IDENTITIES IN THE THEORY OF CONFORMAL
MAPPING

BY
P. R. GARABEDIAN AND M. SCHIFFER()

Introduction. In the theory of conformal mapping numerous canonical do-
mains are considered upon which a given domain may be mapped. The func-
tions performing this map are functions of the domain considered and might
be called domain functions. Numerous relations between domain functions
of different types are known; very many of these functions may be con-
structed from a few fundamental ones, such as Green’s and Neumann'’s func-
tions of the domain and the harmonic measures of the boundary continua.
But these fundamental functions themselves are also closely interrelated and
permit numerous identities. It is of interest to organize the system of rela-
tions between the domain functions into a simple form. This is convenient
for the theory of variation of domain functions with their domain; in fact, we
obtain often in extremum problems relative to domain functions several dif-
ferent characterizations of the extremum domain, depending on the type of
variation applied in the investigation. It is, therefore, essential to be able to
reduce one type of equation to another by means of the various identities for
domain functions.

An understanding of all identities between domain functions may be ob-
tained by sustained application of Schottky’s theory of multiply-connected
domains [15](?). Schottky proved that there is a close relation between the
mapping theory of these domains and the theory of closed Riemann surfaces;
the identities among domain functions have their complete analogue in the
theory of Abelian integrals and might be proved by means of the latter.

It seems, however, that a theory will be of interest which operates only
with concepts of conformal mapping and the geometric properties of the
functions considered. The functions which prove in such a theory to be the
more basic domain functions may be expected to have importance in the
general study of conformal mapping, too. In fact, it will be seen that one of
the most fundamental functions in the theory will be a kernel function. This
type of function has been studied from various points of view recently [1, 2,
13]. The development in this paper gives further a new understanding of
variation formulas which have been applied frequently in conformal mapping;
it allows us also to carry out variational methods in extremum problems with
additional conditions, such as the invariance of conformal type.
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It is difficult to say how much of the methods for obtaining identities ap-
plied in this paper is new. Several authors considered similar domain func-
tions and investigated them by analogous methods; in particular, Grunsky
used in his papers combinations of domain functions which are closely re-
lated to those applied here [6, 7]. However, we felt for ourselves the need to
carry out a systematic study of these formal identities and to establish a
more or less unified method. The identities derived in this paper are far from
complete, but we hope that the methods for obtaining them have been worked
out clearly enough to facilitate the establishment of further identities which
might be required.

1. The fundamental domain functions. Let D be a domain in the complex
z-plane bounded by % proper continua C, (v=1, 2, - - -, #) which form to-
gether the boundary C= Y 7., C, of D. For the sake of simplicity and with-
out any loss of generality, we shall assume that D is bounded and that each
C, is a smooth closed curve. We define two univalent functions ®(z; %, v)
and ¥(z; , v) by the following requirements: (a) ®(z; %, v) maps D upon the
entire complex plane slit along concentric circular arcs around the origin so
that the point # €D corresponds to the origin and the point & D to infinity.
The residue of the simple pole at v is 1. (b) ¥(z; %, v) maps D upon the entire
complex plane slit along rectilinear segments directed towards the origin so
that the point #E&D corresponds to the origin and the point & D to infinity.
The residue of the simple pole at v is 1.

Existence and uniqueness of these two domain functions is well known.
Let us consider the logarithms of both functions of z&D. We have

—u
(1) log ®(z; u, v) = log

+ F(z; u, v),

P
32—
where F(z; u, v) is regular and single-valued in D, and because of the condi-
tion on the residue at z2=9v, we have

1" log (v — #) + F(v; u, ) = 0.

If the point z lies in the boundary continuum C,, we have by definition of
®(z; u, v)

) log ®(z; #, v) = x(u, v) + 1r.(3; u, v), u,vE D, z €C,,

where «, and 7, are both real-valued nonanalytic functions of their arguments.
In the same way, we have for ¥(z; %, v) the equations

—u
3) log ¥(z; u, v) = log

2
+ G(z; u, v),
=09

with regular and single-valued G(z; %, v) for 2& D, and
3 log (v — ) + G(v; u, v) = 0.
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For & C,, we have in this case
4 log ¥(z; u, v) = s.(z; %, v) + i\(u, v), u,v E D, z €C,.

