SUFFICIENT CONDITIONS FOR THE ISOPERIMETRIC
PROBLEM OF BOLZA IN THE CALCULUS
OF VARIATIONS

BY
MAGNUS R. HESTENES

1. Introduction. The present paper is the last of a sequence of three papers
on the isoperimetric problem of Bolza. The first paper was concerned with
certain properties of the Weierstrass E-function. The second paper dealt with
the Theorem of Lindeberg and its consequences. The present paper is con-
cerned with a proof of a sufficiency theorem for a strong relative minimum
conjectured by McShane(?). The corresponding theorem for a weak relative
minimum was established by McShane and his method was used by Myers(?)
to obtain sufficient conditions for a semistrong relative minimum for the non-
parametric problem of Lagrange. Moreover Myers showed that these condi-
tions were sufficient for a strong relative minimum when the integrand of the
integral I(C) to be minimized had certain special properties. Using an exten-
sion of the methods devised by McShane and Myers we establish a sufficiency
theorem for a proper strong relative minimum in which an estimate is given
of the difference I(C) —I(C,) for the arcs C under consideration. This added
feature enables one to obtain analogues of the theorem of Osgood as a corol-
lary to our sufficiency theorem. Another interesting feature of the method
here used is that it is applicable even when isoperimetric conditions are pres-
ent. The methods used heretofore for problems in which isoperimetric condi-
tions are present usually involved a transformation of the problem or involved
the theory of broken extremals. Throughout the paper it was found that many
of the ideas which play a prominent role in the field theory are also useful
in the proofs here given.

2. Hypotheses and preliminary definitions. The problem with which we
are concerned is that of finding in a class of arcs

C: ak, yi(?) =t h=1,---,ri=0,1,---,n)
satisfying conditions of the form.

(2.1) ¢#(a, y,9) =0 B=1-,m<m,
(2.2) yi(#) = Ta),  »(#) = T%a),

Presented to the Society, September 13, 1943; received by the editors November 9, 1945,
() E. J. McShane, Sufficient conditions for a weak relative minimum in the problem of Bolza,
Trans. Amer. Math. Soc. vol. 52 (1942) pp. 344-379. See also M. J. Cox, On necessary conditions
for relative minima, Amer. J. Math. vol. 66 (1944) pp. 170-198.
(® F. G. Myers, Sufficient conditions for the problem of Lagrange, Duke Math. J. vol. 10
(1943) pp. 73-97.
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(2.3) IC) = g(a) + fc f(a, 3, $)dt = 0

one which minimizes the function

(2.9) I(C) = g(a) + fcf(a. 3, $)dt.

The notations and terminology described in the first paper(®) will be used
throughout. In particular arcs will be written in the vector form

C: 0 (Br=ts?)

and an admissible arc is a rectifiable arc having an absolutely continuous
representation C such that for almost all values of ¢ on t%? the element
[a, ¥(t), 9()] is admissible and satisfies the equations (2.1), (2.2) and (2.3).

We center our attention on a particular admissible arc C of class C’’ with
a representation

Co: ay, yo(t) (tl <t=s tz)

of class C’’ such that y0(2) #0. It is assumed that C, does not intersect itself
and that the matrix ||¢#,|| hasrank m on C,. By a variation ¥ will be meant
a set of constants and absolutely continuous functions

¥: ah, %) @B=t=tt,h=1,---,r;1=0,1,---,n)

whose derivatives 7%(f) are integrable together with their squares. Here too
we shall use the vector notation

v: a, n(#) B =t=n.

A variation v will be said to be differentially admissible if it satisfies the differ-
ential equations

(2.5) &L, o, m, ) = dae’ + dyn () + doei (§) = 0

for almost all values of ¢ on t'<¢<¢% In this equation ,th;: arguments in the
derivatives of ¢# are [ao, ¥o(t), 0(t)]. By an admissible variation v will be
meant one that is differentially admissible and satisfies the conditions

(2.6) 1) = Tha',  n'(f) = Thd,
t2 ¢

2.7) L) = g + f Wt @, n, i)dt = 0,
3]

where T}', T, g5 are the derivatives of T¢(a), T%(a), g°(a) with respect to
a* at a=aoand

(®) M. R. Hestenes, The Weierstrass E-function in the calculus of variations, Trans. Amer.
Math. Soc. vol. 60 (1946) pp. 51-71. This paper will be referred to as the “first paper.”
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(2.8) Wt an x) = fox + fon' + fox,

the arguments in the derivatives of f being [ao, ¥o(t), 0(t)]. An admissible
variation v will be said to be essentially null if it is of the form

(2.9) & =0, 1) = pt)ld) Bstso).

In this case p(#!) = p(t2) =7%(t!) =9%(t?) =0 by virtue of the condition (2.6).
Consider now a set of multipliers

(2.10) rzo I may)
of class C’ on a neighborhood of Co. The multipliers /%, J° are constants. Set
(2.11) F(a, 5, p, l,m) = I + l°'fe + mPef,  G(a, 1) = 1% + l°g°.

The function

(2.12) J(C) =G(a, ) + f Fla, 3, 3,1, m(a, y)]dt
c
has as its first variation along C, the function
t2
(2' 13) Jl('Y) = Gha'l + [Fa"ah + Fy’"’" + Fp‘ﬁ‘]dt-
B

In this expression the derivatives of G and F are to be evaluated along C.
Here G, is the derivative of G with respect to a*. It is well known that the
condition

Jiv) =0

holds for every variation v satisfying the end conditions (2.6) if and only if Cy
satisfies the Euler-Lagrange equations

d
(2.14) —Fs=Fs  #=0

and the transversality conditions
2 i 1, h
(2.15) Grh+ Fu(t)Th — Fpi(8)Th + f Fadt = 0.
t

Here F,i(t') and F,:(t?) denote the values of Fy at the initial and final end
points of C,.

In order to define the second variation Ji(y) of J(C) along C, we define
2Q by the formula

298, a, 7, ) = Fyiyin'n? + 2F yizin'nw? + Fpigimin?

(2.16) .
+ Fargrata® + 2F gpyialn® 4+ 2F ppiatns,
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where the derivatives of F are evaluated along Cy. We also set
(2.17) bar = G + Foi(£) Thx — Foi(8) Thi

where the subscripts %, 2 on G, T#, T2 denote derivatives with respect to
at, o* evaluated at @ =a,. As before Fn(t') and Fi(t?) are the values of Fy
at the end points of C,. The function

&
(2.18) Jo(7) = barata® +f 2Q(t, @, m, n)dt
a

is called the second variation of J(C) along C,.

