APPROXIMATION OF CONTINUOUS FUNCTIONS BY
INTEGRAL FUNCTIONS OF FINITE ORDER

BY
H. KOBER

In the proof of his classical theorem on approximation by polynomials
Weierstrass first constructs integral functions of the order two, to approxi-
mate to a continuous function uniformly over a finite interval. The more gen-
eral problem: Which condition is necessary and sufficient for a function f(x)
to be approximated by integral functions uniformly over (— ©, «)? was
solved by T. Carleman(!), and a slight reﬁnement of his method gives the
following interesting result:

(A) Given any positive increasing function ¢(x) (0Sx< «), there are in-
tegral functions g.(2) (z=x+1y;n=1, 2, - - ) such that

wb. ¢(| z|)]f(%) — ga(x)| >0 asn— ,
—0n<Lz<®

provided only that f(x) is continuous in (— «, ).

The function f(x) need not be bounded. On the other hand, nothing can
be stated about the nature of the g,(2). These functions may be integral func-
tions of tnfinite order; take, for instance, f(x) =xY2? exp (e%). To obtain func-
tions of finite order, stronger conditions are to be imposed on f(x).

Let first f(x) be supposed to be bounded. By known results(?) the condi-
tion should be the weaker, the higher the order of g.(2) is, and the problem is
answered by the following theorem (stated without proof):

(B) When p is a positive integer and w= — « then f(x) is approximated,
uniformly in (w, ®), by functions g.(x) EGP (0 <a— ») if, and only if, Y(x)
is uniformly continuous in (] w"I sgnw, « ), where Y(x) =f( | x"PI sgn x) for x Zw.

This result is known for w = — «, p=1(2%). The necessity of the condition
is deduced from the following theorem (stated without proof):

(C) If 1/25p< », g.(3) EG?Y (0<a< ), and if ga(x) is bounded in
(0, ), then x—rgJ (x) is bounded in (1, ), and s0 ga(x'/*) is uniformly con-
tinuous in (0, «).

Presented to the Society, December 29, 1946; received by the editors May 13, 1946.

(*) T. Carleman, Arkiv fér Matematik, Astronomi och Fysik vol. 20 B (1927).

() H. Kober, Trans. Amer. Math. Soc. vol. 54 (1943) pp. 70-82, and vol. 56 (1944) pp. 7-
31. References to these papers are indicated by F and G, respectively. See Theorems 2F and 3G,
and, for the case p=1, w= — 0, 3(b)F. The set of integral functions F(z), such that, for any ¢>0
and for some a (0 §a< w) | F(z)| <Acexp {(a+¢)|2[?}, is denoted by G4, and Gq is written
for GP. Evidently G C G§” when 0<o<p. Notice that, for 0<p<A<u< «, the uniform
continuity of f(x*) in (0, ) 1mplies that of f(x?) in (0, =), but that of f(x*) on any finite inter-
val only.
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This can be considered as a generalization of Bernstein’s theorem (see §2
of the present paper).

The condition in Theorem (B) can be shown to suffice even if f(x) is not
bounded; and possibly this result holds whenever 1/2<p< «, with w> — «
for 1/2=5p<1.

Now approximation shall be considered by elements of G, only. The func-
tion f(x) shall not be required to be bounded in the familiar sense; but, from
the above remark to (A), it is evident that some restriction of a related kind
is necessary. The cases when f(x) is represented asymptotically (as x—+ =)
by linear functions or satisfies a Lipschitz condition or a condition of the
Taylor type have been investigated(?). In the present paper a much more
general case is treated, and under that weaker condition the degree of ap-
proximation is considerably improved corresponding to (A) (see 3.11, 3.12,
4.12). This justifies the basic definitions given in §1. To deal with necessary
conditions, a basic property of integral functions of exponential type is de-
duced (Theorem 2). The results of §3 are extended to functions analytic in
the half-plane in §4.

