CONTRIBUTIONS TO THE THEORY OF LOOPS

BY
R. H. BRUCK

Introduction. It is not altogether easy to single out the dominant idea of
the present paper; perhaps this may be said to be the notion of a w-series,
which is introduced in Chapter I and recurs in Chapters II and III. Associ-
ated with this notion are the concepts of w-nilpotent and of w-solvable loops.

It would require too much space for precise definitions of these concepts
here. We may say, however, that = designates some “characteristic” property
which singles out certain elements of a given loop G; and that, by special
choices of 7, we arrive at the notions of a centrally nilpotent loop (analogous
to a nilpotent group), of a left-associatrally nilpotent loop (in which the role
of the centre in central nilpotency is now usurped by what we have called the
normal left associator), of a middle-associatrally nilpotent loop, and so on.
When attention is restricted to loops with the inverse property, as is the case
in Chapter 1I, we have in addition the notions of Moufang nilpotency and
Moufang-central nilpotency.

Certainly the most useful tool introduced in this paper is the inner map-
ping group 3 of a loop G. When G is a group, & reduces to the group of inner
automorphisms of G. In any case, J has the property of deciding normality;
a subloop H of the loop G is normal in G if and only if H is mapped into itself
by every element of 3. But it is not true that & always consists of auto-
morphisms. In view of this latter fact it is necessary to learn a new technique
for the purpose of calculating with J. A considerable part of Chapter I is in
fact devoted to the theory of the inner mapping group, particularly i in connec-
tion with finite centrally nilpotent loops.

Another important tool is the autotopism group of a loop G. We say that
an ordered triple (U, V, W) of one-to-one mappings U, V, W of G upon itself
is an autotopism of G if and only if xU-yV=(xy)W for all x, y of G. (The
autotopisms form a group under the multiplication (U, V, W) (U, V1, W)
=(UU, VVi, WW)).) Asis shown in Chapter I, many interesting new struc-
ture theorems for loops with the inverse property may be derived with ease
by use of the autotopism group.

Chapter I deals with general loops, Chapter II with I.P. loops (loops with
the inverse property), and Chapter III with various problems of construc-
tion. In particular, most of our examples connected with the theory of the
first two chapters have been deferred until Chapter I11. Each chapter is pref-
aced by a detailed description of its contents. However, the reader must
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consult the main body of the paper for definitions and references to the lit-
erature.

Perhaps we should reassure the newcomer to the theory of loops by stating
that every effort has been put forth to make the paper reasonably self-con-
tained. We have, of course, assumed a certain familiarity with group theory,
but most of the loop theory needed in the paper has been carefully and ex-
plicitly stated. Moreover, various known theorems have been proved anew
by means of the inner mapping group, especially in §3 of Chapter I; but in
such cases, careful references have been given to the literature.

CHAPTER I. GENERAL THEORY

This chapter is devoted mainly to a theory of loops without the introduc-
tion of special laws. However, we do on occasion study special classes of
loops, for example, the finite ones. It has been thought worthwhile to preface
the main study (in §1) with some remarks on sets and mappings of sets, and
to derive a few theorems on the isotopy problems of groupoids. (In particu-
lar we consider a theory of multiplicative ideals which is not applied in the
sequel but is of interest in connection with the theory of rings.) Definitions
of the terms quasigroup and loop and of certain qualifying adjectives are
given in §2.

In §3 we sum up (with references) some of the known results on normal
subloops of a loop. The most important contribution of this section is the
notion of the inner mapping group & of a loop G, the analogue for loops of the
inner automorphism group of a group. (¥ does not always consist of auto-
morphisms of G; however a subloop H of G is normal in G if and only if H
is mapped into itself by every element of J.) We use J to prove some of the
known theorems on normality; and we also show that the union of an arbitrary
collection of normal subloops of a loop G is a normal subloop of G (Theorem 3G).

In §4 some of the basic properties of the central series of a (nilpotent)
group are generalized in an abstract theory of so-called w-series. Here 7 desig-
nates some fixed “characteristic” property of loops, and associated with each
« is a class of m-admissible loops, determined by explicit and easily handled
postulates, for which the theory is valid. Certain w-admissible loops are
called mw-nilpotent, and for these the upper and lower w-series exist and have
the same (minimal) length. We also give some theorems in this section on a
more general class of loops called w-solvable; for example, the union of all
normal w-solvable subloops of a finite w-admissible loop is a (uniquely defined)
normal w-solvable subloop.

§5 deals briefly with the ¢-loop of a loop; and §6 considers certain “La-
grange” properties of a finite loop, namely the weak property (L): the order
of every subloop of the finite loop G divides the order of G, and the strong prop-
erty (L'): every subloop H of the finite loop G has property (L). It is shown in
particular that a finite loop has property (L') if and only if the simple quotient
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loops in its decomposition series have property (L’). Moreover every finite loop
contains a unique maximal normal subloop with property (L').

When = is the property of lying in the centre of the loop G we have the
notions of central admissibility, central nilpotency and central solvability.
In §7 every loop is shown to be centrally admissible. The various terms in
the upper and lower central series are described in detail in terms of the inner
mapping group. For finite centrally nilpotent loops G, Theorem 7E and its
corollaries give a generalization of the Burnside Basis Theorem for p-groups,
which reduces to the usual form when G has prime-power order. Similarly
Theorem 7F generalizes a theorem of P. Hall on the order of the automor-
phism group of a finite p-group. §8 concerns the order of the inner mapping
group & of a finite centrally nilpotent loop G. It is shown that the order of
& divides some power of the order of G. (This is remarkable, since there exists
a loop of order 5—of course not centrally nilpotent—whose inner mapping
group has order 4!=24.) Moreover it is proved that a finite p-loop G (of
order a power of the prime p) is centrally nilpotent if and only if & is a
p-group. §9 gives a brief discussion of the relation of the theory of finite
centrally nilpotent p-loops to P. Hall’'s work on p-groups.

In §10 the notion of left-associatral series is touched upon lightly; here
w is the property of lying in the left-associator (defined in §§1, 2) of the
loop G. It is shown that every loop is w-admissible in this sense. Other types
of associatral series are also mentioned.

§11 introduces the autotopism group of a groupoid—not to be exploited
until Chapter II—and §12 shows the role of the inner mapping group & of a
finite loop G in the theory of the loop ring of G over a field F. We define two
elements x, y of G to be conjugate if and only if xU=1y for some element U
of §, and then we may state a theorem wholly analogous to one for group
rings: If F is algebraically closed and (to specialize slightly) of characteristic
zero, the loop ring of G over F is a direct sum of h simple algebras, where h is the
number of distinct classes of conjugate elements of G.

1. Groupoids. It will be convenient to recall some of the terminology of
set theory. A mapping T (a—aT) of a set G into a set H is called single-
valued if, for every element a of G, aT is a uniquely defined element of H.
The single-valued mapping T of G into H is said to be (i) a one-to-one mapping
of G into H if aT##bT for every two distinct elements a, b of G and (ii) a
one-to-one mapping of G upon H if (i) holds and, in addition, every element
of H has the form aT for some a in G. When T is a one-to-one mapping of G
upon H, then to every b of H there exists a unique element a =671 of G such
that aT =b. In this case 7' is a one-to-one mapping of H upon G, called the
inverse of T. In the sequel a one-to-one mapping P of a set G upon itself will
often be called a permutation of G.

According to Hausmann and Ore [1](!) a set G is defined to be a groupoid

() Numbers in brackets refer to the Bibliography at the end of the paper.
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relative to an operation (-) if and only if, to every ordered pair a, b of elements
of G, there corresponds a uniquely defined element a-b of G. Since a set may
be a groupoid relative to more than one operation it is sometimes convenient
to speak for example of “the groupoid G(:).” If f is any fixed element of a
groupoid G(-) we may define two single-valued mappings L;, R, of G into
itself by

(1.1) al; = f-a, aR; = a-f,

where (1.1) is to hold for all @ of G. An element 1 of a groupoid G(-) is said
to be a unit of G(-) if, for every a of G,

1.2) ¢-1=1.a=a.

If e is also a unit then e=e-1=1, and hence a unit, if it exists, is unique. An
element f of G(-) is said to be left-nonsingular (right-nonsingular) if L; (R,)is a
permutation of G. (Note that if G(-) consists of the natural numbers
1, 2, - - - under ordinary multiplication, the only left- or right-nonsingular

element is the number 1.)
Two groupoids G(-) and H (o) are defined to be ¢sofopic if there exist three
one-to-one mappings U, V, W (not necessarily distinct) of G upon H such that

(1.3) (2 )W = (xU)o(yV)

for all x, y of G. In particular two groupoids G(*) and H(o) are said to be
isomorphic if there exists a one-to-one mapping T of G upon H such that

(1.4) (2xy)T = (xT)o(yT)

for all x, y of G. Clearly isotopy and isomorphism are equivalence relations.
In particular two isomorphic groupoids are abstractly identical. Finally two
groupoids G(-) and G(*), defined upon the same set G, are said to be principal
isotopes if there exist two permutations P, Q of G such that

(1.5) x-y = (xP)x(yQ)
forallx, y of G.

LEMMA 1A. Let G(-) and H(o) be isotopic groupoids. Then there exists a
groupoid G(*) isomorphic to H(o) and isotopic to G(-). In particular G(¥) may
be chosen to be a principal isotope of G(-).

Proof. We may assume (1.3), pick T arbitrarily as a one-to-one mapping
of G upon H, and define G(*) by (1.4). It follows at once that (x-y)W;
=(xU)*(y V1) for all x, y of G, where U,=UT-!, Vi=VT-!, Wi=WT-! But
Uy, V1, Wi are permutations of G. By the special choice T=W we derive
(1.5) with P=UW-!, Q=VW-1

Thus, as A. A. Albert has pointed out in various papers, if we consider two
isomorphic systems as identical then in the theory of isotopy there is no loss
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of generality in restricting attention to principal isotopes. The following theo-
rem may be proved exactly as in Albert [1], and we shall omit the proof.

THEOREM 1A. Let G(-) be a groupoid. Then a necessary and sufficient con-
dition that there exist a groupoid H (o), with a unit, isotopic to G(-) is that G(-)
possess at least one left-nonsingular element f and at least one right-nonsingular
element g. Every principal isotope G(0) of this type is given by

(1.6) zoy = (xR, )-(yLy )
for some such fixed pair f, g of G(-). In this case the unit of G(0) is e=f-g.

If G(o) is given by (1.6), the one-to-one mappings L%, R,° of G into itself
may be defined by xL.,°=aox, xR.°=x0a. Now suppose in particular that
G(-) has a unit 1. It follows at once that

(1.7) gR; =1, JfL; =1,
since indeed 1R, =g, 1L,=f. But, even more important, we have
(1.8) LY=L, R’=R,.

For example, from (1.6), xL°y=gox = (gR,™')- (xL; ') =1-(xL;/')=xL;!, and
so L°;=L;1. From (1.8) it is clear that g is a left-nonsingular element and
that f is a right-nonsingular element of G(o).

CorROLLARY TO THEOREM 1A. Let G(-) be a groupoid with unit 1. Let f, g
be respectively a left-nonsingular and a right-nonsingular element of G(-), and
let G(o) be the principal isotope, with unit e=fg, given by (1.6). Then f, g are
respectively a right-nonsingular and a left-nonsingular element of G(0), and we
have

1.9 x-y = (R loy(Ley)™
for all x, y of G. Moreover 1 =gof.

Proof. By (1.8) and (1.6) the right-hand side of (1.9) reduces to
[*R,)R,~]- [(yLy)L;']=x-y. The rest of the proof was given above, save
for the point that gof =gR,~!-fL,'=1-1=1.

It is to be noted that a subgroupoid H(-) of a groupoid G(-) is by definition
a subset H of G which is a groupoid relative to (-). Again a groupoid G(-) is
said to be semigroup if

(1.10) (@-b)-c=a-(bc)
for all g, b, c of G; that is to say, a semigroup is an associative groupoid. Every

groupoid G(-) contains certain associative subgroupoids. If G(:) is any
groupoid we define the subsets 4y, 4,, 4, of G as follows(?):

(2) These associators and others have been defined by various authors, for example, by
Garrison [1].
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DEFINITIONS. A is the set of all elements a of G(-) such that

(1.11) (ax)-y=a(xy)
for all x, y of G.

A, is the set of all elements a of G(-) such that
(1.12) (xa)-y =2x-(a-y)
for all x, y of G. .,

A, is the set of all elements a of G(-) such that
(1.13) (z-3)-a=2(y-0a)
for all x, y of G.

We shall speak of A, 4,, 4, respectively as the left-, middle- and right-
associators of G(-).

If @, b are two elements of A,, and %, y any elements of G(-), then, by
repeated uses of (1.11), (@-8)- (x-y)=a- [b-(x-y)]=a- [(b-x)-y]=[a- (B -%)]-y
=[(a-b)-x]-y. Thusa-bisin A, for all @, b of A3, and so A4, is a subgroupoid
of G(-). Again if g, b, c are any three elements of 4, then by (1.11) with x =35,
y=c we see that (1.10) holds, and A4, is a semigroup. Since a similar result
holds for A, and 4,, we have proved the first statement of the following theo-
rem.

THEOREM 1B. If G(-) is any groupoid, each of the three associators A\(-),
A1), 4,(-) of G(-) is a subgroupoid of G(-) and in fact a semigroup. If G(-)
has unit 1, and if G(0) is a groupoid with unit, isotopic to G(-), then the three
assoctators Ax(0), A .(0), A,(0) of G(0) are respectively isomorphic to the corre-
sponding associators of G(-).

Proof. We note that if G(-) has unit 1, then 1 is common to the three asso-
ciators of G(-) and hence the latter are non-empty. Because of Lemma 1A we
may assume that G(o) is the principal isotope of G(-) given by (1.6). First we
prove that 4,(-) and Ax(0) are isomorphic. Consider the mapping L of 4,(-)
into G(o) given by

(1.14) aL = (a-f)-g,

and note that, by (1.11), (1.14) is equivalent toaL=a-(f-g) =a-e. If aL=0bL
for a, bin Ax(-) then (af)R, = (bf)R, and so af =bf since g is a right-nonsingu-
lar element of G(-). Inasmuch as f is a left-nonsingular element of G(-) the
element h=1L,! exists and has the property that fh=1. But then a=a-fh
=af -h=>bf -h=0b-fh=>b-1=b, since a, b are in A,(-). It follows that aL =bL
implies @ =b. Therefore L is a one-to-one mapping of Ax(-) into G(o).

Again, if x is any element of G, @ any element of A(-), then

(1.15) (aL)ox = a-x,
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since (aL)ox=(aLRy™)-(xLy/ ) =(a-f)- 2Ly =a-(f-xL;')=a-x. Moreover
[a-xR,]R,=(a xR, ) -g=a-(xR,~'-g) =a-x and so

(1.16) (e-#®)R; = a-(2R;)

for all a€A\(+), xEG. Thus, by use of (1.15) and (1.16), [(aL)ox]Joy = (a-x)oy
=[(e-2)R,~']- L) = [a- xR, ™) ]- WL Y =a- [(xR,™) - (L) ] =a- (x0y)
= (aL)o(x0y). It follows that

1.17) [(aL)ox oy = (aL)o(x0y)

for all @ of A,(-) and %, ¥ of G(0). Therefore L is a one-to-one mapping of
A,(+) into A\(o).

If we now observe the relationship between (1.6) and (1.9) it will be clear
that the mapping L., defined by

(1.18) cL, = (cog)of, ¢ € 4x(o),

is a one-to-one mapping of Ax(0) into A,(-). If a is any element of 4,(-) then,
by (1.18), (1.17), (1.15) and the corollary to Theorem 1A, we see that
(aL)L,=[(aL)og]of = (aL)o(gof) =a-(gof) =a-1=a. Thus since aL is in
A»(o) it follows that L, is in fact a one-to-one mapping of Ax(0) upon A\(-).
Similarly L is a one-to-one mapping of 4x(-) upon 4A\(0); and in fact L, L,
are inverse mappings. Finally, if @, b are in A,(-), then, by (1.15) and the fact
that bL=be, (aL)o(bL)=a-(bL)=a -be=ab-e=(ab)L, or (ab)L = (aL)o(bL).
Hence A,(-) and Ax(o) are isomorphic, as was to be proven.

Similar proofs may be given to show that the mappings M, R, defined by

(1.19) sM = f-(x-g)
and
(1.20) %R = f-(g-%)

induce isomorphicms respectively of A,(:) upon 4,(¢0) and of 4,(:) upon
A4,(0). A slight difficulty arises however in the proof of the fact that

(1.21) [20(aM)Joy = wo[(aM)oy]

for all @ of A,(-) and x, ¥ of G, and we therefore give this in detail:
xo(aM)= (xR, ™). [(f-ag)L;/']=(xR,)-(a-g)=[(xR,™")-a] g, and hence
[xo(aM)]oy = [xR;-a]- WL ™) = (xR, ™) [a- (0L )] = xo[{a(yL; ) } L/]
=xo0[(f-a)-yLy) ] =x0[{(f-a)-g}oy]=x0[(aM)oy].

An element a of a groupoid G(-) which is both left- and right-nonsingular
will be said to be nonsingular.

LeMMA 1B. If G(-) is a semigroup with unit 1, every left-nonsingular (right-
nonsingular) element of G(-) is nonsingular. Moreover the set H of all nonsingu-
lar elements is a subsemigroup of G(-) and in fact a group.
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Proof. If f is left-nonsingular, let f~'=1L;! so that f-f~!=1. Then
FDHLy=f- )= -f) f=1-f=f; that is, f1-f=fL/=1. If x is any
element of G(-) the element y=xR,~ has the property that yR;= (x-f~1)-f
=x-(f!f)=x-1=x; conversely if yR;=x then xR~=y-(f-f~1)=y. Hence
R/ '=Rs, and similarly Ly '=Ls; in particular both f and f~1 are non-
singular. Similarly if g is right-nonsingular and if g~'=1R,~! then L, != L4,
R,;'=Ry~, and both gand g—! are nonsingular. Finally, if p, ¢ are nonsingular
then xR,o=x-pg=xp-¢=xR,R,and R,,'=R,;'R,~1; pq is right-nonsingu-
lar and so nonsingular. This essentially proves that H(-) is a group.

We may now prove the analogue of another theorem due to Albert [1].

TueoreM 1C. Let G(-) be a semigroup with unit 1. Then any groupoid H (o)
with a unit which is isotopic to G(-) is in fact isomorphic to G(-), and hence in
particular is a semigroup.

Proof. As before we may assume that H(o) is the principal isotope G(0)
given by (1.6). Since G(-) is a semigroup, 4x(-) coincides with G(-), and the
mapping L defined by (1.14), or by aL=a-(f-g), gives an isomorphism of
Ax(+) upon Ax(0). By Lemma 1B, e=f-g is a nonsingular element of G(-)
and hence L=R, is a permutation of G. It follows that 4,(0) coincides with
G(o).

If G(-) is a groupoid, the set A =A4,\MA,MNA, consisting of all elements
common to Ax(-), A,.(-) and 4,(-) may be called the associator. Clearly A(-)
is a subgroupoid of G(-) and in fact a semigroup. The question is still open
as to whether isotopic groupoids with units have isomorphic associators 4.
Added in proof: Since this was written I have constructed simple counter-
examples.

The subset C(-) of a groupoid G(-), consisting of those elements a of 4
such that a-x=x-a for all x of G, is called the centre of G(-). More loosely
stated, C(-) consists of all elements of G(-) which commute and associate
with the elements of G(-). Theorem 1 D is also essentially Albert’s[3].

THEOREM 1D. The centre C(-) of a groupoid G(-) is an associative sub-
groupoid of G(-). If G(-) has a unit, and if G(0) is a groupoid with unit, isotopic
to G(-), then the centre C(0) of G(0) is isomorphic to C(-).

Proof. The proof follows the pattern of previous proofs. The reader may
prove the first statement. The essential point in regard to the second state-
ment is the fact that if @ is in C(-) then aL=aM =aR=a-e, where L, M, R
are given by (1.14), (1.19) and (1.20) respectively, and where e=f-g. Hence
L, M and R may be shown to yield the same isomorphism of C(-) upon C(o0),
where G(0) is assumed to be given by (1.6). It should moreover be obvious
from this remark where the difficulty lies in regard to a like theorem about
A().

An automorphism S of a groupoid G(-) is a one-to-one mapping of G upon
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itself such that
(1.22) (x-9)S = (25)-(5S)
for all x, y of G. Following R. Baer [3] and the obvious suggestion from group
theory we shall define a subset H of G(-) to be characteristic if HS < H (that
is, if &S is in H for every & of H) for every automorphism S of G(-). An
endomorphism S of a groupoid G(-) is a single-valued mapping S of G into
or upon itself such that (1.22) holds for all x, y of G(-); and a subset H of
G(-) will be called fully characteristic (Baer) if HS<H for every endomor-
phism of G(-).

THEOREM 1E. If G(-) is a groupoid, the subgroupoids Ax(-), 4,.(-), 4,(-),
A(-) and C(-), defined above, are all characteristic.

Proof. Let a be any element of 4,(-), S any automorphism of G(-). Then,
for all z, y of G, [(a8)-x]-y={[a- @S] - S} S={a- [xS)- (S ]} S
=(aS)-(x-9), and hence aSisin A5(-). Thus 4,(-) is characteristic, and simi-
larly for A,(-), A,(-). If aisin A (), aS is then in each of 4,(:), A,.(-) and
A,(-),andsoin A (-). Finallyifaisin C(-), (aS) -x=[a- (xS-1) ]S =[(xS-1)-a]S
=x-(aS). Hence aS is an element of the characteristic groupoid 4(-) which
commutes with every element of G(-), and so aS is in C(-).

As we shall show in the next section, all of the above theorems are valid for
loops. Indeed they also hold, with obvious modifications, for various types of
rings (see for example [Albert 3]). The following notion of a multiplicative
ideal stems from ring theory, and apparently has little value for the theory of
loops.

DEFINITION. A subset H of a groupoid G(-) will be said to be a left ideal, a
right ideal, or an ideal of G(-) according as it satisfies the first two, the last two, or
all of the following conditions:

(i) For everya of Hand x of G(-), x-a is in H.

(ii) For every a of H and every left-nonsingular f of G(-), aL;/! is in H.

(iii) For everya of Hand x of G(-), a-x s in H.

(iv) For every a of H and every right-nonsingular g of G(-), aR,' is in H.

Every ideal of G(-) is a left ideal (and a right ideal) but not always con-
versely. Moreover, left, right and two-sided ideals are clearly subgroupoids
of G(-).

TrEOREM 1F. Let G(-) be a groupoid, H(-) any left (right, two-sided) ideal
of G(-). Moreover let G(-) possess an isotope Q(o) with a unit. Then Q(o) pos-
sesses a left (right, two-sided) ideal K (0) whose elements are in one-to-one corre-
spondence with those of H. If H(-) satisfies both (ii) and (iv) above, then K (o)
is isotopic to H(-).

COROLLARY. If G(-), Q(0) are isotopic groupoids, each with a unit, then their
(two-sided) ideals are isotopic in pairs.
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Proof. Again assume that Q(0) =G(0) where the latter is given by (1.6).
It follows at once, by (ii) and (i), that H forms a left ideal H(o) of G(0). In
fact if a €H then aL;'=bEH and so xoa =xR,~!-b&H for all x of G. More-
over the identity mapping sets up a one-to-one correspondence between the
elements of H(o) and H(-). If H(-) satisfies (iv) as well as (ii), then both
Ly and R,™! are permutations of H as well as of G, and (1.6) immediately
yields the fact that the groupoids H(-) and H(o) are isotopes. This completes
the proof for left'ideals, and the other cases give no trouble. The corollary is
immediate.

It should perhaps be pointed out that in the theory of linear algebras (of
finite order over a field) we consider only those ideals (in the present sense)
which form a group under addition. But then condition (ii) is a consequence
of (i), and (iv) a consequence of (iii).

Since we have been preoccupied in this section with isotopic systems it
has seemed worthwhile to put up with the nuisance of emphasizing the opera-
tions ((+), (0) or (x)) of the various systems under consideration. In most of
what follows we shall usually assume that the operation in question is (-).
Moreover we shall often write xy for x-y, xy-2 for (z-y) -2, and so forth.

2. Quasigroups and loops. The main purpose of this section is to list for
ready reference the definitions of quasigroup and loop and of certain impor-
tant subsets of the latter. The only novelty in these definitions is the restricted
meaning given to the term abelian. We also give slightly improved analogues
for loops of the theorems of the preceding section.

In terms of the language of §1 a guasigroup G might be defined to be a
groupoid in which every element x is nonsingular. More explicitly a set G
is a quasigroup if and only if the following two laws are satisfied.

I. To every ordered pair x, y of elements of G there corresponds a unique
element xy of G, called their product.

I1. If, in the equation xy=z, any two of the symbols x, v, z are assigned as
elements of G, the third is uniquely determined as an element of G.

Clearly a groupoid is a set in which only (I) is assumed.

A loop is a quasigroup with a unit element. Thus a loop G obeys (I), (IT)
and the following.

II1. There exists an element 1 of G with the property that 1-x=x-1=x for
every x of G.

A loop G can have exactly one unit. Moreover if a subset H of G obeys
(I) and (II), with respect to the operation (-) of G, then it will contain the
unit 1 of G. Such a subset we call a subloop. The order of a loop is by definition
its cardinal number. An infinite loop may contain subgroupoids (subsets
obeying (I)) which are not sublodps, but we shall ignore these in the sequel.
A proper subloop is one which neither coincides with G nor contains only the
element 1.

An associative loop G is one which obeys:
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IV. For every triple x, y, z of G, xy-z=x-yz.

Such a loop is of course a group, and we shall use the terms “group” and “as-
sociative loop” interchangeably.

A commutative loop G is one subject to the following law.

V. For every two elements x, vy of G, xy=yx.

We define a loop G to be abelian if and only if all five of the above laws
hold. Thus for the purposes of the present paper the terms “abelian loop”
and “abelian group” are synonymous. It is important to note that writers on
quasigroup theory (including the present author) have frequently used
“abelian” as equivalent to “commutative,” in contrast with the present usage.
We might also remind the reader that laws (1), (II), and (IV) together imply
(IIT); an associative quasigroup is a group.

Since every loop is a groupoid, all of the theorems and definitions of §1
may be applied immediately to loops. However, Theorem 1F has little inter-
est, since no ideal which is a subloop of a loop can be a proper subloop. It is
easily verified (and we take this for granted) that every groupoid isotopic to
a loop is a quasigroup.

THEOREM 2A. If G is any loop, each of the subsets Ay, A,y A,y A and C of G
(as defined in §1) is a characteristic associative subloop of G. Moreover Ay, A,, A,
and C are respectively isomorphic to the corresponding entities defined for any
loop isotopic to G.

COROLLARY. Every loop isotopic to a group is an isomorphic group.

Proof. The only new point at issue is to show that 4, (for example) is
not only a semigroup but a group. This might appear to follow directly from
Lemma 1B, since every element x of a loop is nonsingular; however, we must
show that if a €4, then L,~! and R,™! are permutations not only of G but
of Ax. If a is in A, write a~1=1L,™!, so that aa—1=1. Then for all x, y in G
we have a(e™x-y)=(a-a~x)y=(aa"1-x)y=xy=aa"'-xy=a(a~!-xy); and so
ax-y=a"l-xy, a~!is in 4,. As in the proof of Lemma 1B, we may now
show that L, '=L,1, R;~'=R,1. At this stage Lemma 1B may be applied
to show that 4, is a group. A similar proof may be used in the case of 4,,
but 4, requires special handling. If a €4, we define a~!=1L,"! as before,
so that ae—!=1. Thus for every x in G, xa-a~1=x-aa~'=x, whence R;t=R,™!
and, in particular, a~lea=1. A similar calculation now gives L,t=L,"1
Finally, if x, y are in G we set 2=yL,™1, so that y=as, and derive xa~1-y
=xa7'-as=(xa"'-a)z=xz=x(a"'-az) =x-a"'y. It follows that a~! is in 4,,
and the proof may readily be completed.

3. Normality for loops. The inner mapping group. A single-valued map-
ping T of a loop G upon (into) a loop K is said to be a komomorphism of G
upon (into) the loop K if and only if

3.1 (x0T = (2T)(yT)



256 R. H. BRUCK [September

for all x, y of G. Moreover, G is said to be homomorphic with (with a subloop of)
K, and the loop GT consisting of all xT with x in G is said to be the map or
komomorph of G under T. (Clearly G is homomorphic with GT for any homo-
morphism T of G.) In the notation of R. Baer [3] the subloop H of G con-
sisting of all x such that xT=1T is called the kernel of T.

DEFINITION. A subloop H of a loop G is a normal subloop of G if and only
if H is the kernel of some homomorphism of G.

A. A. Albert [1, 2] and M. F. Smiley [1] have given necessary and suffi-
cient conditions that a subloop H be normal. (We shall derive an equivalent
condition below.) Moreover, these authors and Baer, particularly the latter,
have developed an extensive theory of normal subloops, wholly analogous to
the corresponding theory for groups. It will be convenient to list some of
their theorems without proof, and we shall do so, but our main purpose here
is to develop an analogue for loops of the inner automorphism group of a
group. In some cases this “inner mapping group” & facilitates brief proofs of
known results. It also leads to one theorem which seems to be new (Theo-
rem 3G).

LemMA 3A. If H is a subloop of a loop G, the following condition is necessary
and sufficient that H be normal in G: Let x, v be arbitrary but fixed elements of G;
then, in the equation

3.2) hx-hyy = hs-xy,

whenever two of h1, hs, hs are assigned as elements of H the third is uniquely de-
termined as an element of H.

Proof. (i) Sufficiency(®). Suppose that the subloop H satisfies the condi-
tion of Lemma 3A, and designate by Hx the set of all elements hx with &
in H. From (3.2) with x =1 (the unit of G) we see that any element of a “coset”
Hy determines the same coset. Moreover for any elements x, v of G,

3.3) Hx-Hy = H-xy.

If x, z are given, and if y is the unique solution of the equation xy =32, it fol-
lows from (3.2) that a necessary and sufficient condition that Hx-u=Hz for
an element u of G is that w € Hy. Similarly if y, z are given and if x is deter-
mined by xy=z, it follows that a necessary and sufficient condition that
v- Hy = Hz for an element v of G is that v& Hx. Therefore the set G/H consisting
of all the distinct cosets Hx is a quasigroup. Moreover, by (3.3), the single-
valued mapping T defined by xT = Hx is a homomorphism of G, and xT=1T
if and only if Hx=H or x&€H. Thus H is a normal subloop of G.

(ii) Necessity. Let H be the kernel of a homomorphism T of G. If xT=yT,
let u=yR,™'. Then ux=y, uT -xT=yT=xT=1T-xT, uT =1T, u&H. But

(®) The method used in this proof is essentially that of Smiley [1].
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conversely if € H then (ux)T'=uT -xT=1T-xT=xT. Hence the coset Hx
consists of exactly those elements y for which yT' =xT. The rest of the proof
is an obvious consequence of this fact and (3.1).

In this proof we have incidentally encountered the notion of a quotient
loop G/H. The following theorem is obvious:

THEOREM 3A. Let H be the kernel of a homomorphism T of a loop G. Then
the quotient loop G/H is isomorphic to the homomorph GT under the mapping
Hx—xT.

From (3.2) with k.=1 we derive :R.R,=h3R.y, or IR, ,=h;, where

(3.4) R.., = R.R,R:,.
Again from (3.2) with k=1 we derive bR L,.=h3R,y or ho M, =h3, where
(3.5 M, = RszR::

Thus the following is an immediate consequence of Lemma 3A.

LeMMA 3B. A necessary condition that a subloop H of a loop G should be
normal in G is that H be mapped into itself by all the permutations R, y, M.,
and their inverses.

We say of course that H is mapped into itself by a mapping S of G if
hSEH for every k of H. It would be fairly easy to show at this stage that
the condition of Lemma 3B is also sufficient, but we shall do this more ele-
gantly later.

DEFINITIONS. If G is a loop, let ® be the permutation group consisting of the
permutations R., R,~!, L., L,~* for all x in G, and of all products of a finite
number of these. We shall call &(4) the group associated with G.

Let 3= be the subgroup generated by the set of all permutations R, ,, M.,
with x, vy in G. We shall call I the inner mapping group of G.

THEOREM 3B. Let G be a loop, ® its associated group, and I its inner map-
ping group. Then 1U =1 for every element of 3§, where 1 is the unit of G. More-
over every element X of ® has a unique representation X = UR, where U is in &
and (hence) x=1X.

COROLLARY 1. 4 necessary and sufficient condition that an element T of ®
bein S isthat 1T =1.

COROLLARY 2. Every element X of & has a unique representation X =VL,
where V is in S and (hence) x=1X.

COROLLARY 3. Ifaisin G, X in ®, then aX =aU-x=x-aV where U, V are
inSand x=1X.

(4) This is Albert’s group G, (Albert [1, 2]).
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COROLLARY 4. If G is a finite loop, G:1=8:3. In other words, the order of
G is the index of S in ®.

Remark. The suggestion implied in Corollary 3 is frequently useful. For
example if b= [r(ap-¢)|L,~! it may be important to know that b=aU-x
=x-aV where x=(r-pg)L,~* and where U, V are in §. In many cases we have
little interest in the exact determination of U and V.

Proof. From (3.4) we see that 1R, ,=(xy)R.,~!=1, and then also that
1=1R, % Similarly 1M, ,= (xy)R.y,'=1and 1=1M,, . Since the set con-
sisting of the R, ,, M,,, and their inverses generates &, 1U=1 for every U
of & "Thus if X=UR, where U is in & we have 1X=1R,=x, so that x is
uniquely defined. Moreover U=XR,™}, and so U is also unique. It remains to
show that every X of G has at least one representation UR, with U in &,
and this we proceed to do by means of the seven identities which follow:

()  R:Ry = R.y Ruy;
(ii) R.Ly,= My .- Rys;

(i) R.R, = Ry R, where p = xR, ;

(3.6) (iv) R.L, = M,.-R, where ¢ = «L, ;
(v) L,=M.1R;;

(vi) R. = Ry. R, where u = 1R, ;

(vi) L. = M.. R, where v = 1L

These are all readily verified. For example, consider (iii). If p =xR,™* then
py=xandso R, ,=R,R,R; " orR,,, =R, R,R,,or R,R, =R, ;7 'R,
Note moreover that the last three come from (ii), (iii) and (iv) with x=1.

It follows from the definition of @ that each element X of & has at least
one representation of form

(3.7) X=XXs X,

where r 21 is a finite integer, and where each X; has one of the forms R,, L,,
R, L, 1. For X's with »=1 the theorem is immediate in view of (v), (vi)
and (vii). Thus we assume inductively that it has been proved for all products
(3.7) with less than 7 factors; then X =VR,.- X, where VES, xEG, and where
X, has one of the four types just mentioned. In each case we have R.X,=WR,
by (3.6), with WES, 2&G. Therefore finally X = VWR,=UR, with UES,
and the induction is complete. This demonstrates the truth of Theorem 3B.
Corollary 1 is obvious. As to Corollary 2, if 1X=x, set V=XL,'. Then
1V=xL,'=1,s0 Visin &; and moreover X = VL,. Corollary 3 then follows
from Theorem 3B and from Corollary 2. As to Corollary 4, we deduce from
the theorem that each coset 3X of the subgroup & of @ determines a unique
element x of G such that 3X =3JR,; thus the number of distinct cosets is
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equal to the order of G. (It is moreover clear that Corollary 4 holds in a sense
even for infinite loops.)

THEOREM 3C. Let G be loop, I the inner mapping group of G. Then a neces-
sary and sufficient condition that a subloop H of G should be normal in G is that
H be mapped into itself by §. (In symbols, HY¥<H.)

