
perboloids, ovoids, and more complicated surfaces.

12. The case of axial symmetry. In the case of axial symmetry, when
n=0, the integral of (11.8) can easily be written explicitly. When % =0 in the
third of equations (11.13) we may integrate directly, obtaining the result

(13)

1) U= — fI:f:f(f’Zo — Yy)dt +Co:|,




1945] THE MEMBRANE THEORY OF SHELLS OF REVOLUTION 129

where C, is an arbitrary constant and @ is any convenient point. From (1)
and (11.13) we may compute Ngo and Ngg; to find the shear Nygo, we may
take the equation (11.4) when =0 and after a little manipulation obtain
the result

@ Nogo = %[ [ ra+ ez ],

where D, is an arbitrary constant.

A loading of practical interest in the case when #=0 is that due to the
surface density p (not necessarily constant) of the shell: Zo=p cos ¢,
Yo=psin¢, X4=0, or

A3) Zo= — pf'(1 + fr-1r, Yo = p(1 + f2)-102,

The integral (1) then assumes the form

@ wo= =] [ o+ e+ i),

whose geometric significance is obvious; doubtless this result was familiar to
builders long before the science of mechanics was established.

The integral (1) has served as the basis of many engineering computations,
some of which may be found in the standard treatments of the membrane
theory(3?); it is too well known to detain us here.

13. An example comparing the three-dimensional theory and the mem-
brane theory. Suppose we have a sphere of radius R and of constant thickness
6 subject to a uniform internal pressure p. The appropriate solution of the
three-dimensional equations is(%®):

_ R —0/2 [i- (R + a/zr]’

T T SR + 57/4) (R + 2)°
um RS | /D)
® TSGR + 67/4) 2R+ 23

Tos =700, T20 =0, 724 =0, 796 =0, €x=0, €6 =0, €4 =0,
. = M_[l = (14 ) M],

3EGR? + 52/4) (R + %)

p(R —8/2)? [ 1+» (R+ 5/2)3]

w=———"" |1— 2+ :

SE(3R? + 8%/4) 2 (R + x)3

(®2) Flugge (1934), pp. 25-37; Timoshenko (1940), pp. 356-372.
(3) Love (1927), p. 142.
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€9 = €0g, u = 0, v =0,
v p(R — §/2)° 1+» (R+ 6/2)3]
SE(3R? + 8%/4) 2 R+t

where the boundary conditions satisfied are that on x=+6/2, 72.=0, 726 =0,
T264=0, while on x=—106/2, Ts2=—p, T7:0=0, 724=0.

Now in order for this solution to be correct in the three-dimensional theory
it is necessary that ]e,,l «1, |eoa| «1, [\ewl «1; then from (1), we see that
it is necessary that | pv/E| «38/R. This condition is not so strong as Assump-
tion (1), §5, which demands that ]eul «&6/R, hence that

(2 | pv/E| < (8/R).

Assumption (II), §5, demanding that |r,,/E| <<| &+vA/(1—v)| is always
correct when | 8/R| «1. Hence (2) is the only condition which need be satis-
fied by the material and dimensions of the shell, provided only that the shell
be thin, in order for the equations of the bending theory to be correct.

The range of applicability of our theory may be seen by an example.
Suppose by “a<<1” we agree to mean “a=<.01.” Then for a spherical steel
tank, for which E =30,000,000 lbs./sq.in., »=.3, §=1', R=10', we can treat
pressures up to 65 lbs./sq.in. in the bending theory, and hence in the mem-
brane theory, with accuracy. The three-dimensional theory, however, is ac-
curate for pressures up to 7,000 lbs./sq.in.

It is sometimes assumed that the theory of shells is particularly applicable
to very thin shells. This example, and indeed a moment's reflection would
suffice, shows us that it is not applicable when the shell is too thin, and that
in fact there is a range of thickness too small for the theory of shells and yet
suitable to the three-dimensional theory. The explanation is, of course, that
if the shell is too thin, the deformations will be too pronounced to satisfy the
special assumptions of shell theory.

When the material and dimensions of the shell are such that condition (2)
is satisfied, we are justified in using the expansions (8.10) and in retaining only
the terms involving D. We obtain the results

Ny = pR/2, No= pR/2, Ngy =0,

U=0, V=0, W = (1 — »)R?p/(2E3),
exactly the solution which may be obtained directly in the membrane theory
with the aid of the integral (12.1).

14. The case when n=+1. If in (11.8) and (11.9) we consider the case
when =1, we find by integration and a little rearrangement that

[(R + 51— ) +

©)

U =Ciz+ D1+ f - OZ1 + Y1+ if(1 + fH2X))
’ — PfZ+ fTa,

¢y
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where all the functions in the integrand are of the argument £, and C; and D,
are arbitrary constants. A similar result holds when n= —1.

The case when #= +1 is met most frequently in practice with a loading
of type

X=0, Y =0, Z = F sin ¢ cos 6,
or
2 Z = —F(1 4 f'9~12 cos 6,

which is used to represent wind pressure. Careful small scale experiments of
Nemenyi(*) have produced curves of wind pressure which might well be fitted
with sufficient exactness by a load

3) Z=A+ Bcos¢ -+ Csin ¢ cos 8 + D sin ¢ cos 26,

in which a term of type (2) occurs.

15. Closed domes. In this section we shall use the terms insoluble and
soluble as defined in §9. A necessary condition for solubility is that the mem-
brane stresses alone shall form an equilibrium system in the limit at the singu-
larity, or, as we shall say briefly, that the problem is soluble in the membrane
theory. A problem which is not soluble in the membrane theory is not soluble
in the bending theory. We must remember that solubility in the membrane
theory does not at all imply that a state of membrane stress exists near the
singularity; a soluble problem, again, is one for which we can find a solution
valid far from the singularity which, even though it may become infinite,
continues to form an equilibrium system in the limit at the singularity.

We shall investigate the type of singularity of greatest practical interest,
namely the apex of a closed dome, and we shall derive conditions for solubility
in the membrane theory. Let us consider the equilibrium of a ring cut off by ¢
and ¢+A¢ in the limit as Ap—0. The conditions of equilibrium of this ring
under membrane stresses only are

O_fzf[a o . ){cosa} + 9 R . ){sin 0}
= . P ¢ 72 SIn ¢ COS ¢ % 0p 72 51N @

sin 6 cos 6

. (cos @ sin 6
+r1r2sin¢([—Ycos¢+Zsin¢]{. } +X{ })]do,
sin 6) . cos f

2r a
0= f [3; (Ngrz sin? ¢) — 7172 sin ¢(Y sin ¢ + Z cos ¢):| de.
0

These conditions are satisfied in virtue of the differential equations (10.3)
when the integrands are finite; but at an apex, where 7; sin —0, these inte-
grands may not remain finite. Let us suppose the quantities N4, Nog, X, ¥,

(3) Nemenyi (1936).
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and Z replaced by their Fourier series. Then our conditions of equilibrium
are that the quantities

Xnrire sin ¢, Y,rire sin ¢ cos ¢, Y,rire sin? ¢,

¢))

Z,‘ 7172 sin ¢ cos ¢, Z” 7172 sin’ ¢,
( ) ] [ i ] ] [ i ] ] [ in? ]
2 — |N n 2 SIN ¢ Ccos ¢ y N n T2 SIN ¢ 9 — |N én ¢
¢n T2 0¢n 72 72 SIn

must all remain finite as r; sin $—0. With the aid of (8.2) and (11.13) the
quantities (2) may be written in terms of the stress functions: the quantities

1;,f”diz[f;l,.]' 1+f’2 d[L}:I

1 -fl—”f” diz[f 5_2(%) - P2, — Y,.):I

must all remain finite as f—0.
We may suppose without loss of generality that the apex is at 2=0. Near
zero let the function f be written in the form

©) f=2¢(),

where u is a positive constant and ¥ is a power series such that ¥(0)#0, a
form which will suffice for cases of practical interest. When u341/2, the apex
is a singularity of the shell; for any positive u it may be a singular point of the
differential equation (11.8) of the stress functions. When p<1/2, the apex is
like a plate, with vanishing Gaussian curvature, and the element of arc length
(3.3) and consequently the differential equations (10.3) are meaningless. In
this case the boundary conditions (1) and (3) are clearly necessary conditions
of equilibrium, since the series for the resultants and moments converge.