3. The conditions 4, B, A’ and B’. Following the notations used in the
earlier papers we shall denote by D the class of all differentially admissible
elements (e, y, p), that is, all admissible elements (a, ¥, $) such that
¢P(a, v, p) =0. Associated with each admissible function H(a, y, ) we have
the Weierstrass E-function

(3.1) Ex(a, Y D 9) = H(a' Y 9) - qup‘(ar Y, P)-

Let F(a, v, p) and H(a, y, p) be admissible. The function H(a, v, $) will be
said to be E-dominated by F(a, y, p) near Coon D if there is a constant 6>0
and a neighborhood D, of C, relative to © such that the inequality

(3.2) I En(a, 3, $, 9) | < bEr(a, 3, $, )

holds whenever (a, ¥, p) is in Dy and (a, ¥y, ¢) is in D.
The arc C, will be said to satisfy the condition A with a set of multipliers

(3.3) rz0, I, may)

if the following conditions hold: the functions m#(a, v) are of class C’ on a
neighborhood of C; the Euler-Lagrange equations (2.14) and transversality
conditions (2.15) hold with F(a, v, p, I, m(a, ¥)) and G(a, ) defined by (2.11);
the function H=0 is E-dominated by F(a, ¥, p, I, m(a, ¥)) near Co on D. If
in addition the functions L(p) = Ipl and f°(a, ¥, p) (=1, - - -, s) are E-domi-
nated by F(a, 3, p, I, m(a, y)) near Co on D, then C, will be said to satisfy the
condition A’ with the set of multipliers (3.3). In this event the functions
df(a, 5, p) (B=1, - - -, m) are also E-dominated by F(a, y, p, }, m(a, )) near
Coon D, as was seen in Theorem 4.3 of the first paper.

The arc C, will be said to satisfy the condition B if for every admissible
variation v that is not essentially null, there is a set of multipliers (3.3) with
which C, satisfies condition A such that the inequality J(y) >0 holds, where
Ja(7) is the second variation (2.18) of the function J(C) determined by these
multipliers. If in condition B we require that the multipliers (3.3) satisfy the
condition A’ with C, then C, will be said to satisfy the condition B’.

LeMMma 3.1. If C, satisfies condition B and there is a set of multipliers (3.3)
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with which C, satisfies condition A’, then C, satisfies condition B’. Conversely
if Cosatisfies condition B', then it satisfies condition B and there is a set of multi-
pliers (3.3) with whickh it satisfies condition A'.

For suppose C satisfies condition A’ with the multipliers I°, I8, m#(a, y)
and let v be an admissible variation that is nonessentially null. If C, satisfies
the condition B there is a set of multipliers (3.3) with which C, satisfies con-
dition A such that J5(y) >0. For a sufficiently small positive constant b the
arc Co will satisfy condition 4’ with the multipliers

1450, I +bl,  m(a, y) + biEh(a, ¥)

and the second variation of the function J(C) determined by these multipliers
remains positive on y. Hence C, satisfies condition B’. The converse follows
from the fact that there exists an admissible variation v that is not essentially
null(®).

LeEmMA 3.2. If C, satisfies condition A’ with a set of multipliers (3. 3), then
C, satisfies condition A’ with every set of multipliers

(3.4) b, P, iwa,y)
of class C' such that
=, =1, @h(ae, y) = ma, y)

on Co. Moreover for every admissible variation v we have Ja(v) =T:(v), where
Jo(v) and Ta(y) are the second variations on C, of the functions J(C) and J(C)
determined by the multipliers (3.3) and (3.4) respectively.

This result is readily verified with help of Corollary 2 to Theorem 9.3 of
the first paper and the fact that ¢#=0 on C, and $# =0 for admissible varia-
tions.

COROLLARY. Iz the conditions A’ and B’ for Co only multipliers of the form
(3.5) Lok mA(y)

need be considered. This is also true in condition B provided C, satisfies condi-
tion A’ with a set of multipliers (3.5).

Throughout the present paper we shall have occasion to use a special
function K(C, Cy) which can be defined as follows: Let the arcs C and C,
be represented in the forms

C: a, (2 0=t=<1)
Co: Qo, ¥o(?) 0=t=1
such that almost everywhere on 0=<¢=<1 one has

(%) E. J. McShane, loc. cit. p. 363.
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|50 | =L©), [ 50| = L(Co),
where L(C) is the length of C. The function K(C, Cy) is defined by the formula

(3.6) K(C,Co) =|a — ao|*+ max | y(t) — yo(®) |* + f | 5(8) — 9o(8) |2d2.
0sts1 0

Concerning this function we have the following useful result which was estab-
lished in the second paper(®).

LemMma 3.3. Suppose that C, satisfies the condition A’ with a set of multi-
pliers (3.3) and let {C,} be a sequence of admissible arcs converging to C, in
the sense that given a meighborhood § of C, in ay-space there is an integer go
such that when q=qo, then C, is in §. If the function J(C) determined by these
-multipliers is such that

lim sup J(Cp) = J(Cy)

g=ow
then
lim K(C,, Co) = 0.
g=w
In the proofs of Theorems 4.1 and 4.2 given below it will be convenient
to assume that the functions T%!(a), T%*(a) appearing in the end conditions

(2.2) are linear. This can always be done since our problem is clearly equiva-
lent to that of finding in the class of arcs

C: ah) b" C‘, y‘(t) (tlét_s_tz;h=1,'°',f;1:=0’1’...,n)
satisfying the equations
¢%(a, 3, 9) =0 (B=ly'°'1m<”)v
yn‘(tl) = bi, y.'(tz) = Ci,
MO =g@+ [ fanpi=0 =19,
c
I*+#1(C) = Ti(a) — bé = 0,
Tovti2(C) = T2%(g) — ¢t = 0

one which minimizes the integral

I(C) = g(a) + f fa, . $)dt.

It is easy to see that conditions A’ and B’ for C, are equivalent in the two
y

() M. R. Hestenes, The theorem of Lindeberg in the calculus of variations, Trans. Amer.
Math. Soc. vol. 60 (1946) pp. 72-92. This paper will be referred to as the “second paper.”
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cases as well ds the concept of strong and weak relative minima. We shall
accordingly assume that end conditions (2.2) are linear whenever it is con-
venient to do so.

