REPRESENTATION OF JORDAN AND LIE ALGEBRAS

BY
GARRETT BIRKHOFF AND PHILIP M. WHITMAN()

1. Introduction. In a linear associative algebra A one can introduce a new
product 8(x, y) in terms of the given operations by setting

(1) 0(x, y) = axy + Byx,

where « and B are scalars independent of x and ¥, @ and 8 not both zero.
Albert [3] observes(?) that if a linear subset S of 4 is closed under 6 (in par-
ticular, if S is 4 itself) then S is of one of three types: S is an associative
algebra, closed under the given multiplication xy; or S is a Lie algebra with
product obtained by setting =1 and = —1 in (1):

2 [x, 3] = yz — =y
or Sis a Jordan algebra with product obtained by setting a=8=1/2in (1):
) x-y = (zy + yx)/2.

We propose to study various generalizations, properties, and representa-
tions of Lie and Jordan algebras.

2. Definitions and problems. We begin with a generalization of the idea
of equation (1) of the previous section.

Let % be any set of abstract algebras(®) closed under given #;-ary basic
operations f;, and let ® be any set of operations 6y, - - -, 6, obtained by
compounding the f;. If 4 €%, then the elements of 4 together with the opera-
tions 6, - - -, 0, form an algebra ®(4). All algebras which can be obtained
in this manner for fixed ® [and hence fixed %] are called f-algebras. Clearly
the definition of ©(4) is also applicable to the case where 4 is closed under
the 6; but not under the f;; we consider examples of this in Theorems 8-10
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below. However, for the present we require closure under the f; as well.
By a Lie algebra we mean an algebra L such that L=0(4) for some asso-
ciative algebra 4 when © = {6,, 6.} where

4) 0:i(x, y) = x4+, Oz, 3) = yx — xy;

cf. (2).
By a special(*) Jordan algebra we mean an algebra J such that J=0(4)
for some associative algebra 4 when © = {6;, 6,} where

(5) 0:(2, ) =z + 3, b2, ) = (xy + y2)/2;

cf. (3). The field of scalars of course must not be of characteristic 2.

In these two cases respectively, @(4) may be denoted L(4) and J(4).

Conversely, if X is a given algebra (not necessarily associative) closed
under its operations which are called 6y, 6, - - -, 8, then we may seek to find
an algebra 4 consisting of the same elements as X but with operations f;,
such that X =0(4). We may then say that we have exhibited X as a 6-alge-
bra. In general, given an arbitrary X and 0, it is not possible(®) to find an 4
by means of which we may exhibit X in the above sense. Hence, as usual in
representation theory, we find it convenient to consider homomorphisms as
well as isomorphisms, and to extend the meaning of our terms accordingly.

DEFINITION. Let X be a particular algebra with elements x; and opera-
tions 0y, - - -, 0, let A be a set of algebras, and let 6, - - -, 8, be speci-
fied as compound operations on the elements of the algebras of . Then a
0-embedding, or O-representation, of X is a correspondence, a:x—a(x), from X
into 4 €Y, such that

(6) a(oi(xlv MR xm)) = gi(a(xl), R a(xm))

for all 2 and all x4, - - -, x, €X. We shall restrict ourselves to the case where
4 is generated by the a(x;).

The algebra 4 is then called a 0-envelope of X.

The 6-embedding is called an 4so-8-embedding if the correspondence
x—a(x) is one-to-one, and then 4 is an iso-§-envelope of X.

If o, @3, * - - are f-embeddings of X, in f-envelopes {Al, Ay - - }E?I
then

™ & — a(x) = (ax(x), ax(x), - - - )

isaf-embedding of X in a subalgebra 4.(X) of thedirect union4,®4,® - - -,
namely, the subalgebra generated by the set of all (c:(x;), ce(x:), - - - ). But e,

(4) The word special (sometimes concrete) is used to distinguish these algebras from those
defined by identities without reference to an associative algebra; cf. Albert [4], Kalisch [16].
The question remains open whether special Jordan algebras can be defined by identities.

(5) For example, if ® is the set of operations (5), it is known that the identity a%(ba)
= (a%h)a must be satisfied in X; cf. [15]. This does not, however, exclude the possibility of a
comparable representation if other operations than the given f; are taken as basic.
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is a homomorphic image of «, in the sense that if a(x;) =a(x;), then a.(x;)
=ay,(x;), while by (6) and (7), both a and @, are homomorphisms with re-
spect to the 6;. Hence we have the following theorem.

THEOREM 1. If U is closed under the operations of taking direct unions and
subalgebras then there exists A,(X)EN such that there is a 0-embedding 0, of
X in A(X) and any other 0-embedding of X in an algebra of Nis a homomorphic
image of 0..

DEFINITION. 0, is called the universal f-embedding of X in ¥, and 4.(X)
is called the free f-envelope of X [with reference to %] or universal f-algebra
of X. In the particular cases of equations (4) and (5) we shall speak respec-
tively of Lie embeddings and envelopes and Jordan embeddings and en-
velopes.

Evidently 4.(X) is the free algebra of ¥ in the sense that every 4;€%
is a homomorphic image of 4,(X), since the correspondence

[(a1, @2, + -+, @iy, @iy iy, » - - ) € AW(X)] = [a: € 4]

is obviously such a homomorphism.

Then by applying the same homomorphism to the compound expressions
in the operations of ¥ which define the ;, we see that ©(4;) is a homomorphic
image of ©(4,). Hence ©(4,) is a free algebra for ©(4), AcY.

If some #-embedding of X is one-to-one, X is called a 6-algebra. In this case
we may identify the elements of X with their images in 4.

If X is a f-algebra, then 6, must be one-to-one, for if it were many-to-one,
so would be each other embedding (the latter being a homomorphic image of
0.) contrary to hypothesis.

Among the problems which may be stated are these: When is X a 6-alge-
bra? What identities are satisfied by f-algebras for a given @, in particular
by special Jordan algebras? Is the set of all f-algebras, for given O, closed
under the operations of taking subalgebras, direct unions, and homomorphic
images?

As far as concerns subalgebras, it is obvious that the answer is yes: if
Y is a subalgebra of X, and X=0(4), then we need only take the sub-
algebra B of A generated by the images of elements of ¥, and ¥Y=0(B).