Non-negative integers will be denoted by j, I, m, n, real numbers by £, &,
positive numbers by 4, B, H, K.

We write

Anpf(2) = Zo (= 1)*Coif (2 + jh); Bonf(x) = f().
=

1. Basic definitions and lemmas. Elementary properties of functions,
which are uniformly bounded or uniformly continuous of order #, will now
be discussed.

1.1. Definitions.

(I) A function f(x) is said to be uniformly bounded of order n if (i) it is
bounded in some interval (no matter how small), and if (ii) there are two numbers
H and K such that, uniformly for — o <x< o, ]A,.,;. f(x)] <K whenever
—HZ=FK=ZH. When n=0 then f(x) is uniformly bounded in the familiar sense.

(IT) A function f(x) is said to be uniformly continuous of order n (n=1) if
(i) it satisfies the condition (i) of (1) and is (ii) measurable on any finite interval,
and if (iii), given € >0, there is a & = 8(e) > 0 such that, uniformly for — o <x <,
|A,.';.f(x) | <e whenever —6<h=0.

It is evident that, for =0 and #»=1, the condition (i) is omitted in
definition (I); so are (i) and (ii) in (II) for »=1. The property (II) of a func-
tion implies (I). The converse is, in general, not true; the function sin x?2, for
example, is uniformly bounded of any order, but there is no order of which it
is uniformly continuous. It is, however, true for the class G, (see §2).

Example (i). The function x* (arg x=0 or arg x == for x>0 or x <0, re-
spectively, n <7 =<n+1) is uniformly bounded and uniformly continuous of
order n+41, but not of any smaller order.

(3) Theorem 3(c)F and the Bernstein Theorem 3(d)F; Theorem 10G.
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This follows from the equalities (cf. G, p. 22, line 6)

h h
Buper =g [ [Tttt b )i dba
0 0

D18 = Bu (% + B)T — Apps™; | Ay | S 20-rtn| p|em,

Example (ii). f(x) =x"(x+a)~*; s=0 or s<0, 0=r=<n-+s+1; F(a)s=0.

This function is uniformly continuous of order #+1, or of some smaller
order.

Example (iii). f(x) =log _rea™), 7;20; > aamiz=0 for — o <x< .

This function is uniformly continuous (of order one).

Example (iv). f(x) =x sin |x1/2| is uniformly continuous of order two, but
of no smaller order.

Example (v). If f(x) is uniformly continuous of order n then the same is
true for the function (cf. §3.2), belonging to Ga,

LIy 2 2)\ 2n+2
v = [ (P ek i @>o.

1.2. Some lemmas, and a theorem.

LeEmMma 1.
(1.21) A 1f(x) = (— D"Annf(x — nk) (n 2 0),
Appf(2) = Ana nf(2 + B) — Da1af(%) (n21),
and, writing Am,k{A,.,;.f(x)} =A,,,,kA,.,hf(x), we have
(1.22) A iBn nf(%) = An3Am 1 f(%).

LEMMA 2. If | A sf(x)| <K for |h| <H, then
(1.23) | Amplapf(®) | 27K (|h| S H,— o <k< ®,— o0 <z < »).

COROLLARY. If f(x) is uniformly bounded of order n, then it is uniformiy
bounded of any higher order. The result holds for uniform continuity of order
n(n=1).

These lemmas are evident.
LeEMMaA 3.
(1.24) An2af(%) = 2 Co,ibunf(% + 7).
7=0
This is shown by means of the equations

- - (= )™2Cp ms2 (m even),
-1 m—’cn Cn m—j =
S (- 0" Cami ={ e

=0
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n

> (= DCosf(z + 20B) = 3 (5 + mh) 3 (= 1)™Co, Corms

=0 m=0 jm0
= Z: C”'iio(— 1)1‘1C,.,,',f{x + @G +j1)h} (jr=m—j)
= Z Cn,i(— 1)*Annf(x + jh).