4. The sufficiency theorem. The principal theorem in the present paper
can be stated as follows:

THEOREM 4.1. If the arc C, satisfies condition B’ as well as those described
in §2, then there is a neighborhood of Cy in ay-space and a constant € >0 such
that the inequality

(4.1) I(C) — I(Co) = min [, eK(C, Co)]
holds for every admissible arc C in §, where K(C, C,) is defined by (3.6).

This theorem is an extension of one conjectured by McShane(f) and is an
immediate consequence of the following theorem for an arc Cy having the
properties described in §2.

THEOREM 4.2. Suppose the arc Cy satisfies condition A’ with a set of multi-
pliers

4.2) 'z 0, I, mP(a, y)

and that the conclusion described in Theorem 4.1 fails to hold. Then there exists
an admissible variation +y, that is not essentially null such that given any set of
multipliers (4.2) with which C, satisfies condition A the second variation Ja(v,)
of the function J(C) determined by these multipliers has Jo(7vo) <0.

If the conclusion of Theorem 4.2 holds, then C, cannot satisfy condition
B’. On the other hand if C, satisfies condition A’ with a set of multipliers
(4.2) and the conclusion of Theorem 4.2 fails to hold, then C, satisfies condi-
tion B and hence also condition B’, by virtue of Lemma 3.1. Thus for an arc
Co that satisfies condition A’ with a set of multipliers (4.2), Theorems 4.1
and 4.2 are equivalent.

The next seven sections will be devoted to the proof of Theorem 4.2 and
hence of Theorem 4.1. As a consequence of Theorem 4.1 we have the following
analogue of a theorem of Osgood.

THEOREM 4.3. If the arc C, satisfies the condition B’ as well as those given
in §2, there is a neighborhood § of Co in ay-space such that given a neighborhood
T1of Cointerior to § thereis a constant p >0 such that the inequality

4.3) I(C) — I(Co) > p
holds for every admissible arc C in § that is not in §.

For let § and e be chosen as described in Theorem 4.1 and let §; be a

(¢) Loc. cit. p. 346.
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neighborhood Cj interior to §. From the definition of K(C, C)) it follows that
there is a positive constant 7 such that the relation

K(C, Co) >7T

holds for every admissible arc C not in §. Choose p so that p<e, p<er. The
inequality (4.3) then follows from (4.1). _

5. The variation v,. In §§5-11 it will be assumed that the hypotheses of
Theorem 4.2 hold. It will also be assumed that the functions T#(a) and
T#(a) appearing in the end conditions (2.2) are linear. In view of the remark
at the end of §3 no generality is lost by this assumption. Since the conclusion
of Theorem 4.1 fails to hold there is for every integer ¢ an admissible arc C,
in the (1/¢)-neighborhood of Cyin ay-space such that the inequality

(5.1 I(C,) — I(Co) < min [1/g, (1/9)K(Cq Co)]

holds. Since K(Cy, Co) =0, this inequality could not hold with C,= C,. Hence
C.# C,. Throughout the proof of Theorem 4.2 we shall suppose that the arcs
C, (g=0,1, 2, --) have been given the representation

Co e wW®  (OStS1ig=01,--+)
such that
(5.2 | 3.8 | = L(C) (g=01,---)

for almost all values of £ on 0 S¢<1. Here L(C,) is the length of C,. The repre-
sentation

Co: ‘ao, ¥o(8) o=st=s1)
of Cyisof class C’’ on 0=t =1.

LEMMA 5.1. The sequence {C,} of admissible arcs described above can be
chosen so that

(5.3) lim g, = a,, lim y,()) = v(2) uniformly on (0=t = 1),
g=w g=w
(5.9 lim 9,(8) = yo(#) almost uniformly on (0 <t = 1),
= .
(5.5) lim k, = 0, 0< k<1,
gm=w

where kq is the positive root of the equation

ko = K(Co Co) = | ag — oo+ max | 3o(8) — 39 |
0sts1
(5.6) . 2
+ 134 = 300 .
0
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In order to prove this result let
lP=0or1; I, may)

be a set of multipliers with which C, satisfies condition A’ and let J(C) be
the corresponding function (2.12). Then either J(C,) =I(C,) or else J(C,)
=J(Co) =0. In either event we have by (5.1)

(5.7) J(Co) — J(Co) < min [1/q, kp/q],

and hence
lim sup J(Cy) = J(Co).

g=

By Lemma 3.3 it follows that lim ., #,=0. We can accordingly suppose that
k,<1. The condition (5.5) therefore holds. From (5.5) and (5.6) it is seen that
(5.3) holds. Moreover

1
im | |9, — 5®)|%t =0,
g=c 0

and hence lim guo, 94(2) = y0(¢) in measure on 0 =¢<1. A subsequence, which we
again denote by {C,}, accordingly has the property (5.4). This proves the
lemma. ' ‘

In the sequel it will be assumed that the sequence {C,} has been chosen
so as to have the properties described in Lemma 5.1. As a further result we
have the following lemma.

LEMMA 5.2. For every set of multipliers
P=0or1, I may)),
the corresponding function J(C) defined by (2.12) satisfies the relation
(5.8) J(C) — J(CY) S kifg @=1,2---).
This result follows at once from the relations (5.7), (5.5), and J(C) =I°I(C).
LemMA 5.3. The variations
Vel ag = (8, — a0) ke () = (34(t) — y0(£))/q 0=t=s1)
satisfy the condition

(5.9 |aol + max |n@ e+ [ i I = 1.
0sts1 0

Consequently, we can select the sequence {Cq} so that there exists a variation
Yo: ag, 10(%) o0=t=s1)

satisfying the conditions
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(5.10) lim a; = ao, lim 7,(£) = no(£) uniformlyon 0S¢ =1,
== g=w
1 1
(5.11) f | 40 |2d¢ < lim inf | e |2d2 = 1.
0 g=x [}

Finally if g(t) is summable together with its square, then

(5.12)  lim | g(t)(ng — mo)dt = lim [ g(t)(sq — so)dt = 0
M M

g=o g=c0
for every measurable subset M of 0=t =1.