Proof. Necessity follows from Lemma 3B and the definition of &. As to
sufficiency, we need merely verify the condition (3.2) of Lemma 3A, and we
shall do this by repeated use of Corollary 3 to Theorem 3B. Let x, y be arbi-
trary but fixed elements of G. Then if A, ks are any two elements of G,
not necessarily in H, we have kx-hy=hU-(x -hyy)=RU)-(hV-xy)
=(mUW hV)-xy, where U, V, W are in & and are independent of &,.
(In particular W—!'=R;,y,,,.) Thus equation (3.2) may be written as
MUW - -hoaV=hs. If hsis in H, so is hV, and then by UW (or k) is in H if and
only if ks is. Similarly kyx-hey=hoU- (hix-y) =he U- (m1V-xy) (heUW-biV)-xy
for suitable U, V, W independent of ks, and thus if & EH we see that ke €EH
if and only if ks&€ H. This completes the proof.

Remarks. (i) We have defined & to be the group gemerated by the set of all
permutations R.,, and M, ,. But the set of all permutations

(3'8) Lz,y = L:pLyL;zl
and
(3.9) N.,=LR.L,.

may also be shown to generate ; and finally the set consisting of all the permuta-
tions Ry, Lo,y and

(3.10) T,=R.L

is another generating set. (We omit the proof of these easily proved state-
ments.)

(ii) When G is a group, every element of & has the form R.L,. Since
1R.L,=vyx we see that & consists of the elements R,L,;~1. Thus J reduces to the
group of inner automorphisms of G, as might have been expected.

(iii) There exist non-associative loops G for which & is a group of automor-
phisms, and others for which this is not the case. (See Chapters II, II1.)

(iv) In any problem concerning normality it is clearly always permissible to
work not with all of & but merely with any set S of generators of §. (We shall
occasionally use this fact in later sections.)

THEOREM 3D. (i) The centre C of a loop G is the set of all a of G for which
aS=a (by which we mean that aU=a for every U of 3). (ii) If a3 =a, xEG,
TE®, then (ax)T=a-xT.

CoroLLARY 1. C is a normal subloop of G.
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COROLLARY 2. IfaEC, xEG, TEO, then (ax)T=a-xT.

Proof. Let @, x, ¥ be elements of G, with a3 =a. Then (ax)R,=ax-y
=aqU-xy=a-xR,, and hence (¢-xR,')R,=a-xR,'R,=ax or (ax)R,™!
=ga-xR,. Similarly (ex)L,=a -xL, and (ax)L,'=a-xL, . Since @ is gen-
erated by the R,, L, and their inverses, we have proved (ii). With the same
hypothesis on a we have

3.11) ax = xa
for all x of G, since xa=aU-x=x for some UEZ. Moreover the equations
(3.12) ax-y = a-xy, xa-y = x-ay, xy-a = x-ya

hold for all x, ¥ of G, since, by (ii) and (3.11), both sides of each equation
can be replaced by a-xy. But equations (3.11), (3.12) state that e is in C,
according to the definition given in §1. If conversely a satisfies (3.11), (3.12)
for all x, y of G, the first equation of (3.12) may be written as a¢R,,,=a and
as a=aR, . Moreover the second equation, by virtue of (3.11), may be re-
written asax-y=x-ay,whencex-ay=ax-y=a-xyoraM, ,=aande=aM. .
Since & is generated by the R,,,, the M,,, and their inverses, we have a3 =a
for every element a of C. This proves (i).

Corollary 2 is an immediate consequence of Theorem 3D, but for Corol-
lary 1 we must give the proof, hitherto omitted, that C is a group. Let a, b
be any two elements of C. Then for every U of &, (ab)U=a-bU=ab, or
(ab)F =ab. Again if ax=>b then ax=50J =(ax)I=a-x3J, so x=xJE&C. Since
ax=xa, C is a subloop of G, and it follows from (3.11), (3.12) that Cis in fact
an abelian group. Corollary 1 now follows at once.

DEFINITION. If A, B are subloops of a loop G, then AN B, the set consisting
of all elements of G which are common to A and B, is called the intersection of A
and B.

The definition may clearly be extended to any finite or infinite set of sub-
loops of a loop. Such an intersection is readily shown to be a loop (compare
the first sentence in the proof of the theorem which follows).

TaEOREM 3E(%). Let Q be any set of normal subloops K of a loop G, and let D
be the intersection of all the K's of Q. Then D is a normal subloop of G.

Proof. If, in the equation xy =2z, two of x, ¥, z are given as elements of D,
the third is a uniquely determined element common to all the K’s and hence
in D. Moreover DJ is in all the K’s and hence in D.

DEerFINITIONS. If 2 is a set of subsets S of a loop G, the smallest subloop
of G which contains each S of T (that is, the intersection of all subloops which
contain each S of ) is designated by {Z}. Frequently {Z} is termed the

(%) Smiley [1]. For  finite this was previously proved by Albert [2].
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subloop generated by Z, or by the subsets S of Z.

If 4, B are subloops of a loop G, {A, B} is termed the union of 4 and B.
This definition may also be extended to any finite or infinite set of subloops
of G.

TueoREM 3F (8). If H, K are normal subloops of G then {H , K } is @ normal
subloop of G and {H, K} =HK = KH, where HK is the set of all hk with hEH,
kEK.

The proof of this theorem by the present methods is brief but not.very
elegant; hence we omit it. The result extends of course to the union of any
finite number of normal subloops, and from this fact we deduce the following
theorem which appears to be new for loops.

THEOREM 3G. Let 2 be any set of normal subloops K of a loop G. Let S be
the set of all elements of G contained in one or more unions of a finite number of
K's of G. Then S is a normal subloop of G; and in particular S is the union of
all the K's of 2.

COROLLARY. The union of any set of normal subloops of a loop G is a normal
subloop of G.

Proof. Clearly S contains every K of Z, and is contained in the union of
the K's. If @ is in S then a is in some union P of a finite number of K’s. But
P is a normal subloop of G, and P=<S. In particular egF=<PF<P<S, and so
SF=.S. It now follows that S will be both a normal subloop and the union
of all the K's, provided only S is a subloop of G. If also b&.S then bEQ and
a, bEPQ=R, where Q, R are both “finite” unions and thus both in S, both
normal subloops of G. Clearly ab and the solutions x, y of ax=>5, ya=>b are
in R and hence in.S. Thus S is a loop and the proof is complete. It should
perhaps be noted that we have leaned somewhat heavily upon the axiom of
choice.

Remark. In the process of determining the inner mapping group §=3(G)
of a loop G we introduced the notion of the group ® associated with a loop G.
If B is an abstract loop isomorphic to a subloop 4 of G, it is readily verified
that B is a homomorph of the subgroup % of & generated by the set of all
permutations L,, R, of G with a in 4. Thus in particular we may always con-
sider the inner mapping group 3(4) of a subloop 4 of a loop G to be a sub-
group of the group &=3(G).

THEOREM 3H. Let K be a subloop and H a normal subloop of a loop G. Then
D=HNK is a normal subloop of K.

CoROLLARY. If, in addition, H is a subloop of K, then H is normal in K.

Proof. As remarked earlier, D is a subloop of G and hence of K. Also
(®) Albert [2, Theorem 3], Smiley [1, Theorem 4], Baer [3, Theorem 1].
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D -Y(K)=H-F(K)=H, so D-J(K)S(HNK)=D. In the case of the corol-
lary, D=H.

THeEOREM 31(%). If H is a normal subloop of {H , K} for K a subloop of the
loop G, then {H , K } =HK=KH, and reciprocal tisomorphisms between
(HK)/H and K/(HNK) are obtained by mapping the coset X of (HK)/H
upon the set XNMK and by mapping the coset Y of K/(HNK) upon the set HY.

A proof by the present method would be exceedingly awkward. The nor-
mality of HNK in K follows from Theorem 3H.

THEOREM 3]. Let H, K, L be subloops of a loop G, and let K be a normal sub-
loop of L. Then HNK is a normal subloop of HNL.

Proof. Write A =HNK, B=HNL, N=3J(B). We may assume, by the
preceding remark, that MSJEH)NIF(L). Then AM=HM=<H and AM
SEKM=K,so AM=(HNK)=A4.

The following theorem, for which we shall have frequent use, is very often
taken for granted in the literature. We shall omit the proof, merely remarking
that this can be given most neatly by the methods of Baer [3](%).

THEOREM 3K. Let H be a normal subloop of a loop G. Then every subloop S
of the quotient loop G/H has a representation K/H where K =H is a unique
subloop of G, namely the set of all elements of G contained in the cosets Hx belong-
ing to S. Moreover K/H is a normal subloop of G/H if and only if K is a normal
subloop of G; and when this is the case, G/K is isomorphic to (G/H)/(K/H).

Later we shall have occasion to refer to the Jordan-Hélder theorem and
the Zassenhaus refinement theorem, which have been proved for arbitrary
loops by Albert [2], Smiley [1], and Baer [3]. Albert has also shown that,
for isotopic loops, normal subloops are isotopic in pairs, whence in particular
the quotient loops in the composition series of isotopic loops are also isotopic
in pairs.

In concluding this section we might remark that our inner mapping group
& has been put to quite a different use in earlier work. Baer has employed it
in a representation of any loop as the set of cosets of a group @ modulo a
non-normal subgroup &, under an unusual form of multiplication.

4. w-series for loops. We first define the notion of a characteristic property
w. Let the statement “the element ¢ of the loop G has property m with respect
to G” (which, temporarily, we shall abbreviate to “arG”) be determinative.
Then 7 will be called a characteristic property of loops if and only if it pos-
sesses the following properties(?) for every loop G:

(") Baer [3, Theorem 1].

(%) See also Zassenhaus [1, p. 30].

(®) Our thanks are due to C. J. Everett for critical comments in this connection. We also
take this opportunity to express our indebtedness to R. A. Good for many valuable improve-
ments to Chapter I, and to §4 in particular.
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(1) 1xG, where 1 is the unit of G.

(ii) If awG and a € H, where H is a subloop of G, then arH (distributivity
to subloops).

(i) If anG and of GT =H, aT =b, where T is an isomorphic mapping of G
upon H, then brH (abstractness).

We note in passing that properties (i), (ii), (iii) may easily be shown to
be independent—by consideration, for example, of the following proper-
ties 7: “a is not the unit element of G”; “a=x% for some x of G”; “a is a
matrix.” The term characteristic is partly justified by the fact that the non-
empty subset G, of G, consisting of all @ for which arG, is mapped into itself
by every automorphism of G, as follows from (iii). As an example of such a
characteristic property we may cite the case “e&B” where B is any fixed
one of the characteristic subloops 4y, 4,, 4,, 4 or C dealt with in the preced-
ing sections. Other examples will be encountered in Chapter II.

We now proceed to lay down a series of postulates which determine a
class of so-called m-admissible loops, for any characteristic property w. These
will eventually be employed (in Chapters I and II) to develop many concrete
analogues for loops of the notion of central series of a group (P. Hall [1]).
The reader may find it helpful to keep in mind the case where G is a group
and where “arG” means “a is in the centre of G.” It seems proper to add that,
inasmuch as characteristic subloops of a loop need not be normal (Baer [3]),
it is necessary here to be more elaborately cautious than in the theory of
groups.

DEFINITION. If 7 is a characteristic property of loops, we shall say that a
loop G is mw-admissible if and only if the following postulates (I), (II), (III),
(IV) and (V) are satisfied.

1. The set G, consisting of all elements a which have property = relative to G,
1s a subloop of G.

" DeFINITION. We designate by Z=Z,(G) the union of all normal subloops
of G which are contained in G,. Z will be called the w-centre(1%) of G.

Note that Z exists, by Theorem 3G. In fact Z is a subloop of G,. More
precisely, G» and Z are respectively a characteristic subloop and a charac-
teristic normal subloop of G.

I1. If K is a normal subloop of G, then G/K satisfies (I).

III. If N is any fixed normal subloop of G, there exists a non-empty subset
S(N)=S:(N, G) of N such that, for a normal subloop K of G, (NK)/K is in
Z.(G/K) if and only if K= S(N).

Remark. We use NK={N, K} instead of N in order to cover the case
that K is not a subloop of N.

DEeFINITION. We designate by H=H,(N, G) the intersection of all normal
subloops of G which contain S(N). Note that H is unique, even though S(NV)
may not be.

(1) A more consistent term would be 7-or, but this is unpalatable.
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By Theorem 3E, H is a normal subloop of G; and clearly H<N. Infact
H is the smallest subloop of N, normal in G, such that N/H=<Z,(G/H).

IV. If M, N are normal subloops of G then M < N implies S(M)<S(N).

V. Every subloop of G satisfies (I), (II), (I11) and (IV).

In the case that 7 is the property of lying in the centre the reader may find
it of interest to verify that every associative loop G is w-admissible. (Infact
Z.(G) and H.(N, G) are respectively the centre and the commutator subgroup
(N, G).) And indeed, with this choice of 7 every loop is m-admissible ; we leave
the proof for a later section.

The following lemmas embody a number of simple facts about 7-admissi-
ble loops.

LemMA 4A. Let 7 be a characteristic property, G a w-admissible loop, and F
a subloop of G. Then:

(a) Fis m-admissible;

(b) FNG, = Fy;

(c) if Gx=F then G, = F;

(d) FNZ.(G)=Z.(F);

(e) if ZL(G)=F, then Z.(G) = Z,.(F);

(f) if F=Z.(G) then Z.(F)=F.

Proof. (a) Clearly postulate (V) is the only one in question. If E is any
subloop of F, E is a subloop of G and hence, by (V), E satisfies the first four
postulates. Thus F satisfies (V).

(b) Since FNG. =< F, the result follows by (ii) (distributivity to subloops).

(c) Since G:=F, Gr=FNG.=F,, by (b).

(d) By Theorem 3H, FN\Z,(G) is a normal subloop of F. But Z,(G) £G,,
and hence FNZ,(G) < FNG, = F,, by (a). Thus FNZ.(G) £Z.(F).

(e) Since Z,(G)=F, Z.(G)=FNZ.(G)=Z.(F), by (d).

(f) If F=Z,(G) then, by (e), F=Z.(G) £Z.(F) £ F, whence F=Z,(F).

LeMMA 4B. If K, N are normal subloops of a w-admissible loop G, andif
KZN, then H,(K, G) SH.(N, G).

Proof. By (IV) and the définition, S(K)=.S(N)=H.(N, G). Hence
H,.(K, G), being the intersection of all normal subloops of G which contain
S(K), is a subloop of the normal subloop H.(N, G).

Lemma 4C. If K is a normal subloop of a w-admissible loop G, then
H(K, G)=11if and only if K £Z.(G).

CoroLLARY 1. H,(1,G)=1.
CoOROLLARY 2. H,(Z.(G), G)=1.

Proof. (Here 1 designates the subloop consisting of the unit element 1.)
By its definition, L=H,(K, G) is the smallest subloop of K, normal in G,
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such that K/L<Z,(G/L). Thus L=1 if and only if K =Z,(G). The corollaries
follow immediately.

DEFINITION. A w-admissible loop G will be called a w-loop if and only if
G.=G; in other words, if and only if G coincides with its w-centre. As follows
from Lemma 4A, part (f), every w-centre is a 7-loop.

DEFINITION. Let G be a w-admissible loop, and let (X), or

(4.1) 1=K SKiS < Kn=G,

be an ascending chain of normal subloops of G, where m is a finite integer,
called the length of (K). Such a chain (K) we shall call a proper x-series of G
if and only if

4.2) H.(K;,G) = Ky, i=01--,m—1
We now define by recursion the series (H) or
(4.3) .Hl = G, H;’+1 = Hr(Hi,G); i = 11 21 ct

which is meaningful for any w-admissible loop.

LEMMA 4D. If the loop G is w-admissible, H; = H;,, for every positive in-
teger i. And if there exists an integer i such that Hi =H; then H;=H; for all
ji.

Proof. The first statement follows from the fact that H,(N, G) SN for
every normal subloop N of G. Again, if H;=H; then H;.=H.(H; G)
=H,(H;, G) =H;1=H;; hence the second statement may be proved by in-
duction.

We shall refer to the series (H) as the lower w-series of G. If H;=H;y, for
a finite integer ¢ we shall call H; the w-potent of G. (The term is due to
R. Baer.) If in addition H;=1, (H) is clearly a proper w-series when written in
the order of decreasing indices.

Similarly for every w-admissible loop G we define the upper w-series (Z) by

4.4 Zy =1, ZifZin = Z2.G/Z:~), i=12,---,

where it is understood for all 21 that Z; is the unique normal subloop of G
referred to in Theorem 3K. Note that Z,=Z,(G)=Z.

LemMmA 4E. If G is w-admissible, Z; 2 Z;, for =1, 2, - - -, and moreover
H,(Zi, G)<Z;1 If there exists a finite integer 1=1 such that Z;=2Z;_,, then
Zi=Z; for all j=i—1.

Proof. This is obvious.
If Ziy1=2Z; for some finite 4, we shall call Z; the hyper-w-loop of G. If in
addition Z; =G, (Z) is clearly a proper m-series.

THEOREM 4A. Let the m-admissible loop G possess a proper w-series (K) of
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length m, as given by (4.1), (4.2). Then: (i) the lower w-series (H) is a proper
w-series of length I, where | Sm; (ii) the upper w-series (Z) is a proper w-series of
length u, where u <m; (iii) l=u.

DEeFINITION. Under the hypothesis of Theorem 4A, the loop G wiil be
called m-nilpotent of class ¢, where c=c,(G) is the common length c=I/=u of
the upper and lower w-series.

Proof of Theorem 4A. (i) H;=K,.=G, by definition, and so H; £ K. As-
sume inductively that H;<K,1—: for some ¢=1. Then H;=H.(H; G)
<H.(Kmy1—i, G) SKn_i. Here we have used Lemma 4B and have tacitly
assumed Z=m. Our induction is thus complete and yields in particular
H,1=Ko=1, whence Hny1=1. If 120 is the smallest integer for which
Hy.1=1 we have I=m. Moreover the series 1 =H;, <H;< - - - <H,=Gisa
proper m-series of length / in the sense of the original definition.

(ii) Ko=Zo=1 and so K¢=Z,. Assume inductively that K;<Z; for some
1=0. Thus, by (4.2), H.(Kit1, G) £K;<Z;, and hence, by postulate (III),
(K.‘.HZ,')/Z.' is in Z,(G/Z,‘), whence K,‘.HZ.' is in Z,‘+1 and K.'+1§Zi+1. (We
have tacitly assumed ¢+1=m.) Thus our induction is complete, and in par-
ticular G=Kn,=<Zn. If u is the smallest integer such that Z,=G it follows
that # <m, and that (Z) is a proper w-series of length «.

(iii) Since (Z) is a proper m-series of length #, it follows from (i) that I Su.
Similarly (H) is a proper w-series of length I, and % =/ by (ii). Thus I=wu.

This is precisely analogous to the type of proof used by Hall [1].

THEOREM 4B. Let G be a w-nilpotent loop of class c. Then every subloop K of
G is m-nilpotent of class not greater than c. More precisely, if d <c is the smallest
integer for which Zy= K, then K has class not greater than d.

COROLLARY. If, under the above hypothesis, K is a simple loop not equal to 1,
then K is a w-loop of class 1, and either K<Z or KNZ=1.

Proof. We define the set (4) of subloops 4; by
(4‘5) A"'—-sz,', i=0’1,2'...,d.

Then from the definition of the Z; we have 1=4,<4,< - - - S4;=K. Fur-
thermore 4;_, is a normal subloop of K and of 4; (Theorem 3H and corol-
lary). We now make two simultaneous applications of Theorem 3I, noting
that 4:N\Z;.;=KNZ;1=A, ;. Under the same isomorphism, 4;/A4;_; and
K/A;_, are ~espectively isomorphic to (4:Z:-1)/Zis and (KZ;1)/Z:-1. But
AZ; \SKZ; , and A:Z;_1=Z;, whence A;Z; 1SZ.N\(KZ;_,). By property
(ii) of the characteristic property w, (4:Z:.1)/Z:_1 is in the w-centre of
(KZi_1)/Z:_,; and the property (iii) of w, namely that such relations are pre-
served under isomorphism, insures that 4;/4;_, is in the 7-centre of K/4,;_;.
That is, 4;/A:1=Z.(K/A:,); or equivalently, H,(4;, K) SA;_;. Therefore
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the series (4) is a proper w-series of K; and by Theorem 4A, K has class not
greater than d.

The loop 1 is clearly m-nilpotent of class 0. If K 51 is nilpotent but simple,
so that K can have no proper normal subloops, it follows that 1=Zy(K)
<Zy(K)=K, so that K has class 1, and K is a w-loop. Again, the subloop
A,=KNZ, given by (4.5), where Z=2,=2,(G), is either 1 or K. This com-
pletes the proof of the corollary.

LeMMA 4F. Let G be a m-admissible loop, K a normal subloop of G. Then
G/K is w-admissible.

Proof. By postulate (II), (I) holds. Again, any normal subloop of G/K
has a representation of form N/K where N is a uniquely defined normal sub-
loop of G (Theorem 3K). By the same theorem (G/K)/(N/K) is isomorphic
to G/N; but (1) is satisfied in G/N, and hence (II) is satisfied in G/K. Asto
(IIT), we clearly may define S(N/K, G/K)=S(N, G)/K and, with this defini-
tion, (IV) will be automatically verified. Finally (V) follows from the fact
that every subloop of G/K has the form F/K where F is a subloop of G. Note
incidentally that H,(N/K, G/K)=[H.(N, G)-K]/K.

THEOREM 4C. Let K be a normal subloop of a w-nilpotent loop G, of class c.
Then G/K is w-nilpotent of class not greater than c—mn, where n is the largest
integer such that Z,< K.

Proof. Define a series (M) by
(4.6) K=Mo, M;/M;_1=Z,(G/M,'_1), 1:= 1, 2,"' .

Then clearly the series (Mo/K)=(M/K)< - - - will be the upper w-series
of G/K. By assumption Z,=< M,. If for some 120 we have Z,,;< M; then
H,(Zutip1; G) £Z a4 =< M, and so, by the argument used in the proof of Theo-
rem 4A, Zn i1 =M. Thus Z, ;S M, for i=0. 1, - - -, and in particular
M. ,=G.

CorOLLARY TO THEOREM 4C. Under the hypothesis of Theorem 4C, K is
contained in a w-series of G. In particular every minimal normal subloop of G
is contained in the mw-centre.

In fact if m is the class of G/K we may choose Ki, Kz, - - -+, Kn=K so
that K;/K2 - - - 2K, /K is the lower w-series of G/K, and then define K;
for i2m4-1 by Ki=H.(Ki_1, G). If the H; are defined as before by (4.3)
we may prove inductively that K,,;<H; for £=1. Thus the series (K) ends
in 1; it is clearly a m-series. If in particular K is a minimal normal subloop of
G we must have Kn=H,(K, G)=1, whence, by Lemma 4C, K is in the
w-centre Z,(G).

DEFINITION. If G is a w-admissible loop we shall call H,(G, G) =G, the
w-derived loop of G.
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DEFINITION. If the series (G¥), defined by
“.7 G'=G, G = H(G,GY), i=0,1,2,---,

ends in the identity we shall say that the w-admissible loop G is w-solvable.
(Note that G+ is the w-derived loop of G%.)

In Chapter III we shall exhibit an example to show that although G+!
is normal in G?, there exist w-admissible loops for which G2 is not normal in G.
Thus, in contrast with the usual situation in group theory, the series (G¥) is
not necessarily a w-series.

If G is a finite w-admissible loop it may readily be deduced from the re-
sults of this section that G is w-solvable if and only if the simple factor-loops
in its composition series are all 7-loops. From this observation we obtain the
:Enalogue tior wm-admissible loops of a theorem on finite groups due to Fitting

1, Satz 1]:

THEOREM 4D. Every finite w-admissible loop G possesses one and only one
maximal, w-solvable, normal subloop S, which contains every other w-solvable
normal subloop of G. S is thus a characteristic subloop of G.

Proof. By Theorem 31, if H, K are normal subloops of G, (HK)/H is
isomorphic to K/(HNK). Thus the simple factor-loops of HK, which, by
the Jordan-Hélder Theorem, are uniquely defined in the sense of isomor-
phism, consist of the simple factor-loops of K/(HMNK) and of those of H.
If H and K are w-solvable, all of these factor-loops are 7-loops and hence the
normal subloop HK is w-solvable. Similarly the union of any finite number of
normal w-solvable subloops of G is a normal w-solvable subloop of G. Thus
we may take .S to be the union of all normal 7-solvable subloops of G. Since
« is a characteristic property, SA will be a normal w-solvable loop of G for
every automorphism A4 of G. It follows that S4 <5, whence S is a charac-
teristic subloop of G.

5. The ¢-loop of a loop. Let x be an element of the arbitrary loop G. We
shall call x a non-generator of G (B. Neumann [1]) if and only if {x, S} =G
implies {S} =G for every subset S of G. The corresponding notion for groups
is essentially due to G. Frattini [1].

THEOREM SA. The set F of all non-generating elements of a loop G #1 is a
characteristic subloop of G. Moreover F is the intersection of all maximum sub-
loops of G.

DEFINITION. F will be called the ¢-loop of G, and will be designated by
#(G).

Proof. If a, b are non-generators, {ab, S} =G implies G= {a, b, S} = {b, S}
= {8}, since {a, b, S} certainly contains {ab, S}. Similarly {aR;™!, S} =G
and {aLs!, S} =G separately imply {S } =G. Thus ab, aL;~! and aRy are
non-generators, whence F is a subloop of G. If T is any automorphism of G,
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and S any subset of G, {S} =G implies { ST} =GT=G; and from this fact it
may be deduced that F is characteristic. We omit the proof of the second
statement. The corresponding proof by B. Neumann [1], given for arbitrary
groups, is valid without change for loops. (It should be noted that Neumann’s
proof is based on the axiom of choice.)

For the loop 1 of order one, where the notion of a non-generator is not
very meaningful, we shall define the ¢-loop to be the loop itself. For a loop
G #1, ¢(G) cannot contain every element of G (as is trivially evident), and
hence the series

(51) G=Fy>F, >F,> ---,

where Fi=¢(Fi,) fori=1, 2, - - -, is a strictly decreasing series of charac-
teristic subloops of G. Moreover if G is a finite loop we must have F;=1 for
some 4. The author has given several constructions (Bruck [3]) of simple finite
loops G for which ¢(G) is at the same time an arbitrary finite loop and a
unique maximum subloop of G. By a repetition of such constructions the se-
ries (5.1) can be made to have any finite length, with none of the F; a proper
normal subloop of G. The contrast with the theory of ¢-groups of a group is
thus very marked (Miller [1, pp. 71-72]), unless attention is restricted to
special classes of loops. .

6. Lagrange properties for finite loops. The following property (L), when
stated for finite groups, is known as Lagrange’s Theorem:

(L) The order of every subloop H of the finite loop G divides the order of G.

Since every finite group G has property (L), the stronger property (L’)
holds for groups:

(L") If K is any subloop of any subloop H of the finite loop G, the order of K
divides the order of H. More briefly, every subloop of G has property (L).

By use of one of the constructions in Bruck [3] one may obtain a loop F
of order S5 with a subloop of order 2 but no other proper subloops. Thus F
does not have property (L). Further one may construct a loop G of order 10,
containing F as a unique maximum subloop (which is in fact normal in G).
It follows that G has two subloops of orders 2 and 5, but no other proper sub-
loops. Therefore G has property (L) but not, however, property (L’). On the
other hand it should be obvious that if a finite loop G has property (L') then
so does every subloop of G.

Hausmann and Ore [1] have restricted their attention to quasigroups in
which a coset expansion (in a sense wholly analogous to that for groups) exists
with respect to every subquasigroup. Thus in their work property (L) and
often property (L’) are trivially satisfied for finite quasigroups. The following
treatment, to which we shall wish to refer in later sections, is wholly inde-
pendent of the restrictive hypotheses of Hausmann-Ore.

THEOREM 6A. Let G be a finite loop, and let the decreasing series of subloops
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6.1) G=CzCz---2CG=2Cpn=1

be such that Ciy1 is a normal subloop of C; and that C;/Cip1 has property (L)
Jori=0,1,2, - - -, r. Then G has property (L).

Proof. By hypothesis C,=C,/C,_; has property (L). Assume inductively
that C; has property (L) for some ¢ with 0 <Z =<7, and let .S be any subloop of
Ci1. Then, since C; is normal in Ciy, {S, Ci} =SC; and (SC:)/C: is isomor-
phic to S/(SNC;), as follows from Theorem 3I. Since (SC;)/C; is a subloop
of Ci_1/C;, and'since the latter has property (L), it follows that the order of
S/(SNC;) divides the order of C;_i/C;:

(6.2) [s:¢sNcy]| [CoazCil,

where as usual [4:B] refers to the order of 4 divided by the order of B, and
m|n means that the integer m divides the integer #. But also SNC; is a sub-
loop of C; and so, by our inductive hypothesis, we have

(6.3) [(sNCy:1]] [Ci:1].

Since [S (SnC.) ] . [(Sf\C.) i1 ] = [S' 1] and [C,'_],: C.] . [C,’I 1 ] = [CS—I: 1] we
see from (6.2) and (6.3) by multiplication that

(6.4) [s:1]] [Ciaz1].
Thus C;_y has property (L), whence Theorem 6A follows by induction.

THEOREM 6B. Let the finite loop G have a descending series (6.1) such that
Ciq11s a normal subloop of C; and C;/Cis1 has property (L') fori=0,1,2, - - -, r.
Then G has property (L'). Conversely, if G has property (L') and if (6.1) is any
descending series such that Ci.1 is a normal subloop of C; for 1=0,1,2, - - 7,
then Ci/Ciy1 has property (') fori=0,1,2, - - -, r.

Proof. (a) Sufficiency. Assume that (6.1) is given with the prescribed prop-
erties and let H be any subloop of G. Since Co=H there exists a greatestin-
teger s=0 such that C,=H, and we define

6.5) 4, =C;NH, i=s54+1,---,r+ 1.

By Theorem 3], 44 is a normal subloop of 4; for i=s, s+1, - - -, . Since
Cinn=C; and A;=C; it follows that A,Cin= {A i C.-+1} =<C;, whence
(4:Ci41)/Cisr is a subloop of C;/Ciy1 and thus has property (L’). Again,
A.-f\C;+1 =Hf'\C,-f'\C;+1 =an,'+1 =4 i+1y and SO, since the loops (A .'C,'+1)/C.'+1
and 4;/(A:N\Ciy1) =A;/A s are isomorphic, it follows that 4;/A4 ;1 has prop-
erty (L) for ¢=s, s+1, - - -, r. An application of Theorem 6A now shows
that H=A, has property (L), whence G has property (L').

(b) Necessity. If G is a finite loop with property (L’) and if H is a normal
subloop of G, it is a trivial consequence of the familiar Theorem 3K that
G/H has property (L’). Now let (6.1) be any decreasing series of subloops
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of G with C;3 normal in C; for =0, 1, 2, - - -, r. Then since C;, as a subloop
of G, has property (L’), it results from the preceding remark that C;/C;;; has
property (L’).

It should perhaps be noted that the trivial series G=1 has not been ex-
cluded as a series (6.1).

As may readily be deduced from Theorem 6B, a necessary and sufficient
condition that a finite loop G have property (L') is that each of the simple factor-
loops in a composition series of G have property (L'). Albert [2, p. 412] defines
a finite loop to be solvable provided each of its simple factor-loops is without
proper subloops. Since a loop without proper subloops trivially has property
(L) we see that every finite loop which is solvable in the sense of Albert has
property (L7).

The following theorem, which can in fact be deduced from Theorem 6A
and the definitions of §4, has especial interest for the sequel.

TuEOREM 6C. The following properties are equivalent for any fixed charac-
teristic property m:

(i) Every finite w-loop has property (L’).

(ii) Every finite w-nilpotent loop has property (L’).

(iii) Every finite w-solvable loop has property (L').

Proof. This is a simple corollary of Theorem 6B.

COROLLARY. If the characteristic property m is so chosen that w-loops are
groups then every finite w-solvable loop (and hence every finite w-nilpotent loop)
has property (L').

The proof of the following theorem closely parallels that of Theorem 4D,
and hence is omitted.

THEOREM 6D. Every finite loop G contains one and only one maximal nor-
mal subloop S with property (L’). S contains every other normal subloop of G
which has property (L’), and is thus a chdracteristic subloop of G.

7. Central series. In this section the characteristic property 7 of §4 is
taken to be that of belonging to the centre. Thus the element a of the loop G
has property = with respect to G if and only if

71 ax = xa, ax-y = a-xy, xe-y = x-ay, xy-a = %-ya

for all x, y of G. Then, for any loop G whatsoever, postulate (I) is satisfied;
in fact G, =Z,=Z is the centre of G. Moreover (II) is trivially satisfied. Be-
fore considering the remaining postulates it will be convenient to prove sev-
eral lemmas.

LEMMA 7A. Let H be a subloop of a loop G, and let M be any set of mappings
of H into itself. Let H(IMN) be the subloop of H generated by the set of all elements
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RULy Y with hin H, U in M. Then if K is any subloop of G such that H(M) <K
<H, K is mapped into itself by IM.

COROLLARY. H(MMN) is mapped into itself by M.

Proof. Let x be any element of K <H, U any element of M. Then the ele-
ment xUL,'=7 is in H(M) =K by hypothesis. Hence xU=yL,=xy is in K.

LEMMA 7B. Let N be a normal subloop of a loop G, and let I be the inner
mapping group of G. Then N(3J), the subloop of N generated by the set of all ele-
ments nUL,~ with nin N, U in S, is a normal subloop of G.

Proof. This follows from Lemma 7A and the fact that a subloop of G is
normal in G if (and only if) it is mapped into itself by 3.

DEeFINITION. If N is a normal subloop of a loop G we designate by (N, G)
the normal subloop N(J) defined in Lemma 7B.

LeMMA 7C. Let & be the inner mapping group of a loop G, and let M be
any set of generators of . Then if N is a normal subloop of G, (N, G) is gener-
ated by the set of all elements nUL,~* with nin N, U in M.

Proof. Let the elements nUL,~! generate the loop K. Since N is a normal
subloop of G, N is certainly mapped into itself by . Thus, by Lemma 74,
K is mapped into itself by . Since I generates J, K is also mapped into
itself by &, and hence is a normal subloop of G. Where U, V are in J, suppose
that it has already been shown that nUL,* and #VL,! are in K for all n
of N. Thus nUL, '=kEK; or nU=nk. Hence n=mk)U'=kP-nU"! for
PES, whence n€EK(nU ) =nUN)K, or nU'€nK, nU'L,~'€K. Again
n(UV)=nU)V=(nk)V=kQ-nV for Q€EJ, whence n(UV)EK -nK=nK or
n(UV)L,~*E€K. Thus nU~'L,! and nUVL,™! are also in K, and it follows
by mathematical induction that nUL,~is in K for every U of J. Therefore,
since K is a subloop, (N, G) =K. But it is trivially evident that K=< (N, G),
and so K= (N, G).

LEMMA 7D. Where N is a normal subloop of the loop G, let S(N) be the set
of all elements nToLo", nRz yLa™!, nLz Lo~ with nin N, x, y in G, where

(1.2) T,=R.L., R.y=R.RR. L.y=LLL,.

Then if K is a normal subloop of G, a necessary and sufficient condition that
(NK)/K be in the centre of G/K is that K =2 S(N).

THEOREM 7A. Let N, K be normal subloops of the loop G. Then a necessary
and sufficient condition that (NK)/K be in the centre of G/K is that K Z (N, G).

COROLLARY. Where S(IN) has been defined in Lemma 1D, {S(N)} = (N, G).