THEOREM 1. If f(x) is uniformly continuous of order n, and if f(x) is uni-
formly-bounded of order m (m <n), then f(x) is uniformly continuous of order
m when m =1, of order 1 when m =0.

This result appears to be elementary, yet we are unable to give an ele-
mentary proof. Anticipating the Theorems 3 (for m =0) and 2, we see that
the functions g.(x), approximating to f(x), are uniformly bounded of order 7
and, therefore, uniformly continuous of order max (1, m). This gives the re-
sult required. In a similar way we can show:

THEOREM 1'. If f(x) s uniformly continuous of order n (n>1), then it is
continuous in the familiar sense on any finite interval.

1.3. Two estimates.
LEMMA 4. If |A,.f(x)| SK for —H<t<H, then

| Ancf(®) | < 2/H)*K | ¢|» for't = H and fort < — H.
Proof. Lett>H, 2'H <t <2"'H, h=1/2"*!, Then 0<k<H. By Lemma 3,
(1.31) | Anoaf(®) | £ 2¢ max | Aasf(x + k)| < 2°K.
,‘_o’l'-..'”

Repeating this procedure, we have finally
| An,of (2) | = | Ansuanf(x) | < 20+D°K < (2t/H)"K,

as 2!<t/H. In a similar way we proceéd when ¢t < —H.
Remark. Evidently for — o <t< 0, — o <x<  we have

(1.32) | An i f(2) | < AL+ | £]7).
LeEMMA 5. If f(x) is uniformly bounded of order n, then
(1.33) | f(2) | = 41 + | =[").

Proof. It is obvious that for — 0 <(< »;7=0,1,2, -,

F=71—1

A1 4f(E + fih) = Aucrnf(®) + D Annf(E + jh),

=0

the latter sum vanishing when j;—1 <0, that is, when j;=0. Hence
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m—1
An—-m.hf(x + jmh) = Z Cfm-fAn-m+le (x)

i
(1.34) !
im—1=im—1 im—2=im—1—1 j=j1—1
+ X S oo Y Aaaf(x + ) (1S m< ).
Im—1=0 Im—2=0 =0

By definition, f(x) is bounded in some interval; we may, therefore, suppose
that it is bounded in (—»nH, nH).-Let now m=n, y>nH or y< —nH;
IH<|y| SU+1)H; h=(0+1)""y; ja=jm=1+1. Then ja<H|y| +1, |h| H
and, by hypothesis, |As,f(j#)| K. Thus, taking x=0 in (1.34), we have

1) | = | fGal) | S mjn” max | A;4f(0) |
7=0,1,+-,n—1
+in max | Awaf(B)| S Bjw 4 Kjn < AH | 5| + 1),

=01, -+, 41

which proves the lemma.

2. A basic property of integral functions of exponential type. Now inte-
gral functions of exponential type, which are uniformly bounded of order =,
will be dealt with.

2.1. The result, and some lemmas,

LeEMMA 6 (BERNSTEIN’s THEOREM(Y)). If f(z) belongs to G. (a>0), and if
If(x)[ <4 for — o <x< o, then [f'(x)l Sad for — o <x< .

THEOREM 2. If f(2) belongs to G (a>0), and if f(x) is uniformly bounded
of order n (n=1), then f (x), its derivative of order n, is uniformly bounded in
(— o, ©) in the familiar sense, and f(x) is uniformly continuous of order n.

TuEOREM 2. If f(2) belongs to G, and if f(x) is uniformly bounded of order
n (n=0), then f(2) reduces to a polynomial of degree not greater than n.

COROLLARY. When f(z) is an integral function and f(x) is uniformly
-bounded of order n, then either f(2) is a polynomial of degree not greater thann,
or there are poinis 21, 2z, - - - (lzjl—mo) and a constant a>0 such that
lf(zj)l > eelsl (j=1’ 2r st )'

LeEMMA 7. If ®(x) is uniformly bounded of order m, and ®™(x) is an in-
tegral, and if ®™D(x) 45 uniformly bounded in the familiar sense, then B (x)
s uniformly bounded in this sense as well.