The relation (5.9) follows from (5.6). It has been shown by McShane(?)
that the condition (5.9) implies the existence of a subsequence of {v,}, which
we again denote by {v,}, and a system v, such that (5.10) holds. Moreover
he showed that the functions 70%(t) are absolutely continuous and have de-
rivatives that are integrable together with their squares. The system 4, ac-
cordingly is a variation. We shall show later that v, is an admissible variation.
The relations (5.11) and (5.12) were also established by McShane(3) and
Myers(®). .

In what follows it will be assumed that the sequence {C,} has been chosen
50 as to have the properties described in Lemmas 5.1 and 5.3.

As a further result we have the following lemma.

LeMMA 5.4. The variations v, (¢=0, 1, - - - ) satisfy the variational end
conditions (2.6). Moreover for every set of multipliers 1°=0, 17, m#(a, y) with
which Cy satisfies condition A we have

Jl('Yq)=O (q=0s1r"°)
where J1(vy) is given by (2.13).

6. Three lemmas. The curves C, and v, have associated with them vec-
tors p,(t) and m,(f) which we shall now define. Since the matrix ¢%| has
rank m on Cj one can select(!?) a set of functions p#(a, ¥) of class C’’ satisfying
the equations

(6.1) ¢#la, v, p(a, )] =0 B=1---,m)

and having the elements [a, ¥, p(a, )] on Co when (a, y) is on Co. Because
the functions ¢# are positively homogeneous in p of order one, the functions
p(a, ¥) can be replaced by functions of the type k(e, ¥)p*(a, ¥). We can and
shall therefore suppose that these functions have been chosen so that

(") Loc. cit. pp. 353-355.

(®) Loc. cit. pp. 354-356.

(%) Loc. cit. p. 88.

(19) See Lemma 2.1 of the first paper.
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(6.2) | p(a, y)| = L(Co),

where L(Cy) is the length of Co. By virtue of this choice of p(a, y) and the
parametrization of Co we have

Jo() = plae, 3o(8)].
We can now prove the following lemma.

LEMMA 6.1. The vectors po(t), wq(t) defined by the formulas

puld) = P00 3D Cg=0,1,--),

m'g(t) = P;'j(ao, yo(§))ao + pyi(ao, 3o(£))n0(8),

() = (Bo()) — po(D)/ kg @=1,2,--+)
satisfy the relations
(6.3)  ¢#(aq ¥4, £4(8)) = 0, | p(8) | = L(C), 0<t=1,
(6.4) lim p,(8) = po(t) = Vo(t) uniformlyon 0=t =1,
(6.5) lim m,(£) = mo(?) uniformlyon 0=<¢= 1.

The relations (6.3) follow from (6.1) and (6.2). The relation (6.4) is a
consequence of (5.3). An application of Taylor’s theorem to the difference

#*[e0 3] — #*[20, 30(8)]
yields a formula of the form
7)) = Ardlt)ag + Biol®)n(l)

where

. 1.
Asa= [ Paloo+ 000, = @), 30+ 830 — 3o,
0

1
By = f pislao + 0(ag — as), yo + 0(ye — 1) 1db.
0

Using the relations (5.3) and (5.10) it is found that the equation .(6.5) holds.
By a similar application of Taylor’s theorem and the relations (5.3),
(5.10), (6.4), (6.5) one obtains the following lemma.

LeEmMA 6.2. If ¢(a, ¥, p) is a function of class C’, then
tigg 2120 360, 2:D] — 8o yo(), £o(1)]

g=ro kq

= ®[¢, aq, 10(2), mo(#) ]

uniformly on 05t <1, where
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(6.6) &t a,n, ) = darat + oyt + ppirt,
the arguments in the derivatives of ¢ being [ao, yo(t), yo(t)].

Applying this result to the functions ¢#(a, ¥, p) we have by virtue of (6.3)
the following corollary.

COROLLARY. Tke variation 7y, satisfies with wo(t) the equations
(6.7) B[t ao, no(8), mo(f)] = 0,
where B8 is the variation (6.6) of ¢". '

As a further result we have another lemma.

LeMMA 6.3. I [f Bio(t) (g=0, 1, - - - ) are continuous functions such that
(6.8) qh_n: B, () = Bso(¥) uniformlyon 0=<t=1,

then for every measurable subset M of 0<t=1 one has

(6.9) im [ Bl — x)dt = f Buis — wi)dt.
M

q=w M

In order to prove this result observe first that by virtue of (6.8) and (6.5)
we have

lim | Bimdt = f Buomadt.
M

g=® M

It remains therefore to show that

(6.10) lim B.,,nth f Bioindt.

g=w

To this end observe that
(6.11) f Bt‘q‘ﬁ:‘” = f Bioﬁ:dt + f (Bsg — B;o)ﬁ:dt.
M . M M .

By the inequality of Schwarz and (5.9) we have
2
< [f | B, — Bol’dt][f Iﬁql,dt]
M M

1 2
gf | B, — Bo|dt.
7 0

It follows from (6.8) that the last term in (6.11) converges to zero. By virtue
of (5.12) we have

f (Big — Bs'o)ﬁ:dt
M



1946] THE ISOPERIMETRIC PROBLEM OF BOLZA 105

hm B.’oﬁ:dt = f Beoﬁ;dt.
g= M M

It follows from (6.11) that (6.10) holds and Lemma 6.3 is established.

7. Properties of H(C, M). Consider an admissible arc C parameterized
on 0=5¢=<1 so that |y| =L(C). Given a measurable subset M of 0s¢<1, a
function 6(a) of class C’ and an admissible function H(a, y, p) of class C’ we
define H(C, M) by the formula

HC M) = 00) + [ H(a, 30, 500
M
Similarly using the functions p%(a, ¥) chosen in the last section we set

B¢ =00 + [  Hyla, 500, (e, 300150

ERC M) = [ Ealo, 50, #(a, 3, 509 et
M
We have accordingly

(7.1) H(C, M) = H'(C, M) + Ex(C, M).
Finally we define Hi(y, M) by the equation

Hy(y, M) = 0pa? +f {Hpa? + Hym' + Hyo}ds,
M

where the derivatives of 6(a) and H(a, y, p) are evaluated along Co. When
M is the interval 0=t=<1, the values H(C, M), H*(C, M), Ey*(C, M),
H,(y, M) will be denoted respectively by H(C), H*(C), Eg*(C), Hi(v). These
notations are consistent with the ones used earlier and equation (7.1) takes
the form H(C) =H*(C)+E}(C).