Here s,(z; %, v) and N\, (%, v) are again real-valued functions of their argu-
ments.

Consider the class € of all functions f(z) which are analytic, regular and
single-valued in D and for which the integral

d
®  am=[f | @ lrasas, s=atin S =10

taken in the Lebesgue sense, exists and is finite(®). We may introduce a metric
into the linear space of all functions of class Q by defining the scalar product

©) (f, ) = f f PO @) dady

of two arbitrary elements f(z) and g(z) in Q. We may easily transform the
surface integral (6) into a line integral by means of Green’s theorem. We ob-
tain

1 1
) e = f SO = o f )¢ @) s

Of course, not for every pair of functions of class £ may this integration by
parts really be carried out; it is, however, permissible if f(z) and g(z) are both
continuously differentiable in D+ C. On the other hand, our second formula
for the scalar product permits the extension of the metric to functions which
are meromorphic in D and such that the representation (7) is defined.

In particular, we consider now the expressions (f, (log ®)*) and
(f, (log ¥)+). These are well defined by (7), since log ® and log ¥ are dif-
ferentiable and single-valued on C. We have

1
®) (/) Qo #(z5 . 9)) = - G)(log Bz w, ),
» ¢
which leads, because of (2) and the single-valuedness of f(z) in D, to

1
(f(2), (log @(z; u, v))*) = — _-f ['(2) log ®(z; u, v)dz
© 2iJ ¢
1
= Z_if(;f(Z)d log ®(z; u, v).

By virtue of the residue theorem this leads finally to

(®) In this paper the conjugate of a complex term 4 will be denoted by 4+.
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® (f(@), (log ®(z; w, V))*) = =[f(w) — f(9)].

Analogously, we have
1

10 (/) (og ¥(si w, ) = o= § SG)log ¥Cei w, )
7 c

and, in view of (4),

1
(f(2), (log ¥(z; u, v))*) = -Z—ifcf’(z) log ¥(z; u, v)dz

(10) .

= — By ~%va(z)d log ¥ (3; u, v)
and finally
(11) (f(2), (log ¥(z; u, 9))*) = — =[f(u) — f(v)].

From formulas (9) and (11) two interesting combinations of log ® and
log ¥ present themselves because of their simple properties:

(12) P(z; u,v) = 2“1[log ®(z; u, v) — log ¥(z; u, v)],
(13) Q(z; u, v) = 27[log ®(z; u, v) + log ¥(z; u, v) ].

The function P(z; %, v) is regular and single-valued for z&ED, since the
logarithmic poles at # and v cancel by subtraction. Because of (1’) and (3")
one has further

(12 P(v; u, v) = 271[F(v; , v) — G(v; u,v)] =0,
and from (9) and (11) we conclude
(14) (f@), (P(3; u, ©))*) = =[f(u) — f(¥)].

The identity (14) has been derived for functions f(z) €2 which are continously
differentiable in D+ C; but by the usual considerations of approximation it
may be easily extended to the whole class Q. Since P(z; #, v) belongs itself to
the class @ we may use in (14) either definition (6) or (7) for the scalar
product.

The function Q(z; %, v) has logarithmic poles at z=# and z=v and is not
even single-valued in D. Each determination of it is, however, single-valued
on C; it changes only by an integral multiple of 2w7 if the point 2 makes a
circuit around # or 9. From (9) and (11) we conclude

(15) (f(2), @Q(z; u, 9))*) = 0.

In order to extend this identity to the whole class Q, we have to replace the
line integral occurring in the definition (7) of the scalar product by an inte-
gral over the interior of the domain D. For this purpose consider the improper
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integral
d
(15)  J(, Q) = f f f'(@)(Q'(z; w, v))*dxdy, Q'(z; %, 1) =d—Q(Z;u. v).
D 2

If f(2) is continuously differentiable over D+ C we may evaluate this integral
by integration by parts. We obtain easily

1
10,09 = - f Q5 )+ w10) = S00)]

(f, @) + =[7() — f(w)].

This formula permits us to define the scalar product (f, ¢*) by means of a
surface integral which has a meaning for every function f(z) €Q. It is now
possible to extend the identity (15) to the whole class .