2.2. Proof of Lemma 7, and of Theorem 2 for n =1(5). Without loss of gener-

(%) S. Bernstein, Legons sur les propriétés extrémales des fonctions analytiques d’une variable
reélle, Paris, 1926, p. 102, corollary.

(®) As the referee pointed out to me, this can alternatively be deduced from a result of
Duffin and Schaeffer, Amer. J. Math. vol. 67 (1945) p. 141; This is also true for n>1.
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ality we may suppose that ®(x) and f(x) are real-valued. Let lA,,.,;.<I>(x)| =K
for |hi <H, and |<I>("‘+1)(x)| =B in (— », »). If, for some x, ™ (x) were
greater than A = HB+m™H ™K, we should have

1ttt o tm
(x4 -+ b)) = ™(x) -l-f S(miD (x 4 §)dt
0
> HB + mm"H—"K — HB = m™H— ™K,
for 0=¢t;<m'H (j=1, 2, - - -, m). Thus we should arrive at the contradic-
tion

h h h
A,,.,;.(I)(x) =f f Ca f @""’(x +u+t.+ -+ tm)dtldtz e dl,
0 0 0
> h™mm™H-"K = K,

for h=m—1H. This proves the lemma.
Proof of the theorem for #»=1. By Bernstein’s theorem, |f(x+#)— f(x)l
<K for |h| < H implies that

(2.21) |f'(x+ &) — f'(®)| < oK (—o <2< o, —HZhS H).

If, for some x, f'(x) were greater than K/H+aK then, using (2.21), we
- should have the contradiction

H H
@+ H) — f(z) = fo e+ Bdh 2 f f(x)dh

- fﬂlf’(x+ k) — f'(x) | dh > H(K/H + oK) — «HK =K.
0 \

Therefore | f (x)| =K(1/H+«a), which proves the theorem for #»=1. Probably
in the general case we should have |f®™(x)| S4A.K(1/H+a)" (— o <x< »)
where 4, depends on 7 only.

2.3. Proof of the theorem for n>1. Suppose that the theorem is true for
n' =n—1. It is not difficult to show that

n

(2.31) (= D)"Baisf(x + nh) = 3 (= 1)iCn,ibn—ibbjf(2).

=0
Let 0<kZ=H, 0<k=H. By the hypothesis, the moduli of the terms
Ani—nf(x + nh); Ap w0 kf(%) = Anaf(%); Ao,wAn 1f(%)

do not exceed K. Hence the modulus of

n—1

(2.32) 2 (= 1)iCn, A A j 1 f(%) = ga,x(%)

i=1
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is not greater than 3K. For » =2, this gives
(2.33") |A1A1,1f(%) | < 3K/2.
If n>2 we apply the operator Ay, ; to (2.32). By Lemma 2, the modulus of

A1 A1, 301, if(%) = ArrdAn af(%)
is not greater than 2K. Hence we have

n—1

2 (= 1)iCh, iAnpri B if (%) = Zni(2),

j=2
where | zx.x(x)| <2K (n+3). Repeating this procedure (#—3) times, we have
finally
(2°33) I An—l,hAn—l.kf(x) l é AnKv

where A, depends on 7z only. Now the theorem holds for n’ =n—1, and we
have A,_1f(2) EG.. Consequently

n—1

Bu1,if(®) | = | Bucapf " D(®) | £ 4’ O<EkSH — ® <5< ),

dxn-—l

and applying the theorem again, we have
|f‘2”‘2)(x)| s 4”7 (— 0 <2< ®),

If n=2 the proof is complete. If #>2 then 2n—2>n; by the corollary to
Lemma 2, f(x) is uniformly bounded of order m =2n—3. Now we make use of
Lemma 7, and we deduce that l f(z"-s)(x)l <A'". Repeating this procedure
(»—3) times, we arrive at the result required

|fm(x)| < 4 (— o < x< ).