As a first result we have the following lemma.

LeEMMA 7.1. The relation
. H*C, M) — H*(Cy, M)
(7.2) lim v M) - = Hi(yo, M)

gme. k,

holds for every measurable subset M of 0=t=1.

In order to prove this result observe that the integrand of H*(Cy, M) can
be written in the form

H(ay, yo po) + (y; - P:)Hp‘(aqv Yo Pa)-

By virtue of Lemma 6.2 we have
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0(a,) — 6
im Ko — 0@ _ , aoal
(7.3) - ;)— H(eo, 30, 20
ey Ve — H(aq, ¥o, i H
lim @ Yo Pa % LELEL = Hahah'l" Hymo + Hypimo
g= q

uniformly on M. Here the arguments in the derivatives of H are [ao, Yo(t),
30(t) ]. Since 90%(t) = po’(t)- it follows from the definitions of 7,* and .’ that

(7.9 (90 = 22/ ke = (e — m5) (@=1,2---).
An application of Lemma 6.3 with B;;=H ,(a,, ¥4, p,) yields
o1 3 i T i
lim _f (92 — P Hypi(ag, Yo po)dt = f (0 — mo) H (a0, Yo, po)dt.
a== kgJ u M

If we combine this result with (7.3) it is readily seen that (7.2) holds. This
proves Lemma 7.1.

LeEmMA 7.2. For every set of multipliers
(7.5) 1"=0 or 1, le, mbf(a, )

with which the arc C, satisfies condition A, the corresponding functions J(C),
J*(C), EF*(C) satisfy the relations '

J(Cy) — J(C J*(Cp) — J¥C 1

O e COR A CO R L lim — EF(Cy) = 0.

= kq ge=w kq g=wo Ry

In order to prove this result recall that

J(€) = TH(CY + Ex(C).
Since 9o(t) = po(t) we have Eg*(Co) =0 and hence J(Co) = J*(Co). Consequently

J(€) = J(Co) = TH(C) = T*(Co) + Ex(C).
Moreover by Lemma 7.1 and the relation Ji(yo) =0 given in Lemma 5.4 we
have
J*(C) — J*(C
lim M = Ji(yo) = O.

g=o kq

By virtue of (5.8) we have accordingly

J(Cy) — J(C 1
lim supﬁ——g—g)— = lim sup - Er(C,) S 0.

gmeo kq g=w 7

From this result it follows that the lemma will be established if we show that
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1
lim inf — Ex(C,) = 0.
a== Kk,
Since k,>0 it is sufficient to show that there is an integer ¢, such that when
¢>go we have

(1.7) EXC) = f Erlan 3, pal8), ()it = 0 (¢ 2 90).

In order to establish this inequality recall that by virtue of our hypothesis
there exists a neighborhood D, of C, relative to the class D of differentially
admissible elements (a, y, ) such that the inequality

EF(av yv P) q) g 0

holds whenever (g, ¥, p) isin Dy and (a, ¥, ¢) is in D. By virtue of the relations
(5.3), (6.3) and (6.4) we can select go such that when ¢=¢o we have (a4, v,(),
p4(2)) in Do. Moreover since C, is admissible the elements (a,, ¥,(t), y.(t))
are in D for almost all values of £ on 0=¢=<1. It follows that when ¢=g, the
integrand appearing in (7.7) is non-negative for almost all values of ¢ on
0=<t¢=<1. The inequality (7.7) accordingly holds and Lemma 7.2 is established.

LemMA 7.3. Let F(a, v, D) =I1f+1°f°+mPp? be the admissible function de-
termined by a set of multipliers (7.5) with which C, satisfies condition A. If
H(a, y, p) is E-dominated by F(a, y, p) near Co on D, then

H(C, — H(Co, M
(7.8) tim 2 G0 20 — B ) _ Hi(vo, M)

g=o kq

for every measurable subset M of 0<t=1.

In order to prove this result observe that since H(a, ¥, p) is E-dominated
by F near Co on D, there is a constant >0 and an integer go such that when
¢>qo the inequality

| Er [acr ¥4(8), p8), 5’4(‘)] | = bEr [aq’ Y48, p4(8), 5’«(’)]

holds for almost all values of ¢ on 0 <¢ <1. This result follows from (5.3), (6.3),
(6.4) and the definition of E-dominance. We have accordingly

l E;(Cq, M) ’ = fM | Ex(ay Yo por 90) | dt
1
= j‘o | En(ag Yo Pas 90 | dt

1
= bf Er(eq Yo par ¥9)dt = bE;(Cq)-
0
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Combining this result with (7.6) it is seen that

1
(7.9) lim — Ex(Co, M) = 0.
q=w kq
Using (7.1) together with the relation Eg*(Co, M) =0 we have the further
formula

(7.10) H(Co, M) — H(Co, M) = H'(Co, M) — H*(Co, M) + Ex(C,, M).

The relation (7.8) follows readily from (7.10), (7.2) and (7.9). This proves
Lemma 7.3.

8. Admissibility of v,. The purpose of the present section is to establish
the following lemma.

LeEmMA 8.1. The variation vy, described tn §5 is admissible and satisfies the
equation

(8.1 y;(t) ﬁz(t) = constant
for almost all values of ton 0 <t =<1.

In order to prove this result select F(a, ¥, ) as described in Condition A’
for Co. Then L(p) = Ip| , f°(a, ¥, p) are E-dominated. by F(a, ¥, ) near C,
on D. In fact by Theorem 4.3 of the first paper the functions ¢#(a, ¥, p) are
also E-dominated by F(a, y, p) near Co on D. Consequently if we select

mem = | a5, i

then H(C,, M)=H(Cy, M) =0 and by Lemma 7.3

f (L, ag, m, 9)dt =0
M

for every measurable subset M of 0=<¢=<1. Hence
@(tr Qo, ﬂO(t)’ ﬁo(t)) =0

for almost all values of £ on 0=<¢=1, that is, the variation v, is differentially
admissible.

In order to show that 7, is also admissible let M be the interval 0=t <1
and choose H(C, M)=1I°(C). We then have H(C,, M)=1°(C,)=0 (¢=0,
1, - - - ) since C, is admissible. Moreover Hy(y, M) is identical with the first
variation I;°(y) of I°(C) on C,. It follows from (7.8) that I;°(y,) =0. Further-
more by Lemma 5.4 the variation 7, satisfies the variational end conditions
(2.6). The variation v, is therefore admissible, as was to be proved.