When f is of the form (4), if there is a singularity of the differential equa-
tion (11.8) at 2=0 it is regular(®), and we may easily calculate the exponents
o1 and aye of U,y and U,2(%). We find that

an = (1+ [1 = du(p — 1)(n? — 1)]413)/2,
ang = (1 = [1 = dp(u — D@ — 1]V3)/2.

When the apex is an ordinary point, the exponents are of course 0 and 1.
We shall now work out conditions equivalent to (1) and (3) but expressed

in terms of the loads and the exponent in (4). When a sum of terms must be-

have in a certain manner in the limit, we shall suppose each summand must

©)

©)

(%) The apex may not be a singularity of the differential equation at all, for example, if
f=z+2%or f=sinz.

(%) Those results in the theory of power series solutions of second order linear differential
equations used in this paper may be found in Whittaker and Watson (1927), pp. 194-201.
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behave at worst in the same manner; then our resulting conditions will be
sufficient but not quite necessary, since it is possible (though unlikely) that
the sums which occur might have a cancelling effect. Strictly necessary con-
ditions might be worked out in the same way, but they are too complicated
to be useful. We shall consider U, written in the form (11.10). It is convenient
to distinguish three types of shells:

Case I: u<1 (flat top),

Case I1: u=1 (pointed top),

Case II1: p>1 (spired top).

First let us consider the complete stress functions U,. only, for the case
when |n| 22.

Case I. u<1. An easy calculation with the exponents (5) shows that U,
will never satisfy conditions (3), but that U,; will satisfy them if

(1= du(— 1)@ —1)]V2 23 - 2,

or, equivalently, when

(6) | n| 2 (/w12
When the condition (6) is satisfied, then the boundary condition at the apex is
(M D,=0 when |n|22

Case IIA. u=1, f''(0) 0. The exponents are 0 and 1; U,. (which may be
logarithmic) will not satisfy conditions (3), but U1, a power series starting
in 2, will satisfy them. The boundary condition is (7).

Case 1IB. u=1, f''(0) =0(z°"?), where a is an integer greater than 2. Then
2=0 is an ordinary point of the differential equation. U,2, a power series with
a constant term, is again unsatisfactory. It is possible to show that
Ua=24+42°4 - - - | and hence conditions (3) will be satisfied by it. The
boundary condition again is (7).

(These two possibilities exhaust Case II for a shell of form (4).)

Case 1II. p>1. When |n| =2 the exponents (S) are conjugate complex
numbers with real part equal to 1/2. The complete stress functions may be
written in the real form

Une = 2/2[4, cos (B, log 2) ¢1n + B, sin (B, log 2) ¢2a],

where 8, is the imaginary part of the exponents and ¢1, and ¢., are power
series which do not vanish at 2=0. The conditions (3) can never be satisfied
when |n| 22.

The cases when #=0 and n= 11 are of no interest when there is no load.

Let us call the part of Ny, dependent on U, say, N&. It is interesting to
determine the behavior of N at the apex, when |n| 2 2 This behavior may
be observed from the formulas (11.12) and the exponents (5).

Case 1. Ng,,’ is zero, finite, or infinite according as o >p+1, au=p+1,
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aa<p+1; in other words, as we can easily verify, according as
® |n|> 2/ =], |n| =[2/0 =] o || <[/ - w]e

Cases 11 and III. In this case N(,.,‘,Z is finite, zero, or infinite according as
Rloy > 2u, Rla, =2u, or Rla, <2u. Hence we may easily see it is always in-
finite.

With the aid of (6) and (8) we may now construct a table summarizing
these results. In each entry, besides the words “soluble” or “insoluble,” we
have put the value approached at the apex by N&).

|n|-2 Inl=3 Inl=4 |nl=5 T ee e
2/16>p22/25 insoluble insoluble insoluble soluble
zero ' zero zero zero
2/9>u22/16 insoluble insoluble soluble soluble
zero zero zero zero
2/4>u22/9 insoluble soluble soluble soluble
zero zero zero zero
u=1/2 soluble soluble soluble soluble
finite zero zero zero
2/4<u<7/9 soluble soluble soluble soluble
infinite zero zero zero
)
n=7/9 soluble soluble soluble soluble
' infinite finite zero zero
7/9<p<14/16 soluble soluble soluble soluble
infinite infinite zero zero
u=14/16 soluble soluble soluble soluble
infinite infinite finite zero
p=1 soluble soluble soluble soluble
infinite infinite infinite infinite
u>1 insoluble insoluble insoluble insoluble
infinite infinite infinite infinite
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From table (9) we can see that the condition of finiteness at the apex
which has been used up to the present as a boundary condition(*”) cannot be
satisfied by a large class of surfaces, in particular by any pointed dome, when
| 7| =2, but that the boundary condition used in this section can be satisfied
by all surfaces of practical interest when 1/2<u =<1, and will lead to solutions
which are correct sufficiently far from the apex.

Table (9) tells us also when it is possible for there to be a membrane state
of stress at the apex. If the problem concerns all values of # which are abso-
lutely greater than 1, then a necessary condition for a membrane state of
stress at the apex is u=1/2, that is, that both radii of normal curvature are
finite and not zero, and the apex is like that of a sphere. To see whether a
membrane state of stress actually does exist there, we must calculate the dis-
placements and estimate the terms neglected in (8.10) (cf. the examples in §7).

Now we must consider the effect of the load. Suppose that at the apex

(10) Z" = O(zP(ﬂ))’ n = O(Z"(")), Xﬂ — O(Zx(”)).
Then conditions (1) may be expressed in terms of these exponents.

(11) Case 1: p(n)22(1—2u), v(n) =2(1—=2u), x(n)=1—3u. Case II: If
f""(2) =0(3%), where @ is zero or a positive integer, then p(n)=a—1, v(n)
ga—l, X(n)ga—l-

In view of our preceding discussion, Case III is not of interest, except possi-
bly when =0 or n= £ 1. One result contained in the criterion (11) is that
if u=1/2, any loading finite or zero at the apex will lead to a soluble problem;
another is that if u=1and f'/(z) =4 +Bz+ - - - , AB 0 (and this is the case
of greatest interest), any such loading will again lead to soluble prgblems.

We must also consider the effect of the loads on the particular integral
U.,. Suppose that at the apex g.(z) =0(z7(™); then an easy computation in
(11.11) with the exponents (5) shows that U,,=0(z7"*?), provided no log-
arithmic terms arise due to the integration. This result is not altered even
if U,z is logarithmic, for the logarithmic terms due to it in U,, will cancel.
Using this estimate of U,, and the form of g.(2) as given by (11.9), we can
show that the conditions (11) are sufficient to assure that U,, will satisfy the
conditions (3). Under the same conditions (11), the terms in (3) in which
Y. and Z, occur explicitly will not occasion trouble. If a logarithmic term
appears in U,, due to the integration, as it can if there is a term in g.(2) in-
volving z—¢, where a equals either of the exponents (15.5)+a positive integer,
then U,,=0(z7v™+2Jog z), and the signs “=” in (11) must be replaced
by “>.”

In a similar way we can calculate the limiting value of that part of Ny,
due to the dependence of U,, on Z,, Y., X. respectively, at the apex, using

(37) Fligge (1934), pp. 40, 48, et passim.
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the formulas (11.12); in view of the insolubility of problems of Case III when
| n| =2, we shall confine ourselves to the Cases I and II.

(12) The part due to Z, is zero if p(n)>1—2u, finite but not zero if
p(n) =1—2yu, infinite if p(n) <1 —2u. The part due to ¥, is zero if v(n) > —u,
finite but not zero if v(n) = —u, infinite if v(n) < —p. The part due to X,,
when 70, is zero if x(n) > —u, finite but not zero if x(n) = —pu, infinite if
x(n) < —p.

In case logarithmic terms occur in U,,, the corresponding cases of finite but
nonzero stress in (12) should be deleted and incorporated in the infinite case.

For completeness we should calculate similar results for the cases when
7n=0 and n= 1. For these cases we use the integrals (12.1), (12.2), and
(14.1). The criteria (11) are still valid. By a proper choice of Cp and D,, any
problem of Cases I and II when #n=0 is soluble if the conditions (11) are
satisfied; the value of N4 at the apex is given by (12). By a proper choice
of Dy, a problem when zn = +1 is soluble in Cases I and II only, and if and only
if the conditions (11) are satisfied; the stress Ng4; or N4,; will be infinite at
the apex unless C; is properly chosen, in which case its value will be given
by (12). The criteria for Case III when n=0 are as follows: the problem is
soluble if p(0) = —2, v(0) = — 2, x(0) = —2; N4 is zero at the apex if p(0) > —1
and v(0) > —1, finite but not zero if p(0) = —1 and v(0) = —1, or if p(0)=—1
and v(0) > —1, or if p(0)> —1 and v(0) = —1, and infinite if p(0) < —1 or if
v(0) < —1; Nygois zero at theapex if x(0) > —1, finite but not zero if x(0) = —1,
and infinite if x(0) < —1.

