DENSITY THEOREMS FOR POWER SERIES
AND COMPLETE SETS

BY
R. P. BOAS, JR.

1. Introduction. The problems considered in this paper are the complete-
ness of sets of the form {t""e'“} (¢>0, N\,>0) in (0, ») (where the \,’s are
not necessarily integers) and the analytic continuation of lacunary power
series _c,z* (where the \,’s are integers).

Let #(¢) =na(t) denote the number of N\, not exceeding ¢. W. H. J. Fuchs
[3](*) proved that {#*e—ct} is complete with respect to L?, 1 £p < w, if there
is a constant 4 such that n(f) 2¢/2—A. I shall prove by a different method
th + it is sufficient to have

(1.1) n(l) — t/2 = — 6(2),

where [*t~15(t)dt converges. Fuchs has pointed out to me that the same result
is obtainable by his original method; in addition, since the present paper was
written, a paper [3a] by Fuchs has appeared, establishing the result (stronger
if the N\, satisfy A1 —N=€>0) that if Ny —Aa=e>0, {t""e'“} is complete
with respect to L?if and only if

(1. [ rvei = w0 =ew {227,

1 A<
and that (1.2) is sufficient for completeness with respect to L?, p#2, p=1.
However, the proof given in the present paper is somewhat simpler than
either of Fuchs’s proofs.

Fuchs also showed [3] that if the set {7} of all positive integers is divided
into two complementary subsequences {\.} and {u.}, then at least one of
{tme=ct} and {#me—et} is complete. (This is a trivial consequence of his later
result [3a].) I shall show that {n} can be replaced by any sequence {a.}
such that n,(f) >¢—t58(f) with [*¢~18(¢)dt convergent (see Theorem 4, where an
extension to k subsequences is given). This is a corollary of Fuchs's results in
[3a] if Gny1—a,=e>0.

The completeness of sets {#*ne~¢t} is equivalent to the completeness of
various other sets. For example, the Fourier cosine transform leads (as was
pointed out to me by H. Pollard) to the set { (cos x)*» cos Nax}in (0, 7/2); the
Mellin transform leads to the set {I‘()\,.+it)} on (— o, ©).

Presented to the Society, September 15, 1945, under the title Some complete sets of functions;
received by the editors October 23, 1945.
(1) Numbers in brackets refer to the references at the end of the paper.
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Almost the same reasoning as is used for the completeness problem leads
to new criteria for the uniqueness of the solution of the generalized moment

problem -

Mo = f Mda(t),
0
a(t) nondecreasing (see §5).
Let f(2) have a power series of the form

1.3) > agM,

n=0
where the A\, are integers and

(1.4) lim sup na(r)/r = D.

fn—>o

If f(2) is defined by (1.3) for small |z| and by analytic continuation (if possi-
ble) for large lzl , Mandelbrojt has shown that, in every angle with vertex
at the origin and opening 2o > 27D, f(2) (if not a constant) either has a singu-
lar point or is unbounded. Mandelbrojt’s result applies to Dirichlet series,
and is more general in other ways; but it requires the strict inequality(?)
a>wD. I shall give some results in which, if (1.4) is somewhat strengthened,
a=mD is permissible. In the first place, (1.4) can be replaced by

(1.5) n(r) = r(z7'a — €(r)),

where [*r—le(r)dr diverges; (1.4) with a>7D is the case where €(r) Z€>0. In
the second place, when a=m/2, results on complete sets can be applied to
show that f(2) (if not constant) either has a singular point or is unbounded
in every half-plane containing 2=0 in its interior, provided only that

(1.6) n(r) = 7(1/2 + &(r)),

where 8(r) has the same properties as in (1.1). By applying Fuchs's later re-
sult [3a] instead of the results of the present paper, (1.6) can be replaced by
(1.2); either (1.6) or (1.2) requires less of #(r) than (1.4), but implies a little
less about f(z). These results for a=m/2 imply a corresponding improvement
of results of Mandelbrojt and Ulrich [6] on a generalization of quasi-analytic-
ity.

The power series result for a=7/2 is not only a consequence of the com-
pleteness of {f*e—¢t}, but also implies it. It is interesting to observe that, as
Fuchs showed [3], the completeness of {#*e—*t} is also equivalent to the fol-
lowing statement about differences: if {a,.} is a sequence such that a,=o0(n)

(*) Mandelbrojt [4] states the theorem with a =D, but this is evidently an oversight, as
his proof shows. .
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and AMgy=0, then {a.} is constant(?).