Proof of Lemma 7D and Theorem 7A. Necessary and sufficient conditions
that the coset #K be in the centre of G/K may be written as follows, where
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x, y range over all elements of G:
(nx)K = (sm)K, (nx-y)K = (n-zy)K, (an-y)K = (x-ny)K,
(zy-n)K = (x-yn)K.

By use of (7.2) the first relation of (7.3) may be written equivalently in any
one of the following ways: [x-(nT.)]-K=(xn)K; (xK)[(nT.;)K]=xK -nK;
(nT.)K=nK; nT.EnK; nT.L,~'€K. Similarly the second and the fourth
relations of (7.3) are respectively equivalent to #R; ,L,~*€K and nL, L,™!
E€K. Hence the condition K =.S(N) is necessary. The third relation of (7.3)
may be written in the equivalent form

(7.3)

(7.4) nCopln' € K, Cay=L.R,.L.Ry.
It was shown in §3 that the set of all permutations R,,, and M, ,, where
(7.5) M.y = RL.Rey = TyLy.To,

is a set of generators of &. Thus the set of all permutations R,,y, L.,y and T,
also generates &, whence, by Lemma 7C, {S(N)} = (N, G). Hence the condi-
tion K = (N, G) is also necessary.

Conversely, if K = S(N) then K = {S(N)} = (N, G). But 1C.,
=(xy)L;'R,1=1, so C,,,€Z. Thus nC,,,L,~'is in (N, G) and hence in K.
But it should be clear from what has gone before that the conditions K = .S(N)
and K9nC, ,L,~! for all EN, all x, yEG, are together sufficient as well as
necessary in order that (NK)/K be in the centre of G/N. This completes the
proof.

If we either take S(V) as in Lemma 7D or set S(IV) = (&, G) there is no
difficulty in verifying that the remaining postulates (III), (IV), and (V) are
satisfied with H,(N, G) =(N, G). Hence all the results of §4 are valid in the
present circumstances. We may either drop the prefix “r” or replace it by the
adverb “centrally.”

Every loop is centrally admissible. In a centrally nilpotent loop the upper and
lower central series have the same length c, the central class of the loop (Theo-
rem 4A). Every subloop of a centrally nilpotent loop is centrally nilpotent
(Theorem 4B). If K is a normal subloop of the centrally nilpotent loop G,then
G/K is centrally nilpotent; moreover K is contained in a central series of G
(Theorem 4C and corollary). The subloop (G, G) =G’ we call the (centrally)
derived loop of G.

It follows from the general definition in §4 that a centrally solvable loop
is one in which the series G=G*ZG'=G?= - - -, defined recursively by

(7.6) G'=G, G*'=(GGY), 1=012---,

ends in the identity after a finite number of steps. It is to be noted that for
any loop G, G/G' is a “central” loop, that is, an abelian group. Thus the suc-
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cessive quotients G*/G*t! are all abelian groups. Since every isotope of a
group is an isomorphic group, and since isotopic loops have isotopic quotient
loops, it follows that every loop isotopic to a centrally solvable loop is centrally
solvable. To this extent the present definition of solvability is superior to that
given by Albert. (See Albert [2] for his definition of solvability and for the
theorems to which we have just appealed.) It may also be stated, on like
grounds, that every loop isotopic to a centrally milpotent loop is centrally nil-
polent.

Finally we note that, since “central” loops are abelian groups, it follows
from Theorem 6C that the order of every subloop of a finite centrally nilpotent
(or centrally solvable) loop divides the order of the loop. More specifically, finite
centrally nilpotent or solvable loops have property (L').

LEMMA 7E. Let the loop G have centre Z#~1. Let H be a proper subloop of G
with the properties HN\Z =1, HZ=G. Then G is the direct product of H and Z:
G=HXZ.

COROLLARY. G'<H.

Proof. In what follows let %'s and 2’s refer respectively to elements of H
and of Z. By assumption, every element of G has a representation kz. But
this representation is unique, for if hz="h2, then k-22,7'=h; or L, '=22""!
E(HNZ) =1, so hy=h, z,=3. Finally, the equation

7.1 hiz1-hoza = hazs
is equivalent to the two equations
(7.8) h1h2 = hs, 2123 = 23.

It follows that G=H X Z (Albert [2]) and, as a consequence, that H is a nor-
mal subloop of G. (This might also be verified by use of one of the criteria
discussed in §3.) Thus G/H is isomorphic, to the abelian group Z, whence
H= (G, G)=G’. (It may indeed be shown by direct computation with & that
H'=G’, but we shall not use this fact.)

THEOREM 7B.. Let G#1 be a finite centrally nilpotent loop, H a maximum
subloop of G. Then (i) H=G'; (ii) H is a normal subloop of G; (iii) H has prime
index in G.

Proof. First we note that (ii) and (iii) are immediate consequences of (i).
In fact if H/G’ is a maximum subgroup of the abelian group G/G’ then H/G’'
is normal in G/G’ and the group (G/G')/(H/G’) or G/H is a cyclic group of
prime order.

As to (i), it is certainly true when G has prime order p, since in this case G
is a cyclic group. Thus we may assume inductively that (i) is true for any
finite centrally nilpotent loop L such that the total number of prime factors
in the order of L (counted with their multiplicities) is less than the corre-
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sponding number for G. Since G#1 we have Z1 by hypothesis. If we define
Z, by

(7.9) Zi=HNZ

the case Z; =1 may be disposed of immediately. In fact, Z,=1 implies H < HZ,
whence, since H is maximum, HZ =G and we may appeal(!!) to Lemma 7E.
Again, if Z;71, then Z,, as a subloop of the centre G, is a normal subloop of G
(a proper normal subloop, since 1 <Z, < H <G) and our inductive hypothesis
allows us to assume that (i) holds for the finite centrally nilpotent loop G/Z,.
(Cf. Theorem 4C.) Since H/Z, is a maximum subloop of G/Z; we have H= K
where K/Z, is the derived loop of G/Z,. But G/K is isomorphic to the abelian
group (G/Z,)/(K/Z,), and therefore K=G’. Hence H= K =G’, and the proof
is complete.

LemMmA 7F. Let G be a finite centrally nilpotent loop, H a subloop of prime
index in G. Then H is a maximum subloop of G.

COROLLARY. A4 subloop of a finite centrally nilpotent loop G#1 is maximum
in G if and only if it has prime index in G.

Proof. Let a be any element of G which is not in H, and set X = {a, H}.
Then [K:H]>1 but [G:H]=|[G:K][K:H]=p where p is a prime. Thus
[G:K]=1, G=K, H is a maximum subloop of G. The corollary follows from
Lemma 7F and Theorem 7B.

We note in passing that Theorem 7B and the corollary to Lemma 7F in-
dicate a method by which we may obtain a rather weak analogue, for a finite
centrally nilpotent loop G, of the notion of normalizer. Let H be a proper
subloop of G. Then among the set of all subloops {a, H} with @ in G but
not in H there must exist at least one subloop K such that H is maximum in
K. Since K is a finite centrally nilpotent loop, H is a normal subloop of prime
index in K. It follows that we may define a strictly increasing series of subloops
H=H,<H\< - - -, which ends in G, such that H; is a normal subloop of prime
index in H;y, for i=0, 1, - - .. Clearly this result is analogous to the one
which states that in a finite nilpotent group G one may reach the whole
group G from any subgroup H by the process of taking successive normalizers.
However it lacks the important property of uniqueness.

THEOREM 7C. The ¢-loop D=¢(G) of a finite centrally nilpotent loop G is a
characteristic normal subloop of G, and G/D is an abelian group.

Proof. By Theorem SA, D is characteristic and is the intersection of all
maximum subloops of G. Since, by Theorem 7B, maximum subloops are nor-

(1) Indeed we may even obtain a contradiction, on the ground that Hs1 is centrally
nilpotent and that the centre of a direct product is the direct product of the centres. Thus every
maximum subloop of a finite centrally nilpotent loop has a nontrivial intersection with the
centre,
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mal, D is normal. Finally since every maximum subloop contains G’, D =G’,
and so G/D is an abelian group.

DEeFINITIONS. If G is a finite centrally nilpotent loop, let P be the set of all
primes p for which there exists a maximum subloop H of index p in G.

For each fixed p in P let D, be the intersection of all maximum subloops of
index p in G.

THEOREM 7D. If G is a finite centrally nilpotent loop, then for each p of P,
D, is a characteristic normal subloop of G, and G/D, is an elementary abelian
group of type (p, p, - - - ). Moreover D=¢(G) is the intersection of all the D,
and the abelian group G/D is isomorphic to the direct product of the groups G/D,.

Proof. Since D, is the intersection of all maximum subloops of index p
it is clearly characteristic; it is also normal by Theorem 7B. From the defini-
tion of the D, it is evident that D is their intersection.

Let M be any maximum subloop of index p in G, let x be any element of G,
and let x® designate any “pth power” of x, the grouping of the factors being
quite arbitrary. Then since G/M is a cyclic group of order p, (xM)?=x?M
=M, or x»& M. Since this is true for any such x and any such M, we have
x?&D,. Moreover since M =G’ for each such M we have D,=G’. Thus
G/D, is an abelian group in which each element save the identity has order p;
in other words, G/D, is an elementary abelian group. of type (p, p, - - - ).

Now let N be the product of the distinct primes p contained in the set P,
and write N/p=N,. If x is any element of G, then, since G/D is an abelian
group, the coset x¥D is the same for every grouping of the factors in the
“power” x¥. In particular x¥D = (x¥»)?-D for each p of P. Now (x¥»)? and
D are both in D,, whence x¥D is in D, for each p of P, or x¥D is in D. Thus
the order of every element of G/D is a divisor of N. It follows at once from the
theory of abelian groups that G/D is a direct product of groups A,/D, pE B,
where A,/D is the unique subgroup of G/D, consisting of all elements of
G/D whose orders divide p. Thus A, is a unique normal subloop of G.

If A/ is defined to be the union of the A, with g, then it is clear that
A} /D is the direct product of the A,/D with ¢#p and that G/D=(A,/D)
X (A7 /D). Thus G/A}, or the isomorphic group (G/D)/(A, /D), is isomor-
phic to A,/D. Since Ay =D and since G/A, is elementary abelian of type
(p, p, + - ), it follows that A} =D ,. But also we must have A,= D, for g5,
and hence A, =D,, inasmuch as Ay MA,=D. This completes the proof of
Theorem 7D.

DEFINITION. A set B of elements of a loop G will be said to constitute a
basis of G if {B} =G, and a minimal basis of G if in addition {C} <G for any
proper subset C of B.

The following theorem reduces to the well known Burnside basis theorem
in the special case mentioned in Corollary 2. In any case the proof is based
on that of P. Hall [1, Theorem 1.2, p. 35].
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THEOREM 7E. Let G be a finite centrally nilpotent loop and let x,D, x,D,

*, x.D form a minimal basis of G/D, where D=¢(G). Then x1,%xs, - - -, %,
form a mintmal basis of G. Conversely, if y1, ¥s, - - -, ¥s 15 any basis of G, the
set of cosets y\.D, yoD, - - - | y,D contains a minimal basis of G.

COROLLARY 1. 4 necessary and sufficient condition that every minimal basis
of G contain exactly n elements is that this be true for the abelian group G/D.

COROLLARY 2. If G/D is a p-group of order p4, every minimal basis of G
contains exactly d elements.

Proof. Assume if possible {1, %, - - -, x,} =H=G. Then H is contained
in a maximum subloop M of G. But since M =D we have that M/D con-
tains the set of cosets x1.D, x.D, - - -, x,D, in contradiction to the hypothesis
that the latter generate G/D. Conversely if {y1, 3 - - -, ¥} =G then
wD, v.D, - - -, y,D generate G/D. Hence the set of cosets y;D is either a
minimal basis of G/D or contains a minimal basis as a proper subset.

Corollary 1 is a trivial consequence of Theorem 7E, and Corollary 2 fol-
lows from Corollary 1 and the well known fact that every minimal basis of
an elementary abelian group of order p¢ contains exactly d elements.

In connection with Corollary 1 it seems worthwhile to mention the follow-
ing readily proved fact. Let the abelian group 4 be the direct product of #
cyclic groups A; where 4; has prime order p; and the p; are all distinct. Then
A has a minimal basis consisting of one element; and indeed it has a minimal
basis consisting of r elements for every integer 7 in the interval 1 <r=<n.

In the two theorems which follow we shall assume that G is a finite cen-
trally nilpotent loop, that the centrally derived loop G’ and the ¢-loop
D=¢(G) have orders u and v respectively, and that G/D has order
p(1)8Mp(2)9@ . . . p(r) % where the p(i) are distinct primes, the d(z) posi-
tive integers. According to Theorem 7D, the abelian group G/D is a direct
product of 7 elementary abelian p-groups E;/D, where E;/D has order
p(2)4® and is in fact the uniquely defined subgroup of G/D consisting of all
elements whose orders divide a power of (). Each minimal basis of E;/D
consists of precisely d(¢) members.

Again we borrow from P. Hall [1]. For each fixed 4, let us suppose that
the ordered set

is a set of representatives in E; (and hence in G) of a minimal basis of E;/D.
We regard two such sets (7.10) as the same if and only if they consist of the
same elements in the same order. If we denote the ordered set (7.10) by B;,
then the set B, consisting of all of the elements of the sets By, By, - - -, By,
will be termed a canonical basis of G. As in the proof of Theorem 7E we may
show that a canonical basis is in fact a basis of G. Furthermore we regard two
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canonical bases B, C as the same if and only if, for each 7, the ordered sets
C;, B; are the same.

There are k; ordered minimal bases P(¢, 1)D, - - -, P(3, d(4))D of E;/D,
where
(7.11) ko= ()30 = 1) -+ (PO — p(i) ),

Moreover each such basis is represented by v¢® distinct ordered sets Bi.
Thus, if in each group E;/D a definite ordered minimal basis be chosen, we
derive a total of v¢ corresponding canonical bases B, where

(7.12) d=d(1)+d2)+ - - + d(n).
And finally we see that the total number of canonical bases is
(7.13) k= vikiky - - - k..

THEOREM 7F. In the notation above, the order of the group U, consisting of
all automorphisms of the finite centrally nilpotent loop G, is a divisor of k.

Proof. Since the subloop E; clearly is characteristic, every automorphism
S of G maps the set of ordered sets B; into itself, and hence S maps the set
of all canonical bases into itself. Thus ¥ divides the set of canonical bases into
b classes, each class containing all bases which can be derived from any fixed
member of the class by the automorphisms of A. An automorphism .S which
leaves a given canonical basis B fixed, that is, which maps each element of
B into itself, must be the identity automorphism. In fact {B} =G and so we
have xS=x for every element x of G. It follows that ¥ permutes the elements
of each class regularly. Thus if % has order @, each class has @ members. Hence
the total number of classes is ab==%; and we see that a divides k.

It is natural to define the group of inner automorphisms of a loop G to
be the intersection ANG of A and the inner mapping group of G. This defini-
tion leads to the following theorem.

THEOREM 7G. With the hypotheses and notations of Theorem TF, the order
of the inner automorphism group of G is a divisor of v¢ (and in fact of u9).

Proof. By multiplying the elements of a fixed canonical basis B of G by
the elements of the centrally derived loop G’ (of order #) we obtain %¢ dis-
tinct sets C. Since G’ £ D, each C is a canonical basis. If SE(ANST), xSL,™!
is in G’ for every x of G; and thus, in particular, the aforementioned set of ¢
bases is mapped into itself by AMNJ. As in the proof of Theorem 7F we de-
duce that the order of AN S divides #¢ (and hence also v9).

In the special case that G is a finite p-group, Theorems 7F, 7G and their
proofs are due to Hall [1].

8. The inner mapping group of a centrally nilpotent loop. If G is a group
with centre Z and inner mapping group $ it is well known that &, which is
in this case the group of inner automorphisms of G, is isomorphic to G/Z.
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Thus the associated group G= {R., L.; xE€G} is simply the so-called holo-
morph of G, and a great deal is known about the relationships between G,
& and @. In the more general case that G is a loop, only a very few properties
of & and @ have been developed so far in this paper. They may be summed
up as follows: & consists of all elements U of G such that 1U=1, where 1 is
the unit element of G. Several sets of generators of & have been given. A
subloop H of G is normal in G if and only if HY < H. Finally, if G is finite,
®:I=(G:1)-(S:1I), where I is the identity mapping of G; and ®:I divides g!
where g=G:1.

Certain questions come to mind at once, among which we shall mention
the following.

(i) In case the loop G is finite, what can be said about the order of &?

(it) What can be stated about S and & when the loop G (finite or infinite) is
centrally nilpotent?

The situation in regard to (i) is in general quite complex. For example,
it is easy to construct a non-associative loop of order 5 for which & and ®
have (Albert [2]) respectively the maximum possible orders 4! and 5!, while,
at the other end of the scale, for an abelian group G, & has order 1 and § is
isomorphic to G. In this section, however, we shall show that if G is a finite
centrally nilpotent loop of order g then the orders of & and @ divide some
power of g. In connection with (ii) it will be convenient to introduce a defini-
tion.

DEFINITION. A finite loop G will be said to be a finite p-loop if and only if p
is a prime and the order of G is a power of p. Since there exist loops of prime
order with nontrivial subloops one cannot hope for too much from a general
study of p-loops, but the results already obtained in this paper should make
it apparent that the class of finite centrally nilpotent p-loops will repay fur-
ther study. At one stage in his research the author went so far as to produce
a “proof” that a finite loop is centrally nilpotent if and only if it is a direct
product of finite centrally nilpotent p-loops. This highly desirable result, true
for groups, is unfortunately false for loops(!?), and a counter example of order
6 will be given in Chapter II1. It might be added that the decisive error was
connected with (ii), which we shall study presently with greater care.

The following lemma is based upon an idea essentially due to Albert [1, 2],
but used here in a slightly disguised form.

LEMMA 8A. Let G be a loop with inner mapping group . Let H be a normal
subloop of G, and let Su=<3 be the set of all U in & such that xU is in xH for
every x of G. Then Su is a normal subgroup of I, and the inner mapping group
3G/H) of G/H is isomorphic to F/Sx.

Proof. We may set up a correspondence U—U’ between the elements of

(2) We seize the present opportunity to apologize for an enthusiastic misstatement in this
connection at a meeting of this Society, Chicago, November 1944.
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F=3(G) and those of 3(G/H) by use of the following definition:
8.1 (=H)U' = (xU)H.

First we note that (8.1) defines U’ unambiguously as a mapping of the
cosets xH of G/H. In fact if xH =yH then y=xh for b in H, and so yU=(xh) U
=(xU)k for k in H, or (yU)H=(xU)H. Again, the set of all mappings
(R.,y)’ and (M.,,)’ defined according to (8.1) is a subset and in fact a gen-
erating subset of §(G/H), as may readily be verified. Moreover (UV)'=U'V",
and so the mapping U—U’ is a homomorphism of & upon (G/H). Thus
$(G/H) is isomorphic to /R, where & is the kernel of the homomorphism,
namely the set of all U in & such that (xU)H =xH for all x in G. Since
(xU)H=xH if and only if xU is in xH we see that the normal subgroup &
is identical with S, and the proof is complete.

LEMMA 8B. Let G be a loop with centre Z, and let G/Z have order r (finite or
transfinite). Then the group Sz defined as in Lemma 8A is isomorphic to a sub-
group of the rth direct power P (Z) of Z. Thus in particular, Sz is an abelian
normal subgroup of .

COROLLARY. If G is a finite loop of order g the order of Sz divides some
(finite) power of g.

Proof. By the rth direct power of Z we mean of course the direct product
of r groups each isomorphic to Z. For convenience let us write =3z If U
isin ® then to each element x of G there corresponds a centre element « such
that xU=xu. But if y=x3 for 2in Z then yU=(x2) U= (xU)z=xu-2=x2-u
=yu. Hence to each element y of the coset xZ there corresponds the same
centre element % such that yU=yu. It follows that U is completely and un-
ambiguously determined by its effect on an arbitrarily selected element of
each coset. Furthermore if V is also in & and if x V=xv then x(UV)=(xu)V
=xu-v=x-uv=x(VU); and of course, since xU=xu, x=(xu) U= (xU")u
or x U~1=xu"1. Thus each fixed coset xZ sets up a uniquely determined homo-
morphism of R into Z. It follows that these homomorphisms may be combined
to yield a homomorphism 8 of & into P7(Z). But if the element U of & corre-
sponds under § to the unit element of P7(Z) we have xU =x for every x of G,
or U=1I. Thus, finally,  is isomorphic with a subgroup of Pr(Z). We have
not assumed the finiteness of r, but the case of finite 7 is of special interest.
As to the corollary, the order of Z divides g, and hence the order of & divides
g’ In fact, since the homomorphism of & set up by the identity coset Z is a
homomorphism upon 1, the order of & divides g—!. But the less precise result
given in the corollary will be sufficient for our purposes.

We now combine the two preceding lemmas to derive the following:

THEOREM 8A. Let G be a centrally nilpotent loop of (finite) class ¢, so that
the upper central series of G is
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(8.2) 1=2y<2:<:--<Z: =G,

where Z;/Z;_1 is the centre of G/Zi—y for i=1, 2, - - -, c. Then there exists an
ascending series

8.3) I=R << - <Reu1=8K: =G,

of subgroups of the inner mapping group J, with the following properties, for
j=0,1,2,.--,¢c—1:

(1) R;is a normal subgroup of I;

(ii) the inner mapping group of G/Z; is isomorphic to 3/ R;;

(iii) Rjy1/ K; is an abelian group isomorphic to a subgroup of Pri(Ziy1/Z;),
where rjis the order of G/Z;.

COROLLARY 1. If the centrally nilpotent group G has finite order g then
is a solvable group and the order of 3 divides some finite power of g. (Hence,
also, the order of the associated group ® divides some power of g.)

CorOLLARY II. If G is a finite centrally nilpotent p-loop, both & and ®© are
finite p-groups.

Proof. Since centrally nilpotent loops of classes 0 or 1 are abelian the theo-
rem is trivially verified for ¢=0 or 1. Hence we may make an induction on
the class of G. Since Z;=2Z is the centre of G we set £ =5z, and it follows
from Lemmas 8A, 8B that properties (i) and (ii) are satisfied for j=0,1, and
that (iii) is true for j=0. But G/Z, has class ¢—1, and so the rest of the theo-
rem follows by mathematical induction.

In connection with the first statement of Corollary I it seems desirable to
explain our use of the word “solvable,” which is taken to be distinct from
“nilpotent.”

DEFINITION. A4 finite group will be said to be solvable if and only if the factor
groups in its decomposition series are all cyclic groups of prime order.

With this definition the first statement is readily verified, and the second
statement follows from (iii). (Compare the proof of the corollary of Lemma
8B.) Corollary II is a special case of Corollary I.

THEOREM 8B. Let the loop G have upper central series (Z;), so that Zy=1
and Z;/Z; 1 1s the centre of G/Z;_y fori=1,2, - - -. Let & and ® be respec-
tively the inner mapping group and the associated group of G, and let an ascend-
ing series () of subgroups of G be defined as follows: Jo=3, and J: is the
normalizer of Si_1in & for i=1,2, - - - . Then 3 is the set of all elements UR,
with U in & and x in Z.

COROLLARY 1. A necessary and sufficient condition that G be centrally nil-
potent of (finite) class c is that F.=© but 1% ©.

CoROLLARY I1. If a finite loop G is centrally nilpotent the associated group ®
is solvable.
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CoROLLARY 1II. A4 sufficient condition that a finite loop G be centrally nil-
potent of class not greater than c is that the associated group & be nilpotent of
class c.

Proof. Let us assume temporarily the truth of Theorem 8B and dispose
of the corollaries. Corollary I is obvious. Corollary II is the result of combin-
ing Corollary I with Corollary I of Theorem 8A. As to Corollary III, if @ is
a finite nilpotent group of class ¢, and if J is any subgroup of §, the succes-
sive normalizers of J sweep out @ in at most ¢ steps; S, =@ for a <c. Thus,
by Corollary I, G is nilpotent of class at most c.

As to Theorem 8B, it is certainly true for £=0, and we shall assume in-
ductively that it is true for some fixed =0, so that J; consists of all elements
UR, with Uin &, ain Z;. If T isin @ then T=WR, where W is in & and
1T =x. A necessary and sufficient condition that T be in §,,. is that to every
element UR, of J; there correspond an element VR, of &; such that

8.4) (WR,)(URs) = (VR:)(WR,).

Assuming the truth of (8.4) we operate with both sides on 1 and derive
xU-a=bW-x. Since b is in Z;, so is bW, and this last equation implies
xU)Z;=Zix=xZ; Thus xUL,~! must be in Z; for every U of &, or, equiva-
lently, x must be in Z;;;. Hence $;;1 is contained in the set of all elements
WR, with Win &, x in Z;;;. Conversely let T'=WR, where Wisin &, x in
Ziy1. Then if UR, is any element of & we have TUR,=WiR, where
y=1(TUR,)=xU-a and Wi is in . But, since x isin Z;;1, y=xU-a=xb=cx
with 4, ¢ in Z;, and so TUR, = WiR., = WeR.R, = (WoR. W) (WR.)
=(VRa)(WR.) where Wz and V are in & and d=cW-is in Z;. Thus we have
derived (8.4) with b replaced by d. It follows that .1 not only is contained
in but contains the set of all WR, with Win &, x in Z;,. Hence our inductive
proof goes through and Theorem 8B is true.

THEOREM 8C(2). A necessary and sufficient condition that a finite p-loop
G be centrally nilpotent is that the associated group ®© be a p-group.

Proof. Since G and @ are together finite or infinite, we shall assume finite-
ness in what follows. If G is a centrally nilpotent p-loop, then by Corollary I1I
to Theorem 8A, @ is a p-group. Conversely if @ is a p-group then G is a p-loop.
Moreover ® is nilpotent; and hence, by Corollary III to Theorem 8B, G is
centrally nilpotent.

The following sufficiency proof also seems worth recording, since it paral-
lels closely the usual proof that a finite p-group is nilpotent. We say that two
elements x, y of a loop G are conjugate in G if and only if x U=y for some ele-

(*3) Theorem 8C shows that the definition of a p-loop given earlier by the author (Bull.
Amer. Math. Soc. Abstract 50-11-262) characterizes what is called here a finite centrally nil-

potent p-loop.
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ment U of the inner mapping group &. Thus the loop G may be partitioned
into classes x& of conjugate elements. If G is finite the number of elements
in a class xS divides the order of &, being the index in & of the group F= &
which leaves x fixed. A necessary and sufficient condition that x be in the
centre Z of G is that xJ =x, or that x be self-conjugate. Hence if G has finite
order g and Z has (finite) order z we have

(8.5) g=3+ 2 I

where each £ is greater than 1 and represents the number of elements in some
class. If @ is a p-group then J is a p-group and G is a p-loop. But then g and
each k; is divisible by p; and so, by (8.5), z is divisible by p, Z is not the group
of order one. It is easy to show (Albert [1]) that the group associated with
G/Z is a quotient group of @, and thus the argument may be repeated. There-
fore, since G is finite, it must be nilpotent.

9. Finite centrally nilpotent p-loops. The two preceding sections contain,
usually as special cases, a large variety of theorems on finite centrally nil-
potent p-loops, and we shall not repeat these. However we should like to
make a few remarks linking our results with some of the introductory theory
of P. Hall's fundamental paper [1] on finite p-groups, which has been the
inspiration of most of the present work. If in §§1.1 to 1.4 of Hall's paper we
agree to replace the word “group” everywhere by “loop,” and to interpret
“p-loop” as “centrally nilpotent p-loop,” all the results and proofs of these
sections remain valid, with three minor exceptions. These exceptions are:
(1.14), which becomes meaningless since the normalizer of a subloop has not
been defined (but compare the remarks on this topic in our §7); and (1.18),
(1.19), which both become false for odd primes p. In fact we shall construct
in Chapter III a centrally nilpotent p-loop of order p? which is not abelian.

We define an automorphism to be inner (as in §7) if and only if it lies in .

Hall's enumeration principle (§1.4) remains valid since it depends only
on the abelian p-group G/D, and the proof of his Theorem 1.51 is still good.
Thus we may state the following theorem and refer the reader to Hall’s paper
for proof.

THEOREM 9A. The number of subloops of order p™ of a centrally nilpotent
p-loop of order p™ is congruent to 1 (mod p) for 0=m =n.

The question of whether Kulakoff’s theorem (Hall’s Theorem 1.52) has
an analogue for loops raises problems which are still unsolved. And indeed
the interested reader will find a host of questions arising in regard to loop
theory as he glances over the pages of any treatise on the theory of groups.

It might be added that, with some minor additions to the assumptions
concerning the characteristic property = considered in §4, it is possible to
define the notion of a m-commutator subloop (H, K). of any two normal sub-
loops H, K of a w-nilpotent loop G. In the present (central) case the commuta-
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tor subloop (H, K) of two normal subloops H, K of G may be defined as the
smallest subloop L of HK such that: (i) L is normal in G; (ii) each element of
H/L commutes and associates (in G/L) with the elements of K/L, and con-
versely. There is no difficulty in proving the existence and uniqueness of
L=(H, K), but we have not attempted as yet to carry out the corresponding
program suggested by Hall’s paper.

10. Associatral series. In §§7-9 we have considered the situation which
arises when “awG” is interpreted to mean that a is in the centre C of the loop
G. If C be replaced by any fixed one of the characteristic subloops 4,, 4,, 4,,
or A of G we are led to the study of so-called left-associatral, middle-associ-
atral, right-associatral or associatral series of G. It seems unnecessary to treat
all of these types in detail, and we shall therefore restrict attention to left-
associatral series.

Thus in the present instance “ewG” shall mean that

for all x, ¥ of G. As noted in §4, equation (10.1) defines a characteristic prop-
erty m. Moreover the postulates I and II for w-admissible loops are evidently
satisfied by every loop G. The corresponding w-centre may appropriately be
called the normal left associator of G. It is evident from the following theorem
that postulates II1 and IV are also satisfied by every loop G.

TuEOREM 10A. If N is any normal subloop of a loop G, let S(N, G) designate
the set of all elements nR. L.~! with n in N, x, y in G, where as usual
R.,y=R.R,R.,~'. Then, for any normal subloop K of G, (NK)/K is in the
normal left associator of G/K if and only if K= S(N, G).

Proof. A necessary and sufficient condition that (#K xK)(yK)=(nK)
-(xK-yK) for all n of N, x, y of G is that (nx-y)K=(nK)-(xy-K) or that
(nR.,,)K-(xy-K)=(nK)-(xy-K) or that (nR.,,) K =nK. But this is equiva-
lent to nR.,,EnK or to nR. ,L.,~'EK or to S(N, G) =K. Hence the condition
of Theorem 10A is necessary and sufficient that (NK)/K be in the left associa-
tor of G/K. But since (NK)/K is a normal subloop of G/K, the former will
be in the normal left associator of the latter if and only if it is in the left as-
sociator. This completes the proof.

Since postulates I-IV are satisfied by every loop G, postulate V is trivially
verified. Hence every loop is m-admissible in the present sense, and all the
results of §4 may be asserted at once. Since moreover normal left associators
are groups, it follows from §6 that every finite left-associatrally nilpotent or
solvable loop has the strong Lagrange property (L’).

We leave the topic of associatral series at this stage, merely remarking
that the results of §§7, 8 suggest many questions which are still unsettled.
For example, does every maximum subloop of a finite left-associatrally nil-
potent loop contain the left-associatrally derived loop?
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11. The autotopism group of a groupoid. Let G be any groupoid and let
P be the group consisting of all permutations of G (§1). We shall here be con-
cerned with the direct power P3=PX B X P, and with a certain important
subgroup of PBs. We may think of Ps as consisting of ordered permutation-
triples

(11.1) a=U,V,W), B=(UyVy,W)
under the multiplication
(11.2) aff = (UU,, VV, WW)).

We may designate by 8G the groupoid, isotopic to G, given by
(11.3) (20y)W, = xUy-yV1.

(Here B is the permutation-triple (11.1), and (-) designates multiplication
in G.) It follows that

(11.4) a(BG) = (eB)G

for all @, B of Ps, in the sense that both groupoids have the same product
operation. In fact if «(8G) has operation (*) then

(11.5) (x2xy)W = (x0)o(yV),

whence, by (12.3), (xxy)WWi=[(xD)o(yV)|W1=xUU,-yVVi. Thus (%)
also designates multiplication in (af8)G.

We define the element « of P; to be an autotopism of G if and only if
oG =G, or, equivalently, if and only if

(11.6) ()W = xU-yV

for all x, ¥ of G. If aG=G then, by (11.4), G=a~'G. Again, if also fG =G,
then (oB8)G =a(BG) =aG =G. Hence the subset Us of P3, consisting of all auto-
topisms of G, is a subgroup of Ps.

If T is a permutation of G it is evident from the definition that (T, T, T)
is an autotopism of G if and only if T is an automorphism of G. Thus the
automorphism group of G is isomorphic with a subgroup of the autotopism
group.

The autotopism group of a groupoid G bears the same relation to the classi-
fication of the isotopes of G as the automorphism group of G bears to the
classification of the isomorphs of G. In fact if G =8G, in the sense that both
these isotopes of G have the same product operation, then (8~'a)G=G, so
that B~!a is an autotopism of G. We also note that if BG=0(aG) where
0=(T, T, T) gives an isomorphic mapping of aG into BG, then f~'0« is an
autotopism of G.

It would appear from these remarks that the autotopism group of a group-
oid is worthy of careful study, and indeed we shall find such an investigation
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of considerable value in connection with the more special topics considered in
Chapter II.

12. The loop ring of a finite loop. If G is a finite loop, written multiplica-
tively, and if F is an arbitrary field, we may regard the elements of G as a
linearly independent basis for a linear vector space R over F. We may further
define multiplication in R by use of the two-sided distributive law together
with the definition of multiplication in G. Under these circumstances R is a
linear non-associative algebra of a finite order over F, and is known as the
loop ring of G over F. In Bruck [2, §7], loop rings (or rather the slightly more
general quasigroup rings) were studied by means of the group ® associated
with G. At this point we wish to indicate briefly a method of studying R by
means of the inner mapping group & of G. We assume a familiarity with the
theory of linear algebras.

DEFINITIONS. If x is in G, the set of all elements xU with U in & will be
called the class of elements. (of G) conjugate to x. This class may be designated
briefly as 3.

The element x;4x2+ - - - +x, of R, consisting of the sum of all distinct
elements in the class x3J, will be called the sum of the class xS, or, less explicitly,
a class sum.

THEOREM 12A. Let C be the centre of R, where R is the loop ring of a finite
loop G over a field F of characteristic prime to the order of the inner mapping
group X of G. Then C has order h, where h is the number of distinct conjugate
classes of G. In fact, the k class sums of G form a linearly independent basis of
R over F.

Proof. Each element ¢ of R has the form

(12.1) e=2 ar

where risin G and o, isin F. If Uisin & we extend U to a linear mapping of
R by the definition

(12.2) aU = Y a,(rl).
Now a is in the centre of R if and only if
(12.3) ax-y = a-xy, xe-y = x-ay, xy-a = x-ya, ax = xa

for all %, y of R. But, since the elements of G form a linearly independent basis
of R, there is no loss of generality in restricting x, y in (12.3) to be elements
of G. It is then easy to show that ¢ is in C if and only if

(12.4) a=gaU

for every U of 3. If & has order & it follows from (12.4) that ka =) aU where
the sum is over all distinct elements U of &. Since the characteristic of F is
prime to k by hypotheses we have a =k~ _aU, or, by (12.1),



1946] CONTRIBUTIONS TO THE THEORY OF LOOPS 287
(12.5) o= (kF'a) 2 (rU).
r U

Now, for each fixed 7 of G, D_u(rU) =Is where l is an integer and s is the sum
of the class of elements conjugate to r. Hence it follows from (12.5) that every
element of C is a linear combination of class sums. But, conversely, if s is a
class sum and U is in &, sU=s, so C consists precisely of the vector space
generated by the class sums.