With the foregoing results one may determine immediately the solubility
of a particular problem and the behavior of the stresses at the apex. For ex-
ample, consider the load (12.3) due to the weight of the shell; here p(0) =0,
v(0)=1—u in Case I, v(0) =0 in Cases II and III. Then, from (11), we may
see that in Case I, the problem of a shell under its own weight, uniformly sup-
ported, is soluble if u=1/2; in Case II it is soluble if f'’(2) =4 +Bz+ - - -,
AB#0;in CaseIIl itisalwayssoluble. When u=1/2, N4, is finite at the apex;
if u>1/2, it is zero. If now instead of supporting this shell uniformly we sup-
port it on m symmetrical columns, we shall need (see §21) solutions involving
U.. when n=m, 2m, - - -, in addition to the previous solution. Then from
(9), the problem will be soluble if 1/2=<u=<1; from (8), the stress N, will be
finite or infinite at the apex according as m > [2/(1—u) |"2orm < [2/(1 —u)]Y2,
and in particular, it will always be infinite when u=1, finite when u=1/2.

The mere recitation of the results of this section has been lengthy and
tedious. The patient reader, if he has persevered this far, will readily excuse
my omitting practically all steps of the proofs, since they are lengthy but
straightforward calculations, and he may in fact wonder why I have carried
out these investigations at all. When I began to study the membrane theory
I was particularly interested in Case II (pointed domes), and was surprised
first to notice that in all the examples of unsymmetrical loads or supports
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which I could work out the stress N4 became infinite at the apex, and second
to observe that all the works on the membrane theory which I could find
with one exception simply overlooked, probably because of the complications
in calculation by all previous methods, any unsymmetrical problems involv-
ing pointed domes. The exception was Fliigge's approximate numerical ex-
ample which I shall discuss in §24, but by exhibiting an exact solution for
Fliigge's problem I found that his result, as far as the apex was concerned,
was incorrect. Was it then impossible to treat any pointed domes in the mem-
brane theory? In considering this question I undertook the preceding in-
vestigation, which shows that the answer must be “yes” if the old boundary
condition of finiteness at the apex is used. By formulating the new boundary
conditions (1) and (3) I have been able to treat any pointed dome (Case II).
The preceding investigation was necessary to show that the new boundary
conditions can really be satisfied in a variety of problems where the old can
not. The spired dome (Case III) remains excluded from the theory of shells,
except in the case of axial symmetry of load and support. Both the new and
the old boundary conditions can be satisfied always for a dome with a sphere-
like apex (u=1/2) for any finite load system. The remainder of Case I, when
0<p<1/2 and when 1/2<u<1, is not of much technical interest. We may
roughly summarize the results of technical interest in this section:

I. If the loading does not become infinite at the apex, a problem involving
a dome with a sphere-like apex (u=1/2) is soluble, the correct boundary con-
dition at the apex being (7), and the stress resultants will be finite, possibly
zero, at the apex.

II. Under the same conditions a problem involving a pointed dome (u=1)
is soluble if f''(z)=A+Bz+ - - - , AB 70, the correct boundary condition at
the apex being again (7), but now the stress resultant N4 will be infinite at
the apex, except possibly in the case of axially symmetric loading and support.

Thus we see that the problems of greatest technical interest can all be
treated satisfactorily in the membrane theory. That the stress functions afford
an easy and efficient approach for numerical results as well as for the general
considerations for which we have used them up to now, we shall see in Chap-
ter IV. In particular, that the infinite N4 at the apex of a pointed dome does
not detract from the practical usefulness of the solution we shall see by an
example in §24.

16. A note on the cone. From all the preceding discussions one surface
for which p =1 must be excluded, the cone, since the original coordinate sys-
tem in which the partial differential equations (10.3) were expressed is not
valid for it. By using the integrals (6.6) we may parallel the discussion (I
spare the reader the details) and reach the following conclusions. If X =0(y~?!),
Y=0(y1), and Z=0(y™?) at the apex, the conditions of equilibrium at the
apex can be satisfied, and the boundary condition is

1) A@6) = 0.
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We have already seen in §7 that the stresses can be finite at the apex in
cases of axially symmetric load and support only. These results show that the
cone is no exception in Case II. In particular, the solution (7.18), (7.19) when
H =0, for a cone supported on several pillars, while it seemed arbitrarily se-
lected, may now be seen to be correct sufficiently far from the apex.

17. Open domes. If we have a shell free of singularity when ¢ <¢ <¢,
it is clear that we may find a solution of the membrane equations satisfying
one prescribed condition at ¢ =¢, and one at ¢ =¢;.

While many practical problems concern domes free of singularity, some
interesting open domes are singular at one boundary, and hence must be
treated as in §15. We shall consider one such type of dome, where

1) (@) = ¢(2) + 27¥(2), 0<r<1,

¢ and ¥ being power series such that ¢(0) 0, ¥(0)#0. Such a dome has a
flat top with a hole of radius ¢(0) in it. The singularity of the differential
equation (11.8) becomes regular if we choose 2” as a new independent varia-
ble, and the exponents Ba.1, B2 at the origin are

(2) Bnl = 1/1’, B,.z = 0.

Hence U,1=2+ - - -, Ue=1+4 - - -, but the criteria will not be the same as
for §15, Case 11, since f'/(z) =Az"~2+4 - - - . Conditions (15.3) are satisfied if
and only if »=1/2, the boundary condition again being D,=0. N%) vanishes
at 2=0 in all cases. We shall not devote the space required for a detailed
analysis like that of §15; an example of the difference in behavior of the
stresses for two shells of parabolic meridian, one of type (15.4) and one of
type (1), may be seen in §21, Fig. 8, and §25, Fig. 19.

18. Displacement functions. When the equilibrium equations (10.3) have
been solved by the method of §11, the quantities on the right-hand sides of
equations (10.4) are known, at least up to two arbitrary functions, and we
may regard the system (10.4) as three equations for U, V, W. Let us intro-
duce Fourier series for these quantities:

(1) U~ Y Ugei™, Ve~ Ve, W~ Wae,

where U,, V,, and W, are functions of ¢ alone. If we multiply the equaﬁions
(10.4) by (1/27)e~i**d@ and integrate from O to 2w, we obtain the equations
of the Fourier coefficients:

?) e W= 7o (Won = )
o n = Es én ViVon),
. 72 sin ¢
3) inU, + Vaocos ¢ + W,sin ¢ = (Non — vNyn),

Es
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s au, 2r,(1 4+ ») sin ¢

) —sin¢ — U,cos ¢ — inV, = ————————— Nogn.
" ¢ " Eb -

These equations form a system of ordinary differential equations for the

Fourier coefficients, but their complexity renders them unmanageable unless

some tricks are used, or unless 7 =0(38). Let us introduce the displacement

Sfunctions B,:

©) B, = V,csc .

Eliminating W, from (2) and (3), and using (5), we find an expression for U,
in terms of the displacement function %,:

a%B, 7, sin r1 sin
2S¢ (Now — N gn) — — ¢

6) inU, = sin?
©)  inUn = sin®¢— Es Es

(N¢,. - VNo,.).

If we put (5) and (6) into (4) we obtain a differential equation for B,:

fz d d%n d%n
—sin¢ l:sin2 ¢ —] — sin? ¢ cos ¢ 2o — n?sin ¢ B,

1 ;1_; d¢
d i i
= — Zsind)—l:r2 Sné (Non — vNyn) — neme (Ngn — ”Non)]
sin ¢ cos ¢
————— [ro(NVon — ¥Ngn) — 71(Ngn — vNoa) ]
Es
2in(1 + v)rs sin ¢
+ 0¢n.
Es

If we use the geometrical relations (8.2) and the function f(2) representing the
meridian of the shell, this equation becomes simply

d*8, " "\ 4B, "

®) e (ff—+§ = "7%” = @),

where

. () = — ff”diz[% (New — qum)] e %[1 f+E£  Wow — vN.,)]

b L W= o) - 4 ey,

1Eb Es

The solution of (8) may be written in the form

(10) B, = E.Bn1 + FuBn2 + Bap,

(38) So far as I know, the only general solution of these equations which has been exhibited
explicitly before this present work is that for the sphere; see Fliigge (1934), pp. 54-58.
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where $B,; and B, are two linearly independent solutions of the homogeneous
equation associated with (8), E, and F, are arbitrary constants, and 8B,, is
a particular integral. It is easy to verify that a particular integral is given by
J@f"() [ ka$)
(11) %n = [anl(f)%yﬂ(z) - %nl(z)%nz(f) ]dE,
T oB@ Je fOr®

where B(2) is the Wronskian of B, and B, and ¢ is any convenient point.