Likewise, suppose X;, X,, - - - are given to be f-algebras: X;=0(4;),
A;€U. Then X, ®X,;® - - - can be put into one-to-one correspondence with
the subset of 4,®4,® - - - consisting of the (ai(x;), az(x;), + + - ), and the
latter generates 4;®A4:® - - - . Then

@(A1®A2®...)=@(A1)®@(A2)®...=X1®X2®....

Thus this set of f-algebras is closed under subalgebras and direct unions.
Closure under the taking of homomorphic images remains undecided.
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It is known [8, p. 324] that the set ¥ is definable by identities if and only
if it is closed under the operations of taking subalgebras, direct unions, and
homomorphic images.

Consider the congruence relation ¢; on 4,(X) which identifies elements
(b1, by ¢ - ¢ ) and (e, €2y -+ - ) of Au(X) if and only if b;=c¢; for fixed 4. As
before, the algebra obtained by this identification is precisely A4;. In the
case of linear algebras (including Lie, Jordan, and associative algebras) any
congruence relation ¢; on 4,(X) is determined by the set K, of elements which
are congruent to 0. Clearly K; is a (two-sided) ideal; hence we may write
4;=4.X)/K..

It is natural to ask: for what K is 4.(X)/K an iso-8-envelope of X? Also
we may seek to determine A4,(X) for various X; in particular we would like
to know how to solve the decision problem for X.

3. A general property related to f-embeddings. We consider a canonical
form for polynomials in a linear (not necessarily associative) algebra.

THEOREM 2. In a linear algebra, any polynomial in elements e; can be ex-
pressed as a linear combination of monomials elgelsy - - - €i) with (1) <i(2)
< -« <Li(r), provided

i
eiei = ijese; + D i e,
k

where the \i; and ¢! are scalars.

Proof. Just as in the corresponding proof in [6], we can systematically
shift the e; with small subscripts to the left by introducing terms of lower
degree and using induction. It is not guaranteed that the result of this
procedure is unique.

This shows that the usual theory for noncommutative polynomials in one
variable (Jacobson [14]) can be applied also to noncommutative polynomials
in several variables. The scalars A;; and ¢} do not have to be permutable with
the e;; we can have eA =¢;(\)e,.

4. Determination of Lie envelopes. We seek solutions, for Lie algebras, of
some of the problems already mentioned.

Let X be any linear algebra satisfying

8) [z y] + [y, ] = 0.

Then X has a basis (finite or infinite) of elements ey, e;, - - - . Hence, for given
x and 9, [x, y] is some finite linear combination of the e;. In particular, this
applies if x and y are basis elements; say

[en ei] = Z Ciiek»
k

where only a finite number of e, enter into the sum (though the basis may be
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infinite), and the ¢ are scalars (“structure constants”). From (2), we have in
any Lie-envelope of X,

’
ejel =elef +chek

where e/ is the image of ex: ef =alex).
Then Theorem 2 can be applied. It was shown in [6] and [24] that if

9 [[xr y]’ Z] + [[yv z]v x] + [[z, x], y] =0

also holds (so that X is a Lie algebra) then this construction produces a linear
associative algebra L,(X) with infinite basis, and that X is the Lie algebra
obtained from L,(X) by (2). Moreover, it is apparent from the construction
that elements have been identified in L,(X) only when required by the hy-
pothesis; hence, any other Lie-embedding of X is a homomorphic image of
L,(X). Hence, in the previous notation, L,(X) is 4.(X).

Thus every linear algebra satisfying (8) and (9) has an iso-Lie-embedding
in a linear associative algebra. In fact [6, Theorem 2] all Lie-embeddings have
been determined by rational methods. Conversely, starting with a linear
associative algebra and using [x, y]=yx—xy we get an algebra in which
these laws hold. Thus the embedding problem for Lie algebras has been
solved.

However, we do not obtain in the abstract case the theorem of 1. Ado [1]
and E. Cartan [10] that every linear algebra with finite basis over the real
or complex field satisfying (8)—(9) has an isomorphic Lie-embedding with a
finite basis and conversely.

Let us consider an example of Lie-embedding.

THEOREM 3. Let G be the regular representation of a Lie group, and let
X1, . .. Xr be the differential operators defining its Lie algebra L. Then the
free Lie-envelope of L is isomorphic to the (associative) operator algebra generated
by the X,

Proof. Define G locally by canonical parameters; then the X¢ are analytic
and (see for instance Campbell [9, p. 332])

X' = a/0x: + X X39/0xe,  X4(0) = O.
k

Hence for any monomial in the X7,

1 (1) (r) )+ +n(r) [¢)] (r)
(X)n (Xr)nr u nr/ar; --6x:”+-

.
H

where the last dots represent terms in which the differential operators are
either of order less than n(1)+4 - - - +n(r) or else have coefficients which
vanish at the group identity 0. Thus any monomial in the X% is a linear
combination of monomials of equal or lower degree, and the associative
algebra is isomorphic to the free Lie-envelope.
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We consider next a generalization of Hilbert's Basis Theorem.

THEOREM 4. Let R be the ring of formal polynomials in ey, - - + , e (n finite),
with scalars in the field F, subject to the law

10 eie; = eie;+ D c;;jek.
k

Let J be a left ideal of R. Then J has a finite ideal basis.

Proof. Let H,(J) be the set of those homogeneous polynomial forms g of
degree n such that g+7&J for some r of degree less than » (that is, let
H,(J) be the set of “leading constituents” of degree n of the polynomials in
J). We observe that each H,, with 0 adjoined, is a linear subspace, since the
sum or difference of two homogeneous polynomials of degree » either is again
such a polynomial or is 0, and likewise for the product of such a polynomial
by a scalar, while if ¢g;+7, and g+, are in J, so are (q13¢2)+(r1%72) and
c(gi+r;) =cqi+cr;, since J is an ideal.