There are also decomposition theorems for power series analogous to those
for complete sets. For example, let {n}={\} +{a}, 01>0, 22>0, s tas
>. If fi(2) =2 _ca2™ and fa(2) =)_7v.2*» andif we take any two angles of open-
ings 2a1, 202, with vertices at the origin, then one of f1(2), f2(2) has a singular
point, is unbounded, or is a constant in the corresponding angle. A stronger
result can be obtained if we start from a sequence which already possesses
gaps.

The theorems of this paper depend on some uniqueness results for func-
tions analyticin a half-plane; these will be given first.

2. Lemmas on entire functions. We begin with some properties of special
entire functions.

LeMMA 2.1. Let {\.} be an increasing sequence of positive numbers and let
n(r) denote the number of N, not exceeding r. Let 6(t) be a positive function vanish-
ing near t=0. Let ¢ >0 and

(2.2) n(t) = ct — (1), n(t) = 0(¥), 1— o,
Then the product
(2.3) (@) = I1(1 —5"/A0)

n=l
converges and there are constants Ay, As such that for r >0
(2.9) log | (re®) | = cnr|sin 8| — Awdi(), /4 S|6| < /2,

where r8:(r) is nondecreasing and [“r—18,(r)dr conmverges or diverges with
Jer=18(r)dr, while for an unbounded sequence of r's,

(2.5) log |¢(re"")| = — Ao,

The convergence of the product follows from (2.2), which also shows, since
¢(2) is even, thatitis a function of order 1 and finite type; (2.5) is a well known
result for such functions [10, p. 276].

We have, if z is not real,

log 6(3) = 3 log (1 — £'/%) = f “log (1 — & /dn(l)

~ n(t)dt }

= lim {n(R) log (1 —32/R) — 22 fo (et — 29

Row

©  n(d)dt
= - ZZZL _t(tﬁ_— 22) ’

(% The case {A\»} =2# was found independently by Agnew [1]; a simpler proof was given
by Pollard [8]; the equivalence of “power series,” “completeness,” and “difference” theorems
has been given a simplified proof by Boas and Pollard [2a].
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the “integrated term” disappears by (2.2), since log(1 —3%/R?) =0(R™?) as

R— . Hence
° n() 3
1og|¢(z)|=—2m{fo —_— dt}.

t 12— 32

Let n(t) =ct+1¢(t), where {(t) = — 8(¢). Then

© © 2
log | ¢(z) | = — Zcﬂt{j; = fzzdt} -2f° i‘(t)ﬂt{t’ f_ zz}dt
= I, + I,
say. We have
(2.6) I =wc|y|.
Also,
m{ 22 }=-—r2 r? — £2 cos 20
2 — 52 14 — 28’2 cos 20 + r¢
and so

® 72 — £2 cos 20
I, = Zfzf @
0 t4 — 2422 cos 20 + r4

If 7/4<|0| =7/2, cos 260 <0 and so we have
2 + 2

I, 2 —2r’f B(t)

= — 1’51(7) ,
where

© 12 + r2
5(r) = ero 8(%) prg di,

so that 78,(r) is nondecreasing. We have

f”r-la()d and f“a(t) A
r =
0 nne 0 ’ 0 4 rt
w ® 49 2
=2f B(I)dtf i
) o 41t

=C f 15(8)dt,
0

where Cis a positive constant; consequently [*r—18,(r)dr and [=¢~15(t)dt con-
verge or diverge together.
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LEMMA 2.7. With the kypotheses of Lemma 2.1, except that (2.2) is replaced by

(2.8) n(t) = ot + 5(2),
we have for r >0
(2.9) log | ¢(re¥) | = cwr|sin 8| + Aards(r), /4 <|6| = =/2,

where 8(r) has the same properties as 6:(r), and we have (2.5) for an unbounded
sequence of r's.

The proof is the same as for Lemma 2.1, through (2.6). We then have

r2 — t2 cos 20
4 — 212 cos 20 + r*

I, = Zfzf B(t)
0

> 2t j; ) az——j%dt = 18:(r),

©  8(bde
° (t2 + r2)2
Just as before, it follows that f*r—18,(r)dr and [=r—13(r)dr converge or diverge
together.