The uniform continuity (order %) of f(x) is now easily deduced.

2.4. Proof of Theorem 2'. The result can be deduced from Theorem 2; but,
as the referee pointed out to me, more directly from a known result, using
Lemma 5(%). If f(z) EG, and |f(x)| <A(1+4|x|™), then f™(x) is constant in
(— , »); for the function g(2) =2z""(f(2) — D _T=¢2fi(0)/j!) belongs to G, and
is bounded on the real axis (— © <x< «), and reduces, therefore, to a con-
stant.

3. Uniform approximation by integral functions of exponential type, In this
section the main results will be proved.

3.1. Statement of the results.

THEOREM 3. Let f(x) be uniformly bounded of order n, and let the non-
negative integer m be fixed. A necessary and sufficient condition for the existence
of functions g.(2) EG, (0<a< ») such that

(®) Cf. R. P. Boas, Ann. of Math. vol. 39 (1938) p. 279.
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(3.11) wb. | f(x) = (x + i) mga(x) | =0

—0z<™
as a— « is the uniform continuity (order n) of f(x).

CoROLLARY (1). If (x42)"f(x) is uniformly continuous of some order, then
there are functions g.(2) EG. (0<a < ) such that

(3.12) _:1;2;” {A+]2])"|f(x) — ga®) | } =0 asa— «,

COROLLARY (ii) (7). There are functions g.(x) EG, (0<a< ») such that, for
any integer m,
(3.13) ub. {1 +]x]|)™| 2 — ga(x)| } =0 as a— o,

—n<lz<o
where r>0, arg x=0 (x>0) or arg x=7 (x <0).

COROLLARY (iii). If f(x) is defined in (0, ) and if (x+1)™f(x?) is uniformly
continuous of some order, then there are functions ¥ .(2) EGM? (0 <a< ») such
that
(3.19) wb. {(1+ x)™2| f(x) — va(x)| } =0 as o — o,

0<z<»

COROLLARY (iv)(8). The result stated in Corollary (ii) holds when G. is
replaced by G/ and the interval (— o, ®) by (0, ®).

COROLLARY (v). Let f(x) =¢(x)¥(x) where Y (3) EG, for some ¢>0 and
|¢(x)| <A(1 +|x‘ m) for some m=0, while (x+1i)"p(x) is uniformly con-
tinuous of some order. Then, uniformly in (— o, =), f(x) can be approximated
by elements go(x) of Go (c<a< ®). '

Example. f(x) =x" sin x (0<r < »); here Y(2) =sin 2&Gy, m=0.

Remark to Theorem 3. If f(x) is merely supposed to be O(| x|*) for x—+
the condition is not necessary; take, for instance, f(x) =x sin x. Certainly
it is necessary that (x+4)~"f(x) should be uniformly continuous of order one.
This condition, however, is not sufficient; take, for instance, n=2,
f(x) =x sin x2, m =0

Corollary (ii) is evident for the special case when m is fixed, the g.(2)
depending on m. The general case is then deduced by the diagonal method,
if we take m— .

Under the hypothesis of Corollary (iii), we have by Corollary (i)

u.b. {(1+|y|)"‘|f(y2)—ga(y)|}—>0 asa — o,
-0 lY<®

This holds when v is replaced by —y. Taking y?=x, 2—1{ g.(») +ga(—y)}

(") Compare Theorem 11 G.
(8) Compare Theorem 11’ G,
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=v.(x), we arrive at the result required.