Let H(J) be the set of polynomial forms comprising the linear subspace
generated by the H,(J) (r=0,1, 2, - - - ). We assert that the elements of
H(J), taken as polynomial forms in either the ring R or the ring K of com-
mutative polynomials generated by e, * - -, e, are an ideal. For if ki,
he€H(J), so do chy and hy+hs since H(J) is a linear space, while if hEH(J)
and ¢ER or K, then write ¢ and k as sums of homogeneous polynomials

g=qa+ -+ hb=bi+ -+ hy h: € Hyy(J), d(g:) = ds

where d(p) is the degree of p. Then gh= > _; jq:k;. But g:k; is homogeneous of
degree d;+f(j). Also k;E Hy(; implies h;+rE J for some 7 of degree less than
f(7). Then g, is of degree less than d;+f(j), and ¢hj+qir=q:(h;+r)ET
since J is an ideal. Thus by construction ¢;h; & Hg,4;,(J). Hence, gh S H(J)
since H(J) is a linear space. Thus H(J) is an ideal. In this regard the only
difference between H(J) as a subspace of R and as a subspace of K is that
different polynomials are identified in the two cases.

Let H* denote the elements of the ideal H(J), taken as polynomials in the

ring K of commutative polynomials in e, - - -, e,. By Hilbert’s Basis
Theorem (%), H* has a finite ideal-basis p/*, - - -, pji. Since H(J) and H* con-
tain the same polynomial forms, we may consider p*, - - -, p% as belonging

also to H(J), in which case we shall denote them ps, - -+, Pm.
Thus p,€H(J); by construction of H, p; is a linear combination of
elements of various H;(J):

i ']
pi= 2 bigs ¢ EHJ); b;EF.
i

(%) See, for instance, van der Waerden [23].
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But by construction of Hj, given ¢;& H;(J) then there exists 7; of degree less
than j such that ¢;+r;EJ. Set

t; = E bilgs + ).

Then £;EJ. Let U be the ideal of R generated by the ¢;. Then UCJ.

Hence, H,.(U)CH.,(J) for all n. But suppose h€ H,(J). Then rh*EH*,
where h* is the same polynomial form as k. Hence, h*=)_y*p¥, y*CH*. Let
y; be the polynomial form in H which becomes y#* in H*. Then by (10),
Z;yjp; has the same leading constituent as A*, and hence as k.

But by construction the ¢; have the same leading constituents as the p;,
hence Y ;y;t; has the same leading constituent as the given k. Thus H,(J)
CH,.(U) so H,(J)=H,(U) for all n.

The proof is then completed by the following lemma.

LEMMA. Let S be a subspace of a subspace J of R. If H,(S)=H.,(J) for all
n, then S=J.

Proof. Suppose S<J. Then there would exist a polynomial p of lowest
degree n (n>0 since S includes 0) which is in J but not in S.

But H,(S) =H,(J) contains all leading constituents of elements of J. Let
g be the leading constituent of p. Then ¢€H,(J). But H,(S)=H,(J), so
gE H,(S) also. Hence there exists r, of lower degree than g, such that g+r&.S.
Then p—(g+7r) is of lower degree than p, since p and g+ have the same
leading constituent. Hence p —(¢+7) €S by hypothesis on p. But ¢+rES,
p=p—(g+r)+(g+r)ES, contrary to assumption that p&S. Thus the proof
is completed.

5. Determination of Jordans envelopes. Having discussed the free Lie-
envelopes of various algebras, we turn now to free Jordan envelopes. In this
case let us denote 4,(X) by J,(X). In all work with Jordan algebras, we re-
quire the base field to be of characteristic not 2, in view of (3).

THEOREM 5. If X has a finite basis, so does Ju(X).

Proof. Let X have the finite basis ¢;, + - -, €,. Then J,(X) is generated
by the monomials in e, « + -, e, by Theorem 2. Moreover,

> crew = ei-e; = (ese; + ei€)) /2 = eie;
%

so square-free monomials generate J,(X). Since # is finite, J,(X) has a basis
of not more than 2*—1 elements.

No general solution of the decision problem for J.(X) is known, but in
special cases a solution can be found. It is readily verified that a zero, idem-
potent, or unit in 4 has the same property in J,(X) and conversely. We con-




1949] REPRESENTATION OF JORDAN AND LIE ALGEBRAS 123

sider several examples of Jordan envelopes, mostly of “irreducible 7-number
algebras” [15, p. 63].

As one example, let X be the free zero-algebra with basis e;, - « -, e.. By
(3), ese;+eje;=2e;-e;=0 for all 4, j. In particular, let i=j. Then & =0. Hence,
the free Jordan envelope of the free zero-algebra is an ideal of order 2*—1,
excluding the unit element, in the extensive algebra of Grassmann(7?).

Again, let X be the algebra with basis e, €1, - * +, €s, with

€0 e; = e;-€y = € (1=0,---,m),
eire; =0 (G j=1,---,m),
€ire; = — € (¢ 5 0).

Then the free Jordan envelope is the Clifford numbers(8).

THEOREM 6. If X is the (special) Jordan algebra of all n by n matrices
(n22) then Ju(X) is the direct sum M & M, where M is the ordinary associative
algebra of all n by n matrices.

Proof. Let ¢;; be the matrix with a single 1, in the ¢th row and jth column,
and zeros elsewhere. In X, the multiplication table is, by (3),

(11) eij-em = (8jxei1 + durer)/2.
Set
(12) a5 = eijesj (1 7% 7); i = aijeji = eijeiens (17% 7); bij = eji — a3

a;; will be shown in (17) to be independent of j. We seek to obtain the multi-
plication table for J,(X).

(13) eijenr = 0 (k # 14, 7),
for, since ew is idempotent,

eijern = eijernerr = §2(eij exn) — exseij}ern = (0 — erneij)ens

= — ewrleijerr) = — en(0 — emei;) = exrerrti; = €rreij;

but also e;;ek;,=0-—eyie.~,-; adding, e;;err =0. Likewise,
(14) errei; = 0 (k = 1, 7).
(15) eijei; = 0 @ # 7
for e;e;;=0—e;ei; by (11).
(16a) eii€ik = €iilik @i, 4, k all distinct),
for by (14),

(7) See, for instance, Chevalley [11, p. 145].
(%) See, for instance, Chevalley [11, p. 61].
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0 = eij(eieir) = (esjen)ein = (eij — euieij)ein
= eijejr — €iitijeir = €ijtjx — €ii(eir — €jrei;)
= €ijeir — €iibik + €ii€jr€ij = €ij€jk — €iiCik.
(16b) €ii€i; = €ii€ij (CE IR
for I= ) ew and by (14),
eijeii = lejei; = (e + eieijei; = euleiies;) + (ejiei)eii
= ei(eis — ejjei)) + (eij — eijesi)ess
= €4i€i; — 0 + €ij€jj — €3j€;i = €4i€ij.