When the functions 8, have been found as solutions of (8), the equations
(2), (3), (4) will be satisfied if we obtain U,, V., W, from the formulas

Vo= (L+/9708,,

_ 1 +frz d o B (1 + 1232 _
ay T = [+ 7.] s [Nen — vNoa),
1 4%, 14 72
nUs = ?l. dz + E [No" - VNW‘] + f;/Ef; [Ndm - VNOn].

Unfortunately the solution we have given here is not so convenient as
that given in §11 for the equilibrium equations, for while there it was the
complete solution which was of greatest interest, here it is the rather nasty
particular integral.

The boundary conditions to be imposed on the displacements will usually
be their vanishing at some support. Since in general the apex of a closed
dome will not admit a membrane state of stress the behavior of the displace-
ments near it will not be of interest. Should one desire, however, to investi-
gate the displacements near a singularity, he could easily do so by methods
similar to those of §15. We shall merely notice that the exponents 7y, and yne
of the solutions B,; and B, near the apex of a closed dome of type (15.4) are
given by the formulas

v = {2 — 14+ [1 — du(u — (=2 — ]2} /2,
me = {20 — 1= [1 — 4u(u — )2 — 1)]2}/2;

the radicals are the same as those in the exponents (15.5) of U and Ue.
The form of the equation (8) indicates that the displacements may become
infinite not only at singularities of the shell but also at points of inflection
of the meridians or at points where the middle surface is perpendicular to the
axis of revolution, and hence that a membrane state of stress may not exist
near such points. Now in many cases by making F, zero in (10) we can find a
displacement distribution which remains finite near such points. By this
choice of constants we have effectively prescribed a certain displacement at
the supports; then for such a displacement, and such a displacement only,
may there be a membrane state of stress valid near the point in question. Such
a state of affairs is not unexpected, for we have seen before that whether a

(13)

I
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given solution of the membrane equilibrium equations represents a membrane
state of stress, that is, whether it gives a correct first approximation to the
stress resultants in a given region, will depend on the particular one out of
the many corresponding displacement distributions which is chosen. The
criteria for such choices we could easily work out, but they are not sufficiently
interesting to be worth the space demanded. ‘

Before leaving the general subject of displacements, we should mention
the elegant method of Fliigge for finding the displacements of particular
points(®), which, while of restricted applicability, often leads to the result
more quickly than the general methods outlined here.

IV. EXAMPLES

19. An indirect method of solution of the stress equation. The complete
stress functions U,.(4°) satisfy the equation

) ull +f7 (17 = Vil =

We may write this equation in the form of a system:
(2 f'1f = A%(2),

(3) u:;:/une = - A-z(”'2 - l)ﬁ(z):

where p(2) is some function of 2. Since (2) and (3) are of exactly the same type,
the complete stress functions U,. may be obtained by replacing 42 by
—A2%(n?—1) in the general equation of the family of meridians satisfying (2),
the process being subject to the proper alteration in the case when this change
produces or destroys an integer exponent difference. By choosing functions
£ () for which equation (2) is easily integrable, we may find the equatxons of
many doubly infinite families of surfaces for which the equations may be
solved exactly in terms of familiar functions; in the succeeding sections we
shall enumerate and apply some of these results.
Equations (2) and (3) show conversely that if we have the complete stress
functions for a surface with meridian f, they are also complete stress functions
for any surface with a meridian belonging to the family

@ ,= f[A + dez/f‘:l,

where 4 and B are arbitrary constants, since if f satisfies (2), so does any
function r included in the family (4). For example, the complete stress func-
tions valid for the sphere, for which f=(a2—32?)1/2, are equally valid for any
surface whose meridian is of form

(*°) Fliigge (1934), pp. 59-63.
(4°) We are using the terminology and notations of §11.
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®) r = (a® — s)"2[4 + B tnh~! (z/0)],

in particular for spheroids and for hyperboloids. The solution given originally
by H. Reissner(#!) for the sphere may be put in the form(4?)

—_ n/2 n/2
©) e = (a? — 222 [Cn (a ) + D, (“ + z) ]
a+z a— 3z

From these complete stress functions we may construct, with the aid of
(11.11) and (11.13), the general solutions of the equilibrium equations for any
member of the family (5). It should be remarked that this result holds only
after we have expressed U, in terms of z. For a sphere, the complete stress
functions (6) may be written in the form in which they were originally given:

(7) Un. = sin ¢[C, tan™ (¢/2) + D. cot” (¢/2)],

but this representation is no longer correct for the other members of the
family (5), since the relation between ¢ and z is a function of f.

The value of the stress functions is greater than that of a mere device to
solve the partial differential equations of equilibrium. U, is much more in-
timately connected with the surface than are the stresses; no two surfaces in
general lead to the same solutions of the equations of equilibrium, but any
complete stress function is the common property of a doubly infinite family
of surfaces. It is probably unnecessary to remark that the reason that two
different surfaces having the same complete stress functions will nevertheless
have different stress resultants is that the relations (11.13) which deduce the
stress resultants from the stress functions are themselves functions of f.

20. The displacement equation. Unfortunately there seems to be no such
simple method of finding solutions for (18.8). We may observe, however, that
if B, is the complete solution of (18.8) for a surface with meridian f, it is also
the complete solution for surfaces with meridian Af, where 4 is any constant.

Thus for example, from the solution of Rayleigh for the sphere(%),

(1) B,.. = E, tan™ (¢/2). + F, cot™ (¢/2),

we may find the displacements of spheroids and hyperboloids with meridian
f=A(a?—32%)'2 by expressing the result in terms of z:

— n/2 n/2
) By = En(a z> +F,.<a + z) .

a+z a—3z

From (2), with the aid of (18.11) and (18.12), we may construct the general
solutions of the displacement equations for spheroids and hyperboloids.

(*1) H. Reissner (1912); Fligge (1934), pp. 38-39.

(42) This simple result is to be contrasted to that of Pucher (1938) (for the case when B=0
only), involving hypergeometric functions.

(%) Fliigge (1934), p. 57.
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Our choice of displacement functions has been a happy one, for while in
general under the same load distribution no two surfaces will have the same
displacement distribution, each complete displacement function is the com-
mon property of an infinite family of surfaces.

We notice that the equation for the displacement functions usually has at
least one more singularity than that for the stress functions. Thus if the stress
functions are Bessel functions, the displacement functions will be hypergeo-
metric functions; if the stress functions are hypergeometric functions, the
displacement functions will be Heun functions, and so on.

21. Bessel and exponential functions; paraboloids. A natural choice for
p(2) in (19.2) is some power of 2; we may write

(1) '+ A%z + o)V 2f =0, m =0,
as the equation for the meridians. Its integral family is easily shown to be
(2) f = (z+ )V?Bu[2mA(z + a)t/2™], m % 0,

where we have put B,, [x] as a convenient notation for the general solution of
Bessel’s equation in x of order m. Then for the family (2) we shall have the
complete stress functions

A3) Une = (2 + @)2Bn[2mid(n? — 1)V2(z + ) 2m) ],

We notice that if |#| >1 the complete stress functions for a surface whose
meridian is a combination of Bessel functions of the first kind are combina-
tions of Bessel functions of the second kind, and vice versa. The solution (3)
breaks down when #n= 41, and is not of interest when #n =0; we shall observe
this same phenomenon, naturally enough; with the other solutions in this
chapter, and we notice now once and for all that if we wish solutions involving
terms in which =0 or +1 we should resort for them to (12.1) and (14.1).
When m =1/2, the formulas (2) and (3) may be put into the form

) f = A sin (az 4+ b) + B cos (az + b),
(5)  Uae = Cnsh [(n? — 1)Y2(az + b)] + D, ch [(n? — 1)V/%(az + b) ]

For the members of the family (4) for which B=0 it is easy also to find the
complete displacement functions:

Boe = E,F(— 14 i(n? —1)12, —1 — i(n® — 1)V2; — 1/2;sin?[(az + b)/2])
(6) + F, sin® [(az + 8)/2]F(1/2 + i(n? — 1)1/2,
1/2 — i(n? — 1)V%; 5/2; sin? [(az + b)/2]),

where F(a, B; 7; x) is the hypergeometric function. A similar result holds
for the other half of the family (4). For an example of a boundary problem
involving a dome with a meridian belonging to the family (4), see §24. For
the subfamily of (4) for which
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7 f=A4e>*

the complete displacement functions are
Bi1,e = e [Ey + Fiz],

® Bpo = e**[E, cos (a(n? — 1)1/%) + F, sin (a(n? — 1)V%)], n#* + 1.