If 51, s3, - - -, si are the class sums of the & distinct classes of G, no ele-
ment of G appears as a summand in two distinct s;, since the classes of G are
obviously disjoint. Thus if cus; +@ss2 + « -+ +aasp=0 for a; in F it follows
from the linear independence of the elements of G that ;=0 for all 7. Con-
sequently the s; form a linearly independent basis of C, and the latter is a
linear (commutative and associative) algebra of order 4. This completes the
proof, and shows incidentally that a product of two class sums must be a
sum of classes, as is otherwise evident.

THEOREM 12B. Let G be a finite loop of order g, with k distinct conjugate
classes. Let F be a field of characteristic zero or prime characteristic p > g, and let
R be the loop ring of G over F. Then R is the direct sum of d simple algebras,
where in general d=h but d="h when F is algebraically closed.

Proof. It has been shown elsewhere (Bruck [2, §7]) that, under the hy-
potheses of Theorem 12B, Ris a direct sum R=R;®R;® - - - ® R, of simple
algebras R;, and it may also be shown by the same methods that the centre C
of R is a direct sum C=C1®C:® - - - ®C of simple, commutative associa-
tive algebras Ci.. Moreover, if F is algebraically closed, each C; must have
order one. We shall assume these results, although a direct proof would be
desirable.

Since the order of & divides g!, our present hypotheses ensure the truth of
Theorem 12A, and hence in particular we have d <h. Moreover, if F is alge-
braically closed, it is clear from the preceding remarks that d=~*. This com-
pletes the proof of Theorem 12B.

If in Theorem 12B we let F be the field of complex numbers and remember
that loop rings of isotopic loops have essentially the same structure we see in
particular that two finite isotopic loops have the same number of distinct classes.
However a much better result is possible.

THEOREM 12C. Let G be a loop, H any loop isotopic to G. Then to each class
of conjugate elements of G there corresponds a class of conjugate elements of H
with the same cardinal number. Moreover the set of all distinct classes of conjugate
elements of G has the same cardinal number as the corresponding set for H.

Proof. We merely sketch a method of proof. The reader may find it of
interest to fill in the details. (i) H is isomorphic to a loop Go with the same
elements and the same unit element as G, and such that (ii) Go and G have the
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same associated group ®. (iii) Go and G have the same inner mapping group .
(iv) The classes of conjugate elements for Gy are identical with those for G.
As preface to a very simple example we may remark that Albert has shown
[2, Theorem 16] that (aside from the cyclic groups) all loops of order 5 are
isotopic. It is thus easily verified that every non-associative loop G of order §
has exactly two classes and that the loop ring of G, over any field F of charac-
teristic not 5, is a direct sum of F and a central simple non-associative algebra
of order 4.

In the case of this example, and often in other cases, it is unnecessary to
determine & explicitly in order to find the conjugate classes of G. We need
merely to observe that if xu =y or if xu-v=7y-uv then x and y are in the same
class, and so on.

CHAPTER II. LOOPS WITH THE INVERSE PROPERTY

It seems proper to begin with the remark that here, as in the rest of
Chapter 11, all references to theorems and sections refer to Chapter II, unless
the contrary is explicitly stated.

When the ideas of Chapter I are applied to loops with the inverse property
(more briefly, to I.P. loops) a considerable simplification is achieved, appar-
ently because of the fact that one may calculate freely with inverses, just as
in the theory of groups. For example, the four associators 4», 4,, 4,, and 4
all coincide, and hence we may speak unambiguously of the associator and
of the notion of associatral admissibility (§3). On the other hand the theory is
enriched in new directions. Indeed if G is an I.P. loop, the set of elements »
such that ux-yu = (u-xy)-u for all x, y of G is a Moufang loop M, the Moufang
nucleus of G (Theorem 4A). In terms of M we may introduce the new con-
cept of Moufang admissibility and the corresponding notion of Moufang nil-
potency (§5). Again, the set of elements v of G such that v?-xy=vx-vy for all
x, y of G is a commutative Moufang loop C, the Moufang centre of G (Theorem
4C), through which we obtain the theory of Moufang central series (§6).

From these remarks it will perhaps be apparent that the special class of
Moufang loops deserves a place of honour in the theory of I.P. loops. And
indeed §1, devoted to groups for which the mapping x—ux? is an endomorphism
into the centre, is included here only because of its importance for the struc-
ture theory of commutative Moufang loops. §2 contains the definitions of
I.P. loops and Moufang loops, with a few known facts about their properties.
§3 deals with the associator. In §4, by examining the structure of the auto-
topism group of an I.P. loop G, we uncover the relationship between G, M,
and C=< M, and incidentally derive a number of results on Moufang loops.
Of particular interest is the fact that the inner mapping group of a commutative
Moufang loop is a group of automorphisms. We also give necessary and suffi-
cient conditions that a like property hold for a noncommutative Moufang
loop. As another by-product we may mention that the elements which com-
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mute with every element of a Moufang loop G form a subloop; this subloop
is in fact the Moufang centre of G, which was defined somewhat differently
above in the case of an arbitrary I.P. loop.

After brief sections on w-series (§§5-6) we turn to the study of Moufang
loops. Theorems 7A, 7B sum up the facts previously obtained on Moufang
loops, and Theorems 7C, 7D add further details to the theory of commutative
Moufang loops, the latter giving necessary and sufficient conditions that a
commutative Moufang loop be centrally nilpotent of class at most two.

In §8 we concentrate upon Moufang loops which possess an endomor-
phism x—x? into the centre, and show in particular that this property holds
for every isotope of a commutative Moufang loop; and hence, of course, for
every subloop of such an isotope. When a Moufang loop G has this property,
the system Gy defined by xoy =x"'yx? is a commutative Moufang loop (Theo-
rem 8D). When G is also a group, Gy is centrally nilpotent of class at most two
(Theorem 8E), and in fact, every commutative Moufang loop which is cen-
trally nilpotent of class at most 2 is either such a Gy or a subloop of such a G,
(Theorem 8F). In Theorem 8H we show how to construct a commutative
Moufang loop with a normal subloop of index 3, and derive in particular the
existence of commutative Moufang loops which are centrally nilpotent of
class 3. (It might be pointed out here, since it becomes clear in the course of
§9, that Theorem 8H essentially solves the general problem of extending a
commutative Moufang loop to a commutative Moufang loop by use of a
cyclic group, whether of order 3, as in the theorem, or of arbitrary order.)
It is also proved in Theorem 8H that every Moufang loop, for which the
mapping x—x? is an endomorphism into its centre, is either an isotope of a
commutative Moufang loop or a subloop of such an isotope. There is thus a
most remarkable nontrivial relationship between the commutative Moufang
loops and the Moufang loops for which x—x3 is an endomorphism into the
centre.

In §9 we attack the commutative Moufang loops through a study of the
generators [x, ¥, 2] =x"1{(xy-2)(y~s71) } of the centrally derived loop. These
are shown to be skew-symmetric, in the sense that interchange of any two
of x, v, z replaces [x, v, z] by its inverse (Theorem 9A). We develop the prop-
erties of the triples [x, y, 2] far enough to permit the explicit determination
of the “freest” commutative Moufang loop G subject to the restrictions that
G has n generators and is centrally nilpotent of class 2 (Theorem 9A). Finally,
Theorem 9B generalizes previously published results of the author on the
construction of non-commutative Moufang loops.

The well known theorem for groups, that the inner automorphism group
of a group G is isomorphic to the central quotient group G/Z, is known to be
false for loops. Nevertheless we are able to state an interesting analogue for
Moufang loops. If G is a Moufang loop we designate by ®, the group gener-
ated by the R, with x in G, and by ®, the group similarly defined, in terms of
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the L,. As before, ®= {®,, ®\} is the group associated with G, and & is the
inner mapping group of G. We show that & = 3N®, =N, is a normal sub-
group of &, and that the mapping x—8&7T,, where T,=R,L,™, is a homomor-
phism of G upon the group &/ (Theorem 10A). When G is a group this re-
sult reduces to the above-mentioned theorem on the inner automorphism
group. We say that a Moufang loop G is of the first kind if @,=&\ =, and
of the second kind otherwise. Thus every Moufang loop of the second kind is
homomorphic to a nontrivial group, and hence (assuming a suitable descend-
ing chain condition) is obtainable by a finite number of successive group-ex-
tensions from a loop of the first kind (Theorem 10B). It is also shown (Theo-
rem 10D) that a finite Moufang p-loop is associatrally nilpotent if and only
if it is centrally nilpotent.

1. On a special class of groups. It will be convenient to begin this chapter
with some remarks on groups which possess an endomorphism x—x? into the
centre. With slight variations we follow a paper by F. Levi and B. L. van der
Waerden [1] which deals with the Burnside groups in which x3=1.

THEOREM 1A. Let G be a group for which the mapping x—x? is an endomor-
phism into the centre Z of G. Then:

(i) x®=1 for every element x of the derived group G'=(G, G);

(ii) G s nilpotent of class at most 3: (G, G, G, G)=1;

(iii) G’ is an abelian group;

(iv) each element of G commutes with all its conjugates.

Proof. (i) If
1.1 (%, ) = a7y 'y

is a commutator we have (x, y)3=x"%y =3xS =x"3x3y~%y3=1; but G'=(G, G)
is generated by the set of commutators (x, y).
(ii)—(iv). Since (xy)*=x3y? there results, for all x, y of G,

1.2) xyx = yla—ly~1. g3y3,
Since «? is in Z for each x we find, by several uses of (1.2), that
-1 -1 -1 -1 -1 -1 3 -1 -1 -3 3 -1 -1 -3 3 3
X Yxyx =& yx x y% &% = (3 &y & y1) (92 ®y2 % y2) %
' -1 -1 ~1 -1 -3 383 -1 -1 -1 -3 33
= 31 %31 -¥2 %Yz -x y1yz = y1 [2(291) #]yz -x iye
-1 -1 3 -3 -1 -3 3 3 -1 -1 -1
=N [yzyl-x Y291 % (y231) ]yz X Y1y = Y1 Ye1i¥ Y2)1Y2 .
Thus

(1.3) & yixyex

-1 -1 -1
= Y1 Y2)1¥% Y2)1)2
for all %, y1, 2 of G. From (1.3), on left-multiplication by x,

-1 -1 -1 -1
(1.4 Y1EYX = XY1 YaN1¥  Y2)1Y2
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whence in particular, with y;=y,=1,
1.5) y-xyx~l = xyxl-y,
Thus each element of G commutes with all its conjugates. This proves (iv).
In view of (1.1), (1.5) may be rewritten, after left- and right-multiplica-

tlon by y71, as (x~1, y~1) =(y, x~!). Therefore
(1.6) (% 9) =™ 2) = (% y )7
for all x, y of G. As usual we define
(1.7) (% 9, 2) = ((%, 3), 2), (%5 9, 2) = (%, (3, 2), (%, y; 2 w) = (% ), (3 ).
Then, in detalil,

(a, b, ¢) = b~'a"bac a1 'abc = b~'a~Y(b-ac'a"1-b~1-a-b)c.
We may now apply (1.3) to the product in parentheses, using x=>57},
yi=ac a7, yo=a. There results

(a, b,¢) = blaYaca-a-ac'a1-b-a-ac'a"t-a )¢

= b'-cac”'a™*-b-a% e % = b7 (¢, ¢71) b+ (o, ),

since @ is in Z. But, by two uses of (1.6), (¢c7}, a~1) =(a, ¢ V) =(a, ¢)7!, and
hence we have (a, b, ¢) =(b; a, ¢c) =((a, ¢)7, b)=(c, a, b), or
(1.8) (% 3, 2) = (y; %,2) = (3, %)

for all x, ¥, 2z of C. Thus, in particular, (x, ¥, 2) s invariant under cyclic per-
mutations of x, ¥, 2.
If we define, as usual,

(1°9) (x' ¥ 3 w) = ((x’ b4 Z), w)
it follows from (1.7), by two applications of (1.8), that
(1.10) (%, ¥; 3 w) = (3, », %, 9) = (; 2, w, ¥).

From (1.10), and the above remark concerning (x, ¥, 2), we see that (x, ¥; 3, w)
is invariant under cyclic permutations both of z, w, x and of 2, w, ¥, and hence
under the alternating group on %, ¥, 3, w. Thus, using the even permutation
(x2) (yw), we have (x, y; 2, w) 1= (2, w; x, y)7'=(x, y; 5, w) or 1 =(x, y; 3, w)*%
Hence, by (i),

(1.11) (%, 352, w) = (%, 9,3 w)*=1

From (1.10) and (1.11) it follows that (2, w, x, ¥) =1 for all 3, w, x, ¥ of G.
Thus (G, G, G, G) =1, or (G’, G) is in Z; in other words G is nilpotent of class
at most 3. This proves (ii).

The main object of the Levi-van der Waerden paper [1] is the proof of
the following theorem, which we shall be content merely to state.
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THEOREM 1B. There exists a group G with the following properties:

(i) x*=1 for every x of G;

(ii) G has n generators, where n2 3 is a pasitive integer;

(iii) G, its derived group G’, and its centre Z have respective orders 3°, 3/, 39
where

(1‘12) € = Cn,l + Cn,2 + Cn,37 f = Cn,2 + Cn,8y g = Cn,a;

(iv) G is nilpotent of class 3;
(v) G, G’, Z and 1 are the only characteristic subgroups of G;
(vi) Every group H with properties (i) and (ii) is a homomorphic image of G.

It is of course evident that if a non-abelian group G with two generators
a, b satisfies (i) of Theorem 1B (or even the less restrictive hypotheses of
Theorem 1A) the commutator (e, b) lies in Z and hence G has class 2.

2. Loops with the inverse property. A loop G is said to be a loop with the
inverse property (or, more briefly, an I.P. loop) if and only if, to every element
x of G, there corresponds a unique element x~1 of G such that the equations

(2.1) v lxy=y  yxxl=y

hold for every y of G. For various methods of constructing I.P. loops, and for
a detailed study of the more general subject of I.P. quasigroups, the reader is
referred to a previous paper (Bruck [1]). From (2.1) with y=1 we see that

(2.2) xlx = xx1 = 1'

and hence also that

(2.3) (x )1t =1.
Moreover the mapping x—x~! is an anti-automorphism of the I.P. loop G:
(2.4) (zy)™t = y 27,

In fact, if xy=z, then, by successive uses of (2.1), y=x"13, x 1=yz7},
z7l=y~1x~1; but this last equation is equivalent to (2.4). It will be conven-
ient to have two lemmas concerning special types of I.P. loops.

LeMMA 2A. If the equation

(2.5) (x-y2)x = xy-2%

holds for all x, y, z of the loop G, then G is an I.P. loop.
Proof. From (2.5) with y=1 we derive

(2.6) XZ-% = x-2%

for all x, z of G. If for each x of G we define x~! to be the unique solution of the
equation x-x1=1 it follows from (2.6) with z=x"'thatx=x-x"x or x~x=1.
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Thus (2.2), and hence (2.3), holds for all x of G. Now we set x=y"11in (2.5)
and derive (y~!-y2)y~'=2zy"! or y~1-yz=z for all v, z of G. Therefore the first
equation of (2.1) holds in G. Again, (2.5) and (2.6) together imply %- (yz-x)
=xy-2x, from which with x=2"1! we derive z7!-(yz-2!)=3z"1y or yz-z7 1=y,
which is essentially the second equation of (2.1). This completes the proof.

LeEMMA 2B. If the equation

2.7 x(y-2y) = (xy-2)y
holds for all x, v, z of the loop G, then G is an I.P. loop.

Proof. From (2.7) with x=1 follows y-2y=yz-y, or (2.6), and thus (2.2),
(2.3) as before. Then (2.7) with 2=y yields essentially the second equation
of (2.1). Again, (2.7) with x=y"! yields y~!(y-2y), which, when zy is replaced
by 2, is essentially the first equation of (2.1). This completes the proof.

DEFINITION. A loop G is Moufang if and only if equation (2.7) is valid
for all x, ¥, z of G.

It follows from the definition that a Moufang loop has the inverse prop-
erty, as indeed is well known. (For some historical remarks see Bruck [1,
p. 44].) G. Bol [1] has shown that, in a loop G, the defining relation (2.7)
implies the defining relation (2.5), and, in a letter to the author, D. C.
Murdoch has raised a question as to the converse proposition. This is in fact
also valid, but it will be convenient to defer the proof, since both results fall
out as by-products of later work on autotopisms (Corollary 2 to Lemma 4A).

For proof of the following theorem we refer the reader to a paper by
R. Moufang [1].

THEOREM 2A. Let G be a Moufang loop. Then

(i) every two elements x, y of G generate a group;

(ii) if three elements x, v, z of G are associative in some order (say x-yz
=xy-2) then {x, y, 2} is a group.

In the present chapter we shall make frequent use of the various conse-
quence of Theorem 2A and of (i) in particular. It should be observed that (i)
obviates all necessity for the use of brackets in products formed from one or
two elements. Thus for Moufang loops the power x* (for integral #) is un-
ambiguous, and so is the commutator

(2.8) (z, ¥) = xly lxy.
As another obvious consequence of (i) we note that every two elements of a
commutative Moufang loop generate an abelian group. Hence we have:

COROLLARY. If G is a commutative Moufang loop, not an abelian group, then
G has at least three generators.

Moreover Bol [1] gives an example of a non-abelian commutative Mou-
fang loop (of order 81) with exactly three generators.
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We conclude this section with an easily proved assertion which may pos-
sess some interest for the reader.

THEOREM 2B. Let G be a groupoid with unit 1. Suppose that to every x of G
there corresponds at least one element x’, and at least one element x'’, such that

2.9) axy=zx-xy=y, yx- 2’ = yx'' x =1y
hold for every y of G. Then G is a loop with the inverse property.

3. The associator of an I.P. loop. The characteristic subloops 4\, 4 ,, 4,
and A =A4,NA,NA, of the arbitrary loop G have been defined in §§1, 2 of
Chapter I. The following theorem shows that all of these coincide for a loop
with the inverse property.

THEOREM 3A. If Gis an I.P. loop, if a is a fixed element of G, and if one of the
Jollowing equations holds for all x, y of G, then each of the others holds as well.

3.1) ax-y = a-xy;
3.2) Xy = x-ay;
3.3) xy-6 = %-ya.

Proof. (3.1) ¢s equivalent to (3.3). From (3.1), by taking inverses, we find
y~l.x~lg~1=y"1x~1.q=1 or (when y~!, x~1 are replaced by x, z), x-za~!
=xz-a~1. Setting z=ya we get xy=(x-ya)a~! and xy-a=x-ya. Thus (3.1)
implies (3.3), and (obviously) conversely.

(3.1) is equivalent to (3.2). We multiply each side of (3.1) on the left by
(ax)"1=x"1a"1, whence y=x"1a~!-(¢-xy). In this relation replacement of y
by x~'-a~'y~! gives x~l.-a"ly~'=x"lg~1-y~!, whence, by inversion, ya-x
=y-ax. Thus (3.1) implies (3.2). But conversely, multiplication of (3.2) on
the right by (ay)~!=y"1a1 yields (xa-y)(y'a!) =x, whence replacement of
x by xyl-a7! gives x-y~la"'=xy'-a¢~!; from which by inversion ay-x~!
=ga-yx~L. This completes the proof.

The terms associator and normal associator are thus unambiguous for I.P.
loops, and the various notions of associatral series (§10 of Chapter I) now
coincide. But an even better situation exists for Moufang loops.

THEOREM 3B. The associator A of a Moufang loop G is a (characteristic)
normal subloop of G.

Proof. If @ is in 4 we have aR. y,=a by (3.1) and a=aL,,, by (3.3). But
the inner mapping group of G is known to be generated by the set of all
R.,, L., and T, where T.=R.,L,™!, aT.=x"1-ax. Thus, by virtue of Theo-
rem 3A, it is only necessary to establish the equation
3.4 y-z-(x7%a%x) = yz-xlax

for all @ of 4 and %, y, z of G. We do this by easy stages. Now, by (2.6) and
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the fact thata isin 4, xy-xa=(xy-x)a=(x-yx)-a=x-(yx-a), or
3.5) xy-2a = x-(yx-a).

By (2.5) and (3.5), s(x~'ax)=(x-x"'z)(x"'a-x) =[x (x~'5-x~'a) o= [x {x’l
(zx~1-0)} Jx=(zx~!-a)x=2x"1-ax, or

(3.6) z(xlax) = zx'-ax.

By (2.5) and (2.6), x[(x~'y)(zx1-a) ] =x[(x~'y-zxVa]=x[{x~1- (yz-x ) } ]a
= (yz-x“)a, or

3.7 z[(x1y)(zx1-a)] = (yz-xVa.

By (3.6), (2.5), (3.7) and (3.6), y[2- (x—'ax) | = y(ax~'- ax) = (x-x~'y) [(zx~1-a)x]
= {x[(x"1y)(zx~1-a) ] }x = [(¥2) -xVa]x = (yz-x~1) (ax) = y2-x~'ax. Thus (3.4)
is established.

The following example shows the existence of a loop of order 6 (not an
I.P. loop!) in which the left associator (elements 1, 2) has order 2 and the.
middle and right associators each have order 1. (Note that the left associator
is the only proper subloop.)

12-34-56
112 -34-56
22 1-43-65
. 3
41456231
0 D
616 4-25.13

The loop (3.8) may also be used to illustrate the fact, so often reiterated
in Chapter I, that characteristic subloops need not be normal.

4. The autotopism group of an I.P. loop. The notion of an autotopism
(U, V, W) of aloop G has been introduced in §11 of Chapter 1. In the present
connection it will be convenient to introduce the permutation J of the I.P.
loop G, defined by

(4.1) xJ =z,

LemMA 4A. Let (U, V, W) be an autotopism of the I.P. loop G. Then
JUJ, W, V) and (W, JVJ, U) are also autotopisms of G.

CoROLLARY 1. In addition, (V, JWJ, JUJ), (JWJ, U, JVJ) and (JVJ,
JUJ, JWJ) are autotopisms of G.

COROLLARY 2. For an I.P. loop G the defining relations (2.5) and (2.7) are
equivalent; either characterizes a Moufang loop.
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Proof. By hypothesis we have
(4.2) 2U-yV = ()W

for all x, y of G. Right-multiplication of (4.2) by (yV)-1=yVJ gives
xU=(xy) W-yVJ, whence, with x, y respectively replaced by xy, y~1=9J, we
derive (xy) U=xW-yJVJ. Thus (W, JVJ, U) is an autotopism. Again, left
multiplication of (4.2) by xUJ and replacement of x, y respectively by xJ,
xy gives (xy)V=xJUJ-yW, whence (JUJ, W, V) is an autotopism. This
proves the lemma. It should be noted that we now have a process of deriving
new autotopisms from a given one (U, V, W): interchange one of the first two
elements with the last, and transform the remaining element by J=J"L
Corollary 1 results from repetitions of this process. As to Corollary 2, the
defining relation (2.5), or (x-yz)x=xy-2x, holds for the I.P. loop G if and
only if (L., R;, L,R,) is an autotopism of G for all x of G. When this is
true it follows from Lemma 4A that (JL.J, L.R,, R.) is an autotopism of G,
and so (xy~!)~!: (x2-x) =yz-x or yx~ - (x2-x) =yz-x in G. The latter equation,
with y replaced by yx (and with xz-x replaced .by x-zx by virtue of (2.6)),
yields (2.7) with the roles of x and y interchanged. Since each step is clearly
reversible, the proof of Corollary 2 is complete.

LeMMA 4B. Let u=1U, v=1V, w=1W where (U, V, W) is an autotopism
of the loop G. Then uv=w, and

(4.3) V"W =L, U-W =R,

Proof. From (4.2) with x=1 we derive u-yV=yW. If y=1 we have
uy=w. In any case VL,=W, or L,= V-'W. Similarly from (4.2) with y=1,
xU-v=xW or UR,=W, R,=U"'W.

For the next result it is convenient to note that the equation (xy)™!
=y~!x~! for I.P. loops yields RyJ=JL =JL,™!, or indeed

(4.4) JRJ =L, JL.J=R.

We have of course used the fact that, for example, yR,R1=yx-x"'=y or
R,R,'=I, R=R, L.

LemMmA 4C. Let (U, V, W) be an autotopism of the I.P. loop G. Then, in
the notation of Lemma 4B, (Ly, R4, L.Ry) is an autotopism of G; that is,

(4.5) ux-yu = (u-xy)u
for all x, y of G.

DEFINITION. An element % of the I.P. loop G which satisfies (4.5) shall be
called a Moufang element of G.

CoOROLLARY. The elements u, w1, v, v=1, w, w™! are all Moufang elements
of G.



1946) CONTRIBUTIONS TO THE THEORY OF LOOPS 297

Proof of Lemma 4C. By Lemma 4A and Corollary 1, and the fact that
the autotopisms form a group, it follows that the permutation triple

WV, JWJ,JUJ)"XW,JVJ, U) = (VW,JW=WVJ, JU~JU)

is an autotopism of G. By (4.3), V-'W=L,, and so, by (4.4), JW-'VJ
=(JV-'WJ) 1= (JL.,J)“=R,,. Thus, if we write JU-'JU=T, we have that
(Lu, Ry, T) is an autotopism, or that

(4.6) ux-yu = (xy)T

for all x, y of G. From (4.6) with y=1 we have ux-u=xT or T=L,R,. This
completes the proof of Lemma 4C. As to the corollary, we need only to refer
to Lemma 4A and Corollary 1, and to note that 1JUJ=uJ=u"1, 1W=uw,
V=9, 1IJWI=w, 1JV]=v"L

THEOREM 4A. Let M be the set of all Moufang elements of the 1.P. loop G.
Then M is a (characteristic) subloop of G, and, moreover, M is a Moufang loop,
which we shall call the Moufang nucleus of G.

Proof. If % is a Moufang element, then (Ly, Ry, LuR,)"1= (L., *, *) is
an autotopism and hence, by Lemma 4C, 1L, '=u"! is a Moufang ele-
ment(4). If v is also a Moufang element, then (L,, Ry, L,R,)(Lu, Ru, LuR4)
=(L,Ly, *, *) is an autotopism, and so again 1L,L,=wuv is a Moufang element.
Thus M is a subloop of G. That M is Moufang should be obvious from (4.5),
Corollary 2 to Lemma 4A, and the definition of a Moufang loop (§2).

LEMMA 4D. Let u, v be Moufang elements of the I.P. loop G. Then
.7 Lus = RAL.RuLu,  Rus = L' RuL.R,.

Proof. The product (L, Ry, LuR.)(Ls, Ry, L,R,) is an autotopism, so
(4.8 %LuLy yRuR, = (2y)LuRuL.R,

for all x, ¥ of G. From (4.8) with y=1 we derive L,L,Ry,=L,R.,L,R,, or
Ry,=L,'R,L,R,. Moreover from (4.5) with x=1 we have u-yu=uy-u,
whence, for any Moufang element «,

(4.9) R,L, = LyR,.

Finally, from (4.8) with x=1, R,R,L,.,=L,R.L,R,, or, by use of (4.9), Ly,
=R, 'L.R,L,. But thisis the first equation of (4.7), with # and v interchanged.

COROLLARY. In a Moufang loop G, equations (4.7) hold for all u, v of G.
Moreover Albert’s groups ®&,, ®, are normal subgroups of the associated group ©.

() Here and later we write asterisks (*) in place of elements in which we have no immediate
interest.
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For example, ®, is defined to be the group generated by the L, with x
in G; but R,"'L,Ry,=L,,L,~! by (4.7), and it follows that T-'$T <&, for
every T of ®. Similarly @,= {R,; xEG}, but L,'R,L,=R.,R,™?, and so
T'§,T=0, for every T of ®.

LeMMA 4E. Let (U, V, W) be an autotopism of the I.P. loop G, with 1U=u,
1V=yv, I1W=w=uy. Then if u=1, a necessary and sufficient condition that U
be an automorphism of G is that v=w lie in the associator of G. Similarly, if
v=1, a necessary and sufficient condition that V be an automorphism of G is that
u=uw lie in the associator; and, if w=1, a necessary and sufficient condition that
W be an automorphism of G is that u=v~"' lie in the associator.

Proof. We shall prove only the first statement. (The others can be ob-
tained by use of Lemma 4A.) Since #=1 it follows from (4.3) that V=W
= UR,. Thus

(4.10) (2U)-(yU-v) = (xy)U-v.

Now if v is in the associator, the left-hand side of (4.10) may be written as
(xU-yU)v. Thus xU-yU=(xy) U, or U is an automorphism. Conversely, if U
is an automorphism, the right-hand side of (4.10) may be written as
(xU-yU)v. Thus, when x, y are replaced by xU~!, yU~?, we have x-yv=xy-v,
whence v is in the associator.

In Chapter I it was shown that the inner mapping group & of a loop G
could be generated by the set of all permutations

(4.11)  L.,=L.L,L,, R.,=R.RRz T.=R.L;

with x, ¥ in G. The following theorem therefore yields considerable informa-
tion about the inner mapping group of a Moufang loop.

THEOREM 4B. Let G be an I.P. loop with associator A, and let u, v be Mou-
Sfang elements of G. Then a necessary and sufficient condition that T, Ru.. or
L,,, be an automorphism of G is that u3, v—'u"'vu or uvu='v=* respectively liein A.

COROLLARY 1. A necessary and sufficient condition that the inner mapping
group of a Moufang loop G should be a group of automorphisms of G is that x®
and (x, v) =x"'y~xy lie in the associator of G, for all x, vy of G.

COROLLARY 2. If G is a commutative Moufang loop the mapping x—x? yields
an endomorphism of G into its centre Z. Moreover the inner mapping group is
a group of automorphisms of G.

Proof. As a matter of convenience let us define 4, by
(4.12) Ay = (Lu, Ry, LuR).

Since A, is an autotopism, so, by Lemma 3A, is B=(L.Ru, L., L,). Thus
AuB=(L.2R., T, *) is an autotopism with 1T, =1, and hence, by Lemma 4E,
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‘T is an automorphism if and only if 1L,2R, =3 is in the associator. Again,
AuA,Au = (LuLyLuy™, Ry, *) is an autotopism with 1R, ,=1, and hence
R, . is an automorphism if and only if 1L,L,L,,~'=v"'u~yu lies in 4. Finally,
AuAsA = (Lu,p, RuR,R,w1, *) is an autotopism with 1L, ,=1, and hence
L., is an automorphism if and only if 1R,R,R,,~'=wuvu~'v~1 is in 4. This
completes the proof of Theorem 4B, and Corollary 1 follows immediately. In
the case of Corollary 2, x~'y~!xy=1 for all x, y and so R,,,=L.,, is an auto-
morphism. But also T;=R,L, =1 is an automorphism, so x? lies in the as-
sociator, now become the centre. The fact that (xy)?=ux?y? follows from
commutativity and Theorem 2A.

THEOREM 4C. If u is a fixed element of an I.P. loop G, a necessary and suffi-
cient condition that

(4.13) ut-xy = ux-uy

Jor all x, y of G is that u be a Moufang element which commutes with every ele-
ment of G;

(4.14) ux = xu, ux-yu = (u-2y)u

for all x, y of G. The set of all suck u forms a (chamcteristic) commutative Mou-
Sfang subloop C of G, which we skall call the Moufang centre of G.

COROLLARY 1. If G is a Moufang loop, the set of all elements which commute
with every element of G is a (characteristic) subloop, the Moufang centre of G.

- CoOROLLARY 2. Thke inner mapping group of the Moufang centre C of an I.P.
loop G is the homomorphic image of a group of automorphisms of G.

Proof. From (4.13) with y=1, u?.x=ux-u. From (4.13) with x=1,
u?-y=u-uy. Thus we obtain #2?-x=wux-u=wu-ux, whence it is clear that »
commutes with every element of G and also that (4.13) may be replaced by
the second equation of (4.14). From the first equation of (4.14), L,=R,,
and thus also L,+1=R,~. If v is another Moufang element with L,=R,, then
by (4.7), Luw=Lyww=R, 1 L,R,L,=L,'R,L,R,=R,,, so that uv has the same
property. Corollary 1 is immediate, and Corollary 2 follows from Theorem 4B.
In fact Ry,,=L.,, is an automorphism of G for all %, v of C; and of course
Ty=1.

We are forced to leave unsolved the problem of completely determining
the autotopism group of an arbitrary I.P. loop. We have encountered three
special types of autotopism: (1) (T, T, T), where T is an automorphism;
(2) (Lu, Ry, L.R.), where u is a Moufang element; and the autotopisms ob-
tainable from this by the method of Lemma 4A; (3) (I, Rs, Ra), where Lis
the identity permutation and a is an associator element; and the autotopisms
obtainable from this by Lemma 4A. (Type (3) was implicitly treated in
Lemma 4E.) In the case of a group it is readily seen that the three types
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suffice to generate the autotopism group, but the question remains open as
to whether the same situation prevails for every I.P. loop. The assumption
of commutativity, however, leads to an affirmative answer.

THEOREM 4D. The autotopism group of a commutative I.P. loop G is gen-
erated by the autotopisms of the three types described in the preceding paragraph.
More precisely, every autotopism of G has the form afy where a, B8, v are auto-
topisms of types.(1), (2) and (3) respectively.

Proof. Since G is commutative we may write L,=R, for each x. If
(U, V, W) is an autotopism, it follows from (4.2);, by interchange of x
and v, that (V, U, W) is also an autotopism. Thus, using (4.3), we see that
U, Vv, W)~t-(V, U,W)=(U-'V, U'U, I) =(R,R,~, R,R,~1, I) is an autotop-
ism. Application of Lemma 4E shows that the element ¢ =1R,R,~'=wu"! lies
in the associator (here the centre) of G. Thus v=au=ue and so w=wuv=au?
=uZ%a. If we now define ¥ = (I, R,, R.), 8= (R4, Ru, R.2), so that 3, ¥ are auto-
topisms, we have (U, V, W)y—8-1=(U’, V', W’') where U’'=UR,™},

'=VR,R,™, W' =WR,'R,~? and hence 1U’'=1V'=1W’'=1. It follows
at once that U'=V'=W’'=T where T is some automorphism of G. Thus,
finally, if «= (T, T, T), we have (U, V, W) =afy as stated.

5. Moufang series for I.P. loops. Let the characteristic property 7 be the
“Moufang property” expressed as follows: # has property = with respect to
the loop G if and only if

(5.1) ux-yu = (u-xy) -4
for all x, y of G. We now consider the postulates laid down in §4 of Chapter I.

THEOREM 5A. Every I.P. loop G is Moufang-admissible, in the sense of
equation (5.1).

Proof. Postulate (I) holds, since G, is the Moufang nucleus of G—the set
of all Moufang elements. Thus the m-centre will be a Moufang loop. Postulate
I1 is trivially verified. As to postulate III, let N be a normal subloop of G
and designate by S(N) the set of all elements p of G such that

(5.2) (nx-yn)p = (n-xy)n

for some # in N and x, ¥ in G. Since N is normal in G, (n-xy)-n=xy-a and
(nx-yn)p=(xy-b)p=xy-cp for some a, b, ¢ in N. Thus xy-a=xy-cp, a=cp,
pisin N, and S(N) is a subset of N. If K is a normal subloop of G, a neces-
sary and sufficient condition that (NVK)/K be in the Moufang nucleus of
G/K is that

(5.3) (nx-yn)K = [(n-2y)n]K

for all n of N, x, y of G; or, equivalently, that the elements p defined by
(5.2) be in K. Hence the set S(V), defined as above, satisfies the demands of
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postulate I1I. Finally, postulates IV and V are obviously satisfied.
6. Moufang central series for I.P. loops. This time % will be said to have
property 7 with respect to the loop G if and only if, for all x, y of G,

6.1) u-xy = ux-uy.
Equivalently, » must satisfy (5.1) and commute with every element of G.