Sa(r) = 2r8

LEMMA 2.10. If n(r) is nonincreasing, rq(r) T o asr 1 o, and [=t—19(t)dt
converges, there is an entire function ¥ (z) such that, for IGI s /2,

log | ¥(re®) | = ra(r)/3, r2 1,
where 1 is a positive constant.
Let {\.} be an increasing sequence of positive numbers such that
Arn(r) = m(r) = (), r=b>0,

where A is a constant greater than 1. We shall show that

¥(z) = IT (1 + 2/A)

n=1

has the required properties.
We have, as R— w0,

R R
n = 1 = R-1 2 d
> 1A fo tdn(t) = R—'n(R) + fo 2n(t)dt

SR
< An(R) + L #in(t)dt = O(1);

hence Y_1/\, converges, and so ¥(2) is entire.
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We then have
° an(d)
it + 2)

1)

log ¥(z) = > log (1 + z/\,) = fo log (1 + 2/t)dn(t) = j;

ne=l
and consequently, if |0] </2,
“° () r2 -4 rt cos 0
log |¢(z)| —?R{logw(z)} _fo t 724 2rtcos@ 4+ £
. f‘” n(t)dt > r n()dt
o Hr+02 - Jy (r41)?
Z (r — b)n(n)/2 > rm(n/3, r = 2b.

3. Analytic functions in a half-plane. We can now prove the uniqueness
theorems which we need.

>

THEOREM 1. Let F(2) be analytic in x >0 and continuous in x =0. For x =0,
let '

3.1) log |F(z)| < mxlog x 4+ Ax + o(r), m > 0,

where A is a constant, a(r) is nondecreasing and [*t*c(t)dt converges. Let
F(\,) =0, where \,>0 and

(3.2) m(t) = mt/2 — t(9),
3(t)} 0 and [~t-15(t)dt converges. Then F(z)=0.

Let ¢(z) be the function of Lemma 2.1, with the given sequence {\.} and
c=m/2. (If n(t) #£0(t), we can discard \,’s until #(f) = O(#) without affecting
(3.2).) Let n(¢) be nonincreasing, #(f) T «, with [t~1(¢)dt convergent and
n(t) >3A418:(t) +3t"'0(t), where A, and 8, are the quantities appearing in (2.4).
Let ¢/(2) be the function of Lemma 2.10, and consider the function

A =
YT Br@ | @) |

where B is a constant, to be chosen in a moment. Since the zeros of ¢(2) in
x>0 are cancelled by the zeros of F(z), H(2) is analytic in x>0 and continu-
ous in x=0. We then have, for r>r;, where 7, > is a suitable constant,

log | H(z) | = mr cos 0 log r 4+ mr cos 0 log cos § + Ar cos 6 + a(r)
— mr cos 0 log 7 + mr0 sin 0 — log | ¢(re®) | — rn(r)/2 — log B
=< mr cos 6(4 + log cos 8) + m70 sin 6 + o(r)
— r(r)/2 — log | ¢(re®) | — log B.
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Hence, for r/4 < |6] < x/2andr > n,
log |H(z)| =< mr cos 6(4 + log cos 6) +mr| sinol (|0| — 7/2)
+ o(r) + Adi(r) — rm(r)/2 — log B
=< mr cos 6(4 + log cos 6) — log B.

If B is chosen larger than maxl BH(z)l for lzl =<r,x=20, we have log lH(z)[
<0 for |z] <n, and so

(3.3) log | H(z) | < mr cos 6(4 + log cos 6), rz0,7/4<|0| /2
For 0= 6| <7/2 and for an unbounded sequence of values of 7 we also have
log | H(z) | = Cr,

where C is a constant.
Now let K,(2) =H(z)e™*, w>0. Then by (3.3), for 1r/4§[0| =x/2,

log | K,(2) l =< mr cos 0(log cos 6 + 4 + w)
while
log | K.(2) | < (C + w)r, 0=|o| = /2

for an unbounded sequence of values of 7.

If 6y is chosen so that cos 6y <e—*, we then have log | K,(2) | =<0for 8= +0,,
6o<w/2, and so, by a well known Phragmén-Lindelof theorem [10, p. 177],
log IK,,(z)I Z0for0= l 0] =<0,. In particular, then,

| H(zews| = 1
for x> 0. Letting w—», we obtain H(2) =0. Hence F(z) =0.
THEOREM 2. Let F(2) be analytic in x>0. For x=1, let
(3.4 log |F(x+iy) | = k| 5|+ o(n),
where [ °°z!"o’(t)dt converges. Let F(u,) =0, where u,>0 and
mu(t) Z (k/7)t + 8(2),
(2) is nonincreasing, and [=t=18(t)dt diverges. Then F(z)=0.