It remains to show that the relation (8.1) holds To this end we select
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H(Cy M) = f L(3o)dt = f | 52| &t = L(Ct

the last equality holding by virtue of our parametrization of C,. We then have
¢
Hiy(yo, M) = f Lpi( Vo) noedt = —— f L.
1(yo, M) it i(3 o)ﬂod L(Cy) yo‘nod
Moreover by Lemma 7.3

Hi(yo, M) = tlim LG — LG |

g=o kq
Consequently
t o L(C,) — L(C
(8.2) f Yonedt = tL(Co) lim__(_fz_k__(_o) .
0 g= q

The equation (8.1) follows from (8.2) by differentiation. This proves Lemma
8.1.
Setting ¢=1 in (8.2) one obtains the formula

L(C,) — L(Co) f s
8.3 lim = Vonodt,
(8.3) lim y 7y J Forho

a result that will be found useful in §11.
9. Second orQer terms. In the following lemma we are concerned with
the second variation J*(y) of the functions

Q) =6+ [  Fula, 3, pla, 9). 1 mia, )dy,

where F and G are the functions (2.11) determined by a set of multipliers
1°=0or 1, l°, m#(a, y) of class C’ with which C, satisfies the Euler equations
(2.14) and the transversality condition (2.15). This second variation J*(y)
is given by the formula

.
(9.1)  J2(7) = buatat +f {200, a, n, 7) + 2(4* — ) Qui(t, @, n, x) } a2
[1)

where ¢ denotes the variation of pi(a, y) along Co. We shall be ihterested only
in the case when vy =+,. In this event 7i=m,(t).

LEMMA 9.1. Under the hypotheses described above we have

(9.2) lim w = 2-:_7’;(.),0).

== k2
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In order to prove this result it will be convenient to denote F(a, v, p, !, )
by F(a, v, #, m). We introduce the following notations

malt) = m (aq, ¥o($)) @=0,1,20-"),
(9.3) o)) = maa(ao, yo())as + mys(aa, ya(H)nol8),

pel) = (melt) — ma(0)/k, @=1,2--).
By the use of (5.3), (5.10) and Taylor’'s Theorem we have
9.9) lim mal) = ma(2), lim we®) = walt)

uniformly on 0=t =<1.

Because of the relation F=piF, the integrand of J*(C,) can be written
in the form
(9.5) F(aq, yor por my) + (y; - P;)Fpi(aqv Yaor gy Mg)-

Since ¢#=0 along C, we have F(a,, ¥4, Poy Mmq) = F(ag, ¥4, Pq, mo) and hence
by Taylor’s Theorem applied to the latter function

(9.6) F(0g Yo Do M) = F(o, Yo, po, mo) + keF1y + 2 ko,
where

9.7 Fi = Fa»a: + Fy-'n: + Fp‘r: )

and

9.8) Lm: Fa(8) = 2Q(¢, ao, 10(8), mo(£))

uniformly on 0=<¢=<1. Similarly

(99) Foi(ag Yo ba my) = Fi(ao, Yo, po, mo) + kB,
where
(9. 10) lim B'q(t) = Qt‘(tr Qo 770(‘)” To(t))

a=o

uniformly on 0=¢=1. Using the relations (9.6), (9.7), (9.9) and
Jo=po,  Fu— te = kolie — )

it is seen that the integrand (9.5) of J*(C,) takes the form

F(ao, Yo, po, mo) + ko{Facg + Fying + Fyeiy)

9.11 - A
( ) + 2 lk:{qu + 2(s, — Wc)Bt'q}'

Finally, setting G(a) =G(a, !), we have
(9.12) G(ag) = G(ao) + kGalar)aq + 27 BGag
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where

(9.13) lim Ga, = Gaborcrgars = Brrarocrs

g=o

the last equality holding because of the linearity of the functions T'%!(a) and
T#2(a). Because of the relation (9.19) and the formula (9.11) for the integrand
of J*(C,) we have

(9.14) JHC) = T (€ = kJi(v) + 27 BT,

where J1(v) is the first variation (2.13) of J(C) and
1 . .
T = G + f {Faq + 203, — mg) B} dt.
0

In view of Lemma 5.4 we have Ji(v,) =0. Moreover by virtue of (9.8), (9.10),
and (9.13) we have ‘

lim J3, = J3(v0).

g=0c

Combining this relation with (9.14) and Ji(y,) =0 we see that (9.2) holds,
as was to be proved.

As an interesting consequence of the result just proved we have the follow-
ing lemma.

LeEMMA 9.2. If H(a, v, p) is an admissible function of the form
H = 6(a, y, p)¢°¢*
where 0 is of class C'', then

1
. -2 .
lim %, Eu(ay, Yo par 4)dt = O.
0

g=o

" In order to prove this result observe that the only properties of J(C) used
in the proof of the last section were that its first variation Ji(y) on C, van-
ished for every admissible varjation . The function J(C) = f¢Hdt also has
this property. Hence Lemma 9.1 is applicable in this case also. Moreover,
since ¢ =0 on C, we have in this event

2908 a, 1, ®) = 0D5(8, o, 0, m) DAL, @, 9, ).
Hence by (6.7) and Lemma 9.1 we have
. J*Cq) — J*(Co)
A TEE

g=-90 q

= 2-13(v0) = 0.

The lemma follows from this relation, the equations J(C,) =J(Co) =0, and
the familiar formula J(C,) — J(Co) = J*(C,) — J*(Co) + EF(C,).
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LEMMA 9.3. There exists a constant N >0 such that
(9.15) 0 < lim inf k; E3(C,) < lim sup k; Ex(C)) < N.
g= g=o

For suppose the multipliers =0, I°, mf(a, y) have been chosen as de-
scribed in Condition A for Co. Then by the use of the inequality (5.8), the
equation

J(CQ) — J(Co) = J*(C) — J*(Co) + Er(Cy),
and the limit (9.2), it is seen that
(9.16) 2773 (o) + lim sup E, Ex(C,) < O.

g=w

By hypothesis L is E-dominated by F near C, on D. Hence there exists a
constant >0 such that

EL(C)) < bEs(Cy)

for large values of ¢. Consequently by (9.16) we have

) -2 x b«
(9.17) lim sup k, EL(C,) = — 7]2(70).

g=w

Since E*(C,)20 this proves the lemma.
10. A property of Ef*(C). The proof of Theorem 3.1 will be completed in
the next section. In the proof we shall make use of the following lemma.