THEOREM 6A. Every I.P. loop G is Moufang-centrally admissible in the
sense of equation (6.1).

Proof. G, is the Moufang centre of G. If N is a normal subloop of G, S(V)
is defined to be the set of all elements p of G such that

(6.2) (n?-x9)p = nx-ny.

It is readily seen, as in the previous section, that the five postulates for
wm-admissibility are satisfied.

As noted in Corollary 1 to Theorem 4C, the Moufang centre of a Moufang
loop G consists of those elements % of G which commute with every element
of G. Thus for Moufang loops equation (6.1) may be replaced by

(6.3) ux = xu,

and, correspondingly, (6.2) may be replaced by nx-p=xn or
(6.4) p = (x,m) = x7'nan.

Thus we have the following theorem.

THEOREM 6B. Let G be a Moufang loop, N a normal subloop of G. Designate
by C(N, G) the intersection of all normal subloops of G which contain every com-
mutator (x, n) with x in G, nin N. Then C(N, G) is a subloop of N and & normal
subloop of G. Moreover, if K is a normal subloop of G, NK/K is in the Moufang
centre of G/K if and only if K= C(N, G).

7. Structure theorems for Moufang loops. Aside from Theorem 2A (Mou-
fang’s theorem) we have obtained a number of results on Moufang loops
more or less incidentally to the course of the preceding study of I.P. loops.
It will be convenient to list these here in the form of two theorems.

THEOREM 7A. If G is a Moufang loop, then:

(i) G s characterized by either of the laws xy-zx=(x-yz)-x, x(y-2y)
= (xy-2)y. In particular G has the inverse property (Lemmas 2A, 2B; Corollary 2
to Lemma 4A);

(ii) every two elements of G generate a group; three elements generate a group
if and only if they are associative in some order (Theorem 2A);

(iii) the associator A of G is a characteristic normal subloop of G (Theorem
3B);
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(iv) a necessary and sufficient condition that the inner mapping group I be
a group of automorphisms of G is that G/A be a commutative Moufang loop in
which every element save the identity has order 3 ((iii) above and Corollary 1 to
Theorem 4B);

(v) the set C consisting of all elements commutative with the elements of G
is a characteristic commutative subloop of G, the Moufang centre. If u, v are in C,
R.., is an automorphism of G (Corollary 1 to Theorem 4C; Theorem 4B).

THEOREM 7B. If G is a commmutative Moufang loop, then:

(i) G 1is characterized by the law x2-yz=xy-x2 (a consequence of Theorem
4C);

(ii) every two elements of G generate an abelian group ; every three generate an
abelian group if and only if they are associative in some order (Theorem 2A);

(ili) the mapping x—x3 is an endomorphism of G into its centre Z (Corollary
2 to Theorem 4B);

(iv) the inner mapping group of G is a group of automorphisms; hence every
characteristic subloop of G is normal in G (Corollary 2 to Theorem 4B).

By use of Theorem 7B we may readily extend our knowledge of commuta-
tive Moufang loops.

TuaeoreM 7C(1). If G is a commutative Moufang loop, then:

(i) the subset F of G, consisting of all elements of finite order, is a character-
istic (hence normal) subloop of G;

(ii) F is a direct product F=A XN where A is a subgroup of the centre Z
of G and where N contains every element of G of order a power of 3; moreover A
and N are characteristic (normal) subloops of F and of G;

(iii) N contains the derived loop G'; in fact x*=1 for every element of G’;

(iv) G/F is an abelian group.

- Proof. (i) If x, y are in F, every element of the abelian group {x, y} has
finite order. Hence F is a subloop of G. The rest follows by Theorem 7B (iv).
(ii) Let A consist of all elements of F of order prime to 3. Then 4 is a
characteristic, hence normal, subloop of G, by the above argument. In view
of Theorem 7B (iii), A £Z. Similarly N is a characteristic normal subloop
of G. If the element x of Fis neither in 4 nor in N then, since { x} is a finite
abelian group, x has a unique representation x =yz with y in 4, z in N. Since
ANN =1 by construction, the proof is complete.

(iii) G’ is generated by the set of all elements x~!-xS with x in G, S in
the inner mapping group & of G. By (iii), (iv) of Theorem 7B, (x~!-x.S)3
=x3. (xS)3=x"3. (a3)S=x"3-23=1. Hence y*=1 for every element y of G’.

(iv) This follows since FZNx=G'.

Again, if T is the kernel of the homomorphism x—x?, G/T is isomorphic

(15) It seems apparent from Bol's paper [1] that he was at least partly aware of the truth
of Theorem 7C. However, no such theorem is stated in his paper.
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to a subgroup of the centre Z. We may state this as a corollary.

CoROLLARY TO THEOREM 7C. Let T be the subset of N consisting of all ele-
ments x of G such that x®*=1. Then T =G’ is a characteristic (normal) subloop
of G, and G/T is isomorphic to a subgroup of Z.

Clearly the corollary could have been used to prove (iii).

THEOREM 7D. Let G be a commutative Moufang loop with associated group
®={R.;xEG}. Then: '

(i) the inner mapping group I of G is contained in the derived group
' =(0, ®) of ©;

(ii) a necessary and sufficient condition that G be centrally nilpotent of class
¢ =2 is that the group O possess an endomorphism X—X? into its centre (and
thus incidentally be nilpotent of class at most 3);

(iii) of G is centrally nilpotent of class 2, ® is nilpotent of class 3. Then, by
(i), (ii), & ¢s a commutative group of automorphisms of G, each of order 3.

Proof. (i) Since G is commutative we may use the defining relation
x%-yz=xy-x2 along with L,=R,. By (ii) of Theorem 7B it follows that

(7.1) R, = R.n

for every integer #, positive, negative or zero. Thus the defining relation
yields L,L.2=L.L, or

(7.2) R., = R; R,R..

From (1) by interchange of x and y we have R, ,=R.R,R.,'=R.R,R,*R,;'R,
=R.R,R,'R,y or

(7.3) R:y = (R:11 Ry).

Thus each R,., is in (§, ®), and since these generate the inner mapping
group & of the commutative loop G, the result follows.

(ii) First suppose that the loop G is centrally nilpotent of class ¢<2,
and let S be in &, x in G. Then the element a=x"1-xS is in ZNG’. Since a
isin G’, &®=1 by (iii) of Theorem 7C, and since a: is in Z, «S=a. But xS=ax,
x5?=(ax)S=aS-xS=a. ax=a?, and xS3= (a2%)S=a?-ax=cf-x=x. Thus
S*=1TI for every S of . Again, if y is in G, yR.S=(y4)S=9S-xS=9S -ax
= (ya)S-x=yR.SR, and so R,S=R,SR,. Furthermore, since « is in the cen-
tre of G, R, is in the centre of &. Now (SR.)?!=SR.SR.=S(R.SR.)R.
=R.S*R.?% and (SR;)*=R.S?R,2SR.=R.3S*R2=RIR2=R3. But 3 is in
the centre of G and so (SR.)*=R.* is in the centre of @. Since every element
of G has the form SR, with S in &, x in G, it follows that the cube of every
element of ® is in the centre of ®. If T is also in &, and if xT =px, then, by the
same reasoning, (SR.)(TR,)=RsSTR.R,=RsUR,,, where U=STR,,, is in
8, and so (SR.-TR,)*=Rg#R,, =R R2=R,R}*=(SR.)}SR.)*. Hence the
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mapping X—X3, for X in @, is an endomorphism of @ into its centre.

Now let us assume that ® possesses an endomorphism X—X? into its
centre. By Theorem 1A, @' =(®, ®) is an abelian group, and by (i) of the
present theorem, ®&’= 3. Thus if §; is the normalizer of & in @, $12@".
Hence $, is a normal subgroup of G, and so 2= @® where J; is the normalizer
of 31 in ®. A reference to Theorem 8B of Chapter I reveals that G is centrally
nilpotent of class at most 2, the case of class 2 arising only when $1=®.

(iii) If G is an abelian group, ® is an isomorphic group, and hence ® has
class 0 or 1 according as G contains exactly one element or more than one
element. Conversely if ® is an abelian group, so is G. We now must show
that if G is centrally nilpotent of class 2, ® cannot have class 2. Suppose on
the contrary that @ has class 2. Then &, as a subgroup of @’, is contained
in the centre of ®, and hence is a normal subgroup of &. This is impossible,
since then, in the notation of the last paragraph, we would have &,=@, in
contradiction to the fact that G has class 2. Since the only remaining possibil-
ity is that ® have class 3, the proof is complete.

8. Construction of commutative Moufang loops. We first give a simplified
version of a result previously announced by the author (Bruck [1, §9]).

THEOREM 8A. Let G be an I.P. loop and let the loop G, be a principal isotope
of G given by

8.1) xoy = xf-gy

where f, g are fixed elements of G. Then a necessary and sufficient condition that
G, have the inverse property is that f, g be Moufang elements of G.

COROLLARY 1. Every loop isotopic to a Moufang loop is Moufang.

Proof. It should be noted that every principal loop-isotope of an I.P. loop
can be obtained in the form (8.1). Since moreover every isotope of a loop is
isomorphic to a principal isotope, the ¢orollary follows immediately from
Theorem 8A. Now consider the equation

(8.2) z0(x0y) = y,

which, by use of (8.1), can be written successively in the following equivalent
forms: (of) [e(xf 2y) | =9, g(xf-£¥) = (af)"-, and

(8.3) (2N = [g(=f-g») )y

We may say that G, has the left inverse property if for each x the solution 2
of (8.2) is independent of y. Hence a necessary and sufficient condition that G,
have the left inverse property is that the right-hand side of (8.3) be in-
dependent of y. Now if g is a Moufang element, (L,, R,, L,R,) and thus
(LyR,, L,/Y, L,) are autotopisms of G. In this case g(xf-gy)=(xf gy)L,
= [(xf)LsR, ] [(gy)Ls*] = [(g-xf)g ]y, and hence (8.3) can be written as
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(8.4) (=)' = (g g,

which shows that z is independent of y. Conversely, if 2 is independent of y,
we equate the right-hand side of (6.3) to its expression for y=1; thus
le(xf-gy) Iy =g(xf-g), or g(xf-gy)=[g(xf-g)1(g* g¥), whence (R,L,, L,,
L,) is an autotopism, and g a Moufang element, of G.

In similar fashion the equation

8.5) (yox)oz = y
may be replaced by the equivalent equation
(8.6) (g9) = v [(5f-g2)f].

If f is a Moufang element of G, (L;, Ry, L;R;) and (R;™!, L;R,, R;) are auto-
topisms of G; by virtue of the latter autotopism (6.6) may be replaced by

(8.7) (62)7* = (f-g2)f,

whence z is independent of y, G, has the right inverse property. Conversely,
if we equate the right-hand side of (8.6) to its value for y=1, we derive
(of - gx)f = (3f -f~) [(f-g%)f ], whence (R, L;Ry, Ry) is an autotopism, and f a
Moufang element, of G.

From (8.4), (8.7) we get formally distinct expressions for the inverse z of x
in G,. That these are the same may be verified either by computations with
elements or by reference to Theorem 2B. With this the proof is complete.
From what has gone before the truth of the following corollary is evident.

COROLLARY 2. A necessary and sufficient condition that the loop G, given by
(8.1) have the left inverse property (right inverse property) is that g(f) be a Mou-
fang element of the I.P. loop G.

In preparation for further study it will be convenient to have a theorem on
arbitrary loops.

THEOREM 8B. Let G be a loop with unit 1, and let G, be the principal isotope
of G defined by

(8.8) xoy = xRy -yLa",

with unit e=ab. If the mapping S yields an endomorphism of G into its centre,
then the mapping T, defined by

8.9) 2T = x5 (eS)1-¢,

yields an endomorphism of G, into the centre of G,.

Proof. It follows from the work of §§1, 2 of Chapter I (cf. the proof of
Theorem 1D, Chapter I) that the mapping

(8.10) x— xe
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induces an isomorphism of the centre of G upon the centre of G,. Hence, since
S is an endomorphism of G into its centre, it follows that T is in the centre of
G, for all x of Go. Now (x0y)S = (xSRes~!)(¥SL.s~1) = (xS5)(S)~1(yS)(aS)?
= (xS5) (¥S) [(ab) S]~* = (x5) (S)(eS)~, and so

(8.11) (20y)T = (xS)(yS)(eS) .

On the other hand, by the above remark in connection with (8.10), (xe)o(ve)
=uye for any two elements %, v of the centre of G. Hence in particular

(8.12) (2T)o(yT) = (25)(eS)7*(yS)(eS) e = (25)(»S)(eS) .

From (8.11) and (8.12) it follows that (xoy)T = (xT)o(yT) for all x, y of G,
and thus that the mapping T yields an endomorphism of G, into its centre.

One remark is perhaps in order. In (8.9) and in the derivation of (8.11)
we introduced inverses, for example the element (¢S)~1. This was permissible,
for arbitrary loops, in view of the fact that the elements in question lay in
the centre of the loop.

“"THEOREM 8C. Let G be a Moufang loop with the property that the mapping
x—x? is an endomorphism of G into its centre. Then a like property holds for
every loop isotopic to G.

Proof. It is clearly necessary to treat only the case of the principal isotope
G, given by (8.1). If % be defined by

(8.13) k= fg,

then G, has unit e=%-1. Thus, by virtue of Theorem 8B, it is sufficient to
prove that

(8.14) xoxox = xT = «3(h~ 1) 3k~ = x3h2

(Note that we have omitted parentheses in (8.14), since G,, like G, is a
Moufang loop.) Now, by (8.1), xox = xf-gx = (x-fg)x = xh-x = xhx,
and so (xox)ox = [(xhx)f](gx) = [x-(h-%f)] - (fh-x) = x- [(h-2f) -f'h]-%
=x- [k (xf-f1)h]x =xhxhx = (xh)h—' =x%h3h—* =x3%h?. Thus (8.14) is verified.
(In this computation we have made several uses of formula (2.5) and one
use of the formula (xkx)f =x- (k-xf), which latter amounts to employing the
autotopism (L R, L., L.).)
It is well known that all the isotopes of a commutative loop G are com-
mutative if and only if G is an abelian group. Since there exist non-associative
commutative Moufang loops, the following corollary is not without interest.
For proof we cite Theorems 7B (iii), 8C.

CoRrROLLARY TO THEOREM 8C. Every loop H isotopic to a commutative Mou-
fang loop has the property that the mapping x—x® is an endomorphism of H into
its centre.
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THEOREM 8D. If the mapping x—x3 is an endomorphism of the Moufang
loop G into its centre, the groupoid G, defined by

(8.15) xoy = xlyx?

is a commutative Moufang loop. Moreover:

(i) of H is a subloop of G the set H,, consisting of the same elements as H,
is a subloop of G, A

(ii) #f H is a normal subloop of G, H, is a normal subloop of Go, and Go/H,
s isomorphic to the loop (G/H)y formed from G/H by the method of (8.15);

(iii) <f H 1is in the centre of G, Hy is in the centre of G,.

Proof. First we verify that G, is commutative. Now (xoy)(yox)—!
=xlyx(y~lxy?)~! = x~lyx2y~2ly = x¥y3-x~lyx—lyx—ly = xiy~3(x—ly)} = &3
-x~%3.9~3=1, hence xoy=yox. Next, by Theorem 7B(i), we must show that

(8.16) (x0y)o(x03) = (xox)o(yoz)
for all x, v, 2 of Gy. From (8.15) it is clear that
(8.17) Xox = %2, (x0y)® = x3y3.

The left-hand side of (8.16) may be written as
(20y)~(x02) (x0y) Y (%0y)® = (x~2y~1x)(x'zx%) (2~ 2y~ x) #3y?
= (xy~'2) (2 'zx7 ) (xy~ %) y?
= (xy~'x- &) (st 2y~ a)
= (xy ) {[(zx1- 2)y~ ]z} y?
= (xy ) (zy ' x)y* = 2(ylzy )=z y?

= x(y"zy)x = x(yoz)x,
and thus we have

(8.18) (x0y)o(x03) = x(yoz)x.

Again, (xox)o(yoz) =x20(yoz) =x"*(yoz)x* =x"2(yoz)xx® =x(yoz)x, and so
(8.19) (x0x)o(yoz) = x(yoz)x.

But (8.18) and (81.9) together imply (8.18). Thus G, is a commutative Mou-
fang loop.

We now proceed to the remaining assertions of Theorem 8D.

(i) This is obvious.

(ii) From (8.15) and the fact that G, is commutative we see that the right
and left mappings of G, are given by

(8.20) Ry =1L, =Ry,

Since Gy and G have the same unit 1, it follows that the inner mapping group
of Gy is contained in that of G. Thus, by (i) and this fact, Hy is a normal sub-
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loop of G, when H is a normal subloop of G. Moreover, by (8.15) and the nor-
mality of H in G, we readily derive the equations

(8.21) x0H = xH, (zH)o(yH) = (x0y)H,

which imply, first, that the cosets of H, in G, are identical with those of H
in G, and, secondly, that (G/H), is isomorphic to Go/H,.

(iii) This follows from: the above remark on inner mapping groups, and
the fact that centre elements are self-conjugate.

We now specialize the situation of Theorem 8D by taking the Moufang
loop G to be associative.

THEOREM 8E. Let G be a group with centre Z, derived group G’; and let C
be the centralizer(*) of G’ in G. Further let the mapping x—x?® be an endomor-
phism of G into Z. Then, if G, is the commutative Moufang loop obtained from G
via (8.15):

(i) Co s the centre of Go;

(ii) Go s centrally nilpotent of class ¢ £2, equality holding if and only if the
nilpotent group G has class 3;

(iii) #f G has class 3, and of H=(G’, G), then H, is the centrally derived loop
of Go;

(iv) the inner mapping group o of Go is isomorphic to the abelian group
G'/(G'N\Z).

Proof. First let us consider the equation
(8.22) (cox)oy = do(x0y).

By (8.15), (cox)oy =yo(xoc) =y—1x~lcx?y?, and do(xoy) = (xoy)od = (xoy)~'d(xoy)*.
Thus (8.22) is equivalent to y~'x~lcx?y?= (x0y)~'d(x0y)? or to

(8.23) d(z0y)?y~22 = (z0y)y~talc.

But (8.22) is satisfied for all x, y when ¢=d=1. Hence, from (8.23),
(x0y)2y~2%x~% = (xoy)y~'ax~! = x~lyxly~lx~l = (y~ ) "Iy %)x "= (y"x, x~?)
=(y~, x), the last equation holding since «2 is in Z. Thus (8.22) or (8.23)
is equivalent to d(y %, x) =(y~, x)c or to

(8.24) d = (x, y~1x)"¢(x, y1x).

We now consider in turn the various items of Theorem 8E.

(i) The element c is in the centre of G, if and only if (8.22) is satisfied,
with d =g, for all x, y of G. Thus (8.24) must hold with d=c¢ for all x, y, and
it follows that ac=ca for every element a of G’. Thus ¢ is in C. Conversely
if ¢ is in C, (8.24), and hence (8.22), is satisfied, with d=c¢, for all x, y of G.

(%) The centraliser (in G) of the subset S of the group G is the subgroup of G consisting of
all elements of G which commute with every element of S.
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Thus the Moufang loop C,, derived from C via (8.15), is the centre of G,.

(ii) By Theorem 1A, G’ is an abelian group. Hence C2G’, and Go/C, is
an abelian group isomorphic to G/C. Thus G, has central class ¢<2. Now
C=G if and only if G’ £Z, and hence G, is an abelian group if and only if G
has class less than 3., In other words, G, has class 2 if and only if G has class 3.

(iii) If G has class 3, G/H has class 2 and hence Go/H) is abelian, Hy = K,
where K, is the centrally derived loop of Go. But K, as a subgroup of Z,=2,
is identical with a subgroup K of Z. Thus K is a normal subgroup of G, and
since Go/ K, is abelian, G/K must have class at most 2. Hence K= H=K,
whence K =H. This completes the proof of (iii).

(iv) From the fact that (8.22) is equivalent to (8.24) we see that J, is
isomorphic to the group of mappings c—a~'ca of G into itself, where a ranges
over all elements of G’. Hence G’ is homomorphic to S, the kernel of the homo-
morphism being G'NZ.

THEOREM 8F. Let H be a commutative Moufang loop, centrally nilpotent of
class at most 2. Further let G= { R.;x€EH } be the group associated with H, and
let K <G’ be the inner mapping group of H. Then:

(i) H is isomorphic to a subloop of the commutative Moufang loop G, 0b-
tained from G via (8.15);

(i) Ko is a normal subloop of Go;

(iii) H s isomorphic to Go/ K,.

COROLLARY. Every commutative Moufang loop which is centrally nilpotent
of class at most 2 is among the subloops of (and the homomorphs of) the loops Gy
obtained by the method of Theorem 8E.

Proof. (i) That G, is a commutative Moufang loop (centrally nilpotent of
class at most 2) follows from Theorems 7D (ii) and 8E. Now the elements R.,
R, of G are in G, and, moreover, by (8.15), (7.2), R,0R, =R, 'R ,R,?=R,,,.
Hence the one-to-one mapping x—R, yields an isomorphism of H into G,.
This proves (i).

(ii) By Theorem 7D (i), K is a subgroup of G’ and hence K, is a subloop
of G¢. Since G’ is commutative, by Theorem 1A, G’ lies in its centraliser C,
and so K¢ =Gy = Cy. But G, is the centre of Gy, by Theorem 8E (i), and hence
K, as a subloop of Cy, is a normal subloop of G,.

(iii) The elements of Go/K, have the form KwR., x in G. Moreover
(KowR:)o(KoR,) =Kw(R.0R,) =KwR,,, by (i), and hence the mapping
x—KwR. is a,homomorphism of H upon Go/K,. The kernel of this homo-
morphism is the set of elements x such that KeoR,=K,, or that R, is in K.
But R, is in K if and only if 1LR,=x=1. This completes the proof of (iii).

The corollary is of course an immediate consequence of Theorem 8F. It
is interesting to note that if in this corollary the phrase “method of Theo-
rem 8E” be replaced by “method of Theorem 8D” the statement becomes
wholly trivial. Indeed the commutative Moufang loops are among those which
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possess an endomorphism x—x?® into the centre, and if the G of Theorem 8D
is commutative, the corresponding G, is identical with G. However every
isotope G of commutative Moufang loop H possesses an endomorphism x—x?
into its centre (Theorem 8C) and yet not every such G is commutative; so
that it seems worthwhile to consider the properties of the corresponding Gi.
As we shall now see, nothing new results.

THEOREM 8G. If G is an isotope of the commutative Moufang loop H, and
if Go is the commutative Moufang loop obtained from G via (8.15), then G, is
isomorphic to H.

Proof. We shall let xy designate the product of x and y in H and assume
(as we may without loss of generality) that G is the principal isotope Hy of H
given by

(8.25) xxy = xf-gy,

where f, g are fixed elements of H. A reference to Theorem 8A shows that the
inverse of x in G is the element 2 given by (8.3) or (8.4). Using (8.4), we see
that

(8.26) of = g = g,
Again (8.15), when interpreted in the present circumstances, gives

(8.27) 20y = g% [y (xx2)].

It will also be convenient to set fg=e"1, so that e is the unit of G and G,, and
(8.28) fge =e¢€, gl=¢f = fe

Nowxsx=xf gx=x-fg-x =xe~'x =e~x? andg(x*x) = (e~Yf1) (e~ x2) = 2(fx2).
Thus u =y(x*x) = (3) [g(xxx)] = (Fy)(fx2-e?) = Py{f1(f %2 e?)}]
=fy{fi(fxr e} ] =f [y {«?fe2} ], or

(8.29) u = yx(xxx) = fy(2?-fe?)].
But xoy=zsu=(2f) (gu) = [¢2(f =) [ (gu) =g 3- g*[f ¢~ ], or
(8.30) xoy = zxu = (ef)(f a1 -u).

Next, from (8.29), f~ix—!-y=f"? { 1 [y(x2-fe?) ]} =2 {x’ [y(x-fe2)]}
=f[(xy)(fe~t) ] = (f1-xy)e~2=(¢f)~2(e~'-xy), and so by (8.30),

(8.31) %0y = e 1-xy.

1t follows from (8.31) that the mapping x—ex is an isomorphism of H upon
Go; in fact (ex)o(ey) =e(ex-ey) =e '(e?-xy) =e-xy. This completes the proof
of Theorem 8G.

In the next theorem we consider a special case of the extension problem
for commutative Moufang loops.
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THEOREM 8H. Let M be a Moufang loop with unit 1, which possesses an
endomorphism x—x3 into its centre. Let E be the cyclic group of order 3, written -
additively, with elements 0, 1, 2, and let G=(M, E) be the set of all couples
(x, p) with x in M, p in E, where (x, p)=(y, q) if and only if x=y, p=q.
Finally let multiplication in G be defined by

(8.32) (%, 2)(3, @) = ($a—s(%, ), p + @)
where _
(8.33) do(x, ¥) = xlyx?, (%, ¥) =2y ¢ox 9) = vz,

for all x, y of M and p’l, qof E. Then:

(i) G is a commutative Moufang loop(17);

(i) M is isomorphic to a subloop of a loop isotopic to G

(ili) G=MXE if and only if M is commulative;

(iv) if M 1is not commutative, the centre of G consists of all elements (x, o)
with x in the centre of M;

(v) if N is a normal subloop of M, the set of all elements (x, 0) with x in N
is a normal subloop H of G, isomorphic to N, and G/H 1is isomorphic to the loop
(M/N, E) obtained from M/N as G is obtained from M;

(vi) a necessary and suffisient condition that G be centrally nilpotent of class
¢ is that M be centrally nilpotent of class c.

COROLLARY 1. Every Moufang loop which possesses an endomorphism x—x®
into ils centre is either an isotope of a commutative Moufang loop or a normal
subloop of index 3 in such an isotope. (But there exist loops of this type which are
isotopic to no commutative Moufang loop, namely the noncommutative groups.)

COROLLARY 2. There exists a commutative Moufang loop which is centrally
nilpotent of class 3.

Proof. (i) It follows from (8.33) and from Theorem 8D that, for each fixed
p of E, ¢,(x, y) defines the product of x and y in a quasigroup (which is in
fact a Moufang loop). Thus, by the general extension theory for loops (Albert
[2], Bruck [2, §10]) G is a loop. According to Theorem 7B(i), G is a commuta-
tive Moufang loop if and only if (x, 9)*[(v, 9) (2, ) ] = [(%, £) (v, ) ] [(x, ) (2, 1) ],
or, equivalently, if and only if

(8.34) buro[$0(%, %), do-u(3, 2)] = do—u[du(®, 3), du(%, 2)].

(In (8.34) we have set w=g—p, v=r—p; and it is to be understood that this
equation must hold for all x, ¥, 2 of M and u, v of E.) The truth of (8.34) in
the case # =v=0 is a consequence of Theorem 8D. There remain eight cases,
which we must consider in detail. In the cases u=v=1 and u=v=2, (8.34)
becomes respectively

(1) In §9 we shall show that every commutative Moufang loop G with a cyclic quotient
loop E may be constructed essentially as in Theorem 8H.
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(8.35) (y'zy?)a? = (xy)~(x3z)(xy)?
and
(8.36) 2} (y'zy?) = (y%)~(3x)(3%)"

But since M is Moufang, (ylzy=)x~1=y"1(z-y~x~1) = [(xy)~! %] [2(xy)~]
= (xy)X(x2)(xy)7", and so (y~'zy)x?= [(y~'ay~1)x~1](xy)?= (xy)~(x2)(xy)2
Thus (8.35) is true, and by taking inverses we get x~2(y~2zy~1) = (y~lx~1)2
-(zx1)(yx~1)~}, which, since #3 is in the centre for every u, is equiva-
lent to (8.36). This completes the cases in which v=u. When v=ux-+1, (8.34)
becomes @1_.(x?, ¥2) =du(x, ¥)P1u(x, 2); and, taking ¥ =0, 1, 2 in turn, we get

(8.37) x?-yz = (2 lyx?)(x3),
(8.38) 272 (yz) %t = xy-3%,
(8.39) (y2)x? = (yx)(x'2%%).

Now (8.37), on division by x?, becomes x~!-yz= (x—1yx~!)(x2), which is true
since (L,7'R,™}, L,, L,/ is an autotopism of M; and (8.39) comes from
(8.37) by taking inverses. The left-hand side of (8.38) is equal to x(yz)x
=xy-2x. Finally, when v =% -2, (8.34) becomes ¢2_,(x2, 2y) =da2u(%, 2)du(x, ¥).
But interchange of y and 2z and replacement of # by #+41 gives exactly the
equation corresponding to v=u-1. This completes the proof of (i).

(ii) Since (x, p)(1, 1)=(¢p1—p(x, 1), p+1)=(x, p+1) and, similarly,
1, 2)(y, @) =(y, 2+4¢), it follows that the loop G, with multiplication

(8.40) (% po(y, @) = (%, 2 + 1)(3 2+ @) = ($—psa(% ¥), p + @)

is isotopic to G. Moreover the set H of elements of form (x, 0) is a normal sub-
loop of Go. But (x, 0)o(y, 0)=(xy, o), and so H is isomorphic to M under
the mapping (x, 0)—x.

(iii) If M is commutative it is evident that G=MXE, and this is impos-
sible otherwise, since G is commutative.

(iv) A necessary and sufficient condition that the element (x, ) be in
the centre of G is that [(x, p)(¥, @) ](2, ) =(x, p) [(3, ¢)(z, 7)] for all y, 2z of
M, g, r of E. If u, v are defined by u=7»—gq, v=g—p, this condition reduces to

(8.41) ¢u+p[¢v(x: ), z] = ¢u—-p[x» du(y, z)],

holding for all ¥, z of M and u, v of E. But the right-hand side of (8.41) is
independent of v, and thus (8.41) may be replaced by the two equations

(8°42) ¢‘D(xl }’) = ¢l(x’ y) = Xy,
(8.43) Furp(xy, 2) = xu(y, 2).

Now (8.42) with v=2 yields yx =xy, whence x must commute with every element
of M. But then ¢o(x, y) =x"'yx?=xy, and so (8.42) yields nothing more. If
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(x, 1) is in the centre of G, then (x, 1)(x~!, 2) = (¢1(x, x~1), 0)=(1, 0), and so
(x71, 2) is also in the centre. Thus we need only consider (8.43) in the cases
p=0,p=1.

The case p=0. Then (8.43) becomes ¢.(xy, 2) =x¢.(y, 2). From this with
u=1 we get xy-z=x-y3, whence x must not only commute with every element
of M, but also lie in the associator of M. This means that x is in the centre of
M. But, conversely, every centre element clearly satisfies (8.41) for =0, as
we see from (8.33).

The case p=1. From (8.43) with =0 we get

(8.44) xy-z = x(y zy?).

Since interchange of ¥ and 2 leaves the right-hand side of (8.44) invariant,
we have in particular

(8.45) XYz = x3-9.

From (8.44) with z replaced by yz we obtain xy-yz=x-2y% We use without
comment (8.45) and the fact that x commutes with M to get, successively,
x-2yt=xy-yz=yx -yz=yxy -2=xy?-2=x2-y%. Thus x-2y?=x2-9% or x-zy~!
=xz-y~ for all 2, y, whence, as before, x is in the centre of M. But then (8.45)
yields yz=2y, in contradiction to the fact that M is not commutative. Hence
the centre of G contains no elements of form (x, 1) or (x, 2). This completes
the proof of (iv).

(v) It is immediately evident from (8.33) and the normality of N that
¢(Nx, y) =No,(x, ¥) for all x, y of G. Thus if H=(N, o), H(x, p) =(Nx, p),
[Hx, 2)1(, @) = (Npo—»(x, 3), p+q) and {[H(x, p)](y, )} {(x, p)(3, )}
= (N, 0)=H. Hence H is mapped into itself by every generator of the inner
mapping group, and so is a normal subloop of G. To see that G/H is isomor-
phic to (M/N, E) we note that H(x, p) = (Nx, p) and that [H(x, p)} [H(y, ¢)]
= (¢¢—p(Nx, Ny), p+9).

(vi) If G is centrally nilpotent of class ¢, so is every loop-isotope of G,
and thus M, as a subloop of an isotope of G, is centrally nilpotent of class
d=c. But conversely, if M is centrally nilpotent of class d, it follows from
(iii), (iv) and (v) that G is centrally nilpotent of class ¢ =d. Thus we have
c¢=d=c, whence c=d.

The first statement of Corollary 1 is a consequence of (ii) and of Theo-
rem 8C. As to the second statement, every loop-isotope of a group is an iso-
morphic group. Corollary 2 follows from (vi) and Theorem 1B.

It is still an open question as to whether every Moufang loop which
possesses an endomorphism x—x? into its centre is centrally nilpotent. In
view of (vi) and of Corollary 1, this need only be proved for commutative
loops.

9. The derived loop of a commutative Moufang loop. If G is a commuta-
tive I.P. loop we have L, =R, for all x of G. Moreover, since R,,;=R.R,R.,™},
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it follows that R.,,'=R,,R~1R,'=R,, 1. Thus, by §§3, 7 of Chapter I we
see that the (centrally) derived loop G’ of G is generated by the set of all triples

(9. 1) [x’ b 2) Z] = x71. va.l = x—l{(xy'z)(yz)—l}

with x, ¥, 2in G. In what follows we shall assume that the commutative loop
G is Moufang.

LeMMA 9A. Let G be a commutative Moufang loop with center Z, derived
loop G', so that G' is generated by the set of all triples [x, v, 2] defined by (9.1).
Then:

() xy-2=(x[x, y, z])(v2);

(i) if cisin Z, [cx, v, 2] =[x, ¢y, 2] =[x, y, cz] =[x, 9, 2];

(iii) [x,9,2]*=1;

(iv) [x 3, 2] =y, =, =];

™ &3 2l=[y 2]

(vi) 1f p, q, 7 are rational integers, [x», ¥, 2] =[x, y, z]per;

(vii) [xr Y z] = [xr ¥ yz]’

" Remark. From (iv) and (v) it follows that interchange of any two of x, v, 2
in the triple [x, ¥, 2] replaces the triple by its inverse. Thus, by this and (iii),
if two of %, y, z are equal, [x, 3, 2] =1. Hence the triple behaves very much
like a three-index skew-symmetric tensor. The analogy would be even more
evident if G were written additively.

Proof. (i) and (ii) should be obvious, and (iii) follows from the fact that
the mapping x—«? is an endomorphism of G into Z. In further stages of the
proof it will be convenient to have the formula

9.2) 2l yz = x73(xy- x3).

In fact, since x3 is in Z, x~1- yz3=x"3(x?- y3) =x~%(xy-x2), by the defining rela-
tion for commutative Moufang loops. We also use without further comment
the fact that every two elements of G generate a group.

If A,=(R,, Ry, R,?), then 4, is an autotopism of the commutative Mou-
fang loop G, and hence so is 4,4,4,,7'=(R,,s, Ry, R2,2). It follows at once
that R,.=R,. ¢, and hence that [x, y, 2] =[x, 92, 22]. But y?=3%-y~1, and »*
is in Z. Thus, by (ii),

(9.3) [xv y: z] = [x’ 3’_1, 2_1]'

Again, by two uses of (9.2), [, 3, z]=x"1{(xy-2)(y~'21) } =x—3{x(xy-2) }
Aw y~1g71} = (y-2~12)(x-y~'z~1), whence

(9.4) [x, 9, 2] = (x-y 2 ) (y-x712) = [y, %, 271].