Let ¢(2) be the function of Lemma 2.7, with u, replacing N\,.. In the part
of x21 where 7/4<|60| <7/2, we have

log | F(2)/6(3) | < o(r) — Asrds(r),
and
log | F(z)/$(2) | = O(r)

on a sequence of semicircles of unbounded radii. Applying Carleman’s theo-
rem [10, p. 130] to F(z)/¢(2) in this half-plane, we obtain
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R
0500 + 7 [ {5 to(s) = dryisa() }ay
1

R
= 0(1) — 45 f y~18s(y)dy.

Since [*y~18,(y)dy diverges, this leads to a contradiction unless F(z)=0.

4. Completeness of sets {#**¢—<t}. We can always suppose that c=1, by
making a change of variable if necessary. We say that a set of functions
{ fa(t) }=1 is complete with respect to a class C if

[ noswi=o, n=1,2--;gEC,
0

implies g(¢) =0 in C.

TrEOREM 3(4). If {\.} is an increasing positive sequence with
©
@.1) n()) = /2 — 15(3), f 18(0)dt < o,

0(t) nonincreasing, then the set {t*ﬂe"‘ } is complete with respect to every L*(0, ),
1=ps .

We have to show that if

0

j; e~tif(t)dt = 0, n=1,2-;f0) €L, ©),
then f(t) =0 almost everywhere. We consider the function

F(s) = j; et
and show that, if FQ\,) =0 (n=1, 2, - - - ), then F(z)=0. That f(t) =0 almost
everywhere then follows from the uniqueness theorem for Mellin transforms.

F(2) is analytic in x>0 and continuous in x=0. If p= o, we have
|f®)| =M and so

|Fz) | < f ett7dt = T'(x + 1).
0

If p=1, let [ |f(t)|dt=M; then
|F(z)| S M sup e i = e %x%.
0Si<®

If1<p<w,letp’'=p/(p—1); then, by Hélder's inequality,
(4 A result of Fuchs [3a], stronger when Ay —Ma 2 e>0, is quoted in §1.
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|F@) | = {fowlf(t)l”d‘}‘llp{jre'?"tv’sdz} s

= M{r(p'x + 1)} 17",
Using Stirling’s formula when p>1, we thus have in all cases
(4.2) log IF(z)l < xlog x — x4 Blog x,

where B depends only on p.
F(2) thus satisfies the hypotheses of Theorem 1, with m =1, ¢(r) =B log .
Consequently F(z)=0.

THEOREM 4. Let {a.} be a real positive sequence with
na(t) > mt/2 — t3(8),

where m is an integer greater than 1 and 6(t) satisfies the conditions of Theo-
rem 3. Then if {a,.} is divided into m exhaustive and nonoverlapping sequences
{Ma}, + + +, {mAa}, at least one of the sets {t¥*~e=t} is complete with respect to
L2(0, ») (1=p= ).

Suppose that the first m —1 of the sets are not complete in a specified L?;
then there exist m —1 functions ¢x(t) of L? such that

Fi(2) = fo tre—tor(t)dt # 0,

Fi(i\s) = 0, n=12---;k=12---,m—1,
If ¢pm(t) is orthogonal to all the functions t»*se~¢, let

Fuls) = f ——r
[}
and let
F(z) = F1(2)Fs(3) - -  Fu(2).
Then F(a,) =0 (n=1, 2, « - « ). By the reasoning of Theorem 3, we have
log|F(z)|§m(xlogx—x+Blogx), x= 0.

F(z) now satisfies the hypotheses of Theorem 1, and consequently F(z)=0.
Hence F.n(z) =0, and so the set {tm*e~t} is complete.

5. A generalized moment problem. Let {u.} be a sequence of positive
numbers such that

5.1 Un = f wt""da(t)
0
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for at least one nondecreasing «(t). The problem is to find conditions on
{p,.} which imply that «(f) is unique if normalized (a(0+)=0, «a(f)
= {a(t+)+a(t—)}/2). The following theorem gives a sufficient condition
for uniqueness which is better than conditions given previously [2] for non-
integral \,, though weaker than Carleman’s criterion [9, p. 20] for A\, =n.