Combining (16a), (16b), and (12), we get
(16) Ay = €ij6j1 = €ixCrl for allj and k lf 1 # l.
17) €iiikeki = €ilClmemi = CimCmiCii = is (i57, k1, m),
for by (16), eijejxeri==€;i€imemi==€i1€memi. In particular, this shows that the
definition of ay; is independent of j.

For k;éi, j, I, €:i0r1 = e;jerrer1 =0.

For k#1, j, e;jam=c¢;jarjer=0 ex=0.

For 1:?5], k, e.-,a.-;,Ee.-,-e.-,ejk=0 by (16) and (15).

For 'i?éj, €5iQss Ee.‘jaijej.'=0 €5 =0.

For j#k, e;ap=eiepenn=aa by (16) or (17).

For ¢547,

€ijljj = €ij€jiiitij = €ij€;i€ijjj
= eij(ei + €j; — eijei)ej; = 0 + eijej; — 0 = aij.

For i54], esaij=eiieiiei; = eiiei; = aij.

Hence, e.a:=e:e;iaj;=¢ie;ja;;=eijaj;=a;. Similar formulas hold for
a;jent, by (16) and symmetry. Summarizing,
(18) €;i0x = 0k = Gij€r (all 4, 7, &, D).

For j##1, k, aijan=e;;e;;a1=0.

For 5], aap=eijejie;a=eie;ieian=0.

For 177, QijQi=€;j€;iQjk =€;iAjk = Qik.

Hence, for t?éj, A3iQi;=043€55055 = AijQ ;5 = Q.

Likewise, aiia:;=e;;a;:a:; =e;;a;, =a;;. Summarizing,
(19) @;i0k = 8104 (all 4, 7, &, D).

For ik, bijari= (eji— aj:)ari=ejix1— a;iar =0.
For all 1, j, bijaa=(e;i—aj)aw=aj;—a; =0. By symmetry,

(20) bijars = 0 = aibu (all 4, 7, k, D).
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For ¢ ;éj, b;j =eji—ajii= e,-,-I— Qji= €ji€iit€jiej; — €ji€ii = €jil;j.
Hence if j;ﬁi, k, l, b,'jbkz =e,-;e,-;(e;k —alk) =0.
For js=k, 4, bijbr;=ejie;eixeii=ejieireriei;=0.
For ¢ #k, b{jbj]g = (ej.- —a;.-) (e;,j -ak,-) =€;jiCrj = €Cki — Ckj€ji = bix.
For 757,

biibii = ejiejjeiies = €jies; — eijeii)es = e€jieijei

(e + ej; — eijesi)es = e + 0 — ais = b,

]

For all 7,
biibss = (eii - ai.‘) (e.'i - a.‘i)
= e — 2ai; + aii = b

For k 75% j, b.‘jbkk = (e,-; —a,-.-) (ek;, —akk) =0. By symmetry, b,’.'b,‘k =0 for
t#j, k. Summarizing,

(21) biibi = Sba (all 4, 7, &, I).

Thus by (19)-(21), the a;; multiply among themselves like matrix units,
as do the b;;, while a:;bx1=0="0;;a11. Hence the subalgebra of J.(X) generated
by the a;; and by is M @ M. But this subalgebra contains a:;+b;; =e;, for all
¢ and j, so the subalgebra is the whole of J,(X), proving the theorem. In ob-
taining the products we have allowed for the possibility that all the sub-
scripts are distinct. But nowhere have we assumed the existence of sub-
scripts which do not appear explicitly in the factors, except that if only a
single subscript appeared, then we assumed the existence of a second. Hence
the theorem holds for n=2, 3, - - - .

THEOREM 7(®). If X is the special Jordan algebra of all symmetric n by n
matrices (n=2), then J,(Xs) s isomorphic to the n by n total matrix algebra over
the same field.

Proof. Let E;; be the matrix with 1 in the sth row and jth column, and also
in the ith column and jth row, and 0 elsewhere. In the notation of the proof
of Theorem 6, Ei=e;, Eiyj=Ej;;=e;;j+e;; (¢7#7). In Xg, the multiplication
table is, by (3),

Eij-En=0 if ikl andj = k1
E;;*Ej = Eu/f2 if ¢ #1;
(22) i-Ein = Eaf s
E.',"E.',‘ = Ei; + E;; if ¢ # ¥H
Ei;-Ei; = E;;.
Set
(23) A.‘g = E,'.'; A,',' = Ei,'E,',' (1 # ]).

(®) This example was first studied by F. D. Jacobson and N. Jacobson; cf. [13].
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We seek the multiplication table for J,(X5s).
(24) E;iEu =0 (B #= 1, 7),
for, since Ejy is idempotent,
EiEu = EijEsiExi = {2(Eij- Exx) — EEij} E
= (0 — ExEij)Exr = — Eur(0 — EnEyj) = EkkEkkEii = EunEj;
but also E;;Eg;,=0—E;,,,E;;; adding, we get (24). Likewise,

(25) EwE;; =0 . (k 5= 1, ).
Hence A A ii= 5.',"4 $ie
(26) : E;Ejx = EixEn (i # &),

for we may suppose £7<j and then by (24) and (22),
0 = E;j(EwEjp) = (EijEw)Ej = (Eij — EuEi)Ej
= Ei;jEjx — Ei(E:jEjt) = EijEjx — Ei(Eia — EnE:j)
= EiiEp — EuEi + (EiEjp)Ei; = EijEj — EiEx + 0,
and transposition gives (26).
(27) EE:; = Ei + E;j; (2 = 7),
for 2E;;E;j=EE:j+Ei;E:j=2(E;j- Ei;) =2(Esu+Ej;).
For j;ﬁi, k, A“A,'kEE.‘.‘E,'};E};),=E,'.‘E;,'E,')¢=O.
FOI‘ i#j, A“A.','=E;.'E¢.-E.~5=E.'.'E.'j =A.'j. Similarly, for i?ék, A.','Ak),
=04 a.
FOl‘j?ﬁi, k, A.‘jAblEEijAjjAkl= B
For 1, j, k distinct, by (23) and (26),
Aiid i = EijdjiAjn = EijA i = EijEpEw = EgEEr
= EuEwn = Air.
By (27), for ¢#j,
Aijd ji = Ei;EjEiiEji = EiEiiBij = EiBijBij
= Ei(Eix + Ejj) = A
Summarizing,
(28) AiAr = dpda (all 4, 7, &, D).
Hence the subalgebra of J,(Xs) generated by the 4;;is a total matrix algebra.
But this subalgebra contains

Aij+ Ay = EiyjEjj + EjEq = Eij(Eis + Ejj) = EijI = Ey

and is therefore the whole of J,(Xs) and the theorem holds.
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THEOREM 8. If Xy is the special Jordan algebra of all Hermilian n by n
malrices (n=2) over the complex numbers, then J,(Xg) is tsomorphic to the n
by n total matrix algebra over the complex numbers.