3.2. The necessity of the condition in Theorem 3, and its sufficiency in the
case m=0. By (3.11), any of the functions (x+%)™ga(x) is uniformly bounded
of order n. By Theorem 2, it is uniformly continuous of order #, so is, there-

fore, f(x).
Throughout this section and the following ones, we take now
sin ¢/ (2M)\ M
- e (1120

fixing the positive integer M large enough for the requirements of the proof
concerned, and fixing ¢ so that [2 k(f)dt =1. The function x(2) belongs to Gi.
As f(x) is supposed to be uniformly continuous of order %, the function

3.21) 7els) = a f_:x{a(t —~ o)}/
belongs to G, by the Lemmas 5 and 5F. We have
(3.21) vu(®) = [ xosta+ ey
Hence

0

[ xtanyatar = [ S (- 1>fc,.,-f(x+ = ! t)dt

—w —0 =0

(3.22)

n—1

= Z (= D)iCa,1Yasm—1 (%) + (— 1)*f(2).

=0

Denoting the sum on the right by (—1)"g.(x), we have g.(2) EG.: In con-
sequence of Lemma 4, we have

| Aniraf(®) | < AL+ | 2]"),

uniformly with respect to ¥ and ¢ (—o <x<®, —w<t<o) and to
a.(1 Sa< «). Hence, given ¢>0, we have

(f -:,N+ f ND)"(‘)A"'t/af(x)dx

for a suitable N>0. By the uniform continuity (order n) of f(aé), we have
|A,.,./J(x)| <e¢/2for I_t/al <&=20(e), that is, for Itl =N when a=N/é. Hence

<e€/2

N € ® €
f Do, af(2)1| 5 = f_ e = .

-N

Therefore the modulus of the integral on the left of (3.22) is smaller than e,
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which completes the proof for the case m =0.
3.3. Two lemmas.

LeMMA 8. If f(x) is uniformly continuous of order n, then also (x-+1)7if(x)
(G=1,2, - :) is uniformly continuous of order n.

In consequence of Theorem 3, with m =0, we have

(3.31) _ uéb.< | (x + i)=if(2) — (2 + )~iga(x) | =0 as a — ©,

Now f(x), therefore also g.(x), is uniformly bounded of order #; hence, by
Theorem 2, g®(x) is bounded in (— », «). Consequently
d» ( ZC) ) N S )

dxn (x+ i) s “ (% + d)i+?

is bounded in (— «, =), and so (x+1%)ig.(x) is uniformly continuous of
order n for any a. So is, by (3.31), (x+42)~f(x).

An elementary proof can be given for j=n/2. For j=n, (x+41)~if(x) is
uniformly continuous of order one, as we see by applying Theorem 1 to this
function.

LemMA 9. If (i) |An,af(x)| SK for —H=<h=<H uniformly in — » <x<

and (ii) the numbers ao, a1, * * * , @m (M =n) satisfy the n conditions

(3.32) f%f’af=0 (¢=0,1,---,n—1;j°=1forj = 0),
i

then

(3.33) Yoifs+ih)| S4AK (~HShSH - o <z< ),

i=0

where A depends on the a;'s only.

Let
(334) b,' = E ,Csjtn—1,n—1 (j =0,1---, M).
=3
From (3.32) we can deduce that bo=b1= - - - =b,1=0; for j>m we take

b;=0. Computing the a;'s, we obtain

(3.35) a; = z”: (‘— 1)'C,.,.b,‘+. (j =01,---, M),

> aif(x+ k) = 3 bidwnflz + (G — mh}.

j=0 J=n
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Thus

zm‘,a,f(x+jh)'§xf)|b,-|=,4x (—HShs<H — o <z< ),

i=0

jm=n
which completes the proof. Using Lemma 4, we deduce from (3.35) that

m

2 aif(x + j9)

i=0

(3.36)

SAA+|tY (o <t< o, — o <x< ).