THEOREM 5. Let {\,} be an increasing sequence such that
(5.2) An = A—1(1 + 1/l0g Apn)

and m\(t) =t(1 — 8(t)), where 8(t) satisfies the conditions of Theorem 3. Then two
normalized nondecreasing functions ai(t), oe(t) satisfying

L]

(5.3) fn = f Peday(2), ji=1,2,
0

are identical if there is a constant o such that

(5‘4) ”:/(2)‘5) = me n=1, 21 M

Suppose that o1(2) and ox(2f) satisfy (5.3), and let

F(s) = fo pd{aslt) — as()},

so that F(A,) =0. Then

| Fz) | < fo i’d{a;(t) + as(t) };

and so | FQ\,+4y)| <2u. and
log | FAn + iy) | < log 2 + log n
(5.5) = log 2 + 2\, log (oAs)
= 2\-1log Moy + AN,

where 4 is independent of #. For, we may assume without loss of generality
that \,_;=e, and then, since

A S A1+ An—l/log )\n—l.

we have

An log (oAn) = (Ma—1 + Aa—r/log A1) (log N, + log o)
= (An=1 + An—1/log Aa—1)(log Ap—1 + log (1 4 1/log As—y) + log o)
= (a1 + Moy/log Ma—1)(log My + log o + 1/log Aai)
< At 1og At + (3 + 2 log o),
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and (5.5) follows. Hence, if N\py Sx <\,

log | F(x + iy) | < log |F(\ + i) |
é 2)‘1:—1 10g )\n—l + A)\n-l
= 2xlog x + Ax.
Theorem 1 now shows that F(2) =0, and consequently oi(¢) =a.(t).

6. Gap theorems for power series in half-planes. We next apply the re-
sults of §4 to power series.

THEOREM 6(%). Let

f(Z) = Z anzx"’ |2| < 1,

na=0
where {)\,.} 15 an increasing sequence of positive integers such that
(6.1) m(r) = r/2 + r3(r);

here 8(t) satisfies the conditions of Theorem 3; namely, 8(t) nonincreasing and
Jet=18(t)dt convergent. Then if f(z) is not a constant it cannot be analytic and
bounded in any half-plane having the origin as an interior point.

Theorem 6 follows, by Theorem 3, from the following result, which estab-
lishes the equivalence of gap theorems with conclusions like that of Theorem 6
and completeness theorems for sets {t*me—ct}.

THEOREM 7. Let {\.} be a sequence of positive integers, {ua} the comple-
mentary sequence. The following two statements are equivalent.

(A) The set {t"ﬂe‘“} s complete in L2(0, «).

(B) Every function f(2) =) moCaz™, not a constant, either has a singular
point or is unbounded in every half-plane containing the origin in its interior.

For the application to Theorem 6, we need only note that (6.1) implies
mu(r) Z 1/2 — 18:(r),

where 0,(r) satisfies the same conditions as &(r).
Theorem 7 is proved by Boas and Pollard [2a].

THEOREM 8. Let {c.} be a sequence of complex numbers and let {\n}, {ta}
be two complementary sequences of the positive integers. Let

Fi(s) = X a2 Fi(s) = i Cun 2™

ne=1 Ne=l

Then, in every half-plane having the origin as an interior point, one at least of

() A stronger result follows by the same reasoning from the result of Fuchs [3a] quoted
in §1.
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F1(2) and Fu(2) has a singular point, is unbounded, or is identically a constant.

This follows from Theorem 4, with m =2, together with Theorem 7.
7. Gap theorems for power series in angles. We now establish the re-
mainder of the theorems outlined in §1.

THEOREM 9. Let

f@@) = icnz", |s] =1,

n=0
where ¢, =0 except for n=X\,. Let
m(t) < 7 lat — 15(8), a<m,

where 8(t) satisfies the conditions of Theorem 2, namely, 6(t) nonincreasing, and
Jet=15(t)dt divergent. If f(2) is not a constant, it is unbounded or has a singular
point in every closed angle of opening 2a, with vertex at 0.

The special case in which the upper density of {\.} is less than a/7 is
not quite included in the result of Mandelbrojt quoted in §1. The case
a=m/2 is included in Theorem 6.

We may suppose that the angle is | 0| =a. Let f(2) be analytic and bounded
in this angle; we shall show that f(2) is a constant.

We have

2men = — i f 1f(z)dz,
C

where C consists of the arc <8 <2r—a of the circle |z| =1, the line seg-
ments 0= +a, 0S7=<R (R>1), and the arc —as0=a of |z] =R. The in-
tegral along the latter arc is R—"[* ei"f(Rei®)df, which approaches zero as
R—« provided that » >0. Hence, for n=1,

0 L]
2mc, = igina f ftei)m=1dt — jgintrr—e) f f(tet) 1t
1 1

2r—a
+ f e (e¥)do.
Thus for n=1,

(= 1)"2rc, = deintra f r1f(tein)dt — je—inr—a) f "1 (te) dt
1 1

- f(— e®)ein?do.