Proof. Using the previous notation and (—1)¥2=1, let

Bij = — Bji = i(eij — ¢€ji) for 2 5 j.

In Xg, the multiplication table is, by (3), given by (22), commutativity, and
Eii*Bu=0 ifksd,7,landl = 4, 4, k;
E;;-B;j=0 where ¢ # j;

(29) E;;-Bjx = Bix/2 where j 5 k;
B;j*Bu =0 if 4, 7, &, I are all distinct;
B;;j+Bij = Eiy + Ejj where ¢ # j;
BijBjx = — Ea/2 if 4, 7, k are distinct.

In addition to (23), set (for ¢5£j)

(30) P;j = EiBy;, Py, = E;Pj; = Ei;E;iBji;

Py will be shown in (34) to be independent of j.

(31) Ei;Bjix =0 (4, §, k distinct),

for by (29), '

EuBj = EuE«Bj = Eix(0 — BjpEy) = — (ExBjr)Ei

= — (0 — BjEi)Ei; = BjEy,

while EyBj=0—BjE;;; addition yields (31). Similarly,

(32) BisExs = 0 @i, j, k distinct).
(33) E;iBjx = EiB;, = Py (k # 1, 7),
for we ~may suppose ¢7#j, and then

E;iBjx = IE;iBj = (Ewi + Ei)EiiBjx = EuEijBjx + Ej;E ;B
= Eiu(Bix — BjEi;) + EjiEuBj = EyuBi — 0+ 0.
(34) EiiE;;Bj; = EiExrBui (i34, k)

(and hence P;; is independent of j), for

EijE;iBji = Ei;EjxBri = EixEwxBui.
(35) BiiBi; = Eix + Ej; (% # 7),
for 2By;Bs;=B;Bs;+ BiiBij=2(B; Bij) =2(Ewu+Ejj).
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For k ?51:, j, l, E;ijz EE;,'EH,BH =0.

For k#1, j, E.’,‘ij = E.','EjjB,‘k = E;.’E,‘,‘B,‘k =EuEuBa=E;Ba=Pg.

For ¢, j, k distinct, E;jPu=EExPjx=EyEqwPu=0.

For ¢k, Es;Pu=EiEaPio=ExEwPa=0.

For ¢5#j, EijP;j=E;;E:jE«B:ij=(Ei+Ej;) Es;Bij= EsiB;=Pij.

FOI‘ all j, E,'ij,’ EEijj.‘E;gB.'j = Ej.'E.‘,‘E,’;B.-j = Ej.'E.;.‘B,',' =rLjj.

Thus E.','sz = 5,'1,P.'z-|- 3.-1¢le if ¢ 54]', and 4 .',‘P,'k = E;.‘P,'k = 5.‘,‘1’.‘1,.

Hence, for ¢#j, AijPu=EE;jPri=0uE;Pj= 8;xP;1. But in Spite of the
unsymmetric appearance of (30), P;; can be written in a similar form with the
E’s after the B’s:

Pii = E;;B,',' = B,’j bt B.’jEii = Bii(Eit' + Eii) - BiiEii = Bt'iEJ'i;

(36) Pii = EijPs = Ei;BjiEu = (0 — BjiEij)Eii = Bi;EjiEu
: = Bi;E;jiE; = PijEi;
Summarizing previous formulas, and those symmetric to them in view of (36),
37 APy = §jPu = PijAn (all 4, 7, &, 1).

For j+#i, k, P;jPui=B;E;;Pri=B;;0=0.

For 1, j, k distinct,

PiiPj = ByEj;E;iBjx = BijEiiBjx = PijBjy
= EiBijBjx = Ei(— Ea — BjBij) = — A

Similarly, if 1:?5]., P.‘j.P,‘{=E“,‘B{ij;‘=Ei;'( —E,'.'—'Ej,') = —A,';.

For 1'#], P“ij EE;,'P,'.'P,‘)‘ =Ej.'0 =0.

For i7j, PyPij=E;;P;;P:ij=E;(—E;;) = —EijE;jj= —Ay;. Similarly, for
i#j, PijPjj=—A;

For t?fj, P;,'ij=Ej;Pj.‘ij=Ej.‘0

FOI‘ all ’I:, P,';P,'.'=Ej;Pj,-P.'; =E“'
= — 4 ;;. Summarizing,
(38) PiiPr = — ol (all 4, 7, &, I).
By (28), (37), and (38), the subalgebra of J.,(X#) generated by the 4;and P;;
is isomorphic to the # by » total matrix algebra over the complex numbers,

under the correspondence A;j<ve;;, P;jorie;;. But this subalgebra contains
the E;; as in the proof of Theorem 7, and also contains

P;j — Pji = EiBij — EijBji = EuBij + E;j;Bij = (Ei + Ejj)Bij = IBij = Bij
and hence is the whole of J,(X#). Thus the theorem holds.

THEOREM 9. If Xq is the special Jordan algebra of all Hermitian n by n
matrices (n=3) over the quaternions, then Ju(Xq) ts isomorphic to the n by n
total matrix algebra over the quaternions.