Meridian f=5"/* 108 3

ar(1) (1) (1)
Noz, Neg, Ngy

F1e. 8. F16. 9.
Ng,’,, constrained to unit value at the base, is read normally to the meridian.

If m becomes infinite in (2), from the form of (1) we can see that our
family of meridians becomes

© f=A4( 4+ o) + B(z + a)t+, u#1/2,
f=(+ )[4+ Blog (z + a)], w=1/2,

for which the complete stress functions are given by the formula

(10) Uae = (2 + @)12[Cals + @) + Doz + 0],

where [g(n)]?=1/4—u(u—1)(n2—1). This result is exactly what we should
expect from the exponents (15.5). We may gain a qualitative estimate of these
solutions from Fig. 8 and Fig. 9, which give plots of Nz.), when n=2, 3, 4,
for two meridians included in the family (9), the parabola f=2!/2, and the
top-shaped curve f =2/2 log 3, the value, which is prescribed to be unity at the
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lower edge, being read along the normal to the meridian.
For the sub-family of (9) for which B=0, it is easy to find the complete
displacement functions:

(11) Boo = (5 + @) Y2[E (3 + 6)9™ + F(z + a)~7™],

where g(n) is the same function of #» which was defined for the stress functions
(10). The complete displacement functions for the meridians

(12) f=A(z+ a)*log (z + a)

are given by the equation

2 shlog (z + a)"”]
_ n/2
Boe = log (s + a) {E"[Ch log (= + &)t == log (z + a)
(13)
2 chlog (z + a)"
n/2 —
+ F,,l:sh log (z + a)"/? nlog (z + a) ]} '

One of the surfaces easiest to treat in the membrane theory is the parab-
oloid, for which

(19) f=24(a — 2)V2

Let us find the membrane stresses in such a shell, subject to its own weight,
supported uniformly on m symmetrical columns at its base 2=0. First we
shall need a solution for the shell supported uniformly at each point of its
base; evaluating the constant of integration in (12.4) in accordance with con-
ditions (15.3), we find that

Nuo= = 2p(a + A4* — 932[(a + 42 — 2372 — 43]/[3(a — )],
Ng = — ANM/(G 4 A2 — z) —_ 2A2p, N“o = 0.

Upon this solution we shall superpose a second, for which X =0, ¥=0, Z=0,
satisfying the conditions

(15)

— P(m — me)/(me) at the supports,
(16) Ng|emo = {
P elsewhere,
where 2¢ is the angular width of the supporting columns, and P = — N l._o, or

an P = 2p(a + A2)2[(a + A?)32 — A3]/(3a).

The boundary stresses (16) form an equilibrium system, and when P is chosen
by (17), the stress N4 will vanish between the supports. Nypg will not vanish
everywhere between the supports, so we must suppose some sort of rigid ring
is attached to the bottom of the shell to absorb the shear, or else we must
regard our solution merely as a first approximation to which correcting terms
from the bending theory should be added. The Fourier series for (16) is
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2P ks sin ne
(18) Nylomo= — — >

€ pem,2m,3m,- - n

cos nf,

if we suppose the supports occupy the regions where —e<60=<¢, 2r/m—e=0
S2r/m+te .-, 2m—1)w/2—e<0=<2(m—1)r/2+¢e. We now construct
from the complete stress functions (10) a solution such that (18) will be satis-
fied; the boundary condition at the apex, as we saw in §15, is D, =0.

2Pa(a + A% — 3)1/2 d sin n z\"?
Ny = — ( ) > e(1———) cos 76,
e(a — z)(a + ANV L om,... B a
(19) Ny= — A2N,/(a + A2 — 3),
2PaAd d sin n/2
Nog = — 3 e(1 - i) sin nd.
ela — 2)(a + ADV? o om,.-- B a
N N
-0+ -04
L x : -
AN e B
o=—

Fic. 10.

For the case when m =3, e=7n/6, a=1, A =1, a plot of this solution, with
(13) superposed, at the meridians 6 =0, /6, /3, that is, at the middle of
the supports, at the edges of the supports, and midway between the supports,
is given in Fig. 10.

When the supports are very narrow, we can simplify the calculation by
letting € approach 0 in (19). The series then become geometric series for cer-
tain values of 0;in particular,

z m[2
1——
2Pa(a + A? — 3z)!/? ( a)
(a =)@ +amm (1 z)"'” ’

Ny lomo =

a
(20)

z m
1 ——
2Pa(a + A2 — 2)'/2 ( a)

Ny |omr/zm =

@GO _9'»’
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z m/2
1—=
2Pa(a + A2 — )12 ( a)

Ny lomeim = ,
—_— A2 1/2 m/2
(@ —2)(a+ 4% 1+<1_2)
20) ¢
( z m[2
2PaA a
Nog |omejom =

-9+ 4y 1+(1_i)'”'

a

For the case when m=3, a=1, A =1, these results are plotted in Fig. 11 to
the same scale as Fig. 10.

The reader may note that the general considerations of existence and value
at the apex of §15 are easily verified in this example. In particular, when

Neg
—0+

m =2, the stress resultants will be finite but not zero at the apex, but when
m>2 all but the part due to (15) will vanish at the apex.

To compute the displacements corresponding to the solution (19), we be-
gin with the complete displacement functions

(21) %nc = E”(a — z)n/2 + Fn(a — z)_”/z

which are given by (11). Since the apex is not a singularity of (17), we shall
expect all displacements to remain finite there; hence F,=0 is a boundary
condition. To (21) must be added a particular integral from (18.11):

B = (/) "1 — D@ — e —

(22) — (@ — H="2(a — 5)"2]d.

The function k,(2), given by (18.9) from the stresses (19), although even
when 8 =const. it is rather long, can be computed by straightforward cal-
culations and the quadrature (22) can be evaluated with elementary functions,
but the result is too cumbersome for us to tarry over it here. The constant E,
should be evaluated by the condition U=0 when z=0. Upon this solution
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should be superposed one corresponding to (15), which is easily computed.
It is interesting to compare these results with those for the corresponding
problem for the top-shaped shell whose meridian is

(23) f = 3z"%log s

Unfortunately the integral (12.4) for the everywhere supported shell is not
elementary, and is indeed quite hard to handle. When the dome is supported
at z=2,, 290<1, the part of the solution corresponding to (19) is

2P [z+ (1 + log z/2)2]12 20 (log z0)?
e [20+ (1 + log 2/2)2]"2 2z (log 2)?

had sin ne / z \*/?
Z — cos nb,
20

n-m'gm'... n

N¢=—

24) Ny= 4 N
@) M= = a2

2P ze(log 20)?
N0¢ = -
e z[z0 + (1 + log 20/2)2]12

hd sin ne

2

Na=m 2, o o

[1/2 = (log 2)-2/n] (—) sin n8.

The family (2) does not contain any Bessel functions of zero order, but a
different analysis will yield a result for them, too. The integral of the equation

(25) "+ a242[1 + (az + B)~2/4]f =0

is

(26) f = (ez+ )'2B,[A(az + B)],

where p=— (1—A42)'/2/2; accordingly thé complete stress functions for this
family are given by the equation

27 Upe = (az + B)V2B, [id(n? — 1)V/2(az + b)],

where m= [1+A42(n2—1)]/2/2. The case of greatest interest is that for which
A =1, namely, that for which

(28) f = (az + b)V2[AJo(az + b) + BYo(az + b)].

For this family
Usn,e = (a2 + 0)/2{Canl[(4n2 — 1)V/%(az + )]
:DanKa[(4n? — DV3(ez + D]},
Uzns1,e = (az + 1’)”2{c~'2:.-1~11..+1/2[2(n2 + n)%(az + b)]
+ Donial—n1y2[2(n? + n)V2%(az + ) ]}.