—(r—a)

We now write
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0 -]
F(z) = igier—o) f F1f(teie)dt — je—ieie—) f 1f(te=%) dt
1 1

—_ f J— ——W)eizOde.
—(r—a)
Then F(z) is analytic for x >0,
| F(x 4 iy) | £ detm—1v), z =1,

where A is a constant, and F(u,) =0, where {,u,.} is the set of positive integers
which are not\,’s. We have

n4(r) = ((x — a)/x)r + r8(r) + constant.

By Theorem 2, F(z) =0, and so, in particular, ¢, =0 for n=1. Thus f(2) =c,.

As an application of Theorem 9, we can improve a result of Mandelbrojt
and Ulrich [6] on quasi-analytic functions. In their Theorem I, the condi-
tion lim sup(vm/m) <2, which can also be written lim sup »,(r)/r=1/2, can
be replaced by #,(r) >7/2+r8(r), where 8(r) satisfies the conditions of Theo-
rem 9.

It is natural to seek a decomposition theorem analogous to Theorem 8.
The most obvious one would state that, if {#}={\.} + {un}, then, in every
angle of opening exceeding r, one of the series ) _cx,2*, > ¢4,2*" has a singular-
ity, is unbounded, or is constant; this is a weaker result than Theorem 8.
However, the following two theorems are not contained in Theorem 8.

THEOREM 10. Let {c,.} be any sequence. Let the positive integers be divided
into disjoint sets {,-7\,.} (Gj=1,2,:.-,m). Leton+ - + - +om>m. Then, if func-
tions f;(2) are defined by the series

L)
fi(a) = 2 cp,at,
ne=1

and if we associate with fi(2) an angle of opening 2a;, with vertex at the origin,
at least one fi(2) has a singular point, is unbounded, or is constant in the corre-
sponding angle.

Suppose that every f;(z) is analytic and bounded in the corresponding
angle, and let ¢o=0. By replacing f;(z) by fi(ze%) with a suitable 8, we can
make the jth angle be |6| <a;. We then form the functions Fy(z) as in the
proof of Theorem 9; F;(2) satisfies

|Fi(z) | < 4 jetr—eplul,
We have F;(ju.) =0, where the ju, are the n's which are not ;\,’s. Let
F(2) = F1(2)Fs(2) * * - Fu(2).
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Then F(z) has an (m—1)-fold zero at every #, and satisfies
| F(2) | < Aetmr—(art- - tam)}lvl,

If #(m—1)>mr— (a4 - - - +am), that is, a1+ - - - +an>7, F(z)=0 by
Theorem 2 with k=mwr—(aa+ - - - +am); we do not use the full force of
Theorem 2. Then one F;(z) at least must vanish identically.

We can obtain a somewhat different result if we start from a sequence
which already has gaps.

THEOREM 11. Let {c.} be a sequence in which ¢, =0 except for n=N\,, where
m(t) = ot — 15(2), c<1,

with the same conditions on &(t) as in Theorem 9. If {)\,.} is divided into m dis-
joint sequences { A} (B=1, - - -, m;m>1) and fi(5) arethe corresponding func-
tions, then in every angle of opening 2wc(1—1/m), with vertex at 2=0, at least
one of fx(2) has a singular point, is unbounded, or is a constant.

We suppose that all the fi(2) are analytic and bounded in the angle
|6] <& and form functions Fi(z) as in the proof of Theorem 9. Let
F(2)=Fi(2) + - - Fu(2). Let { ;.z,.} be the sequence of integers which are not
A.’s. Then F(\,) =0 for every %, and in addition F(z) has an m-fold zero at
each u,.. Hence the number of zeros of F(z) in (0, t) is

t+ (m—1){(1 =)+ 6@} +0(1)
= {m(1 = ¢) + ¢}t + (m — 1)5(2) + O(1).

On the other hand, logl Fk(z)[ = O(et=—l¥l), and so
log | F(z) | = O(emtr—aivl),
By Theorem 2, F(z) =0, and so some Fi(z) =0, provided that
r{m(1 —¢) + ¢} 2 m(r — @),
or azmc(1—1/m).
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