=0.
i(—Ajy)=—EuEjE=—(Eux+E;)E;j;

Proof. Using the previous notation and denoting the quaternion units by




1949] REPRESENTATION OF JORDAN AND LIE ALGEBRAS 129

i, j, k, set in addition
Ciy=jlesj — es) = — Cis;  Dij = k(esj — €;5) = — Djs (2 # j).
In X g, (29) holds, as do similar formulas with B replaced by C and by D; also
B;jCru=0,Cij Dy =0, D;j*Bry =0 (4, 7, k, I distinct);
(39)  Bi;*Cit = Dir/2, Ci;*Djt = Bix/2, Dij*Bix = Car/2 (4, 7, k distinct);
B;jCi; =0, Cij*D;; =0, D;j-B;; =0 (2 # j).
In addition to (23) and (30), set (for ¢77)

Qij = EuCij, Qi = E;Qji = EiE;Cis,

R;; = EuD;;, Rii = EjRy = EyE;Dji.
Just as for (30), Qi; and Ry, are independent of j. Likewise, formulas (31)-(38)

hold with P replaced by Q and by R; it remains only to determine such prod-
ucts as P ;jQ),; and Q;ijz.

(41) B;Cit = Rix (4, 4, k distinct),
for, by the analogues of (31)-(32),
BiiCit'= Bi;yICjx = BijEiiCix = (— B#E;)Cix
= — (Bs — E;iBs)Cix = BiiCijx — E;iBiiCix
= (Ei + E;)BiiCix — EjiB:iCix = EuBiiCix
= Ei(Dix — CixBij) = EuDix = Rix.
(42) BiiCji = — BiiCii = Rii + Ry @ #7,

(40)

since by (41) we have, for 3 by 3 matrices or larger,
BiiCii = IB;Cji = (Eis + E;))BiiCji = EuBiCii + E;iBiiCi;
= EuBriCji + EuBriCsi = EuxRii + EnRi; = Ris + Rjj.

For j#k, P:jQu=(Pi;])Qr= P;E;iQu=0.

For 1, j, k distinct, P;jQx=E::B:;CitEwx = EiiRtEwx = RixExr = Rar.

Similarly, for j;f'l', P.'ij.' = E.‘i(Ru-l-Rﬁ)Eu = R.;.’.

For i?éj, P.'.‘Q;jEE{,'PjeQ.',' = E.’jRjj = ch.

For i?sj, P{,‘ijEP.'ij(Ej.' =R{;‘E;‘j =R|‘j.

For all 4, PyiQi;=E;;PsiQii=E:;Rji= Ris.

Thus P;;jQxi=8;xR. Similarly, Qi;Pri= — 8;#Ry:. Similar formulas hold for
Qi;Rit, RijQui, RiiPri, PijRii. Thus the A;j, Pij, Qij, and Ry; multiply in a
manner isomorphic to the total matrix algebra over the quaternions, under
the correspondence Aqjeve;;, Pijrie;;, Qij<>jes;, Rijke;;. The theorem
follows as before. Unlike the previous proofs, the proof of (42) assumes the
existence of three different subscripts. Indeed, we show next that Theorem 9
is false for n=2; J,(Xq) has order 4n? if #>2, but order 8n%if n=2.
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THEOREM 10(*). If X, is the special Jordan algebra of all Hermitian 2 by 2
malrices over the quaternions, then J,(X2) is the direct sum Mq@® Mo where Mg
is the associative algebra of all 2 by 2 matrices over the quaternions.

Proof. Let I=en-tey, E=epten, F=ey, B=i(e12—e21), C=j(612_"321)y
D =k(eis—ey). Then in J,(X,), I is a unit and, by (39),

EE = BB =CC=DD =1, FF =F,

BC = — CB, DB = — BD, = — CD,

BE = — EB, CE = — EC, DE = — ED,
BF = B — FB, CF = C — FC, DF = D — FD.

(43)

Hence every element in J,(X:) can be written as a linear combination of
products, in a specified order, of some or all or none of the symbols E, F, B,
C, D (with I inserted if none of the other symbols appears in the term), no
symbol appearing more than once in a term. Hence the order of J,(X3) is at
most 28=32. We shall not assume (though it is true) that this form of an
element is unique.

Set U=(I—BCDE)/2, V=(I+BCDE)/2. By (43), U and V are orthog-
onal idempotents which commute with F, and EU=VE, EV=UE, and simi-
larly for E replaced by B, by C, and by D. Set Y=V+(U—-V)F, Z=U
+(V—U)F. Then Y4+Z=U+V=1I, so Z=I—Y. By calculation, ¥ and Z
are orthogonal idempotents in the center of J,(X3). Since Y+Z =1, J.(X,) is
the direct sum YJ,(X.) ®ZJ.(X;:), where YJ,(X;) contains YV=V—VF,
YVE=VEF, YU=UF, YUE=UFE. These four elements generate a sub-
algebra M of VJ,(X,). By calculation using (43), one sees that M is a 2 by 2
total matrix algebra with basis UF, UFE, VEF, V— VF; the unit element of
Mis UF+V—VF=Y. Let T=UFE— VEF; then by computation ¥, TB,
TC, TD are a basis of a subalgebra Q of YJ,(X;) isomorphic to the qua-
ternions, under the correspondence Vo1, TBei, TCeoyj, TDok, and these
elements commute with those of M. Hence YJ.(X;) contains the direct
product M®Q of order 16. Similarly ZJ,(X:) contains M ®Q. But as we
noted earlier, the order of J,(X:) is at most 32. Hence M @Q=YJ,(X,)
=ZJu(X;) and the theorem holds.

6. Jordan algebras and convex power families. We shall now show that
special Jordan algebras have much the same relation to convex families of
(real) matrices that Lie algebras have to Lie groups of (real) matrices. In both
cases, the relation is valid only locally.

First consider the concept of a k-parameter family (“Schar”) & of
matrices X =(x;;), in the sense of Lie. By this is meant a set of matrices,
depending differentiably on k “essential” parameters in a neighborhood of
the identity matrix I. Clearly & is always locally compact, in the topology
defined by the norm [X | =(D_:j x3)V2 Furthermore, if X=I+A4 with

(10) This form of the theorem and proof was suggested by the referee.
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IAI <1, we may(!!) define In X=4 —A42%/2+A43/3— - - - ; the series is ab-
solutely convergent. We may further define

Xt=exp(tlnX)=I4+Y+7V¥/214+73/314---,

where Y=¢In X. The X* form a one-parameter Lie group, with X'=X.

Now it is well known that if & is a local Lie group, then for some §>0,
X&Sand lln X| <8 and |t In XI <6 imply X¢E&:; this is a corollary of the
existence of canonical parameters. Hence the concept of a local Lie group is
a special case of the following concept of a “local power family”; and the
usual concepts of infinitesimal generator and equality may be generalized to
local power families as follows.