3.4. Proof of Theorem 3 for m>0. Without loss of generality we may take
m2n. We set fi(x) = (x+1)~f(x). The function

(.40 7@ = [ «Ofta+ /et = [ kO + i+ 1/l + ta)it

belongs to G, (see 3.21). Now we have

£+ 1" = g+ 3 (= DFICw 21t + 1)

jom1l
Hence
n—1 . m A
(3.42)  va(®) = (z+ )"ha(s) + 3 5—1 B+ 2~ hai(a),
where
(3.43) ha,i(x) = f_ :t"x(t)f,-(x + t/a)dt; ha(x) = f:x(t)fm(x + t/a)dt;

c;i = (— 1)i+lcm.i;j =1, 2; T, M.

For j=n the functions £,,;j(x) are bounded uniformly with respect to x and «,
as fi(x) is bounded for j=n. Hence the last term in (3.42) tends to zero ‘as
a— o, uniformly in — o <x < »; we denote it by R.(x). When =1 there
is no second term on the right in (3.42). Let now #=2. We form

2n—2 2n—2

Zo (_ l)acﬁn—l,c'Ya/an—o—l)(x) = (x + ,i)mz (- 1)'C2n—l.lha/(2n—t—1)(x)

20
n—1 . 2n—2

(3.49) +3 2 S (- D) Camran— 1 — )i

jm1 Q7 gm0
. f _: tix(8)f; (x + 2—"—:5——1:) dt + Ja(#),

denoting by $.(x) some finite linear form of the functions Ru/@a—1_s; evi-
dently J.(x)—0 as a— =, uniformly in (— «© <x< ). We set
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N=2n-1; 8,,; = (— 1)°Cn (N — s5)7;

N-1 N—s
di(x,t) = 8,i] i j=1,2---,n—1);
(3.45) i(x, 8) E a ,f,(x-i- " t>(_1 1,2 n—1)

Hy(x) = f e

We have
N
N>n>1, ay;=0, & =2 a.,fis+st)
s=0
(&’ =%+ IN/a,t' = — t/a),
and
N B
(3.46) D 8.t =0, forl=0,1,---,n—1
sm=0
and for any j (j=1, 2, - - -, n—1); for the latter sum consists of the terms

N
(_ l)kci.kNj_kZ ('— 1)'CN.ask+l (k = 01 1' 2: ttt !j)
80
each of which can be shown to vanish, since 0<k+/<2n—2=N-1. For any
of the j's concerned, therefore, the a,,; (s=0, 1, - - +, N) satisfy the conditions
of Lemma 9, and f;(x) is uniformly continuous of order n by Lemma 8. Hence,
by (3.36), we have

| ®;] = 4,0 +]¢|" (—o<t<®,—o<x<®)

uniformly with respect to x and ¢, and with respect to a for 1 Sa < «. Hence
H(x) is uniformly bounded with respect to ¥ and . Consequently the second
term on the right in (3.44) tends to zero as a— », uniformly with respect
to x. Hence, taking

N—1

(3.47) ga(®) = 25 (— 1)°Cr uhia)v-u)(%),

8==0

we have
N—1
(3.48) uéb.< 3 (= 1) CriYarv—o(®) — (£ + ) ™ga(2)) = asa— o,
—0<z<0 | 30
" Now f(x) is uniformly continuous of order » and, therefore, of order NV as well.
Thus the sum in (3.48) tends to f(x) as a— », uniformly with respect to x
(see 3.22, and so on). This completes the proof.
4. The half-plane. The results of §3 will now be used to deal with func-
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tions which are analytic in a half-plane.
4.1. Results and lemmas.

THEOREM 4. If, for 0<y< o, (i) F(2) (z=x+414y) is analytic and (ii)
| F(z)| <Asest whenever §>0, and if (iii) F(x), the limit-function of F(g)
(y—0), is uniformly continuous of some order, then, given m (m=0, or
1,2, - - -), there are functions g.(2) EG4 (0<a< =) such that
(4.11) wb. | F(2) — (2 + i) ™ga(3) | = 0 asa— o,

—e<z<w0 gSY<®

COROLLARY. If F(2) satisfies (i) and (ii), and if (iii") for some integer
m>0, (x+1i)™F(x) is uniformly continuous of some order, then there are func-
tions g.(2) EG. (0<a< «) such that
(4.12) u.b. {A+]2])"|FG) — ga(2)| } 20  asa— =.