LeEMMA 10.1. If F(a, vy, p) is an admissible function that E-dominates H =0
near Co on D, then

=

1 . i
(10.1)  lim inf &y E§(C) = 2°° f Fyipi(ie — mo)(da — m)dt = 0
0

where the arguments of the derivatives of F on the right are the values [ao, ¥o(t),
}.’o(t)] on C,.

In order to prove this result let M be a measurable subset on which the
sequence ¥,%(t) converges uniformly to y,*(¢). For ¢ sufficiently large we have
by Taylor’s Theorem

(10.2) Er(@q Yo Por 30 = Aiial)(5e — 90 (e — 92) (¢ on M)
where
1
Aig(t) = L 1- S)Fv‘pi[aqr Yaor Po + (9o — Pq)]ds-

If we set
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(10.3) Ai(t) = 27 Fptpi[a0, 3o(2), 30(8)]
then
(10.4) lim A;50(2) = A:s(?)

uniformly on M. For convenience set
[ [

: .
(10.5) §g =g — W (g=0,1,2,.--.).
By the use of (5.9) and (6.5) it is seen that

1
(10.6) fuls,,lwgfo | &9t = N (g=1,2--)

where N is a suitably chosen constant. It should be observed that by virtue
of equations (6.7) and the admissibility of v, we have

(10.7) ¢:‘(do, Yo, fo)‘é: =0

almost everywhere on 0=t <1.
Consider now the equation

[ Acukilan = [ acgiant [ (Ao apiiian
M M M

By virtue of the relations (10.4) and (10.6) the last integral has the limit zero
as ¢ becomes infinite. It follows that

(10.8) lim inf A. ;qquth lim inf A. quEth

== =%
Moreover by the use of (5.12) and the definition (10.5) of £,%it is seen that
lim A.,sos,,dt f Asibotads.
g=c M
We have accordingly
lim inf A. ,Eq‘g’th f A; ,Eofodt

q=o

(10.9)
+liminf | el — &) — £

g=o
We are now in position to prove Lemma 10.1 for the case when
(10.10) ' Fpipititi 2 0

along C, for every set £ Then the last term in (10.9) is non-negative. By the



114 M. R. HESTENES [July

use of equations (10.2), (10.8), (10.9), and (10.4), it is seen that

. e g2 . _ i
lim inf &, Er(aq, ¥o pay Y9)3t = 2 ! f Fp.',,fgogo'dt,
g=wo M M
Since by hypothesis Er(aq, ¥4, P, ¥,) 20 almost everywhere on 0=<¢=<1 for ¢
sufficiently large, we have '

lim inf k°ES(CY) = 27 f F i itetait.
g= : M
Inasmuch as the sequence 7,%(f) converges to %o%(tf) almost uniformly on
0=<t=<1, it follows from our choice of M that this inequality also holds when
M is the interval 0=t =1. This proves the lemma for the case when (10.10)

holds.
Consider now the case when the inequality (10.10) holds on C, subject to

the conditions ¢3:£¢=0, the equality holding only when £ =pp. Then by Theo-
rem 3.1 in the first paper there is a function

F* = F + 0¢°¢f
such that the inequality (10.10) holds with F replaced by F*. Consequently

1 :
(10.11) lim inf kg Ep(Cy) = 2 f Flipitatadt = 0.
g= 0

But Ef¥(C) =E#*(C)+Ex*(C), where H=0¢?¢f. Hence by Lemma 9.2 the
first member of the relation (10.11) is equal to the first member of (10.1).
From (10.7) and the definition of F* it follows that the second members are
also equal. Hence Lemma 10.1 holds in this case also.

To prove the lemma as stated observe that our hypotheses imply that
(10.10) holds on C, for all solutions £ of the equations #5%£¢=0 on C,. The ad-
missible function

F*=F+eL (e > Of

then has the properties described in the last paragraph. Consequently (10.11)
holds, that is

1 ..
lim inf &;"[EF(CY + ¢EL(C)] 2 27 f (Fytyi + eLpipi)Eakodt.
g=o [}
This equality must hold for all positive values of €. By the use of Lemma 9.3
it is seen that it must also hold when € =0. This proves Lemma 10.1.

11. Completion of the proof of Theorem 4.2. We are now in position to
complete the proof of Theorem 4.2. As a first step let

(11.1) P=0orl, F, may)
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be a set of multipliers with which C, satisfies condition A and let J(C) be the
corresponding function (2.12). As in §7 we write

J(C) = J*(C) + EX(©C)
and observe that E#*(C,) =0 since yo =p,. We have accordingly
(11.2) J(€) = J(Co) = T*(C) = T*(Co) + Ex(Cy).
Using Lemmas 5.2 and 9.1 it is seen that
J(Cy) — J(C - -
(11.3) lim sup(—q)kz——(-—‘))— = 27 73(v0) + lim sup k, E(C,) < 0.
g=o 2 g=o
With the help of this relation we shall prove the following lemma.

LEMMA 11.1. The variation vy, ts not essentially null.

In order to prove this result suppose that v, is essentially null. Then v,
‘is of the form

Yo @ =0,  nolt) = 0(2)5o(t) 0=t=<1)
where 6(0) =6(1) =0. Since [5'0] =L(Co) we have y,%o*=0 and hence

Juie = 6958 + Ogeye = 6L(Co)’.
Combining this result with (8.1) it is seen that 6 is a constant and hence

that 6 is linear in ¢. Since 6(0) =6(1) =0 we must have §=0. Consequently
7o is of the form

]

ol =0 n=0 (EYES))

It follows that the quantity J#*(y,) appearing in (11.3) is zero and since
E#*(C,) =0 for large values of ¢ we must have

lim k; Ep(C;) = O.

Since we can suppose, by virtue of condition A’ for C,, that the multipliers
(11.1) have been chosen so that F(a, ¥, p) E-dominates L(p) = l pl , it follows
that there is a constant >0 such that

E1(C.) < bEr(Cy)
for large values of ¢ and hence that
(11.4) lim k, E3(C) = O.

This result also could be obtained from the inequality (9.17). Using the for-
mula (8.3) it is seen that
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(11.5) i 2Ca) — L(Co) _

g=» k,

0.