DEFINITION. A local power family is a set & of matrices which is locally
compact, and such that for some 8, >0, X €S and |In X| <8, and |t In X| <5,
together imply X*€®&. The infinitesimal matrices of & are the set J(&) of
matrices ¥ such that exp ((Y)ES for all sufficiently small ¢&. Two local
power families are locally equal if and only if they coincide in some neighbor-
hood Us: | X —1I| <3 of I.

LeEmMMA 6.1, If & is a local power family, and X €S and |lnX l <6y, then
In X€J(©).

Proof. X*=exp (In X*) =exp (¢ In X). By definition of a local power family,
X'E& for ¢ sufficiently small. Hence by definition of J(&), In XEJ(S).

We note also that from the definitions, J(&) is closed under scalar multi-
plication. Now, given § such that §<1 and §<3&,, set J;(©)=J(&)NTs,
where T is the set of X with | X —I| <4. But from the closure of J(&) under
scalar multiplication, J;(&) is closed under scalar multiplication out to radius
0. Further, since In X and exp Y are continuous and mutually inverse, and &
is by hypothesis locally compact, J;(©) is locally compact. But in view of
the closure of J(&) under scalar multiplication, Y& J(®) is equivalent to
tYE Ji(©) for sufficiently small ¢; hence J(&) consists of the scalar multiples
of the elements of J;(&), and bounded subsets of J(&) are compact; in par-
ticular, J(&) is closed. It is further easily shown that two local power
families are locally equal if and only if they have the same set & of infini-
tesimal matrices—which implies that some neighborhood of each consists of
the exp Y[Y€ES, | ¥| <3].

THEOREM 11. Let & be any local power family of matrices. Then the infini-
tesimal matrices of © form a Jordan algebra if and only if & is “locally convex,”
in the sense that for some 6 >0, the set S;=SNU; is convex. (Here Us denotes
the convex “sphere” of all X with | X —1I| <3.)

Proof. Suppose J(®) is a Jordan algebra. Take 8§ <8;. If XE&,; then
| X—1I|<8and Y=In XEJ(S) and X =exp V=I+Y+ ¥?/2+ - - -. Since
J(®) is a Jordan algebra, it is closed under sums and powers, while we have

(1) See von Neumann [20].
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already seen that it is closed under limits. Hence Y+ ¥2/2!4 - - - €J(&).
Thus X =I+4 with 4€J(S) and | 4] <5. Conversely, if AE€J(S) and
| 4| <6<1, then J(®) contains ¥=In (I+A4)=A—A42/2+A4%/3+ - - -, be-
ing closed under sums, powers, and limits. If also § is sufficiently small, then
| YI <98;. By definition of J(&), Z=exp (4Y)ES for sufficiently small «.
Taking || <1 and t=1/u, |In Z| =|«¥| <8 and |t In Z| =] V| <&, so by
definition of a local power family, & contains Zt=(exp Y)**=I+4. We
conclude that if J(&) is a Jordan algebra then locally & consists of
UsN\[I4+J(©) ], where I+ J(©) denotes the set of all I+4 for A €J(S). But
U is convex by construction, while I+ J(&) is convex since J(&) is by
hypothesis an algebra. Hence & is locally convex.

Conversely, suppose that & is convex; we wish to show that J(&) is a
Jordan algebra. Since J(&) is always closed under multiplication by scalars,
we must show that 4€J(&) and BEJ(&) imply A+B&J(S) and
(AB+BA)/2€J(©); this we now do.

If A€ J(®) then by definition exp (4t) €& for sufficiently small ¢. Since
& is convex, it contains

C = [exp (4¢) + exp (BY)]/2 =T+ (A + B)t/2 + (A2 + B)&2/4 + - - - .

Then
InC=[4+B)/2+ (4*+ BY/4+ - -+ ]
—@+Byewe/at--- 124
D=InC¥»®t= (2u/f) nC
=u{(4 + B) + [(4*+ BY/2 — (4 + B)Y/a)i+ -+ }.

Obviously, for ¢ and # sufficiently small (and # independent of &), |ln C| <d,
and | 2u/f) In C | =|D| < 8;. By definition of a local power family, C*/t€&.
Then exp (Eu) €& for sufficiently small %, where
(44 E=InC¥* =+ B)+ [(42+ B)/2 — (A + B)2/AJt + - - - .

Hence, by definition, EE€J(&). Hence, since J(&) is closed, it contains
lim;.o E=A+4B. Thus J(&) is closed under scalar multiplication and addi-
tion, so, by (44), it contains
4[E— (4 + B)]/t = 4[(4* + B)/2 — (4 + B)*/4] + - - -
= [42 4 B* — AB — BA] + - - -
for all sufficiently small ¢, where the dots indicate terms containing ¢ as a
factor. Since J(®) is closed, it must therefore contain

H=lim4[E~ (4 + B)|/t = 4+ B* — 4B — B4,
t

In particular, let B=0, noting that 0&J(&) by closure under scalar multi-
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plication. This gives 42€J(S&); likewise B*cJ(&). Hence A?+B2—H
€J(®); that is, AB+BAE€J(&). Hence (AB+BA)/2&J(S), and J(S) is
a Jordan algebra, proving the theorem.

The first half of the proof essentially applies if & is any Jordan algebra
of matrices which is closed under limits, even if & is not given. For suppose &
is such an algebra. Denote by S(S) the set of all I+4 [AE3]. We call
S(3) a power family. Suppose X&S(3) and | X -1 | <1. By definition of
S(8), X=I+A for some AES. Then

(T4 A) =T+t4+ 8t — 1)42/21 4 - - - .

Then B=tA+1t(t—1)A42%/2!4+ - - - €S by closure, so (I+4)'=I+B&S(3).
Obviously, S(&) is convex.

This may be regarded as the convex power family generated by &, and is
the analog of the concept of a global Lie group. We thus establish a one-to-one
correspondence between Jordan algebras of matrices and global convex power
families.

The above discussion applies to matrices with complex coefficients, with-
out essential change.

7. Postulates for binary mean. In connection with Jordan multiplication
(3), where we take the mean of XY and YX, it seems of interest to consider
certain properties of means(!2?).

We postulate a binary operation m on abstract elements 4, B, - - -,
with the properties
(45) AmA = A;
(46) AmB = BmA;
47 (AmB)m(CmD) = (AmC)m(BmD).
From (46) and (47) it follows immediately that
(48) (AmB)m(CmD) = (AmD)m(CmB).