(29)
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While a balloon is essentially a shell which derives a shape of its own rather

than being rigidly constricted to any form, the meridian

(30) f = 241%(2)

is not unlike the shape often assumed (see Fig. 12). Let us investigate a
boundary problem which might be considered that of a balloon subject to the

Meridian
j - 'l/ ] ] 0(‘)

Fi1cG. 12.

pull of 2m symmetrically attached ropes acting on that part of the bag be-
tween z=2; and 2=2,. Then

’ 2252 S 2,
(1) ¥ = {0 elsewhere } : '

{F on 2m symmetrical regions of angular width 2e
o, 2> sn0rsz <z,

Let the boundary conditions be the vanishing of N at the lower edge, z =2z,.
We may represent the load (31) in the form

F [1 n i sin 2ne 2n0:| <, <

—_ Ccos , 22 =22 = 2y
(32) Y = { L Ramm ,2m, ... ne ? !

0, 2> 3 or 2 < 2.

A set of stress functions satisfying the boundary condition at z=0 (see §15)
is given by the formula
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(33) Upo = z1/2<c,.1,.[(4n2 — 1)4%] + f Fe, t)dt), |n| >0,
0

where
F(z, §) = 02%g2,(0) { I.[(4n? — 1)V2%] K, [(4n? — 1)1/%)]
— L[(4n* — DV%]K,[(4n? — 1)1%]},

34 3F sin 2ne[ Jo(¢
(34 [ o9 _ tJl(t)]Jo(t), 23St <,
g(t) = e 2
0, t<zgor zp=t> 2.
Then
312Co, 1, [(4n? — 1)112%], 3 < 2,
z”z(C oln|(4n? — 1)1/2 f‘F , 1 dt), =<z=g2,
65) 1, = 47 (Cotalltnt = 3]+ [ F, nZssn
21
zl/2 (Cg,.I,.[(4n2 — 1)lzg] +f F(z, t)dt), 20 = %3 = 21
z2

The condition Ny=0 at z=2, yields the value of Cs,:
21

(36) Con = -—f F(z, )dt/I,[(4n? — 1)12g].
22

These results dispose of the terms for which 270 in (32); there remains the
term in which #=0: '

F =
— 512 (2) f £V (8)dE, z < 23,
T 22
37 W=( F
( ) ’ - 21/2'70(2) f EII2J0(E)dE) 22 é K4 é zl’.
m 2z
0, 21 = 2 = 2,

as can easily be verified from the integral (12.1). The load (31) does not
form an equilibrium system; its resultant downward force should be cancelled
by a symmetrical upward force due to the lift of the atmosphere.

22. A transformation. Conicoids. Sometimes the knowledge of the solution
for a surface with meridian f will lead us to the solutions for some other sur-
face with meridian g. Say that

€Y f'1f = A% (2),

and say we make the substitution 2=¢(x). The question then is, can we find
some g, g=g(f, x), such that g satisfies an equation of the type
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2) 9% B(x)

— P x ,

dzt 4 q
say ? Of course, neither p, ¢, nor ¢ is to be a function of 4 or B. A straightfor-
ward analysis in the theory of transformations of linear differential equa-

tions shows that such a g can be found only for the transformation ¢(x)
= (ax+b)/(cx+d), and then

3) g = (cx+ d)f

ax-l-b)
cx+d )

Then from the discussion in the beginning of §19 we may conclude that if
the U,.(z) are the complete stress functions for a surface with meridian f(z),
for a surface with meridian (3) the complete stress functions are

ax+b>

.| ——).
(cx + AU cx+ d

In particular, we may verify and extend an earlier result by supposing that
¢=0 and d=1; it follows that if the UI,. are the complete stress functions for
f(x), then the functions U,.(ax+b) are the complete stress functions for
Af(ax+Db).

From (21.4) and (21.5) we have at once that for surfaces such that
(@) = (cx+ d){4 sin [(ax + b)/(cx + d)] + B cos [(ax + b)/(cx + al},
the complete stress functions are given by the equation
Une = (¢x + d){Ca sh [(n? — 1)V2(ax + b)/(cx + d)]
+ D, ch [(n? — 1)%(ax + b)/(cx + d)]}.

From our solution for the paraboloid (the case when p=1/2in (21.9) and
(21.10)), by applying the bilinear transformation, we may see, after a rear-
rangement of constants, that for a surface with meridian

©) f=(a—2)"b— 2[4 + Blog (a — /(b — 2)]

the complete stress functions are given by the expression

) Une = (a — 2)V2(b — z)”’[C,, (Z : >”/2+D,. (Z : :)5/2].

®)

The family (6), when b= —a, is simply that of spheres, spheroids, hyper-
boloids, and so on, which we found already (19.5); it contains various ovoids
also. For the subfamily of (6) for which B=0, namely the conicoids and
ovoids only, it is not difficult to find the complete displacement functions
from (18.8):
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a — z\"? b — z\"?
(8) Q;tw = Eu( ) +F,.( > .
b — a— 3

This result contains (20.2) as a special case. For graphs of the stress coeffi-
cients N‘,:.) derived from the solutions (7) for the sphere, two spheroids, and a

hyperboloid of two sheets, see Figs. 13-16.

m [43] m
Ngsy Nos, Neg

Fia. 13. Fic. 14.

) 1) (]
Negr Nogy Nez
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Fia. 16.

23. Two general families of surfaces. Most of the results hitherto consid-
ered are special cases of the two following.
Consider the equation

A*(1 — %)(a — b)?

0 e+ 4(z — a)%(z — b)? =0

If we define M and v by the formulas
@) N=4/2+ [ - DA+ 11172, v =4/2 - [(8* - DA+ 1112,
and make the substitution
f=(z— a)@ 71z — p)UtMni2g,
then (1) assumes the form

d% 1—=A—v 14N+ dv My(a — b)?
=+ + R Pt
dz? dz (2 — a)*(z — b)?

Hence the integral of (1) is given by the expression ()

@) f=(z— a)a iz — pyan+niz [B (z - )‘ + C(z - a)v]’

3)

z2—a z— b

z2—b z—b
when A %v. Replacing A2by —A42%(n2—1) in X and ¥ is equivalent to replacing
X\ and ¥ by A(n) and v(n) respectively, where
M) = i{A v+ [ — )2 — ni(n = 1)) (02 — 1)12/2,

5
® v(m) = i{A+ v = [\ = 7)? = w2 — D[} (m? — 1)12/2.

(%) Whittaker and Watson (1927), p. 208.
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Hence the solutions U,. for the five parameter family of surfaces (4) are ob-
tained by replacing A and ¥ by AM(n) and vy (n) respectively. This analysis of
course must be modified when N\ =+, when the result turns out to be exactly
what we have found earlier in equations (22.6), (22.7).

Fic. 17.

The equation
(6 "+ A=+ b/s—a) +¢/(z— 2)?)f =0

may be put into the form
azf
Q) i {—1/4+2/y+ 1/~ ¢)/y*}f = 0,

which is Whittaker’s equation (%), if we choose v, p, g, and 7 by the definitions
8) =r(z — a), P =b4/2, g = (1/4 — cA?)/2, r = 2¢d.
Replacing 42 by —A%(n?—1) in (6) is equivalent to replacing p, ¢, and r by
p(n), g(n), and r(n) respectively, where
p(n) = ip(n* — 1'%, q(n) = ig[n® — 1 — n?/(4¢) ],
r(n) = ir(n® — Y2

)

Accordingly if the meridian is included in the family
(10 f= BWP.«[’(Z - a)] + CW—:M["" r(z — a)],

the complete stress functions U,. may be obtained by replacing p, ¢, and 7
by p(n), g(n), and r(n), respectively, in (10). This analysis includes much of
that of §21 as special cases.

A result of equal generality could be written down when the meridian is a

(%) Whittaker and Watson (1927), pp. 337, 339-340, 343.
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hypergeometric function, but the formulas are too complicated to be useful.
Some special cases are considered in the succeeding sections.