—w<z<w SY<w

Evidently each of the functions g.(2) nearly coincides with F(z) for suffi-
ciently large values of 3, uniformly in thé half-plane y =0. The application of
the corollary to the function 27 (»>0; 0 <arg s =) is obvious(?).

Lemma 10. If, for O<argz<w/a, (i) f(2) is analytic and (i) | f(z)l
<exp (|z|#) where 0<B<a, then f(£), the limit-function of f(z) (3—%), exists
for almost all £ when arg £=0 or arg £ ==/a. If, furthermore, (iii) | f(£)| <4
uniformly on the two lines arg £=0 and arg E=w/a, then |f(2)| <A uniformly
for 0<arg z=<w/a. The result holds if, instead of (ii), it is merely required that
If(z)l <A;exp (6|z| ) for any 8 >0.

LemMA 11. If F(2) satisfies the conditions (i) and (ii) of Theorem 4, and if
|An3F(x)| SK for —HSh<H, — o <x <, then

| 80P @) | = | 3 (= DCoiF G+ jB)| < K (~H=hsH)

and
| 4. () | < A1+ ¢]") (— @ <t< )
uniformly in the half-plane y = 0.

4.2. Onthelemmas, and proof of the theorem. Lemma 10 is a slight generali-
zation of well known results(®). Applying this result to the function A,,,F(g),
and using Lemma 4, we deduce Lemma 11.

To prove the theorem we show first that the functions g.(2) are uniformly

(°) For example, E. C. Titchmarsh, The theory of functions, Oxford, 1932, 5.61 and 5.62.
By the transformation g = 21/% the lemma is reduced to its special case 0 <arg z <=, 0 <8<1. The
function ¢(z) =exp (—ee~*/%27)f(z) (e>0; <y <1), analytic-and bounded for ¥>0, is now
discussed using the Fatou theorem and the Poisson integral.
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bounded in the half-plane ¥ =0, assuming that m is not smaller than #, the
order of uniform continuity of F(x). We use the notations of §3.4. The func-
tion fm(2) = (244)~™F(2) is bounded for real values of z and, by Lemma 10,
therefore, uniformly bounded for ¥y =20. As 7%(r) is uniformly bounded for
—ay = 3(r) <0(%), we may apply the Cauchy theorem to the integral

—aiy+o

he(2) = af_:x(at — az)fm(f)dt = f K(‘r)fm_ (-—;— + z) dr,

—aiy—own

fixing z (y>0). Hence

| ha(z) | = ! f_:x(t)f,,. (-i- + z) dti <B f_::c(t)dt = B,

uniformly with respect to 2z (y=0). Therefore the function g.(z), defined by
(3.47), is uniformly bounded for ¥ 20. Thus we can apply Lemma 10 to the
function F(2) — (z244)™g.(2); and using (3.11), we have
wb.  |FG) — @+ i)m.()| = ub. |F(2) — (2 + i)"ga(2)| = 0
Y20 — o <z<w —0<z<®
as a— . This completes the proof.

Added in proof, January 20, 1947. If in the theorem or in Lemma 10, re-
spectively, (ii) is replaced by (ii)’: |F(z) | , or | f(z)| (with a=1) is majorised
by A; exp 3(a+8)lz|} (¢>0), then (4.11) holds uniformly in any strip
0<y=B, or |f(z)| <Aew for y>0.
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(19 G. Pé6lya and G. Szegd, Aufgaben und Lehrsitze aus der Analysis, vol. 2, Berlin, 1925,
p. 36, no. 202. We have | r*k(7)| Su.b. _acice|2x(t)| exp (J(7)).