Let & be a system each of whose elements is an unordered set of 2»
letters (not necessarily distinct), where % is a non-negative integer depend-
ing on the element. If 4 €&, denote by I(4) the value which # has for the
particular element 4. Define equality in & thus: if 4 and B are in &, with
I(A)=F and /(B) =n, then A =B if and only if either 2 <7 and each distinct
letter appears in the set B exactly 2** times as often as in 4, or n <k and
each distinct letter appears in 4 exactly 2%~ times as often as in B. AmB is
defined to be the unordered set consisting of each letter of 4 repeated 2* times
and each letter of B repeated 2% times.

THEOREM 12. The system & just defined is the free(®) algebra on a countable
number of elements satisfying (45)—(47).

(12) For a study of means of ordinary numbers, see Huntington [12].
(%) For the general concept of free algebras, see for instance Birkhoff [8].
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Proof. First we verify that & satisfies (45)-(47). AmA consists, by the
above definition, of each letter of 4 2* times, and then again each letter of
A 2* times—in other words, of each letter of 4 2¥*! times. Then by defini-
tion of equality, AmAd =A4.

It is evident from the definitions that AmB=BmA.

As for (47), we observe that since the elements in & are unordered sets, it
is only a question of the multiplicities of the letters. Let I(4) =k, I(B) =n,
I(C)=p, I(D)=gq. If the set 4 consists of the distinct letters a; with multi-
plicities @;, we may write 4 ={aa:}, B={Bb:}, C={vic:;}, D={8:d:}.
Then by construction of &,

AmB = {2%aa;, 248:b:}, I(AmB) = 2k+nt1,
CmD = {2%y.c;, 278:d;}, I(CmD) = 2rt+at1,
Hence
(AmB)m(CmD) = (2rtrtatly g, 2kroratigp, Dhtntatly g, DEtntrtlg g s,

a result whose symmetry shows that it is independent of the order in which
A, B, C, D are taken, so that (47) holds. Thus & satisfies (45)—(47).

Secondly we wish to show that any finite or countable system R satisfying
(45)-(47) is a homomorphic image of &. By (45), in R we have Amd =4;
thus by inserting repetitions of the given elements we can write any given
element in R as a mean of 2" elements. Likewise any mean 4 of 2* elements
of R can be written as a mean of 2" elements, if k<#, simply by increasing
the multiplicity of each element in 4 by the factor 27—*, by (45).

We desire R to be a homomorphic image of &; since the letters in the
sets in © are unordered, we shall need that repeated means in & are inde-
pendent of the order in which the elements are taken. For a mean of two ele-
ments of R, this condition is precisely (46). For a mean of four or more ele-
ments, (47) and (48) give the result in special cases, but we must prove it in
general. We proceed by induction.

Suppose it is true for n <k (k=2) that the mean of 2" elements of R is
independent of their order, and that there is given a mean M of 2* elements.
Let Q) stand for the first one-fourth of the places in the given repeated mean,
Q. for the second fourth of the places therein, and so on, while the first half
of the places is called H; and the second half H,. Then the mean of the ele-
ments of @, is some element of R, the mean of those of Q, is another, and so
on, so that we have for the given mean

M = (QumQ:2)m(QsmQy).

Suppose it is desired to arrange the elements involved in the mean in the
order a, b, ¢, - - - . If aEH,, then by induction we may move a to the de-
sired position in Hj, and so in M, without altering the mean. If ¢ € H;, then
by (46), we may interchange the elements of H; with the elements of Hj, so
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now a € H, and as before a can be put in the desired place. It is desired that
b follow a. If & Hy, the previous change having already been made, this can
be achieved by induction. If 5& H,, then by (46) applied to Qsm(Q,, we can
put b in Q3; then by (47) we can move it to @, so b& H; and can be handled
by induction as before.

If there are only four elements in M, then e and b complete the desired
order for H;; the other elements must be in H, and by induction-H, can be
rearranged as desired.

If there are more than four elements in M, then a and b are both in Q,
and c is desired as the next letter. If c&€ H), rearrange H; by induction. Other-
wise, cEH,, and we can move it to H; (and if Q, is not filled, to Q,) just as
was done with b above. By continuing in a similar manner, we can fill @
with the letters which it is desired should be there,-and by induction arrange
them in the desired order. Then each other letter is in Q, or in H,. Say g is
desired as the first letter of Q. If g is in Q;, we can move it to Q; by (47) with-
out affecting Q1 which is already arranged. If g is in Qs we can move it to
Qs by induction which permits rearrangement of H,, likewise without affect-
ing Q1. Hence in any case we can put g in Q;. Suppose it is desired that & fol-
low g. If % is in Q,, we can move it to Q, by (48), without disturbing either @,
which is arranged, or Q;, which contains g. By induction, we can rearrange
H, 50 as to get g and & in Qs. By repeating this process we can fill Q; with the
elements which it is desired shall ultimately be in Q,. Then by (47) we can put
these elements in Q,, and by induction we can rearrange Q. in the desired
order. Thus H, is put in order; all remaining elements must be in H; which
can then be arranged by induction.

Thus we have shown that any mean in R can be represented as a mean of
2% elements for some k, and that these elements can be rearranged in any
desired order—that is, that they are essentially unordered. If R is given, let
the elements of R constitute the letters of & and let each set A €& correspond
to the (essentially unordered) mean of these elements in . If 4 =B in &,
then the corresponding means 4’ and B’ in R will be equal, forif A=Bin &
then by definition of equality in & each letter in the shorter (say in 4) ap-
pears with a uniformly greater multiplicity in the other; in &, by (45), these
two means are equal so 4’=B’. Likewise, if 4 corresponds to 4’ and B cor-
responds to B’ then by the construction of the correspondence AmB cor-
responds to 4’mB’. Thus R is a homomorphic image of & as desired and the
theorem is proved.

But now it is clear that if 4y, - - -, 4. are any # linearly independent
matrices (or other vectors), and if AmB is interpreted as (4 +B)/2, then
distinct elements of & (as defined above) represent different matrices. Hence
(45)—(47) are a complete set of postulates for binary means.

It would be interesting to find similar postulates for ternary and n-ary
means, but these are less relevant to Jordan algebras.
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