24. Two pointed domes. Let us consider the pointed dome whose meridian
is the parabola

(0 f=(4/d*)(a* — 2%

(see Fig. 17). We shall first solve the problem of such a dome subject to its
own weight and uniformly supported. A straightforward calculation with the
integral (12.4) yields the sélution

Pp a‘( a? ) 24z/a*+ p
Np= - —22_[Z(4 1
+ 1@ — ) [A Y1622 ' 24/a t a
2 a‘
) 201 o) — a) + 3 ot = ) |,
2A2 az —_— a2
Ny = —% [— p2 — Nyo/e?],

where for convenience we have used the abbreviations
©) o= (14442707, o= (14 447/a)n,

When the shell is subject to “wind pressure” (14.2), the solution, given by
the integral (14.1), may be shown to be

Fa$ 0 2 24z/a?
Ny = asp cos [C(z-—a)-i—(l-l——-a—).ilog z/a*+ p
84%/ a

24 (a? — 22)? 24/a + «
3a? at
+ (l T lear 32A4>(p -
a2 4
- @2 A6 ) o (= ),
(4) Ny= — %(a2 — 22 [F cos 6§ + 2AN4/(a%?)],
Nog = — 24 t2an0 - FafsmO[ i(l-{— ) og 24z/a® + p
a’p 2(a? — 2?) a 842 24/a + «
24 1 442 3 1
+(—;"—+40A+ at _———>7

1 3 AZ(a2 —_ 22) .
+ (3/12 )(3ZP/2) +4A2]+TF sin 6,
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where
C = — (1/Aa)[24%/a® + 1/4 + 44%/a® — 34/(4a) — a/(84)]

+ i [1 + 30%/(44%) ] + ats/(449).

We now consider a problem which was treated by approximate methods
by Fliigge(*?), namely that of a shell with meridian (1) supported on m col-
umns at z2=0, as was the paraboloid of §21. Fliigge replaced the differential
equations of equilibrium by difference equations, then computed the solutions
by interpolation, separating the infinite from the finite portions of the solu-
tions at the apex by taking means. Fliigge's numerical result is that Ny=0
at z=ga, but in §15 we have seen that when =1, which is the case in the pres-
ent problem, N4 must be infinite at the apex. Possibly the apex is no longer
a singularity in the difference equations. It is easy to show that

(5) Un=(a2—2z)F([3+i(8n2—9)1/2]/2, [3—i(8n2—9)1/2]/2; 2; 1/2—2/(2a)).

U.. we shall not wish. The complete stress functions may be expressed in any
one of a variety of forms, as hypergeometric functions with argument
1—32/a?, Legendre or Gegenbauer functions, and so on, but we shall use the
form (5) as a point of departure. In view of the discussions of §15 a solution
analogous to (21.19) valid sufficiently far from the apex is

2Pa*(1 + 4A42:2%/a%)/? had sin ne
Ne= — @0+ aayayit, 2. n
F([3 + i(8n? — 9)112]/2, [3 — i(8n% — 9)V/2]/2;2;1/2 — 3/(2a))
TR + i(8nr — 9)112]/2, [3 — i(8n? — 9)112]/2; 2; 1/2)
24 ot —g?

os nf,

No= =2 —— " N,
© Mo ot (14 44%%/e%) °
2P4 =

Nog = — > sin ne

ae(1 + 442/a)V? o lom,. ..
F([5 + i(8n2 — 9)1/2]/2, [5 — i(8n? — 9)1/2]/2;3;1/2 — 2/(2a))
TOFR([3 + i(8n2 — 9)112]/2, [3 — i(8n? — 9)112]/2; 2; 1/2)

sin 76,

where P is chosen so that P= — N4o|.-0, N4s being given by (2).

The hypergeometric function in the denominators is difficult to compute
from the series, which converge very slowly when # is large, but the for-
mula(*?)

(4¢) Fliigge (1934), pp. 47-49.
(47) Whittaker and Watson (1927), p. 298, exercise 13.
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F([3 + i(8n2 — 9)/2]/2, [3 — i(8n2 — 9)12]/2; 2; 1/2)

1rl/2
T TG/4 + i(8n® — 9)1/4)T(3/4 — i(8n* — 9)112/4)

together with the asymptotic expansion of the I'-function(48), from which we
may show that

T'(x 4 iy)(x — iy) ~ 27 exp [— 2x — 2y arctan (y/x)](x% + y?)=1/2
{1+ 289x/(1728[«% + y2]) + (17342 + 259y2)/(31104[22 + y2]®) + - - - },

enables us to derive an asymptotic formula which serves for ready computa-
tions:

F([3 + i(8n* — 9)1/2]/2, [3 — i(8n? — 9)1/2]/2; 2;1/2)
~ 2-34(nx)~112 exp [3/2 + ([8n2 — 9]'/2)/2-arctan ([8x2 — 9]1/2/3)].

The values of this function for n=8, 16, - - - are 5.36 X108, 1.31X10%, - - -,
But even when 2>a/2, that is, in the upper half of the dome, the remaining
hypergeometric series occurring in this example converge so slowly as to
make computation impractical unless some asymptotic formula is used. In-
stead of attempting to complete this example numerically, we shall consider
a dome of a very similar meridian for which the computations are much
easier. In passing we need merely notice that at the apex z=a the hyper-
geometric functions in the numerator of (6) have the value 1, while at the
base z=0 they are very large; thus the effect of the singularity at the apex
will be confined to a very small region near it.

A shell whose meridian is practically indistinguishable from (1) (see Fig.
17) is given by the formula

)] f = A cos [xz/(24d)].

The solution for the uniformly supported shell loaded only by its own weight
is

Moo = 4ap {1 + [A?x?/(4a?) ] sin? [mz/(Za)]}l/2
T e cos [rz/(2a)]

® ({1 4 422/ (409) )3 — {1 + [4%02/(40)] sin? [ms/(20) ]3],

Noo = — [pA?r/(4a)] sin [rz/a]

A?x(cos [rz/a] + 1) ¥
T 8a2{1+ [A%?/(4a?) ] sin? [x2/(20)]}

The solution for the shell supported on m columns is easily found from the
results (21.5):

(48) Whittaker and Watson (1927), p. 253.
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_2P(1+ [4?7?/(4a?)] sin? [xz/(2a)])!/2

o e cos® [/ (20) ]
© sin ne sh [-;r(n2 — 1)V2(a — Z)/(Za)]
. """E":-'“ n sh [x(n2 — 1)112/2] 0s nf,
Ny = 7%4* cos? [z/(24)] Ny,

" 40?{1 + [A%?/(4a%)] sin? [x2/(20)]}
© PAx
Nog = —— sec [x2/(2a)] {tan [72/(2a)]

© sin ne sh [r(n? — 1)V2(a — 3)/(20)] .

Z sin n0

e m sh[r(n? — 1)1/2/2]
& (n* — 1)V ch [x(n? — 1)V%(a — 2)/(20)]
—,,_,,,,‘2?;.",... ————” sin ne b et = D7/2] sin m‘)}

=0

0 4250 +1000 +1500 2000
+500

Fic. 18.

For comparison with Fliigge’'s numerical results for the meridian (1), I have
appended a graph (Fig. 18) of the solutions (8) and (9) superposed, when
p=1,a=11,4 =15, e=7/64, m=8. The results are qualitatively the same as
Fligge's, except that in his work, as we said before, the fact that N, is infinite
at the apex does not appear. The quantitative difference may be due to three
reasons: that Fliigge’s results are approximate, that Fliigge does not state,
and indeed does not seem to use, the width of the supports, and that the
meridian (7) is slightly different from the meridian (1). The effect of the non-
uniform support is noticeable only in the lower half of the dome, and in that
there is a singularity, quite unperceivable except in a small region near the
apex.

25. Two open domes. The dome whose meridian is the hyperbola (see
Fig. 19)

1 f=A4/z
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is free of singularity in the region where 2>0. Let us first treat a shell sup-
ported uniformly at 2=3, bearing uniformly a load H, say the weight of some

Y

Meridian f=2/s

FiG. 19.

superstructure, at z2=2,. Then we shall prescribe that N, I,_., shall be the re-
sultant of the downward force/length due to the load, — H(2xr, sin ¢)|

Zumgyy
and a horizontal force/length due to a stiffener:

4.1/2

©) Noolomn = = HA" + 2)"/(2r4z).
From the integral (12.4) the desired solution is easily found.

p(A? + z4)l/2[(A2 + z4)ll2 (A2 + z;)llz

Voo = 2z

2 2
z 2

3

| 2t + (A2 4 z9)1/2 g
— 0 —
*H+ @9 rap ]

To solve unsymmetrical problems we shall need the real form of the solution
(21.9),

(Bn2— 92 g
(4) 11,.. = A,.z”’ sin [—7———' lOg —B—]

Suppose now the shell bears its load H at z=2, on r symmetrical columns of
angular width 29, and is itself supported at z=2, on s symmetrical columns of
angular width 2¢, 8 =0 being the location of the center of one column of each
set; then upon (3) must be superposed the solution