Next we have [x, ¥, yz]Ex‘l{(xy-yz)(y-yZ)“}=x'1{(xz'y2)(zy2)_1}
=[x, 2, 2] =[x, 2, y%y']=[x, 2, y7!], whence by (9.4),

9.5 [% 9, y3] = [z, =, ¥].
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Similarly, by (9.2), [x, y,y 2] =x1{ (xy - y~12)(y- y~18)~1} =21 { (xy-y~12)51}
=x1{(xy-2)(y2-2) Ja P =2 {(xy-2) y's7) } =[x, 9, 2], s0

(9.6) [2, y, y712] = [2, y, 5].
In (9.6) we replace 2 by yz and use (9.5), deriving
(9.7) [%, 3, 2] = [z, % 5].

It follows from (9.7) that [x, ¥, z] is invariant under cyclic permutations of
%, ¥, 2. Thus (9.7) is equivalent to (v). Moreover (9.5) and (9.7) together
imply (vii). Since the mapping x—x~! is an automorphism of G we see that

©-8) [2, 3, 5] = [=7%, 571, 571).

From (9.8), (9.3), (v) and (9.4) we have [x, y, z]"'= [x~1, =1, z71] =[x, ¥, 2]
= [y, 5, x71]=[2, 3, x] = [y, #, 2], which proves (iv). As to (vi), it is clear from
(ii), (iii) that proof need only be given when p, g, r are prime to 3. Indeed,
by (iv), there is no loss of generality in assuming p=1. The case g=r=1is
trivial; the case g=7= —1 follows from (9.3); moreover [x, y, 1] = [y, x, 2]
=[x, y, 2]"* and so [x, y1, 2] = [z, x, y'] =[5, x, ]~ = [x, 9, 2]-L. This com-
pletes the proof of Lemma 9A.

As a next step in the study of the generators of G’ it is natural to consider
the five-fold symbol [[, v, w], x, ¥]. In view of the “skew-symmetry” of the
triple [, y, 2], one might wonder whether the relation

9.9 [[“’ 9, w]’ % y] = [[y’ u, ”]' w, x]

held for every G. We shall now show that this is not the case.

LeMMA 9B. A necessary and sufficient condition that (9.9) be true for all
u, v, w, x, ¥ of the commutative Moufang loop G is that G be centrally nilpotent of
class at most 2.

CoroLLARY. There exist commutative Moufang loops G in whick (9.9) is
violated.

Proof. Sufficiency. It follows from (9.9) that the five-fold symbol
F={[u, v, w], x, y] is invariant under cyclic permutation of %, v, w, x, ¥.
Thus, by Lemma 9A, Fis “skew-symmetric” in its five arguments; in particu-
lar F=1 whenever two arguments are equal. Since R:,, is an automorphism
of G, we have (pq)R.,,=p’q’, where we have written p’' =pR,,,, ¢’ =¢R.,, for
convenience. By this fact, by Lemma 9A(i), and by the “skew-symmetry” of
F, we have (pg)[pg, x, y]=(p@)Rz.y=PRy 0’ = (0|, 2, y])a' = ([p, %, y])¢’
=([p, = 3lllp, % 3], 2, D) =[p, x, »](pg"). But similarly pg’
=p{ale, x, ]} =(lg, =, y]0)p =g, x, ¥1(¢p), and so (pg) [pg, x, y]={(p9)
g % 91} [6, 2, 9]= {60 [2g, [0, %, ¥, [, % 11} { g, = 3][p, %, y]}. As we

shall show in a moment,
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(9.10) [z, g, = y], [po %, 9]] = 1
and so (pq) [pg, x, y1= () { [¢, x, y][p, %, ¥]} or
(9'11) [?qv X, y] = [P’ X, y] [q’ x, y]

for all p, g, x, y of G. As to (9.10), if w=[q, x, ], then [z, w, [p, x, y]]
= [[pr X, y]r 2, w]= [[w’ p,x], Y, z] by (9.9); but [wr b x]= [[Qr X, y]r Prx]=1
by skew-symmetry. Hence (9.10) follows from Lemma 9A(ii). It is clear from
(9.11) that, for each fixed pair x, ¥ of G, the mapping p— [p, , ¥] is an endo-
morphism of G. Thus in particular [[«, v, w], x, y]=[[%, x, y], [v, x, ¥],
[w, x, ¥]]1=1, by (9.10). It follows that each triple [«, v, w] lies in Z. Hence
G’ =Z, G is centrally nilpotent of class at most 2.

Necessity. If G'<Z, [[u, v, w], x, y] =1 for all u, v, w, x, ¥ and hence (9.9)
is trivially satisfied.

The corollary follows from Lemma 9B and Theorem 8H, Corollary 2. We
have proved incidentally that (9.11) holds when G’ £Z. The following lemma
generalizes this result.

LeMMA 9C. Let G be a commutative Moufang loop with centre Z, and let
Z2/Z be the centre of G/Z. Then (9.11) holds for every x in Zy and for all p, q, ¥
of G.

Proof. If x is in Z,, [p, x, y] is in Z for all p, y of G. Thus (pq) [pg, x, ¥]
=(p@)Rz,y=pR..y qR=y= (0 [0, %, y](glg, x, y])) = #0) [#, %, ¥][g, %, 3]; and
so (9.11) is verified. Note that if G is centrally nilpotent of class at most 2,
Z2=G.

LeMMA 9D. If G is a commutative Moufang loop,
(9.12) xz?-y30 = {(xy)[x, v, 5]7-1}z7+e
Jor all x, v, z of G and for all rational integers p, q.

Proof. In proving (9.12) we may assume the integers p, ¢ to be reduced
modulo 3. When ¢g=p, the equation is trivially verified. Again, if it is true
for a certain pair p, g, it is true for the pair ¢, p, as we see by interchanging
x and y. Therefore we may assume p=1. First we take ¢=—1. Now
(xz-yz7)~t = xlsy7lz = (xy)*{(xlylalE ) (@ y e ) = (xy)?
{@2y 12 ) (y 2 278) | =23y ~3(xy) | (2 v~z ) (y-2712) | = (x 'y~ ") [, 9, 5]
by (9.4), and hence (9.12) is true in this case. Next take ¢=0. But (xz-y)z!
= (x2?-y2)578 = (xz~1-32) = (9x) [y, %, 2]"'=(xy)[x, 3, 2] by the case p=1,
g¢=—1,and soxz-y= {(xy) [x, , 2] }2. This concludes the proof.

We are now ready to consider the problem of constructing Moufang loops
with a given number of generators.

THEOREM 9A. Let n=3 be a fixed integer, and let G be the set of all couples
A =(a;, aijr) where a; is an n-dimensional tensor with rational integral coeffi-
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cients and where a;jx is an n-dimensional skew-symmetric tensor with rational
integral coefficients reduced modulo 3. Define the product AB=P by
(9.13) Pi=ai+bi (i=1r2v"""))
(9.14) pie = aijp + biji + (a:dj — b)) (ar — i) (mod 3),
where in (9.14) it is assumed that 1 Si<j<k=<n. Then:

(i) G is a commutative Moufang loop;

(ii) the centre Z of G consists of all elements A of G such that a;=0 (mod 3)
fori=1,2, .-, m;

(iii) the derived loop G’ of G consists of all elements A of G such that a;=0
Jori=1,2, - - -, m;

(iv) G is centrally nilpotent of class 2;

(v) #f K is the complement of G’ in the centre Z=G'XK, G/K has order
3e, where a=Cn1+Chn s;

(vi) a necessary and sufficient condition that a commutative Moufang loop
H with n generators be centrally nilpotent of class 2 is that H be a homomorphic
image of G.

Proof. (i) It is evident from the definition that 4 B is uniquely defined and
that AB=BA for all 4, B of G. Moreover if U= (0, 0) we see that U4 =AU
=4 for all 4, so that U is the unit element of G. If P, 4 are given, we may
solve uniquely for B from the equation 4 B=P; in fact b;=p;—a;, by (9.13),
and hence (for 1St <j<k=n) bijz =piir—aijx+ (@:ip;—a;p:)(@r+pr) (mod 3),
by (9.14). In particular, when P= U, we have b;= —a;, b;;x= —ai; (mod 3),
and hence are led to define

(9.15) A7l = (— a;y — d.';k).

By direct substitution we see that AB=P implies B=A~'P. Thus G is a
commutative I.P. loop.
It is convenient to define the sum of 4 and B:

(9.16) A + B = (a; + bs, aijx + bijr).
If further we define f(e, b) to be the element (a;, 0) (b, 0), so that
(9.17)  fla, ) = (0, r6), rije = (abj — abs)(ar — bx) (mod 3),
we see that
(9.18) AB = A + B + f(a, b).
We shall also make use of the elements of form
a; a; ax
(9.19) le, 8, ¢] = (0, t:ja), tijo=| b b; by | (mod 3).

C; C; Ck
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It is a consequence of (9.16) and (9.18) that A2=44=24. Hence
A*BC =24+ B+ C+ f(b,¢c) + f(— a, b+ ¢)
while on the other hand
AB-AC =24+ B+ C+ f(a,b) + f(a,¢) + fla+ b, a + ¢),

where for example ¢ and a+b denote respectively the tensors a; and a;+b..
Thus a necessary and sufficient condition that G be a commutative Moufang
loop is that, for all tensors a, b, c,

(9.20) f(b,¢c) + f(— a, b+ ¢) = f(a, b) + f(a, ¢) + fla+ b, a + ¢).
But, for 1 =i <j=<k =<n, the jk component of the right-hand side of (9.20) is

| e a; @+ bi, a;+ b;
— b)) + - b b — ck),
b b, (ax — bx) . (ax — br) + as+ o a;+ 65 (bx — cx)
which may easily be rearranged as
bi b; ' a;
by — b ,
- (bx — cx) + bet cy b+ o (ax + b +,6k)

the corresponding component of the left-hand side. This completes the proof
of (i).
(ii) and (iii). We now wish to derive the formula

(9.21) (AB-C)(BC)™' = A + [a, b, ¢],

where [a, b, c] is given by (9.19). Direct substitution gives (4B-C)(BC)~!
—A =f(a, b) —f(b, ¢)+f(a+b, ¢)+fla+b+c, —b—c). But the 4jk component
of the latter is congruent (mod 3) to

%0 = | % Y] hm )
a; — - —c
5 b; k k o c E— Ck
a.-+b.-a-+b
! g (ar + b — cx)
Cs Cj
+ b+ i az+ b+ B0 o
a; i ¢ a c
+ g T (er—bx—cx)=|b; b; bi|,
—b.-—-c.~ —b;—c;
C;i €y Ck

as may be verified by a straightforward calculation.
Again, after multiplying (9.21) on both sides by 4—1= —4, we see that

(9.22) [4, B,C] = [a, b, c]

where the triple on the left is defined as in (9.1). Thus it follows that
A=(a, a:x) is in Z if and only if [a, , ¢]= U for all b, ¢. Clearly [a,5,c]=U
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when a;=0 (mod 3) for all . But conversely, if for fixed 4 <j <k we choose
b, ¢ so that b;=1, ¢y =1 but all other components of &, ¢ are zero we find that
the 4j8 component of [a, b, c] is congruent to a; mod 3; whence [a, b, ¢]=U
implies a;=0 (mod 3). This completes the proof of (ii).

As for (iii), it is clear from (9.22) that if AEG’ then a:=0 for +=1,
2, - - -, n. Conversely we may show that @, b, ¢ may be chosen so that
[a, b, ¢]=(0, t;,i,x) has t;,;x=0 (mod 3) except when 1, j, k are permutations
of three arbitrarily chosen indices # <v <w, and hence that G’ contains every
element 4 of G whose component a is zero. Thus (iii) is proved. Incidentally
we may note at the same time that G has exactly » generators, namely the
vectors @ with one component equal to 1 and the others equal to 0.

(iv) This is an immediate consequence of (ii) and (iii).

(v) Since G’ is a subgroup of the abelian group Z it follows that Z is a direct
product Z=G’XK, where in fact K consists of those elements 4 = (a, a;,; x)
such that a¢;=0=a,;x (mod 3) for all 4, j, k. K, as a subgroup of the centre Z
of B, is a normal subloop of G; and G/K may be represented as the set of
couples 4 =(a;, ai;z) where the tensors a; and a;;; have components in GF(3),
and where multiplication is defined as before. The number of distinct tensors
a; and a,;y are thus 3» and 3™, where m = C,, 3. From these remarks (v) follows
at once.

(vi) Let H be a commutative Moufang loop, centrally nilpotent of class 2,
written multiplicatively. Let g1, g5, - - -, g be a set of generators of H, in-
dependent in the sense that no subset of these elements will generate H. Since
H has class 2, the triples [gi, g;, gx] are in the centre of H. Moreover, in view
of the “skew-symmetry” of these triples (see Lemma 9A), we shall use as
(integral) exponents only skew-symmetric tensors a;;;. Moreover the aij,
by Lemma 9A (iii), may be reduced modulo 3. If a; is a tensor with rational
integral components we define the elements 4; of H recursively by

(9.23) Ay = g1, A=A g for1 <i=<n.
Finally we set
(9.24) A= H [g,', i gk]"iik'A,..

<<k

If B is similarly defined, corresponding to tensors b; and b;;x, and P, corre-
sponding to tensors p; and pi;x, we wish to show that AB=P where P is
determined by (9.13) and (9.14). Before proving this point it will be well to
note its implications. First we shall have that the set of all elements of type
(9.24) is a loop, which therefore must coincide with H. Secondly, since, as
will be seen, we shall raise no questions as to the identity of two elements of
type (9.24), it will be clear that H is a homomorphic image of G.

Because of the complications of notation we merely sketch the proof,
which is fairly straightforward. By Lemma 9D and the fact that the triples
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[x, ¥, 2] are in the centre,

Gy, by, an—by ap+by
(9-25) Aan = (Au—l'gn )(Bn—l'gn) = [An—ly Bn—l; gn] ’(An—an—l)'gn *
From (9.23), (9.24) and (9.25) we see by mathematical induction that
AB=P (mod G’), where we may take p;=a;+bi, 2=1,2, - - -, n. Thusitis
only necessary to determine the p;;;. Since the mapping x— [x, ¥, g.] is, for
each fixed y, an endomorphism of H into its centre, we may verify that

(9.26) [An—1, Bacs, 8] = T [gir £5r gn)o6D

i<ji<n
where c(¢, j) =a:b;—a;b; (mod 3). Thus from (9.23), (9.24) and (9.25) we see
that, for 1 <j <n, we may take pijn=aija+bija+(aibj—a;b:)(a,—b.) (mod 3).
The rest of the proof follows by induction.

Remarks. (i) When n=3, the loop G/K of order 34, considered in Theorem
9A(V), is abstractly identical with that constructed by Bol [1].

(i1) It is easily deduced from (9.21) that the inner mapping group of the
loop G constructed in Theorem 9A is isomorphic with G'; that is, with an abelian
group of type (1™), order 3™, where m=C,.s.

We shall conclude this section by pointing out the intimate connection
between Theorem 8H and Lemma 9D. Let G be a commutative Moufang
loop and let H be a normal subloop of G such that G/H is a cyclic group. If f
is a representative of G/H in G the elements of G all have the form xf» where
p is an integer and x is in H. According to Lemma 9D we have

(9.27) af?-yfe = {(x9)[x, 3, fl7=e} o+,
where of course [x, y, f] is in H whenever x and y are. If we set
(9.28) ¢5(%, 3) = (23)[=, ¥]*

where [z, y]= [, f, ¥] we note first that ¢,(x, ¥) =¢(x, ¥) for all x, y of H
whenever p=¢g (mod 3). Now the loop G, isotopic to G, defined by

(9.29) (2f?)o(yf?) = (&f?-1)-(3f*-f7) = dg-pra(, y)f7,

has as subloop H, consisting of the same elements as H under the multiplica-
tion

(9.30) xoy = ¢1(x, 3) = (xy)[x, y].

In view of Theorem 8C, H, is a Moufang loop such that the mapping x—xoxox
is an endomorphism into its centre, and, in view of Theorem 8H, every
Moufang loop with this property can be obtained in the same manner as Ho.

Upon these remarks may be based several observations. First it should be
seen that Theorem 8H may be generalized by replacing the 3-group E of
that theorem by the additive group of integers and by insisting that ¢, and
¢, coincide whenever p =g (mod 3). Secondly it would seem that, given some-
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what more knowledge than we have at our disposal at present, it should be
possible, by use of (9.28), to treat the extension problem discussed in the last
paragraph in terms of the loop H alone, without use of the non-commutative
loop M introduced in Theorem 8H.

The crux of the matter seems to be the determination of a complete but
simple set of characteristic properties of the binary operation [x, y] of HH
on H. Note that [x, y]= [x, f, ¥], so that [x, ¥] must have the known prop-
erties of a triple; but, among other things, f is not an element of H. In the
following theorem, the proof of which we omit, we impose upon [x, ¥] condi-
tions which are sufficient for the purpose, but which hardly seem necessary.

THEOREM 9B. If H is a commutative Moufang loop, if [x, v] is a binary
operation on HH to H, and if H, is the set consisting of the same elements of H,
with product xoy defined by (9.30), then the following postulates ensure that H,
is a Moufang loop. Moreover, when the postulates hold, the mapping x—xoxox
is an endomorphism of H, into its centre:

For ol x, y, 3 of H, () [v, x]=1; (i) [y, x]=[x, y1% (i) [[x, 5], ]
=[[y, z], x]; (iv) for every fixed v of the subloop {x, y, z}, the mapping
u—[u, v] (and hence, by (ii), the mapping u— [v, u]) induces an endomorphism
of {x, ¥, z} into its centre.

In regard to the proof we merely remark that it can be shown, on the basis
of (i), (ii), (iii) and (iv), that x~lo(x0y) = (yox)ox—'=1v and that (x0y)o(zox)
= {x0(yoz) }ox =x?-yz. (Note that all operations are actually performed
within the subloop {x, ¥, z}.) If H has centre Z and H/Z has centre Z,/Z,
we may satisfy the postulates by setting [x, ¥] = [x, y, ] where & is any fixed
element of Z, (see Lemma 9C), with the slight difference that the mapping
x— [x, y] will then be an endomorphism of H into its centre.

Theorem 9B generalizes an earlier construction of the author [1, §5], as
is especially apparent when H is written additively and [x, y] is regarded as
a product operation on H.

10. The inner mapping group of a Moufang loop. In §3 we derived neces-
sary and sufficient conditions that the inner mapping group & of a Moufang
loop G be a group of automorphisms of G (Theorem 4B and corollaries). In
particular this is true when G is commutative. We now wish to subject the
inner mapping group to a closer study. For a Moufang loop G we may use
equations (4.7) or

(10.1) Ly. = R,'L,R,L,,  R.y, =L, R.L,R,,
together with (4.9) or
(10.2) L.R, = R.L,.

The groups G = {L.; x in G}, ®,= {R.; x in G} and the group ® = { &, ©,}
associated with G will play an important part. By the corollary to Lemma 4D,
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®», ®, are normal subgroups of ®, and hence so are MY, and (&, &,),
their intersection and their commutator group respectiv:ly.
Now & is generated by the set of all permutations

(10.3)  L,,=L.L,Ly:, R.,= R.R,Rsm T.=R.L:.

But from (10.1), L, ,=L,L,-L,'R,L,'Ry,=L.R,'L,”'R,=(L;™}, R,),
and similarly R,,,=R.L,~'R,*L,=(R,;™}, L,), whence

(10.4) L., = (L, R,), Ruy=(R:,L,), Luy=Ri1.

Thus, in particular, the set of all L,,, generates the same subgroup of I as does
the set of all R.,,. This subgroup we shall designate by .

It is readily deduced from the proof of Theorem 3B of Chapter I that the
set of all R.,, generates that subgroup of §, consisting of all U in @, such that
1U=1. Thus  =3N@,, and by further arguments of the same sort we ob-
tain the following lemma.

"LemMA 10A. If G is a Mbufang loop, then, in the above notation, SMG,
=3NEG,=3N(G\NG,) = R. Moreover R, together with the set of all T,, gen-
erates .

COROLLARY. If G is a commutative Moufang loop, I =(®, @) =¢".
LeMMA 10B. If G is a Moufang loop, the permutation

(10.5) Usw=ToT\Toy

isin & for all x, v of G.

Proof. By Lemma 104, it will be sufficient to show that U.,,, is in &,
since it clearly is in . But ®, is a normal subgroup of ®, and so, from the
definition of T, Uz,y=R.L:'R,Ly L. yR:y 'ER.RR,y" & =R, O = 8G»
=@,

THEOREM 10A. If G is a Moufang loop, then, in the notation of this section,
R is a normal subgroup of I, and the mapping x— 8T , is a homomorphism of G
upon the group /K. The kernel of this homomorphism is N=1[GNG,]; that
is, the set of all elements 1P with P in G N\G,.

COROLLARY. The inner automorphism group of a group G is isomorphic to
the central quotient group G/Z.

Proof. Since @, is normal in @, then =8N, is normal in §. By Lemma
10B, RT.T,T., =R, and so

(10.6) (RT.)-(8Ty) = 8T ..

Since & and the T, generate &, and since G has the inverse property, (10.6)
completes the proof of the first assertion. The kernel of the homomorphism
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clearly consists of those x for which T, is in &, or for which T',=R,L,'=U
with Uin K. But then R,= UL, whence R is in ®\=®, or R, is in &:N,.
Conversely, every element of ®, has form UL, with U in {, every element
of ®, has form VR, with Vin &, and UL,= VR, impliesx=1UL,=1VR,=y.
In this case, UL,=VR,, T,=V-'UER. Thus N=1[G\N,], as stated. The
corollary follows from the fact that, on the one hand, & <(®,, ®,) =1, while,
on the other hand, T,&® =1 if and only if R,=L,, x is in Z. It is thus appar-
ent that Theorem 10A gives a direct generalization of a familiar theorem on
groups.

Note that if G is commutative the homomorphism x—®7T, becomes triv-
ial, since T, =1 for all x. It will be convenient to make the following definition.

DEFINITION. The Moufang loop G is a Moufang loop of the first kind if
Gr=0,=O; otherwise G is of the second kind.

LemMA 10C. A4 necessary and sufficient condition that the Moufang loop G
be of the first kind is that the homomorphism considered in Theorem 10A be
trivial.

Proof. Necessity. If @r=0®,=0© then &$,N\Y, =@ and so N=1¢ =G. Thus,
by Theorem 9A, the homomorphism x— 87T, is trivial.

Sufficiency. If T.=R.L.;'is in & £ &N\, for all x, then R,ERL.< .
Hence ®&,<®,, and similarly $,<,, so that G=E,=O.

It is readily verified that every loop-isotope of a Moufang loop of the
first kind is also a Moufang loop of the first kind. And hence a like statement
is true for Moufang loops of the second kind.

THEOREM 10B. If G is a Moufang loop of the second kind, and if the descend-
ing chain condition holds for subloops of G, there exists an integer n=1 and a
strictly decreasing series

(107) G=Hy>H,>--->H,
of subloops of G with the following properties: .
(i) for each j=1, 2, - - -, n, H; is the associatrally derived loop of H;_,,

and incidentally H; 1/H; is a group;
(ii) the associatrally derived loop of H, is H,;
(iii) Ha ts a Moufang loop of the first kind.

Remark. It follows from Theorem 10B, in particular, that every finite
Moufang loop may be built up from a Moufang loop of the first kind by suc-
cessive extensions by groups.

Proof. By definition, the associatrally derived loop H; of a loop G is the
intersection of all normal subloops K of G such that G/K is a group. Thus
(§3), Hyis a normal subloop of G and G/H, is a group. For j >1 we define H; as
in (i). If, for some integer j, H;=H;y,, it is clear that H;=H for every in-
teger £=j. In view of the descending chain condition, such a j exists; the
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smallest such j we call #. Thus (ii) is verified. As to (iii), assume, if possible,
that the Moufang loop H, is of the second kind. In this case, as we see from
Lemma 10C, there exists a proper normal subloop N of H, such that H,/N
is a group. But then H, >N 2= H,,, in contradiction to (ii). Hence H, is of
the first kind.

TrEOREM 10C. The associator of a Moufang loop G of the first kind coincides
with the centre.

Proof. The associator 4 of G consists of all elements @ of G such that
a® =a, as follows from Theorem 3A and the present section. But since G
is of the first kind, =%, by Lemma 10C, and hence 4 coincides with the
centre of G.

THEOREM 10D. If G is a finite Moufang loop of order g, and if G is associa-
trally nilpotent, the order of the associated group ® divides some power of g.

COROLLARY. A4 finite Moufang p-loop is associatrally nilpotent if and only
if it s centrally nilpotent.

Proof. As before let §=3(G) be the inner mapping group of G, and let
f = 8(G) be the normal subgroup of & generated by the set of all R, , with
x, v in G. Then, by Theorem 10A, 3/8& is a homomorphic image of G, and
hence the order of &/8 divides g. We shall now show that the order of &
divides some power of g. This part of the proof follows closely the proofs of
Lemmas 8A, 8B, and Theorem 8A of Chapter I, and hence a brief sketch
should be sufficient. The mapping U— U’, where U’ is defined by

(10.8) (zA)U' = (sU)4

for all x of G, and where A4 is the associator of G, yields a homomorphism
of R(G) upon R(G/A), the kernel of the homomorphism being the set  of
all U of & such that xUE€xA for all x of G. We assume inductively that the
order of 8/% divides some power of the order of G/A4, and hence some power
of g. Now af® =a for every a of 4. Hence if U is inl &, so that for each fixed
x of G we have xUExA =Ax, or xU=ux for u in A, then (xa)U=aU-aT
=ux-a=u-xa, since T=L,UL.y~' is in NG, =R. Thus the element « is
uniquely determined by U and the coset x4. Again x=(xU) U= (ux) U™*
=u-xU™!, and so xU'=u"'x. Finally, if V is in &, and if xV=uvx, then
xUV=(ux)V=u-vx=uv-x. Hence, for each fixed coset x4, the mapping
U—-u=xUR,™! is a homomorphism of & into 4. If we designate by 6 the
union of these homomorphisms, the kernel of 6 is the identity mapping, for
if U9=1 then xU=x for all x of G, whence U=1. It follows that £ is isomor-
phic to a subgroup of a (finite) direct power of 4. Hence the order of € divides
some power of g. Thus, in view of our inductive assumption, the order of &,
and hence the order of &, divides some power of g. Finally, by Corollary 4
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to Theorem 3B, Chapter I, the order of the associated group & divides some
power of g.

As for the Corollary to Theorem 10D, if the associatrally nilpotent Mou-
fang loop G is a finite p-loop, the associated group ® is a p-group and hence
(Theorem 8C of Chapter I) G is centrally nilpotent. It is of course trivially
evident that every centrally nilpotent loop is associatrally nilpotent.

CHAPTER III. SPECIAL THEORY. EXAMPLES AND CONSTRUCTIONS

Here again, all references to theorems and sections refer to Chapter III,
unless the contrary is explicitly stated.

Our main concern in Chapter III is to study in greater detail the various
entities introduced in Chapters I and II. This we do in various ways, some-
times considering quite general problems of construction, as in §§2 and 3,
and at other times tackling more special problems which nonetheless involve
situations of considerable generality, as in §§1, 5, 6, 7. In contrast with these
we have §4, which deals with one specific counterexample.

In §1 we consider the construction of the most general loop E which con-
tains as a normal subloop a given abelian group G, such that E/G is a given
abelian group H. Thus E is centrally nilpotent of class at most 2. Our main
concern here is with the inner mapping group & of E. When H has order 2,
E is an abelian group. When H has order 3, complete results on & are given
in Theorem 1B: by choice of certain structure constants, ¥ may be made iso-
morphic to any subgroup of G which can be generated by two elements. As a special
consequence we have the existence of a centrally nilpotent loop of order 6,
class 2, in contrast with the case for groups. Again, if G and H are isomorphic
cyclic groups of any finite odd order #, the structure constants may always
be chosen so that & is isomorphic to the (z —1)th direct power of G, and hence
has order n"~! (Theorem 1C). This shows that certain of the results given in
§8 of Chapter I are “best possible” in a nontrivial sense.

The culminating result of §2 may be stated as follows (Theorem 2A): Let
n=2 be an arbitrarily assigned integer, and let Gy, Gs, - - -, G, be n groups,
finite or infinite, each of order at least two, but with G,_1 and G, not both of order
two. Then there exists a left-associatrally nilpotent loop E, of class n, with the
Sfollowing properties: If 1 =A,<A1< - - - <A,=E isthe upper left-associatral
series of E, then, for =1, 2, - - -, n, A;/A_11s not only the normal left-asso-
ciator but also the left-associator of E/A;_1; and A;/A 1 is isomorphic to Gi.

Similarly we show in §3 that if a centrally nilpotent loop E of class n has
upper central series 1 =2,<Z, < - - - <Z,=E, the only restriction on the abe-
lian groups Z;/Z; 1 (1=1,2, - - -, n), aside from the obvious fact that each must
contain at least two elements, is that Z,/Z ._1 have order at least three (Theo-
rem 3A). '

In §4 we construct a particularly interesting example of the fact that a
characteristic subloop of a loop G need not be normal in G. In the example,
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G has order 12, the centrally derived loop G’ of G has order 6, and the cen-
trally derived loop G’/ of G’ has order 2. But G’/, though it is a characteristic
subloop of G, is not normal in G.

If G is any loop, A any group of automorphisms of G, we define the %-holo-
morph of G to be the loop consisting of all couples (S, x) with Sin ¥, x in G
under the multiplication (S, x) (T, ¥) = (ST, xT - y). This definition generalizes
the notion of the holomorph of a group. In Theorem 5A the more immediate
properties of the A-holomorph are studied in great detail. It is shown in par-
ticular that passage from a loop G to a holomorph preserves the inverse prop-
erty but not the property of being Moufang. Theorem 5B is concerned with
the normal subloops of the A-holomorph which contain a given A-admissible
normal subloop of G, and Theorem 5C treats of the holomorphs of certain
Moufang loops. From the various results we derive examples of associatrally
nilpotent and Moufang-nilpotent I.P. loops. Finally, Theorem 5D points out
the existence of an I.P. loop whose associator is not a normal subloop, in con-
trast with the case for Moufang loops.

The general problem discussed in §6 is that of expressing the product
operation of one loop in terms of that of another. After some preliminary
remarks we consider a Moufang loop G in which x2** =1 for every x, where
n is a fixed integer. First we prove that the system G, consisting of the ele-
ments of G under the operation xoy=(x?y—?)"x%, is a commutative loop
(Lemma 6A). A necessary and sufficient condition that G, have the inverse
property is that x-y~lxy=9y"lxy-x for all x, ¥ of G; and in this case we have
the simpler expression x0y = (xy?x)~" (Theorem 6A). Taking G to be a group
in which every two conjugate elements commute, we use certain results due
to Burnside to prove that G, is a commutative Moufang loop, centrally nil-
potent of class at most 2 (Theorem 6B). But then, with Theorem 6B at our
disposal, we are able to sharpen Burnside’s results (Theorem 6C).

§7 is devoted to a study of totally symmetric (or T.S.) quasigroups,
namely those in which a valid equation xy =z remains true under all permuta-
tions of x, y and z. If (U, V, W) is an autotopism of a T.S. quasigroup G we
call the one-to-one transformation U of G upon G an autotopic mapping of G.
The set of all autotopic mappings forms a group 9, and there exists a uniquely
defined endomorphism 6 of $ such that (U, U, UP) is an autotopism of G
if and only if Uis in §. Those autotopic mappings U which satisfy the equa-
tion xU-y=x-yU for all x, ¥y of G form an abelian group €, a normal sub-
group of 9. Every autotopism of G has the form (U, UR, US) where U is
in §, R, Sarein €, and RS= U-1U". The group € is of importance in the study
of the T.S. isotopes of G. Moreover € plays the réle of a centre for the T.S.
quasigroup G, and we may form a “central quotient” quasigroup G/€. We con-
clude with an example of a T.S. loop of order 3*+1 (= 2) with centre of order
1, for which every autotopism is an automorphism; thatis, if (U, V, W) is an
autotopism, U=V=W.
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1. The inner mapping group of a centrally nilpotent loop of class two. If E
is a loop with centre Z and centrally derived loop E’, a necessary and suffi-
cient condition that E have class 2 is that 1 <E’<Z < E (compare Chapter I,
§7). If G is a subloop of E such that E’ <G <Z then G, as a subloop of Z,
is normal in E (since indeed every element of G is invariant under the inner
mapping group of E); moreover E/G is an abelian group since GZ E’. We
shall denote by H an abstract abelian group isomorphic to E/G, written
additively, with elements o, p, g, - - - . Further let us suppose that E is written
additively, that the elements of G are o, %, ¥, - - -, and that to each p of H
there has been chosen a representative %, in E, where in particular #,=0.
Then every element of E will have the form x+u, for x in G, p in H, where
x+4u,=y+7y,if and only if x =1y, p =¢. In particular we shall have

(1.n Up + Uy = Bpq + Uprq,

where for each ordered pair p, g of H, k,,, is a uniquely determined element
of G. Moreover since G is in Z

(1.2 (x+u) + (vt u) = (x+9) + (up+ %) = (2+ 3+ hpo) + tp1e

for all x, v of G, p, g of G. By setting p=0 in (1.1) we derive u,=h,,,+u,, or
the first of the conditions

(1.3) bop = hpo = 0, all  in H.

The second comes by setting ¢=0 in (1.1). We have thus proved the con-
cluding statement of the following lemma.

LeMMA 1A. Let G, H be two abelian groups, written additively, with elements
0,%, 9, ---,ando, p,q, - - -, respectively. To every ordered pair of indices p,
q of H let there be defined an element h,,, of G, subject to the restriction (1.3).
Let E be the set of all couples (x, p), x in G, p in H, where (x, p) =(y, q) if and
only if x=1y, p=gq; and let multiplication be defined in E by

(1.9 (=)0 q) = (x+ y+ hpq p+ 9).

Then E is a loop; the set (G, o) of all couples (x, o) is a (normal) subloop of E,
isomorphic to G and contained in the centre of E; and the corresponding quotient
loop E/(G, 0) is a loop 1somorphic to H. Conversely if E is a loop with center Z,
centrally derived loop E, and if the subloop G of E satisfies E' <SG =<Z, so that
E/G is an abelian group H, then E is isomorphic to one of the loops of type (1.4).

Proof. That (1.3), (1.4) define multiplication in a loop follows from the
general extension theory (Albert [2], Bruck [2]). That the elements (x, o)
form a subloop of the centre may be verified very simply, but it will be con-
venient for the sequel to proceed as follows. We define 4, B, C by

(1.5) A= (%9, B=(yg9, C=(s7).
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With the usual meanings for the permutations R4, L4, and so on, we see from
(1.4) that

(1.6) ARp=(x+ 3+ by p+ @, ALs = (x+ 3+ oy, p + 9)-

Hence

(1.7) ARG = (5= 3= hpqut =, ALz = (5= 3 — hopa # — 9,

as we may verify, for example, by computing ARs~1Rp. A perfectly straight-
forward calculation shows that if Rp,c=RpRc¢Rpc™!, Lp,c=LpLcLpc™?,
Ts=RpLp! then

(1.8) ARpc = (x+ ap,qm 8), ALpc = (% + bpygm ), ATE = (% + Cp,as )

where

(1.9) Opar = Bpg + Bprar — Ror — Bpgir; Cpg = hpg — hop;
bpar = hop+ brprg — brg — Botrp = — Gy g,

We note that (1.3) and (1.9) imply

(1.10) Qorgr = @proig = Cp,q.0 = bo,gr = Co,g = 0,

for all p, ¢, ». Now Rg,c, Ls,c, T and their inverses generate the inner map-
ping group J of E, and an element 4 = (x, p) is in the centre of E if and only
if AU=A for every U of §. Hence, by (1.8), (1.10), (x, o) is in the centre for
every x of G. That the elements (x, o) form a loop (G, 0) isomorphic to G,
and that the quotient loop E/(G, o) is isomorphic to H, are also consequences
of the general extension theory for loops. This completes the proof of Lemma
1A.