Consider now the identity _
| 9 = 2a|* = | L(Co) — L(Co) |* + 2L(C)E(p0r 52)
which follows from the relations Ij',[ =L(C,), | p,l =L(Cy), and the formula
|21 Ex(p, 9) = | 3] 2] — 5%

If the terms of this identity are divided by k.2, then in view of the relations
(11.4), (11.5) and ' '

Yo = po, Vg — Pa = k(g — %g)
it is found that

1 .
1mf|m—MW=a
== Jo _

But

1 1 1 . 1
f I g — r«l’dt = f I g |2dt - Zf w:(ﬁ: - w;)dt -—f I e I’dt._
° ° 0 0

Hence using (6.5) and (6.9) we have
1
lim | 9|2 = 0.
g=x 0
On the other hand by virtue of (5.9) and (5.10) with a* =7,°=0 it is seen that
1
lim | e |2 =-1.
g=x 0
In view of this contradiction v, cannot be essentially null, as was to be proved.

LemMA 11.2. If Cy satisfies condition A with the multipliers (11.1) and Jo(vy)
s the second variation of the function J(C) determined by these multipliers, then
the inequality Ja(vyo) =0 holds.

For by the use of Lemmas 9.1 and 10.1 and the formulas (11.2) and

1 .
Talve) = Ti(vo) + f Fyipiliie — wi) (it — wi)dt
: 0
it is seen that

J(C) — J(C
lim inf —-S—g)k—z(—g)— =27y 2(70).
q=o q

In view of (11.3) we have accordingly Ja(ve) 0, as was to be proved.
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By virtue of Lemmas 8.1, 11.1 and 11.2 it is seen that the variation v, has
the properties described in Theorem 4.2. This theorem is therefore established.

THEOREM 11.1. Suppose that for every admissible variation vy, that is not
essentially null, there exists a set of multipliers 1°=0, 1°, m8(a, vy) with which C,
satisfies condition A’ and for which the inequality Jo(y) >0 holds, where Jo(vy) is
given by (2.18). Then there is a neighborhood § of Co in ay-space containing no
admaissible arc C#C,.

It should be observed that the hypotheses of this theorem are satisfied
if we replace f(a, v, p) and g(a) by f=0 and g=0, respectively. This is be-
cause f and g enter the hypotheses only in the combination %, I°% and [° is
zero anyhow. After this replacement we can assume that [°=1. Then by
Theorem 4.1 we can select a constant ¢>0 and a neighborhood §§ of C, in
ay-space such that

0 = I(C) — I(Co) = min | ¢, eK(C, Co)|.

Since K(C, Cy) is not negative this implies that it is zero and hence that C is
identical with C,.

12. Sufficient conditions for a weak relative minimum. A theorem analo-
gdus to Theorem 4.1 holds for a weak relative minimum. The arc C, will be
said to satisfy the condition A, with a set of multipliers

(12.1) Pz0, I, may)

if the following conditions hold: the functions m#(a, y) are of class C’; the
Euler-Lagrange equations (2.14) and the transversality conditions (2.15) are
satisfied along Cy, the function F(a, ¥, ) given by (2.11) is such that

(12.2) Fpiimini 2 0

holds along C, for all solutions 7 of the equations ¢firi=0. If in addition the
equality in (12.2) holds only in case 7¢=py,’, then C, will be said to satisfy
the condition A,’.

We have the following theorem due essentially to McShane ().

THEOREM 12.1. Let Co be an admissible arc satisfying the conditions de-
scribed in §2 and having associated with it a set of multipliers (12.1) with which
it satisfies the conditions Ao'. If for every admissible variation v, not essentially
null, there exists a set of multipliers (12.1) with whick C, satisfies condition A,
and is such that Js(v) >0, where Jo(7) is the second variation (2.18) of the corre-
sponding function J(C), then there is a neighborhood R, of the elements (a, y, p)
on Co and a constant € >0 such that the inequality

(12.3) I(C) — I(Cy) = eK(C, Co)
holds for every admissible arc C in R,.
() Loc. cit. p. 349.
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Here it is understood that an arc
C: a, y(8) =t

is in R, if the element [a, y(¢), ¥(¢)] is in R, for almost all values of ¢ on
0=t=1.

It should be observed that in Theorem 12.1 no generality is lost if the
condition A, is replaced by condition A,’. This follows because if the multi-
pliers (12.1) are chosen related to Co and a variation v, not essentially null,
as described in the theorem, and if 20, J, #i(a, ¥) is a set with which C,
satisfies condition A,’, then for a suitably small constant b the arc C, will
satisfy the condition Ao’ with the multipliers

P46, 4 bl,  mi(a, y) + bint(a, ¥)

and have Ja(y) >0 for the corresponding second variation (2.18). Thus condi-
tion Ao’ can be assumed to hold throughout. In view of Theorem 3.1 of the
first paper the corresponding function F(a, y, p, I, m(a, ¥)) weakly E-domi-
nates L(p) =| p|, f°, # near Co on D. Delete from D all the elements (a, y, p)
which are not in the neighborhood R occurring in the definition of weak E-
dominance. On the remaining set, which we again call-®D, the functions L, f¢
and ¢f are E-dominated by F near Co. Consequently, by Theorem 4.1 we can
diminish R,, if necessary, so that the inequality

I(C) — I(Co) Z min | ¢, eK(C, Co) |

holds for every admissible arc C in R, € being a suitably chosen positive con-
stant. If &R, is taken small enough we have K(C, Co) <1, so that (12.3) holds.
This proves Theorem 4.1.

As an analogue of Theorem 4.3 we have the following theorem.

THEOREM 12.2. If C, satisfied the hypotheses described in Theorem 12.1,
there is a neighborhood Ro of the elements (a, y, p) on Co suck that for every
neighborhood § of Coin ay-space there is a constant p >0 such that the inequality

(12.4) IC) — I(Cy) > p
holds for every admiissible.arc Co tn Ro having on it a point (a, y) that is not in .

- For let Ro and € be chosen as described in Theorem 12.1. For a given §
choose p so that 2p is the greatest lower bound of eK(C, C,) for all arcs C
in Ry that are not in §. Clearly p>0. The relation (12.4) then follows from
(12.3) and the relation eK(C, Co) > p.

This proves Theorem 12.2.
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