160 C. TRUESDELL July

2P

— J1/2( A2 o2l ¢
Ny = z'/%(4* + z¥) AT

. [(8”'2 - 9)1’2 z]
. sin | —————— log —
x i sin ne 2 % )
Cos n
Nemr, 27,00 o n . [(811,2 — 9)1/2 P
sin | ———— log —
2 Z0
(5) 2
: [@n2—9y" z]
. sin | ————— log —
X i o 2 “ cos nf
Nesg,28, ¢ 0 ¢ n . [(8n2 — 9)1/2 %0 ’
s § — log —
2 %1
where
(6) P = — N¢°|0—tl9 Q = — Néolt—toy

N4 being given by (3).
If the meridian is of form

0] f = a+ bz, v> 0,

points on the ring 2=0 are singularities, and the considerations of §17 are
applicable. It is not difficult to verify that

®) U = 2F((1 + 9)/(2), (1 = p)/(29); 1 + 1/v; — bz"/a),
where p= [1 —4v(¥—1)(n2—1)]V2, The case when r=1/2,

©) f=o+ b,

(see Fig. 20) is of particular interest; for this case

(10) Uni =2F1 + 0,1 — n; 3; — b3''%/a) = zH,_1(— bz'/?/a),

where H,(x) is Jacobi’s polynomial(*?). For a profile of N,,® see Fig. 20, with
which Fig. 8, §21, should be compared, the meridians being of the same shape
but the one shell having a closed top, the other an aperture. All sorts of un-
symmetrical problems are easily solved with the meridian (9).

(4%) Bateman (1932), p. 392.
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Ng3, Ng3, N
Fi16. 20.
26. Two domes with a point of inflection in the meridian. The meridian
(1) f=Az(1+ Bz)

has a point of inflection at the point s=—A4(u—1)/(B(p+1)). The stress
functions satisfying the boundary conditions at z=0, if they can be satisfied
at all, are given by the formula

(2) U, = 2P+DI2F (g, b; ¢; — Ba),
where

p=[1—-4@-D -] a=(+9/2, b=(-9/2
g=[1—4u(u+ D=* - ]2, c=1+4p.
When p=1/2 the formula (2) becomes simply

(3) a1 = 2™HDI2F (/2 + i(3n2 — 4)V/2/2;n/2 — i(3n? — 4)V/2/2;n + 1; — Bz).

If one sketches a curve of the family (1), he will find the point of inflection
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hardly noticeable, as may be seen from the special case for which we give a
profile in Fig. 21.

Fic. 21.

A meridian with a much more marked point of inflection is given by
@ f = (tan z)/2

For this meridian, the complete stress functions satisfying the boundary con-
ditions at the apex =0 are given by the formula

®) Un = tan®™D/2 2F([n + 2 + (302 — 4)1/2]/4,
[# + 2 — i(3n% — 4)112]/4; n/2 + 1; — tan?3).

m 1) ($)]

Meridian f=tanV% Nes» Nog, Ng2
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Unlike the series occurring in (24.6), the hypergeometric series (5) converge
very rapidly even reasonably far from the apex, provided = is not too large,
and the profile (Fig. 22) was not very tedious to compute. Since the exponent
of (4) at the apex is 1/2 (see §15), all sorts of problems may be treated suc-
cessfully for this meridian; the labor of computation is much less than for
the meridian (1).

27. Stress functions for a few other surfaces. To save possible labor for
engineers computing shells we list a few other meridians and their stress func-
tions.

If c=—1/24+(1—A2)"2/2, and if ¥*[x] is the complete solution of the
associated Legendre equation, then the stress functions U,. for the family of
surfaces with meridian

&) f=2"[tnh G + )]
may be obtained by replacing 42 by —A42%(n2—1).
@ f=A4(e — ¢ (cf. (21.4)),
Uy = F(i(n? — 1)V2, — i(n? — 1)V/% 1; %),
f = (sin 2)/2 (cf. (21.4), (26.4)),

(3) U = sin®™ /2 2F([n 4 1 4 i(n? — 1)'12]/4,
[n 4+ 1 — i(n? — 1)!2]/4; n + 1/2; sin? 2).

f=Atanz (cf. (26.4)),
W1 = F(a, a; 1; sec? )
1rl/2
4 =————F(a,a;1/2; — 2
4 TOIG) (a,a;1/ tan? z)
2712 tan 3
———F(b, b; 3/2; — tan? 3),
T(a)T(8)
where a= [1+i(812—9)"2]/4, b=a+1/2.
= A sin? 3,
@ 7

U.1 = sin? 2F(— 1, 0; p 4+ 2i(n? — 1)Y2, p — 2i(n? — 1)V/2, 2p, 1/2; sin 2),

where p=—1/2—14(8n2—5)2/2, and F(a, q; o, B, v, 8; x) is the function of
Heun(5%). This last meridian is an example of Case III, §15, and hence, as we
may verify from the stress functions themselves, is not suitable for problems
of shell theory unless the apex is cut out. Should one wish to treat it, a more
convenient solution can be obtained in the form

(5°) Whittaker and Watson (1927), pp. 576-577, exercises 7-10.
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(6) Une = o + 2 (@mCOS 2mz + b sin 2mz),

M=l
where a1=0, a;=2(n?2—1)ao/(n?+3), bo=2b;/(n?+3), and both the a, and
the b, satisfy the same recurrence formula

(m? + 2m + nDami1 = 2m%am — (Mm? — 2m + n?)ap_s.

28. Nemenyi’s integral equation. If we integrate the equation of the stress
functions (11.8) twice, by reversing the order of integrations we obtain a
linear integral equation satisfied by the function U,:

U.(2) = U.(e) + (z — o). (a)

(1) , 7®
F (- f e~ T + f dt f galn)dn.

Since by differentiating (1) we may obtain (11.8), (1) is an equivalent form
of the stress equation. If it is possible to satisfy the conditions of equilibrium
at the top of a closed dome, z=a, we shall find that U,(a) =0, and usually
U.)\(e) =0. Then for the homogeneous stress functions Ul,. the equation (1)
becomes the integral equation

@
f®

originally deduced by Nemenyi(’!) from graphostatic considerations. It was
through this equation that Nemenyi introduced stress functions which are
essentially the U,, and arrived at a special case of (11.8). Nemenyi has given
a simple physical interpretation of (2); the right-hand side represents the
static moment of a section of the meridian line of the middle section from the
apex 2=a to 2, subject to a load f''U,./f. Then if one has a start at the apex,
one may proceed in finite steps downward, computing approximate values of
... by graphical means. To obtain U1, when there is a load, one need only
add the integral involving g.(2) in (1), which may be computed mechanically
if necessary. To obtain the start at the apex, one may approximate the middle
section either by the curve f=A4z* or by the curve f =A42#(1+4Bz) which we
have treated exactly in the previous sections (see (21.9) and (26.1) respec-
tively). Thus the stresses for any load distribution on any dome may be found
approximately.

While the graphical means just outlined may serve to treat a quite arbi-
trary meridian, it is tedious to carry out. A more practical approach, proba-
bly, would be, given a meridian, to find one approximating it closely from
one of the numerous infinite families which we found in the previous sections
to be amenable to a simple exact solution.

) e = - [ 6- 0L 2 uaon

(51) Nemenyi (1936).
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INDEX OF DEFINITIONS AND NOTATIONS

Only those quantities used in more than one section are listed. The num-
bers refer to the section where the quantity or term is defined.

complete stress functions 11 Ny, N4, Ny, Ny, Nog, Nyo 4
conical coordinates 3 Nony Nyny Nogn 11
displacement functions 18 NQ 15
insoluble 9 9 12,7
membrane stress 6,10 Qg4, Qs Qy 4
moment resultants 4 R 3,5,9
particular stress functions 11 7,7 3
revolution coordinates 3 u,v,w 5,8
singularity (of a shell) 3 UV, w 58
soluble 9 U, Vay Wa 18
soluble in the membrane theory 15 U,, Ua1, Uaz, Unp, Une 11
stress functions 11 B, B, Bz, By 18
stress resultants 4 x 3
thickness 3 X,V,2 6,10
X Yo Z, 11
A(6), B(6) 6 X, Y., 2Z 4
Cn, D, 11 v 3
D 5 2 8
E 5
E,, F, 18 « 3
F 14, 7 Qply, Ap2 15
1, f(2) 8 3
g2+(2) 11 A 5
ha(2) 18 0 3
K 5 u 15
L, L, 4 v 5
Mo, M¢r M‘¢r MW) Mlh Molh MW 4 ¢ 3
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