Now AB-C=A-BC(C for all 4, B, C of the loop E if and only if ARp,c=A4
for all 4, B, C, or, by (1.8), if and only if a,,4,,=0 for all p, ¢, r of H. Hence
we may state a well known lemma.

LeMMA 1B. A necessary and sufficient condition that the loop E, defined by
(1.4), skould be a group is that

(1-11) koot Bprer = how + bpo4r

forall p, q, r of H.

Similarly, E is commutative if and only if AB=BA or ATg=A4 for all
A, B of E. Hence:

LemMmA 1C. A necessary and sufficient condition that the loop E defined by
(1.4) should be commutative is that hy,,=h,,, for all p, q of H.

Consider the mapping M of E upon E, defined by
(1.12) (%, p)M = (x + ¢, )
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where the £, are elements of G, arbitrary except for the restriction £,=0.
With 4, B asin (1.5) we have (A B)M = (x+y+hyp, o+ tpre, 2+9), AM)(BM)
=(x+y+hy, ot+tp+t, p+g). Now the mapping M is clearly one-to-one, for
every choice of the ¢,. From (1.13) we therefore derive the following:

LeEMMA 1D. A necessary and sufficient condition that the mapping M, defined
by (1.12), should be an automorphism of the loop E, defined by (1.4), is that

(1.13) borg =t + 1y
for all p, q of H.

From (1.12) and (1.7) we obtain
(1.14) AMIL = (t,, o).

But the set of elements (1.14), obtained by letting M range over the set of all
permutations Rp,¢, Lp,C and T's, generate the centrally derived loop E’ of E
(Chapter I, §3 and Lemma 7C). Moreover the mapping M—(¢,, 0) induces a
homomorphism of the inner mapping group & of E upon a subgroup G, of G.
We may go further:

THEOREM 1A. Let E= (G, H) be the centrally nilpotent loop, of class at most
two, defined by (1.3) and (1.4). Let E’, S be respectively the centrally derived loop
and the inner mapping group of E. In addition let G, for each fixed p of H, be the
subgroup of G generated by the elements a,, q,r, bp,q.r, ANd Cp 4, Where q, ¥ range
over H. Then E’ and & are respectively isomorphic to the union and to a subgroup
of the direct product of the set of all groups G, for p in H.

COROLLARY. If G is a cyclic group, and if E has class 2, E' is isomorphic to G
and $ to a direct power of G.

Proof. That E’ is isomorphic to the union of the G, is obvious. The fact
about & represents only a slight sharpening (the proof being unchanged) of
Lemma 8B of Chapter I. The corollary follows immediately.

LeMMA 1E. There exists no centrally nilpotent loop with central quotient
group of order 2.

Proof. Let H have order two, elements 0, 1. Then clearly ¢,,,=0 and
Gp,q+»=0 for all p, g, 7, since a1,,,=0. Thus E=(G, H) is an abelian group.

THEOREM 1B. In the notation of Theorem 1A, let H be the additive cyclic
group of order three (elements 0, 1, 2), and let F be the subgroup of G generated
by the elements hia+heo—h12, hi2—he1. Then E' and & are respectively iso-
morphic to F and FXF. Moreover the subgroup of ¥ consisting of the “inner”
automorphisms of E is isomorphic to the subgroup of F consisting of all elements
of F of order 3.

COROLLARY 1. If the abelian group G can be generated by two elements, the
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hp.q can be chosen sa that E' and & are respectively isomorphic to G and GXG.

COROLLARY 2. There exists a centrally nilpotent loop of class 2, order 6 (the
smallest possible order).

COROLLARY 3. Not every finite centrally nilpotent loop is a direct product of
p-loops.

Proof. If M is defined by (1.12) with £,=0, the mapping M—(t, ) in-
duces an isomorphism of & into the group GXG, the elements of the latter
being written as couples. At this stage it will be convenient to write R, . in-
stead of Rg,c, for example, since the latter mapping depends only on g, 7
when B=(y, q), C=(z, r). With a similar notation for the other generators of
& we may verify that, in the above-mentioned isomorphism of & into GXG,

Tl—l—’ 0, k12 — hay), T2 — (k12 — ha, 0).
R = Ry — (his = ha1, by + has — hay),
Riz = R — (B11 + hag — hoy, hoy — hyo),
Loy = Li = (hay — hag, buy + hag — o),

Ly, = Lz_zl—* (P11 + hos — hay, Biz — hai).

As a consequence, the image of & in GXG has as its generators the couples
(hm—hzl, 0), (hu+h22, 0), (0, hm—hzl) and (0, h11+h22—h12). Thus 3‘ is iso-
morphic to FXF, where F is defined as in the theorem. Moreover G¢=0,
Gi1=G;=F, in the notatiqn of Theorem 1A, and hence E’ is isomorphic to F.

As to the last statement of Theorem 1B, if the mapping M, defined by
(1.12), is an automorphism of E, then, by Lemma 1D, ¢,;,=t,4t, from
which we find #,+#=0 and 34 =0. Thus UES is an inner automorphism
of E if and only if its image, in the isomorphism of the previous paragraph,
is of form (¢, —¢) with ¢ in F and 3¢t=0.

The corollaries seem to be immediate. Perhaps we should remark, in con-
nection with Corollary 3, that a loop of order 6, for example, can be a direct
product of finite p-loops if and only if it is an abelian group.

THEOREM 1C. In the notation of Theorem 1A, let G and H be (isomorphic)
cyclic groups, each of finite odd order n. Then the h, , may be chosen so that &
has (maximum possible) order n™' and is in fact isomorphic to the (n—1)th
direct power of G.

Proof. Without loss of generality we may assume that G and H are identi-

cal with thLe additive group consisting of the integers 0,1, 2, - - - , #—1, taken
modulo %. Then let us set
(1.15) koo = 0, hpo= for p # 0 (mod ).

Under the present circumstances the mapping M—(ty, ts, - - -, ta—1) induces
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‘an isomorphism of & into the (n—1)th direct power of G. (Compare the proof
of the previous theorem.) It may be verified from (1.9) and (1.15) that, if p, 7,
and r—1 are incongruent to zero modulo %, a5, 1,—r—@p,—r,r=27, —2r, 0r 0
(mod 7) according as p=1, p=r, or p#£1, r. Thus in the isomorphism in-
duced by M—(ty, ts, - + + , tn-1), R1,+R_,_,~! is mapped into such a symbol
with t,=2r, t,= —2r, t,=0 otherwise. Since G is cyclic it follows that the iso-
morphic image of & contains the symbols (1, —1,0, - - - ), (1,0, —1,0, - - -),

--+,(1,0,0, - -, —1). Thusif t5, 3, - - -, t,_1 are any integers, the image
of & also contains (fo+ - - - 4241, —f2, —83, - -+, —tn—1) and in particular—

the case t,=2—p, p=2, -, n—1—the symbol (3,0, 1, 2, - - -, n—3).
But, for ps#£0, ¢cp2=2—p and so T»"'—(—-1, 0, 1, 2,---, n—3). By
subtraction we see that the image of & contains (4, 0, 0, - - -, 0) and hence
(1,000, :--),(,1,0,0, - - -), - - -. Thus & is isomorphic to the (n—1)th
direct power of G, and has order n"1

COROLLARY 1. If, under the hypotheses of Theorem 1C, the h,, , are chosen
in any manner so that  has order n™~1, the group of “inner” automorphisms of
the loop E= (G, H) has order n.

Proof. Since G is cyclic, it follows by Lemma 1D that a mapping M of type
(1.12) is an automorphism of E if and only if t,=pt, p=2,3, - - -, n—1. The
group of all automorphisms of this type is thus isomorphic with G. But these
automorphisms M will certainly all be “inner” (that is, contained in &) when
& has order n*1,

CoOROLLARY 2. There exist centrally nilpotent p-loops of class 2, order p*m,
for every odd prime p and for every positive integer m; and at least one of those
of order p*™ has an inner mapping group of order p where g=m(p™—1).

Proof. This corollary follows from Theorem 1C with n=p™. The case of
special interest is m =1, since every group of order p? is an abelian group (and
hence has class 1). Note that this case (m =1) also illustrates the fact that the
centrally derived loop of a finite centrally nilpotent p-loop may have index
as small as p, in contrast with the case for groups. Since every loop of order
22=4 is known to be an abelian group, the restriction to odd primes is essen-
tial.

2. Construction of left-associatrally nilpotent loops of arbitrary class. Let
E be a loop, written multiplicatively, with a normal subloop G contained in
the left associator. Let the loop E/G be isomorphic to a loop H, written

multiplicatively, with elements 1, p, ¢, - - -, and suppose that to each ele-
ment p of H there has been chosen a representative «, in E such that u;=1.
Finally let the elements of G be 1, %, 9, - - -. Since G is in the left asso-

ciator, xu, yu,=x-(up, yu,). Again, since G is normal in E, u, yu,
=(¥Sp,q) - (p%,), where S, , is in the inner mapping group of E, and
where in particular S;,,=1, the identity mapping, for all ¢ of H. Of course
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¥S5,¢isin G,and also 15,,,=1, forall p, gof H. Thus xu - yus=x- (ySp,q  thp%4)

=(x-9Sp,q) - #t, Finally, there must exist an element k,,, of G, correspond-
ing to every ordered pair of elements p, g of H, such that u,u,=h,, 4 %,, and
also hy,,=h,,1=1 for all p of H. Since G, as a subloop of the left associator, is
a group, we have proved the concluding statement of the following lemma.

LEMMA 2A. Let G be a group with elements 1, x, y, - - - , H a loop with ele-
ments 1, p, q, - - -, each written multiplicatively. Corresponding to every ordered
pair p, q of elements of H let there be chosen a one-to-one mapping Sp.q of G
upon G, and an element hy, , of G, subject to the following restrictions:

(2.1) 1Sp,0 = Bpa1 = b1, =1 for all p, q of H;
(2.2) S1,¢ = I, the identity mapping, for all q of H.
Further let E=(G, H; Sy.q, hyp,q) be the set of all couples (x, p) with x in G, p
in H, where (x, p) =(y, q) if and only if x=1y, p=q; and let multiplication be
defined in E by

(2.3 (2, 2)(3, @) = (% 3Sp.0" ko0 $9)-

Then E is a loop with unit (1, 1); the set (G, 1) of all elements (x, 1) is a normal
subloop of E, isomorphic to G and contained in the left associator of E; and the
quotient loop E/(G, 1) is isomorphic to H. Furthermore every loop E with a
normal subloop G contained in the left associator and with quotient loop E/G
isomorphic to H is isomorphic to such a loop (G, H; Sp.q, Bp.q).

Proof. We leave it to the reader to verify that
2.9 (% DG 9l 1) = (29-58Ser bam ¢7) = (% D[, Oz 1]
for all x, ¥, 2 of G and g, 7 of H. The rest of the proof follows easily.

LEMMA 2B. Let E= (G, H; S;,4, b5.q) be a loop constructed as in Lemma 2A,
where G and H have orders at least two. If G, H both have order two, E is an
abelian group; but otherwise the Sy, and hy,q can always be chosen so that the
left associator of E is precisely (G, 1).

Proof. If both G and H have at least three elements we may set %, ,=1
for all p, ¢ of H and define the S,,, as follows:

(2.5) S1o=1; Spe=Sgforp—1; Si1=1,

where we choose the .S, so that, for each g1 of H, S, is a nontrivial automor-
phism of G. (This is-always possible(!8) when the order of G is greater than 2.)
With this choice we have

(18) Alittle thought will convince the reader that the only troublesome case is when Gisa
non-denumerable abelian group in which every element save the identity has order 2. This case
may be handled with the help of the axiom of choice.
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(2.6) (2, )(3, @) = (%S4, p9) for p # 1.

Now we shall show that (x, p) is in the left associator of E if and only if p=1.
Assume in fact p#1, and choose ¢ so that g=1, pg#=1. (This is always possi-
ble since H has order greater than 2.) Then, since pg>=1, we have from (2.5),
(2.6) that [(x, p)(3, @)1(z, 1) =(x-¥S,-3, pg). But (3, ¢)(z, 1) = (32, ¢) and so
@ D)3, 9z 1) ]=(x-(92)Sq, pg) = (x-¥S,-2S,, pg). Since S, is a nontrivial
automorphism we may choose z so that 2#2S,. Thus (x, $) is not in the left
associator of E for p1. But every (G, 1) is in the left associator, by Lemma
2A. This proves the point at issue.

Again, if G has at least three elements but H has order two, elements 1, e,
we set hp,,=1 for all p, ¢ of H and let S,,.,=S be a nontrivial automorphism
of G. We wish to show that (x, e) is not in the left associator of E. In this case
[(x’ 3)(3’, 3)](2» 1)=(xySz, 1)7 but (xv 8) [(y’ 6)(2, 1)]=(x(yz)S, 1)
=(x-¥S-2S, 1); and we can always choose 2 so that z and 2S5 are distinct.

Note that we have shown incidentally that if G has order at least three
and H order at least two, not only is Lemma 2B correct but there exist, more-
over, three elements (x, ), (3, ¢), and (2, 1) of E such that [(x, £)(¥, ¢) (3, 1)
# (x, ) [(3, @) (2, 1) ]. This leads to the following corollary.

CoROLLARY TO LEMMA 2B. If G and H have orders not less than three and
two respectively, the S, and ky o may be so chosen.that (G, 1) is precisely the left
assoctator of E and is, moreover, not wholly contained in the right associator of E.

If the group G has order 2 we must proceed a little differently. For if G
has elements 1, e (with e?2=1) and if S is a one-to-one mapping of G upon G,
1.S=1 implies eS=e. Thus (2.3) becomes

2.7 (%, 0)(3, O = (Yhp.0, pO),

so that (G, 1) is, in fact, contained in the centre of E. In this case suppose H
has order at least three and set k,,,=e for p, ¢ =1, k;,,=1 otherwise. If p#1
is given, choose ¢ so that pg=1 (and hence ¢1), and choose 7 (as is possible)
so thatrs£1, gr>1. Then (x, ) (v, ¢) = (xye, 1) and [(x, $) (3, ) ] (2, 7) = (xyze,7);
but (3, 9)(2, 7) = (y2e, gr) and (=, p) [(3, ¢) (3, )] = (xyz, p-gr). Hence compari-
son of the left-hand components, xyze and xyz, shows that (x, p) is not in the
left associator.

Finally, it is well known that every loop of order four is an abelian group.
This completes the proof of Lemma 2B.

Now let #=2 be an arbitrarily assigned integer, and let Gy, Ge, - - -, Gy
be 7 groups, finite or infinite, but each of order at least two. Assume more-
over that G,_1 and G, are not both of order two. Define a sequence of loops E;
as follows: E¢=1; E1=(G, E¢) =Gn; E;=(Gns1—i, Ei1) for 2 <7 =n, such that
the left associator F; of E; is a normal subloop isomorphic to Gp41—;, and
E;/F; is isomorphic to E;_,. (This is possible, in view of Lemmas 2A, 2B.)
Now let E=E,. It follows that there exists a strictly increasing series
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1=4,<A4,< - - - <A,=E of normal subloops of E such that 4;/A4;_, is the
left associator of E/A4;_;and 4;/A;_, is isomorphic to G;, fori=1,2, - - -, n.
In fact if A4, is the associator of E, A1/A,=A4 is normal in E=(Gy, E,_1) and
isomorphic to Gy, and E/A, is isomorphic to E,_1=(Gs, En_s). The rest of the
proof follows by induction. Thus we have obtained the following theorem.

THEOREM 2A. Let m=2 be an arbitrarily assigned integer, and let
Gy, Gy, - - -, Ga be n groups, finite or infinite, each of order at least two, but
with G._1 and G, not both of order two. Then there exists a left-associatrally nil-
potent loop E, of class n, with the following properties: If 1 =A,<A,1< - - - <A,
=E is the upper left-associatral series of E, then for i=1,2, - - -, n, A;f/A:,
is not only the normal left associator but also the left associator of E/A;_; and
Ai/A i is isomorphic to G..

It should be remembered that the restriction of G._1, G» to groups not
both of order two is essential. (Compare Lemma 2B.)

Wholly analogous results may of course be given for right-associatral se-
ries, but new problems arise in the cases of middle-associatral and associatral
series. The theory of the latter is in fact roughly of the same order of diffi-
culty as the extension theory of non-commutative groups.

3. Centrally nilpotent loops of arbitrary class. With the detailed work of
the two preceding sections as background, we may now proceed more in-
formally. If G is a (multiplicative) abelian group of order at least two, with
elements 1, x, y, - - -, every loop F which contains G as a normal subloop of
its centre is isomorphic to a loop E consisting of couples (x, ), where p is an
element of the (multiplicative) loop G/E=H, and where

(3.1) (%, 9)(3, @) = (23hp,q $9).
Here the k,,, are arbitrary elements of G, subject only to the restrictive
(3.2) hx,p = hp,l = 1.

Now if H has order two, E is an abelian group, by Lemma 1E; hence we shall
assume that H has at least three elements.

We now wish to prove that the %, , may be chosen so that (G, 1) is pre-
cisely the centre of E=(G, H). It is convenient to distingush two cases. If
G has an element e>1 of order two, set ky ,=e for p#1, g#1, h, =1
otherwise, and proceed as in the latter part of the proof of Lemma 2B:
Given p#1, pick ¢#1 so that pg=1, and pick r#1 so that gr>1. Then
[x, £)(3, 9 1(z, 1) = (xyze, 7) but (x, p)[(9, @) (2, V) ] = (xy2, 1), s0 that (x, p) is
not in the centre of E.

On the other hand, if G has an element e>1, not of order two, we may
instead set k, ,=e provided p#1, g1, pg>1, and h, =1 otherwise. In
this case, given p>1, choose ¢ and r exactly as above. This time we find

[(x, £)(9, @) 1(z, 7) = (xyz, 7) and (x, p) [(3, @) (2, r) | = (xyze?, p-gr), so the con-
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clusion still holds. We now may state a theorem.

THEOREM 3A. Let n=2 be an .arbitrarily assigned integer, and let
Gy, Gy, - - -, G, be n abelian groups, finite or infinite, each of order at least
two, but with G, of order at least three. Then there exists a centrally nilpotent
loop E, of class n, with the following property: If 1 =20<Z:< - - - <Z,=E s
the upper central series of E, then Z;/Z; 1 is isomorphic to G, for1=1,2, - - -, n.

The proof of Theorem 3A is wholly analogous to that of Theorem 2A.
As previously remarked, the restriction on G, follows from Lemma 1E: the
centre Z,-1/Zq.—2 cannot have index two in the centrally nilpotent loop
Za/Z, 2 of class 2.

4. Characteristic subloops need not be normal. It is known that charac-
teristic subloops of a loop need not be normal, and an example has already
been given in this paper (Chapter II, §3) of a loop with a non-normal left
associator. In view of the great importance of the point at issue it seems
worthwhile to present here an example of a different type.

Let G be a centrally solvable loop with centrally derived loop G’, and let
G'’ be the centrally derived loop of G’. Now G’ is a characteristic subloop
of G, in view of its definition, and G’’, as a characteristic subloop of G’, is
also characteristicfin G. Thus G’ is normal in G, and G’/ normal in G’; but we
shall construct G so that G’ is not normal in G.

Since G’ has composite order, and is not an abelian group, G’ must have
order at least 6, and hence G must have order at least 12. Therefore let the
elements of the proposed loop G be 1, 2, - - -, 12, where 1 is the unit element,
and let the multiplication table of G be written in the form

’AB
B C

where the elements 1, - - -, 12 are to be written in order in the sideline and
headline, and where 4, B, C are 6 X6 latin squares whose construction will be
explained. In particular we let 4, including the corresponding part of the
sideline and headline, be given by

1 2 -3 4 -5 6
1/12-34-56
202 1-43:-65
@) P P
4/43:56-12
R A
616 5-12-3 4
To form B we write the elements 7, 8, - - -, 12 in natural order in the first
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row, and permute them cyclically in subsequent rows. Finally, for C we take
any latin square on the elements 1, 2, - - -, 6.

Clearly G is a loop with unit 1. The set H, consisting of the elements
1,2, .- -, 6,is a subloop of G, as is clear from (4.1). But H has index 2 in G,
and hence is normal (Albert [2]); and of course G/H is the 2-group, so
H2=G'. It is readily verified from (1.2) that the only nontrivial subloop of H
is K=(1, 2); moreover K is a normal subloop of H, since the cosets K =(1, 2),
3K=(3, 4) and 5K =(5, 6) form the cyclic group of order 3. However, K is
not normal in G, since for example 7K = (7, 8) but 8K=(8, 9). Thus H is the
only proper normal subloop of G which contains G/, so H=G’, and K is the
only proper normal subloop of H, so K=H'=G"''. Hence G’’ is not normal
in G.

5. The holomorphs of a loop. Let G be any loop, % any group of auto-
morphisms of G, and denote by (¥, G) the set of all couples (S, x) with Sin ¥,
x in G, under the multiplication

Then (¥, G) is a loop, which we shall call the A-kolomorph of G.

When G is a group and ¥ is the group of all automorphisms of G, (¥, G) is
isomorphic to the holomorph of G—used extensively by many early writers
on group theory—as will be seen from parts (i), (ii), and (iii) of the following
theorem. We designate by 1 both the unit of % and the unit of G. Moreover,
if B, K are any subsets of U, G respectively, we denote by (B, K) the set of all
elements (S, x) with Sin 8, x in K. Clearly (1, G) is isomorphic to G, and
%, 1) to A.

THEOREM SA. If E= (N, G) is the A-holomorph of the loop G, then:

(i) (1, G) is a normal subloop of E, and E/(1, G) is isomorphic to U;

(ii) +f K is the associator of G, (Y, K) is the associator of (U, G); thus Eisa
group if and only if G is a group;

(iii) every N-automorphism of (1, G) is induced by an -inner automorphism
of E; specifically, (S, 1)71(1, x)(S, 1) =(1, x5);

(iv) Eisan I.P. loop if and only if G is an I.P. loop;

(v) if Gis an I.P. loop with Moufang nucleus M, and if N is the set of all x
of M such that xSL,~' is in the associator of G for every S of U, then (¥, N) is
the Moufang nucleus of the I.P. loop E;

(vi) if G is an I.P. loop with Moufang nucleus M, the Moufang centre of
the I.P. loop E consists of all elements of form (U, u) where uE M satisfies
uS=u for all S of A and where UECN satisfies xU=uxu* for all x of G. Inci-
dentally U is unique when it exists, and lies in the centre of U.

Remarks. Part (ii) of Theorem SA shows how to construct loops with non-
trivial associators. Moreover (v) demonstrates the existence of an I.P. loop
with a nontrivial Moufang nucleus; we can for example take G to be a com-
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mutative Moufang loop, centrally nilpotent of class 3, and let i be the inner
mapping group of G.

Proof. (i) This follows from the general extension theory.

(ii) By use of (5.1) we find that [(S, )(T, ) (U, 2) = (S, x) [(T, y)(U, 3)]
if and only if (xTU-yU)z=xTU-(yU-3). Since the various associators of G
are characteristic subloops of G it follows that (S, x) is in the left associator
of E if and only if x is in the left associator of E; that (T, y) is in the middle
associator of E if and only if y is in the middle associator of G; and that (U, 2)
is in the right associator of E if and only if z is in the right associator of G.
But (ii) is an immediate consequence of these facts and of the definition of
the associator.

(iii) By (ii), (S, 1) is in the associator of E for every S. It follows that the
mapping (T, x)—(S, 1)~Y(T, x)(S, 1) =(S-1TS, xS) is an inner automorphism
of E. Taking T =1, we get the result stated.

(iv) If Eis an I.P. loop, (1, G) and hence G are 1.P. loops. If G is an L.P,
loop, we note from (5.1) that we should define

(5.2) (S, )7t = (574 (&™)57).

But then (S, x)~[(S, x)(T, )1 =(T, y) = [(T, »)(S, ) ](S, )™, and so E has
the inverse property.

(v) (S, x) is in the Moufang nucleus of the I.P. loop E if and only if
{S, ) (T, (U, 2]} (S, 2) = [(S, «)(T, »][(U, 2)(S, )] for all T, U, , 3;
or, equivalently, if and only if (x V' y2)x =(xV-vy)(2x) for all V of A. In other
words, (L.v, Rz, LvR.) must be an autotopism of G for all V. The case V=1
says (L., Rz, LoR,) is an autotopism; and hence (L,yL;%, I, L,yL,;!) must
be an autotopism; that is, 1L,y L, !=xVL,! must lie in the associator of the
I.P. loop G. The converse gives no trouble. From these facts (v) follows im-
mediately.

(vi) We remind the reader that the Moufang centre of an I.P. loop E con-
sists of those elements of the Moufang nucleus which commute with every
element of E. Thus if (U, %) is in the Moufang center of E, « must be in N
(in the notation of (v)) and hence in M. Further, we must have (U, #)(S, x)
=(S, x)(U, u) for all S, x, from which we derive the two conditions

(5.3) US = SU, uS-x = xU-u.

We ignore the first condition for the moment. From the second, with S=1,
we derive ux =xU-u, or, since the product #x%~! is unambiguous when % is
in M,

(5.4) x2U = uxu!

for all x. From (5.3), (5.4) we derive #S-x=ux or uS=u for all S,
Conversely, if # is in M, and if #S=u for all S, then #SL, '=1 for all S,
whence, by (v), » is in N. If, further, there exists a U of ¥ which satisfies
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(5.4), U is clearly unique. But, moreover, x(S-1US) = (#-xS~1-u~1)S=uxu~!
‘=xU, and hence S-'US= U, US=SU for all S. Thus both conditions (5.3)
are satisfied for all S, x; and, since % is in N, (U, «) is in the Moufang centre
of E.

DEFINITION. If ¥ is a group of automorphisms of a loop G, we shall say
that a subset H of G is A-admissible if and only if xS is in H for every x of
H and Sof U.

THEOREM 5B. Let (U, G) be the N-holomorph of the loop G, and let H be an
N-admissible normal subloop of G. Then:

(1) if Bis a subset of N, (B, H) is a normal subloop of (N, G) if and only if B
s a normal subgroup of W with the property that x UL, is in H for every x of G
and U of B;

(ii) the subset B of N, consisting of all U of U such that xUL ' is in H for
every x of G, is a normal subgroup of U.

(iii) #f B is the normal subgroup of A defined in (ii), the quotient group /B
is tsomorphic to a group of automorphisms € of the quotient loop G/H, and
A, G)/ (B, H) is isomorphic to the C-holomorph (€, G/H) of G/H.

Proof. (i) By Lemma 3A of Chapter I, (8, H) is a normal subloop of (¥, G)
if and only if, for every assigned pair of elements (S, x), (T, ¥) of (¥, G), the
equation

[(U, &)(S, D]V, BT, »)] = (W, O [(S, #)(T, »)]

ensures that all three of (U, a), (V, b), (W, ¢) are in (B, H) whenever two are.
But this equation is equivalent to the two equations

(5.5) USVT = WST;
(5.6) (aSVT-xVT)(bT-y) = ¢ST-(sT-y).

It follows from (5.5), with S=T=1, that.8 must be a subgroup of A. Again,
(5.5) may be written as SV.S—!= U~'W, whence we see that 8 must be normal
in ¥. Since H=HY is normal in G, (5.6) implies (H-xVT)(Hy)=H(xT-y)
=(H-xT)(Hy). Thus (H-xVT)=H xT, or H-xV=Hx. This is equivalent
to stating that xV is in Hx=xH, or that xVL, ' is in H, for every V of B
and x of G.

Conversely, if 8 is a2 normal subloop of ¥, the conditions in connection
with (5.5) are satisfied. And if, further, x UL, 'isin H forevery x of G, U of B,
then aisin H if and only if aSVT -x VT isin H-xVT=(H -xV)T=H -xT; bis
in H if and only if 8T -y is in Hy; ¢ is in H if and only if ¢ST - (xTy) is in
‘H(xT-y)=(H-xT)(Hy). Thus, in this case, the conditions in connection with
(5.6) are also verified. This completes the proof of (i).

(ii) We note that xUL,™ is in H for all x if and only if H-xU=Hx
for all x. If U has this property so does U1, since H-xU'=(Hx)U™!
=(H:xU)U-'=H-x; and if U, V have this property, so does UV, since
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H-xUV=H xU)V=(Hx)V=H-xV=Hx. Finally, if H-xU=Hx for all x,
H-x(S™1US) = [H- (xS") U]S=(H -xS~')S = Hx. Thus the set B consisting of
all U of A such that H-xU = Hx for all x is a normal subgroup of 2.

(iii) If B is defined as in (ii), and if we define a group € of automorphisms
S’ of G/H by setting (Hx)S’'=H-xS, it is clear at once that the homo-
morphism S—S’ of A upon € has kernel 8. If, as is convenient, we write
the cosets of (A, G)/(B, H) in the form (S, x)(B, H) =(SB, xH) =(S’, xH),
it follows that (S’, xH)(T', yH)=(S'T’, [xH]T'-yH). This completes the
proof.

THEOREM 5C. Let G be a Moufang loop whose inner mapping group S is a
group of automorphisms; and let E=(S, G) be the S-holomorph of G. Then:

(i) if A is the associator of G, (I, A) is that of E;

(i) of A2 4s the centre of G/A, the Moufang nucleus of E is (J, Az);

(iii) the centre and the Moufang centre of E coincide, both being (1, Z), where
145 the unit of &, Z the centre of G;

(iv) if G is associatrally nilpotent of class n so is E; and conversely;

(v) E is Moufang nilpotent if and only if it is associatrally nilpotent;
if it has associatral class n it has Moufang class [(n+1)/2] (the greatest integer
not exceeding (n+1)/2).

COROLLARY. If G (and hence E) is associatrally nilpotent of class 2, E is
Moufang, and the inner mapping group of E is a group of automorphisms.

Remark. If we start with a commutative Moufang loop G, centrally nil-
potent of class 2, we see from (i), (iii), and the corollary that E is a non-commu-
tative Moufang loop whose inner mapping group is a group of automorphisms.

Proof. By Theorem 7A (iv) of Chapter 11, a necessary and sufficient con-
dition that the inner mapping group of a Moufang loop G be a group.of auto-
morphisms is that G/4 (where 4 is the associator of G) be a commutative
Moufang loop in which every element save the identity has order three. We
proceed to the proof of Theorem 5C.

(i) This follows from Theorem SA(ii).

(ii) Since A, is precisely the set of all elements x of the Moufang loop G
such that xUL, ' is in 4 for every U of &, this is a consequence of Theo-
rem SA(v).

(iii) Now uS=wu for every S of & if and only if # is in the centre Z of G.
If further U is an element of & such that xU=uxu"1=x for all x of G, then
U=1. Thus, by Theorem 5A(vi), the Moufang centre of E is (1, Z). Since
Z <A, the intersection of the associator (3, 4) and the Moufang centre
(1, 2) of Eis (1, Z), which is therefore also the centre of E.

(iv) If R is the set of all S of & such that xSL, ™ isin 4, it is readily veri-
fied that the inner mapping group of the commutative Moufang loop G/4
is 1somorphlc to /8. But, by Theorem 5B (iii), (3, G)/(R, A) is isomorphic
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to (8/8, G/4), the latter being the (§/&)-holomorph of G/4. Now (iv) is
certainly true for n=0. But, if we assume inductively that (ii) is true for
some #—120, then, since G/A4 is associatrally nilpotent of class n—1, so is
(3/8, G/A); and it follows that (&, G) is associatrally nilpotent of class 7.
This completes the proof of (iv).

(v) If Qis the set of all S of & such that xSL,™! is in 4., it follows that
(in the sense of isomorphism) &/% is the inner mapping group of G/4,. More-
over (3, G)/(&, A4.) is isomorphic to (§/8, G/4.), the (§/%)-holomorph of
G/A,. Thus the proof proceeds as before. If G is associatrally nilpotent of
class n=0, n=1 or n=2, then E is Moufang nilpotent of class [(z+1)/2],
since it is in these cases, respectively, a group of order one, a group of order
greater than one (by (i)), or a non-associative Moufang loop (by (i) and (ii)).
If G is associatrally nilpotent of class #n >2, then G/A, is associatrally nilpo-
tent of class #—2; and we assume inductively that (§/€; G/4.) is Moufang
nilpotent of class [(n—1)/2]. But then (3, G) is Moufang nilpotent of class
14 [(n—1)/2]=[(n+1)/2]. This completes the proof of (v).

As to the corollary, if G is associatrally nilpotent of class 2, G/4 is an
abelian group (since in any case it is a commutative Moufang loop) and thus
xUL . 'isin A forevery U of &. Thus ((§, G)/3, 4) is isomorphic to the abel-
ian group G/A. Since (&, A) is the associator of the Moufang loop (3, G),
and since every element of G/A save the identity has order 3, the inner map-
ping group of E= (3, G) is a group of automorphisms.

We may deduce from the last two theorems another example of the fact
that characteristic subloops need not be normal.

THEOREM 5D. There exists an I.P. loop whose associator is not a normal
subloop.

Proof. Let G be a commutative Moufang loop, centrally nilpotent of class
3. (See Corollary 2 to Theorem 8H, Chapter II.) By Theorem S5A(ii),
E=(8, G) has associator (&, Z). Now A;=2Z,, the set of all x of G such that
xUL,'is in A=2Z for all U of &, is a proper subloop of G, and hence, by
Theorem 5B(i), (S, Z) is not a normal subloop of E.

6. Commutative loops expressible in terms of Moufang loops. If G and G,
are two groupoids with the samre elements (see §1 of Chapter I), and if the
product xoy can be expressed in terms of the elements x, y, the operation (-)
of G, and any fixed mappings of the set G into itself, we shall say that G, is
expressible in terms of G. When defined in these vague terms, the notion of
expressibility seems altogether too general to be of any use. It is to be noted
that expressibility contains isotopy as a special case, but is not however an
equivalence relation. We shall be content here to consider the case thatG is a
group or a Moufang loop, and to investigate certain special situations where
G, turns out to be a commutative loop.

A concept of expressibility, sufficiently restricted to be useful, has been
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enunciated for linear algebras by R. W. Wagner (Bull. Amer. Math. Soc.
Abstract 48-5-168). However, Wagner’s work has not yet been published.

In Chapter II (§8) we considered a Moufang loop G for which the mapping
x—x® was an endomorphism into its centre, and showed in particular that
the system Gy, with multiplication given by xoy =x"'yx?, was a commutative
Moufang loop. This then is our first nontrivial example of an expressibility
relation.

As a generalization, let G be a Moufang loop, let m=2n+1 be a fixed
odd positive integer, and assume that the mapping x—=x™ is an endomor-
phism of G into its centre. Then (x~ly)™=(x~1y)7x~ly(x~ly)*=x"my™ and so
(x~1y)mx?" = (y~x)"y?". Therefore, under this assumption, the system Gy, ex-
pressed in terms of G by the relation

(6.1) axy = (x7'y)"a’",

is a commutative groupoid. (It should be noted that the above trick fails
when m is an even integer.)

It will not be true in all cases that Gs.is a quasigroup. In fact, if x, z are
given elements, and if we seek an element y of G such that x * y =z, we arrive
immediately at the equation (x~'y)"=3gx"2". Clearly the latter equation will
determine y uniquely in all cases if and only if the mapping x—x" is a one-to-
one mapping of G upon G. Suppose that this condition is verified, so that the
mapping T defined by xT =x" possesses a (unique) inverse 7-1. Then Gy is a
quasigroup. Moreover we havex* 1=1*x=x"=xT. Thus the system G, de-
fined by

(6.2) xoy = («T~) % (yT"), T = zn,

will be a commutative loop with unit 1.

In the situation of Chapter II we had m=3, =1, and so T was the iden-
tity mapping. As a more general case we may assume the existence of a fixed
integer k such that xT-'=x"*for all x, and hence x = (xT—1) T =x—*kn, xkrtl=1,
Now if » is greater than 1, there exists no integer k such that kn+1=0.
Hence, in the case # >1, the last assumption requires that every element x
of G should generate a finite group. We are thus led to the consideration of
Moufang loops in which every element has bounded positive order.

Rather than treat all of the possibilities in their utmost generality, let us
consider a Moufang loop G in which every element x generates a finite group.
Then to each x 1 there will correspond a positive integer p (the order of x)
such that x?=1 but x?5£1 for 0 <g <p. We shall assume that the various or-
ders p are bounded odd integers. Then the least common multiple 7 of these
orders will exist and be odd: m =2n-4-1. Moreover we shall have x™»=1 for
every x. It is thus apparent that the following lemma applies to a large
variety of Moufang loops (and thus to groups), all of whose elements are of
finite bounded odd order. In particular the lemma will hold for finite Moufang
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loops without elements of even order.

LEMMA 6A. Let n be a positive integer, and let G be a Moufang loop in which
x*+t1=1 for every x. Then the groupoid Go, defined by

(6.3) xoy = (x*y~?)na?,
is a commutative loop with unit 1.

Proof. 1= (x%y~2)%m+1= (x2y2)nx2y~2(x2y~2)" = (x0y)(y0x)~!, and so yox
=xoyforallx,yof G. Further, if xoy =zwherex, zare given, then (x2y~2)" =2x"2,
and so (xz7%)~2=x2?, y?=(zx"%) %2, y=y 2= [(zx~2?)~2%x~%]». Finally,
lox =x01 =x?"*?=x. This completes the proof.

THEORI}?M 6A. A necessary and sufficient condition that the commutative loop
G, defined in Lemma 6A should have the inverse property is that

(6.4) 2y lay = ylxy-x

for all x, v of the Moufang loop G. When (6.4) holds true, Go may be defined
alternatively by

(6.5) xoy = (xy’x)~";
that is to say, the equation
(6.6) (2?y~)"x? = (xy?x)~"

holds for all x, y of G.

Proof. If xoy=(x?y~?)"x2=1 then (x¥y~2)"=x"2 x2y~2=x* y~2=x2 and
y=y"=x2=x"1 Hence if Go has the inverse property, the inverse of x must
be x~1. It follows that the commutative loop G, has the inverse property if and
only if (xoy)oy=!=x for all x, y. But (x0y)oy~1=y"lo(x0y) = [y~2(x0y)~2]"y~2.
Hence G, has the inverse property if and only if [y~2(x0y)~2]"=xy?for all x, y.
We may solve this equation for xoy in the form (6.5). In fact [y~2(xoy)~2]-!
= (xy?)?, (x0y)%y*=xy%xy?, (x0y)?’=xy2x, and xoy= (xy2x)~". Moreover each
step is reversible, so that G, has the inverse property if and only if (6.3) and
(6.5) are equivalent; that is to say, if and only if (6.6) holds for all x, y of G.

From (6.5) and the fact that G, is commutative we derive (xy%)~"=xo0y
=yox = (yx%y)~*, whence

6.7 xyix = yxy

for all x, y. If we replace x by xy~!in (6.7) we obtain x - yxy~!=yxy™!-x, which
is,equivalent to (6.4). Conversely, from (6.4) with x replaced by xy~! there
results xy~2x =y~ 'x%y~!, which is equivalent to (6.7).

The proof will therefore be complete when we show that (6.7) (along with
the assumption that x2n+'=1 for every x of G) implies (6.6). It is simplest
to proceed as follows. If xoy is given by (6.5) we have lox=x0l=x.
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Moreover x0y=yox by (6.7). Thus (x0y)oy=!= (yox)oy=!= [y~ (yox)2y~1]-»
=(y1-yxty-y~)""=x"2"=x, and so Go, when defined by (6.4), (6.5), is a
commutative I.P. loop. Now from (6.5), yox—!= (yx~2y)~", (yox~1)2=yx"2y,
(yoxta=t= (y~2)%, x*(yox~) 2= (3a~®) %, and

(6.8) [#2(yox—1)—2]rx? = yx—2-42 = y.

Now in (6.8) replace y by yox, and we derive (x2y~%)"x? =yox =x0y = (xy%x)~",
or (6.6).

If Gy is defined as in Lemma 6A it is clear that to any subloop H of G there
corresponds a subloop Ho of Go, consisting of the same elements. Moreover,
it is not too difficult to show that if H is normal in G then H, is normal in G,
and Go/H, may be obtained from G/H just as Gy is obtained from G. (This
last would be false in some cases if we had assumed that 2%+1 was the leas?
common multiple of the orders of the elements of G; but we have in fact made
no such assumption.) ,

When G is a group, equation (6.4) may be expressed by saying that every
two conjugate elements of the group G commute (or are permutable). Such groups
G have been considered by Burnside [1], with particular reference to the case
that G has a finite number of generators. Burnside’s paper is not wholly free
from error—the part dealing with the possible orders is based on earlier in-
correct results which were later corrected by otlrers (Levi-van der Waerden
[1])—but we shall state in the form of a lemma certain of the correct results
which we shall use. (For further details, see Theorem 6C below.)

LEMMA 6B. Let G be a group in which every two conjugate elements commute,
and let (x, y) =x"Yy xy, (x, v, 2) =((x, ¥), 2), and generally (x1, %2, + + + , X&)
=((x1, %2, * - -, Xx_1), Xx), denote the usual commutators. Then:

(1) (x7, ¥*) =(x, y)r for all x, y of G and for all integersr, s;

(ii) (x, 9, 2)*=1for all x, y, 2;

(iii) imterchange of any two of the elements x; in a commutator (x1, xs, - - -,
xx) replaces the commutator by its inverse;

(iv) if G has a finite number of generators, each of finite order, the order of G
is finite;

(v) if every element of G has finite odd order, the elements of order prime to 3
form a subgroup P which is nilpotent of class at most two; the elements of order
a power of 3 form a subgroup Q; and G is the direct product P XQ.

Proof. For the proof of the first four statements see Burnside [1]. How-
ever (iv) is a direct consequence of (i), (ii) and (iii). As to (v), it follows from
(iii) that (x, y) commutes with x and y, and hence we may show inductively
that (xy)* = (x, y)*x*y* where m = (k —1) /2. If k is the least common multiple
of the orders of x and y, so that k is odd and m is an integer, we have
(xy)*=(x, y¥)»=1. By considering the cases that k is prime to 3 and that %
is a power of 3 we derive the existence of the groups P and Q. Ifx,y,zarein P,
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(x, ¥, 2) =1, by (ii); and hence P'is nilpotent of class at most two. Again if x
isin Q, and has order 7, it follows from (i) that (x, y7) = (x", ) =1. Hence every
element y of P commutes with every element x of Q. This completes the es-
sentials of the proof.

These groups, in fact, form a special case of the regular groups of P. Hall
[1].

THEOREM 6B. Let G be a group in which every two conjugate elements com-
mute, and suppose that x**+1 =1 for every element x of G, where n is a fixed posi-
tive integer. Then the groupoid Go, consisting of the same elements as G under the
multiplication Gy, is a commutative Moufang loop, centrally nilpotent of class
at most 2. More specifically:

(i) xoy=(x, y)*-xy for all x, y of G;

(ii) the centre of Go consists of the elements of Z,, where Z and Z,/Z are the
centres of G and G/Z respectively;

(iii) the derived loop of Go is (G', G)=(G, G, G); in fact we have [x, v, z]
=(x, ¥, 2)", where the first symbol has been defined in §9 of Chapter 11;

(iv) Go is centrally nilpotent of class at most 2.

Proof. That G, is a commutative I.P. loop follows from Theorem 6A. We
shall defer for the moment the proof that G, is Moufang, and take up the
other pointsin order.

(i) Now x0y = (xy%*x)~". But, by Lemma 6B, yx = (y71, x Dxy = (x, ¥)"xy;
xy2x = (x,y)"(xy)?, since (x,y) commuteswith xand y;and xoy = (x, y)"(xy)~2"
=(x, y)"xy.

(ii) The element c is in the centre of the commutative loop G if and only if
co(yox) =yo(cox) for all x, y. Using the form xoy=(xy%x)~" we derive the
equivalent equation ¢-yx?y-c=y-cx%-y, or, on replacing x by x~*, and re-
arranging,

(6.9) (& )= = 2(c™, y7)

for all x, y. Now (c™%, y1)=(c, ¥) by Lemma 6B(i); and hence ¢ is in the
centre of Gy if and only if (c, ) is in Z for all y. This is equivalent to stating
that ¢ is in Z,.

(iii) If # is the solution of the equation (x0y)oz=wo(yoz), the element
x~1ou is the derived loop of the commutative loop Go; and, conversely, the
derived loop is generated by the set of all elements x~lou. The equation for
% may be rewritten in the form zo(yox) = (yoz)ou, and this is equivalent to
2-yx2y-2=(yoz)u?(yoz), or to

(6.10) u? = (y0z)~'zy- 22 yz(yoz)~L

We simplify this by use of Theorem 6B (i). In fact (yoz)~'zy = (y, z)" "z y~!-2y
=3, 27"z, ) =(y, 2)"""*=(y, 2)", and likewise yz(yoz)~'=yz -5y~ !(y, 2)~"
=(y, 2)~". Hence we have u2=(y, 2)"x2(y, 2)~*=((y, 2)~", " 2)x2=(y, 2, x) ?"x?
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=(x, ¥, 2)"x2 Now (x, ¥, 2) is commutative with x, by Lemma 6B (iii), and
hence u=(u?)~"=x-(x, v, 2)". Again, x~lou = (x~1, u)"x"u=(x, u)~"(x, y, z)".
But (x, ) = (u, x)~'=(x, ¥, 3, x)~"=1, and hence x~oy = (%, ¥, 2)". It follows
that the derived loop of G is generated by the (x, ¥, 2)* and hence by the
(%, 9, 2). In particular, then, the derived loop consists of the same elements as
(G', G)=(G, G, G). We also note that [z, y, z]=x"10{ [(x0y)oz]o(yoz)~1}
=x"lou=(x,y, 2)"

(iv) If x, y, 2, u, v are any five elements of Go we have [[x, ¥, 3], u, v]
=((x, y, 2)*, u, V)"=(x, ¥, 2, 4, v)*, where k=n? It follows that the symbol
[[x, ¥, 2], », v] has the “skew-symmetry” of (x, ¥, 2, %, v). If Go is a com-
mutative Moufang loop, we have that Gy is nilpotent of class at most 2, by
authority of Lemma 9B (Chapter II).

Finally we must prove that G, is Moufang. Now [(x0y) o (x0z)]?
= (x0y)x2z2x(x0y). But, by (i) of the present theorem, (xoy)x=(x, y)"xyx=
(=, )2 (y~1, x~)xy = (x, y)*'x%y, and x(x0y) = (x, y)"x?y = (x, y) (22, y~1)yx?
=(x, y)"*2yx?=(x, 3)""*'yx% Thus [(xoy)o(x02)]?=x2 - (x, y)*~'2%(x, y)~"+!
-yx2=x2y-(x, ¥, 2)2" 22%x2 However (x, ¥, 2)?*2=(x, v, 2)*=1, by Lemma
6B(ii), and thus [(x0y)o(x03)]?=x2-y3% x?=x%(y0z)2x?= [x%0(y0z)]2. But
xox=(x, x)"x?=x2, by (i) again, and so (xo0y)a(x0z)= (xox)o(yoz) for all
%, ¥, 2 of Go. Therefore G, is a commutative Moufang loop, and the proof of
Theorem 6B is complete.

We may now use Theorem 6B to make more precise the results of Burn-
side.

THEOREM 6C. If G is a group in which every two conjugate elements commute,
and if every element of G has finite, bounded, odd order, G is nilpotent of class
at most 4.

Proof. Under the above hypotheses there must exist an odd integer 2n+1
such that x2"+1=1 for every n. Let 1=2Z,<Z,<Z;<Z3< - - - be the upper
central series of G. By Theorem 6B, since Go, with centre and derived loop
consisting of the elements of Z; and of (G’, G) respectively, is centrally nil-
potent of class at most 2, we must have (G’, G) £Z;. But then the usual proof
shows that G’ =(G, G) £Z; and that G<Z,. Hence G is nilpotent of class at
most 4.

In view of the case where all the elements of G have order 3, we know
that class 3 is attainable. It is, so far as I know, an open question as to whether
there also exist such groups of class 4.

7. Structure theorems for totally symmetric quasigroups. A quasigroup G
is said to be totally symmetric (or a T.S. quasigroup) if and only if every valid
equation xy=3z in G remains true under all permutations of %, y and z: In
other words, a T.S. quasigroup G is characterized by the laws

(7.1) Xy = yx, XXy = 9.
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In Bruck [1] methods were given for constructing a wide variety of T.S.
quasigroups, and the isotopy properties of such quasigroups and loops were
studied to a considerable extent. In Bruck [2], T.S. loops were used for the
construction of certain types of simple algebra. As will be seen in what follows,
we may amplify the theory of T.S. quasigroups considerably, and quite effort-
lessly, by studying the structure of the autotopism group (compare Chapter I,
§11 and Chapter II, §4).

LeMMA 7A. If the triple (U, V, W) is an autotopism of the totally symmetric
quasigroup G, so are the other five triples obtainable by permutation of U, V
and W.

Proof. The proof parallels closely the proof of Lemma 4A of Chapter II.
By hypothesis, U, V, W are one-to-one mappings of G upon itself, and

(7.2) 2U-yV = (xy)W

for all x, ¥ of G. Since G is commutative, interchange of x and y in (7.2)
shows that (V, U, W) is also an autotopism. Since xy-y=y-yx=x for all
x, ¥, we may replace x by xy in (7.2) and derive (xy)U-yV=xW, and thus
xW-yV=(xy)U. Hence (W, V, U) is an autotopism. The rest of the lemma is
an immediate consequence of these two facts.

LemMA 7B. If U, W are one-to-one mappings of the T.S. quasigroup G upon
itself, and if I is the identity mapping, necessary and sufficient conditions that
thetriple (U, I, W) be an autotopism are that W= U-! and that

(7.3) xU-y = x-yU
for all x, y of G.

COROLLARY. The set €, consisting of all one-to-one mappings U of G upon
atself which satisfy (7.3), is an abelian group.

Proof. If (U, I, W) is an autotopism, we have
(7.4) 2U-y = (xy)W

for all x, ¥ of G. Interchange of x and y gives (7.3). Conversely if U is a one-
to-one mapping of G upon itself, and if U satisfies (7.3), we replace y by yU™!
in (7.3) and have that (U, U™, I) is an autotopism. Thus, by Lemma 7B,
(U, I, U™') is an autotopism. But if (U, I, W) is also an autotopism, so is
U, I, W)(U, I, U ) '=(I, I, WU). Hence xy=(xy) WU for all x, y, or
WU=1I, W= U-1 This completes the proof of Lemma 7A. As to the corollary,
if (U, I, U™Y) is an autotopism, so is (U, I, U"Y)~1= (U}, I, U); hence € con-
tains the inverse of each of its members. If Visalsoin @€, (U, I, U=)(V, I, V1Y)
=(UV, I, U-'V~) is an autotopism. It follows from Lemma 7B both that
UVisin €, so that €isa group, and that U-1V-1=(UV)"},sothat VU=UV,
€ is an abelian group.
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DEFINITION. A one-to-one mapping U of a T.S. quasigroup G upon itself
will be called an autotopic mapping if and only if there exist two one-to-one
mappings V, W of G upon itself such that (U, V, W) is an autotopism of G.

Note that, in view of Lemma 7A, V and W will also be autotopic map-
pings.

THEOREM 7A. The set of all autotopic mappings U of a T.S. quasigroup G
forms a group . The group O contains the group €, defined in the corollary to
Lemma 7B, as a normal subgroup. Moreover:

(i) to every autotopic mapping U in O there corresponds a uniquely defined
mapping T in C such that (U, U, UT) is an autotopism of G;

(ii) every autotopism of G has the form (U, UR, US) where U isin H, R, S
arein C, and where the mapping associated with U, in the sense of (i), 4s T =RS.

Proof. If U is in § there exist mappings V, W (also in $), such that
(U, V, W) is an autotopism. But then (U, V, W)~'=(U"!, V-, W-1) is an
autotopism, so U~1lisin 9. Moreover if U, isin 9, (Ui, V1, W1) is an autotop-
ism for some V;, Wy, and hence (U, V, W)(Ui, V1, Wh) =(UU,, VV1, WW))
is an autotopism, UU; is in . Thus 9 is a group. Since in addition
o, vV, w)y=\(S, I, S-)(U, V, W)=(U-'SU, I, W-'S~1W), it follows by
Lemma 7B that U-'@U = for every U of $. Hence €, which is obviously a
subgroup of 9, is also normal in 9.

It will be convenient to prove (i) and (ii) together. If (U, V, W) is an auto-
topism, then, by Lemma 7A, so are (U, W, V)~Y(V, W, U)=(U~'V, I, V-1U)
and (U, V, W)-Y(W, V, U)=(U"W, I, W-1U). It follows from Lemma 7B
that the mappings U~'V=R and U-'W=S are in €, and that (U, V, W)
=(U, UR, US). Since R is in €, (R, I, R~') is an autotopism, and thus, by
Lemma 7A, sois (U, UR, US)(I, R, R~\)'=(U, U, USR). Hence if T=SR
=RS,sothat Tisin €, (U, U, UT) is an autotopism. If (U, U, UT}) isalso an
autotopism, so is (U, U, UT)~W(U, U, UTy)=(1, I, T'Ty); and therefore
T-Ty=1, T, =T. Hence T is uniquely determined by U, although R and S
will not be. In fact if (U, U, UT) is an autotopism, if R is any element of €,
and if S=TR-!, then (U, U, UT)(I, R, R~')=(U, UR, US) is an autotopism.
This completes the proof of Theorem 7A.

From Theorem 7A we may deduce an interesting corollary.

COROLLARY. There exists an endomorphism 0 of © with the following prop-
erties:

(1) (U, U, U® is an autotopism of G for every U of 9;

(ii) UU%4is in € for every U of O;

(i) Ub=U-24f Uisin G;

iv) f U=U"% andif U?isin €, Uisin §;

(v) U=Iifand onlyif Uisin Cand U=1,

(vi) U= U if and only if U is an automorphism.of G.
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Proof. The existence of the single-valued mapping U—U? follows from
Theorem 7A. Moreover (U, U, U(V, V, V9)=(UV, UV, U'VY, so
(UV)!=U?V? by Theorem 7A. This proves (i), and (ii) follows from the fact
that U?=UT where T is in €. As to (iii), if Uisin €, (U, I, U\, U, U™Y)
= (U, U, U~?) is an autotopism, so U’= U2 Conversely, if U?= U~2, where
U?isin @, then U 'U?=U=?isin €, and so U= U?- U~?is in €. This proves
(iv). As to (v), if U?=1I, then U'=U"1U’isin @, so U’=U-2%=1I; and the
converse follows from (iv). Finally, (vi) is a direct consequence of the defini-
tion of an automorphism.

THEOREM 7B. Let L be a commutative I.P. loop, and let G=L, be the T.S.
quasigroup, isotopic to L, with multiplication given by
(7.5) x0y = xly1,
Let the groups © and € have the same significance for G asin Theorem TA. Then:

(i) € is isomorphic to the centre of L;

(ii) Uisin ©if and only if xU=xA -u for all x, where A is an automorphism
of L and u is in the Moufang center of L,

(iii) if the element U of O is given as in (ii), (U, U, U®) is an autotopism of G
if and only if U =xA -u=2for all x.

Remarks. (i) A T.S. loop is simply an I.P. loop in which x~'=x for all x.
Thus if L is a T.S. loop, G and L are identical. Hence the theorem gives a
determination of § and € for all T.S. loops. In this case, however, the results
could have been obtained directly from Theorem 4D of Chapter II.

(ii) Note that U is an automorphism of G if and only if «*=1. Thus the
automorphism group of G contains that of L, sometimes as a proper subgroup.

Proof of Theorem 7B. It was shown in Bruck [1] that G is a T.S. quasi-
group, and also that, on the other hand, not every T.S. quasigroup is isotopic
to an L.P. loop. Indeed if xoy=x—1y~! it is clear that xoy=yox; but also
x0(x0y) =x"1(x~ly~1)~1=x"1-xy=1y. Hence G is totally symmetric, as stated.

(i) If Sin €, (xS)oy=x0(yS), or, equivalently, xS-y=x-3S, for all x, ¥
of L. Setting y=1, we get xS=x-s where 1.5=s, and hence xs-y=x-ys for
all x, y. Since L is commutative, s is in the center of L. Conversely let xS =xs,
where s is in the centre of L. Then xS-y=xs-y=x-ys=x-%S, and so
(xS)oy=x0(yS), S is in €. If also xT =xt, where ¢ is in the centre of L,
%(ST) = (xS)T =xs-t=x-st. Thus the mapping S—s=1S is an isomorphism
of € upon the centre of L.

(ii) and (iii). By Theorem 7A, U is in § if and only if (U, U, UT) is an
autotopism of G for some T of €. By (i), we may assume that xT =xt for some
element ¢ in the centre of L. Thus (xU)o(yU)=(x0y) UT for all x, y if and
only if (xU)~"Y(yU)~'=(x"y~)U-t for all x, y. If we let J, as usual, be the
mapping xJ =x"1, it follows that (UJ, UJ, JUR,) is an autotopism of L. We
may now apply the results of Theorem 4D of Chapter II, which states that
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every autotopism of a commutative I.P. loop L has form (BR,, BR,R,,
BR,?R,), where B is an automorphism of L, v is in the Moufang centre of L,
and ¢ is in the centre of L. Thus we have UJ=BR,=BR,R., JUR,=BR,?R..
First we see that a=1 and that U=BR,J. Next we have JBR,JR;=BR,?,
whence R,”'R;=R,?, or R;=R,% Thus ¢t =1R,*=19? which merely reflects the
known fact that the cube of every element of the Moufang centre of L lies in
the centre of L. If now weset 4 =BJ, u=v"!, we have U=4AJR,J=AR,, and
t=u3 U'=UR,=AR, % Thus xU=xA4 -u and xU?=xA4 -u—? where A4 is an
automorphism of L and # a Moufang element of L. Conversely, for an arbi-
trary automorphism 4 and an arbitrary Moufang element %, we have
(x0y) U? = (x~y A - u~? = [(xA)™ - (yA) ]u~? = (x4 - u)™' - (94 - u)™?
= (xU)o(yU). This completes the proof of (ii) and (iii).

THEOREM 7C. Let G be a T.S. quasigroup and let O, € and 0 have the same
meanings as in Theorem TA and its corollary. Further let Go be a principal
isotope of G with multiplication given by

(7.6) xoy = xU-yV.

Then:

(i) necessary and sufficient conditions that Go have the right inverse property
are that U be in O and U? be in €. Moreover, when these conditions are satisfied,
the right-inverse of x in Go is xR where R=VU*UV—1;

(ii) similarly, for the left inverse property, V must be in O, V* in €; and
when these conditions are satlisfied the left inverse of x in Go is xL where
L=UV*V°U,

(iii) mecessary and sufficient conditions that Go be a T.S. quasigroup are that
U and V be in §; and in this case we have xoy=xS-y=x-yS, where S=UV;

@iv) if U, V are in G, a necessary and sufficient condition that Go be iso-
morphic to G is that UV =W-W? for some W of 9.

Proof. (i) First we shall show the sufficiency of the conditions. If U is
in §, (U, U, U) is an autotopism of G; and if U?isin €, (U-2 U? I) is also
an autotopism. Thus when both conditions are satisfied (U~2, U?, I)(U, U?, U)
=(U-Y, U?0% U) is an autotopism, and hence (xU-yV)U=x-yVUU?
=x-yRV, where R=VU?U?V-L. In this case (xoy)oyR=(x-yRV) -yRV =x,
for all x, y of G, which means that G, has the right inverse property.

Now suppose conversely that Go has the right inverse property, the right
inverse of y being ¥R, where R is some one-to-one mapping of G upon itself.
Then (x0y)oyR=(xU-yV)U-yRV=x for all x, y. Thus (xU-yV)U=x-yRV
andso (xy) U=xU-'-yWforallx,y, where W= V-'RV. Therefore (U}, U, W)
isan autotopism, Uisin §, and (U, U, W)(U-Y, U-Y, U-8) =(U~% I, WU~?)
is an autotopism, where U~%=(U-1)’. By Lemma 7B we now have WU’
=(U=%)"1=U? W=U2U" Therefore, finally, R=VWV-1=V0U2U°U".

(ii) This proof is completely analogous to that of (i).
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(iii) A T.S. quasigroup is simply a quasigroup with the inverse property
for which L=R=1I. By (i), R=I=VU?U°V-!implies U*= U~? with U?in €.
But it then follows from (iv) of the corollary to Theorem 7A that U is in G.
Conversely, if U is in €, U= U~? by (v) of the same corollary, and hence
R=1I. Similarly L=1I if and only if V is in €. Finally, if U, V are in G,
xU-yV=x-yVU=x-yS=xS-vy, where S=VU=UV. (This follows most di-
rectly from (7.3).)

(iv) We may suppose that xoy=x-%S where S=UV is in €. Now G, is
isomorphic to G if and only if there exists a one-to-one mapping W of G, upon
G (and hence, in this case, of G upon G) such that (xW)o(yW) = (xy) W, or
xW-yWS = (xy) W. But this holds if and only if (W, WS, W) is an autotopism
of G;in other words, if and only if Wisin Hand WS=W?, S=UV=W-1W".

Theorem 7C leads to some interesting results if we consider the case that
Gy is a loop. If we define R, as usual by xR, =xy=yx, it follows here that
xR2=xy-y=x, so R,2=1I for all y, and hence R,~!=R,. Thus G is a loop
if and only if U=R,, V=R, for fixed elements p, ¢ of G. Under what cir-
cumstances will Go have the right inverse property? Since U?=R,?=1, the
only condition to be satisfied is that R, be in 9, or that (R,, R,, R,T) be an
autotopism, where T=R,(R,)?is in €. But then px -py=(p xy)T=pT1-xy
for all x, y. Taking x =p we get p2-py=pT-'-py for all y, whence p2=pT.
Since moreover xR, T =(px)T=pT'-x=p*x =xR,,, we see that R,T=R.
Thus we may state a lemma.

LeMMA 7C. If Gis a T.S. quasigroup and p is a fixed element of G, a neces-
sary and sufficient condition that R, should be in O is that p* xy=px-py for
all x, y of G. Moreover the set M of all elements p of this type is a subquasigroup
of G.

CoROLLARY 1. If Gois a loop, isotopic to G, defined by xoy = px - qy where p, ¢
are fixed elements of G, then Go has the right inverse property (left inverse prop-
erty) if and only if p (if @) is in M.

COROLLARY 2. G is isotopic to a Moufang loop if and only if M =G.

Proof. The first statement of Lemma 7C has been proved above. As to the
second, if p, ¢ are in M we have p*-(¢*-xy) =p*(¢x-qy) = (p-gx)(p-qy)
= [¢*(pg-x) ] [a*(Pg-3) ] = (g®)*[(pg-x) (pg-¥)], or

(7.7) p2- (g% xy) = (¢)[(pg- 2)(pq-9)].

Again, we have p?-(g*-xy) = (¢?)2[(p? g% (xy) ]; but p?-g*=pg- pg=($g)?, and
SO

(7.8) % (g% xy) = (¢)*[(p9)*(2y)].
It follows from (7.8), (7.7) that (pg)%-xy=(pg-x)(pg-vy) for all x, y. Hence
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pq is in M. Inasmuch as G is totally symmetric, this completes the proof of
Lemma 7C.

In this proof we have used the fact that 2 is in M when p is. Now p is
in M if and only if R,isin §; butif R,isin §, (R,, Ry, R;») is an autotopism,
Ry isin , p?isin M.

Corollary 1 is an immediate consequence of Theorem 7C and the present
lemma. Corollary 2 follows from Corollary 1 and the fact that every loop
isotopic to a Moufang loop is Moufang.

The subquasigroup M (of the T.S. quasigroup G) discussed in Lemma 7C,
has close analogies with the Moufang centre of a commutative I.P. loop, as
may readily be verified by combining Theorems 7C, 7B with Lemma 7C. The
set N of idempotent elements of M forms a subquasigroup of M, since if
p=p2% g=gq? are in N, then (pq)2=pq pg=1p?-¢*=pq. If N=G, we have the
curious case of a self-distributive T.S. quasigroup: x-yz=xy xzforall x, y, z of
G. That such a G exists may be seen by taking the loop L of Theorem 7B
to be any commutative Moufang loop in which every element (save the iden-
tity) has order 3. Conversely, it may be shown that every loop isotopic to a
self-distributive T.S. quasigroup is a Moufang loop in which every element
has order 3. But a self-distributive T.S. quasigroup G will have T.S. isotopes
which are not self-distributive. To see this, let L be a commutative Moufang
loop in which x®=1 for every x, let f be any fixed centre element of L, and
define Lo by xoy =f-x~1y~1. Then L, is commutative, and therefore it is totally
symmetric, since (xoy)oy=f-f~lxy-y~!=x. However xox=f-x"?=fx, and
hence Lo will be self-distributive if and only if £=1. The point is thus proved
when we reflect that the T.S. quasigroups L, corresponding to different
choices of f are all isotopic.

We now turn our thoughts in a different direction.

THEOREM 7D. Let G be a T.S. quasigroup, and let € be the group defined in
the corollary to Lemma TB. Further, let f be any fixed element of G, and let A; be
the set of all elements s of G such that

(7.9) fx-sy = sx-fy

for all x, y of G. Then A; forms an abelian group under the operation sot=f-st,
and the mapping S—s=fS yields an isomorphism of € upon A;. Moreover if g
is any other fixed element of G the mapping s—f - gs yields an isomorphism of A;
upon A,.

Proof. Let S be any element of €, so that xS-y=x-4S for all x, y of G.
If we set s =£S, the last equation, with x =f, yields s-y=f- S, or
(7.10) xS:f'sxr

for all x of G. Suppose conversely that S is given in the form (7.10). Then S
is in € if and only if (f-sx)y=x-(f-sy) for all x, y of G. On replacing x, y by
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sx, sy respectively, we derive the equivalent equation (7.9). We also note that
if Sis given by (7.10), fS=f-sf=s.

Now suppose that T is also in €, and that fT=¢. Then f(ST)=f(T.S)
=(fT)S=tS=f-st, by (7.10). Hence we have the correspondences S—s,
T—t, ST—f-st=sot. Thus A; is an abelian group, and the mapping S—s=fS
is an isomorphism of € on A;. If g is any other fixed element of G, we note
from (7.10) that gS=f-sg=f-gs. But the mapping fS—gS, or s—f - gs, is evi-
dently an isomorphism of A; on 4,.

THEOREM 7E. Let G be a T.S. quasigroup, and define [x], for each fixed x,
to be the set of all elements xS with S in €. Then the mapping x—[x] is a homo-
morphism of G upon a T.S. quasigroup G/GC.

Proof. It follows from the proof of Theorem 7D that [f], for each f, con-
sists of the same set of elements as the abelian group 4. Thus the different
“cosets” [x] are in one-to-one correspondence. Moreover, if R, S, T are three
elements of €, the equation xR-yS=32T is equivalent to the equation
(xy)R-'S-1=2T. Thus it holds only if [xy]=[z], and we may as well assume
z=xy. In this case we have (xy)R-1S—'=(xy)T or RST =1I; and hence any
two of R, S, T determine the third. We have proved that [x]- [y]= [xy], for
all x, y. But then we see at once that the cosets [x] form a T.S. quasigroup,
say G/€, and that the mapping x—[x] is a homomorphism of G upon G/G.

A little reflection shows that the corresponding problem of construction
should be solved as follows.

THEOREM 7F. Let Q be a T.S. quasigroup, elements p, g, - - - , and let A be
an abelian group, elements S, T, - - - . Let there be chosen, corresponding to every
pair p, q of elements of G, an element F,,, of A with the properties that

(7.11) Fpq=Fq,p Fpga=Fpyq

for all p, q of Q. Then. the system G=(Q, A), consisting of all couples (p, S)
under the multiplication

(7. 12) (17’ S)(qv T) = (va FP,GS_IT_l)v

is a T.S. quasigroup. Furthermore if A be represented as a group of one-to-one
mappings of G upon G by use of the definition

(7.13) (2, ST = (p, ST),
then A is a subgroup of the abelian group € defined in the corollary to Lemma 7B.

We omit the proof of Theorem 7F, which is perfectly straightforward. It
should be noted, however, that if we replace A by a commutative 1.P. loop and
pick the F,, . from its centre, G will still be a T.S. quasigroup.

If the T.S. quasigroup G is a loop, € is isomorphic with the centre of G,
as follows from Theorem 7D with f=1. In any case € has many of the prop-
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erties of a centre (consider the “associative-commutative law” xS-y=x-5),
and the quotient quasigroup G/€ of Theorem 7E is a sort of “central”
quotient. Moreover, by Theorem 7A, a necessary and sufficient condition
that every autotopism (U, V, W) of G be an automorphism (in the sense that
U=V=MW) is that €=1. It follows from Theorem 7E that if G is finite we
may, after formation of a finite number of successive “central” quotients,
reach a T.S. quasigroup all of whose autotopisms are automorphisms. In
order to give a nontrivial example of such a T.S. quasigroup we shall use the
methods of Bruck [1] to construct a T.S. loop of order 3741 whose centre
has order 1, for every integer n>1.

Let G be an elementary abelian group of order 3*, type (1%), with n=>2,
and let Go be the T.S. quasigroup, isotopic to G, defined by xoy =x"1y~1, It
follows from Theorem 7B (ii) that U is an autotopic mapping of G, if and only
if xU=xA -u where A is an automorphism of G and % an element of G. By
(iii) of the same theorem, every such U is an automorphism of G,, since
u~2=wu and hence U?= U. Moreover xox =x"2=x for all x of G. Now let G«
be the system of order 3*41 consisting of the elements of G with one addi-
tional element e, and let multiplication in G be defined as follows:

exe = X*x = e; exxy = xre = X,
(7.19)
ey = xoy = x~1y7};

where x, y are any two distinct elements of G. It was shown in Bruck [1],
and it may also be verified directly, that G« is a T.S. loop with unite. If U
is any one-to-one mapping of G upon G we may extend it to a one-to-one
mapping of Gx upon Gx by defining eU=e. In this way we extend every
automorphism U of G, to an automorphism of Gy, for we have (eU)*(eU)
=exe=e=(exe) U, (eU)*(xU)=ex(xU) =xU=(exx) U, (xU)*(xU) =e= (xxx) U,
and (xU)*(yU)=(xU)o(yU) = (x0y) U= (x*y) U, where, as before, x and y
are any two distinct elements of G. But if x and y are any two fixed elements
of G it is clear that there exists an automorphism U of G, such that xU=1y;
we may in fact define U by sU =2z-x"1y for every z of G. Therefore the only
characteristic subloops of G« are the subloop of order one and Gy itself. Since
n=2, G contains a subgroup H of order 9, and thus G« contains a subloop
Hy of order 10, consisting of ¢ and the elements of H. Clearly Hy is not an
abelian group (since, for example, all of its elements save ¢ have order 2)
and hence G« is not an abelian group. Therefore the centre of G¢ has order 1.
We also note that the ¢-loop of G« has order 1, and that the automorphism
group of Gx, like that of Go, has order 3#(3"—1)(3*—3) - - - (3»—=3"1),
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