The most important relation between the two functions P(z; %, v) and
Q(z; u, v) results from the equations (2) and (4). We obtain from them easily
the equation

(15")

P(z; u, v) = — (Q(z; 4, 9))* + (ku(u, v))7,
k(u, v) = k(%, v) + iN\(u, 9),

if z lies on the boundary continuum C, and %, v are arbitrary points in D.
We shall make use of this relation in a systematic way and we shall derive
from it numerous identities for the functions P, Q, and other closely related
functions. It is this formula which makes the pair of domain functions P
and Q the most convenient basis for an investigation of the fundamental
domain functions connected with conformal mapping.

We make a first application of (16) in order to determine the norm of
Q(z; 4, v) in our metric (7). We find

(16)

1
(17) Q(z; , v), (Q(z; %, v))*) = By f (Q(z; u, v))*dQ(z; %, v),
7 c
and using (16) and remarking that
7 dQ(z; u, v) = 0,
(17) ¢ 9065 .9
we obtain

1
(O3 ), Qa3 1 9)) = - f PG, (PG w, )

= — (P(z; 4, v), (P(z; %, v))1).

(18)

Finally, in view of (14) and (12’), we arrive at
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(18") (Q(z; u, v), (Q(z; #, v))*) = — (P(z; u, v), (P(z; u, v))*) = — wP(u; u, v).

Since the norm of every function f(2) €Q is non-negative by virtue of defini-
tion (5), and since P is of this class, we conclude

(18") P(u;u,v) 20, (O 4, v), (Qz; % 9)*) 0.

We see that the function Q(z; %, v) with logarithmic poles at % and v has a
nonpositive norm.

Returning to the class 2 we remark that the only functions f(z) €Q with
vanishing norm are the constants. In order to build up a theory of ortho-
normal systems it is important to reduce the class 2 to a subclass in which
the vanishing of (f, f¥) implies f=0. Such a subclass can be defined in different
ways. The most obvious one is to distinguish the point ¥& D and to define as
subclass Q,C the class of those functions f(z) EQ which vanish at the
point v. Because of (12’) the function P(z; %, v) belongs to this class. Now
it is obvious that if f(z) €Q, has the norm zero it is a constant, and since it
vanishes at v it must be identically zero. From (14) we deduce further

(14') (f(2), (P(z; , 0))*) = wf(w),  f(z) € Q.

It is now always possible to determine a complete orthonormal system for
the class Q,; that is, there exists a system {f,(z)} of functions in Q, which
satisfies the conditions

1, v=y,
(19) (6, ) = b b= {7 "
and such that every function f(z) € Q, may be developed in a Fourier series
(20) @) =2 af®),  a=( ),
r=1

which converges uniformly in every closed subdomain of D.
Since P(z; u, v) is of the class Q,, we may apply to it the development
(20) and, in view of (14'), we find

() P ) = = 32 ) ()

This shows that the function P(z; #, v) is the kernel function of every com-
plete orthonormal system with respect to ©,. It is remarkable that the kernel
function is independent of the choice of the particular system and that it
coincides with a function defined in terms of canonical mapping functions.
From (21) it follows further that P(z; u, ) is anti-analytic in %. The de-
pendence of P(2; %, v) on v is much more complicated, since v enters already
into the definition of the basic system { f,(z)}. We shall see later that the
class Q may be reduced in a way which does not distinguish the point v, and
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that the kernel function of the class obtained is anti-analytic in # and v. The
importance of (21) for an effective computational construction of P(z; u, v)
needs not to be stressed. The formula is still more interesting because it is
possible to compute the second fundamental domain function Q(z; %, v) by
simple integration from the function P(z; #, v).

In fact, let us represent Q(z; %, v) in the form

— U

(22) Q(z; u, v) = log + Qu(z; , ),

4
Z2=09

where Qi(z2; %, v) is of class Q. Applying now (15) to the particular function
P(z; a, b) of class © and using the symmetry law (f, g*) =(g, f*)*, we find

(23) (1ogz —, (Pia, b))+) + (i w, 1), (P(s; @, BY)*) = 0.

Z2—9

On the other hand, application of (14) to the particular function Qi(z; u, =)
leads to

(23) (Q1(3; u, v), (P(z; g, 0))*) = 7[Qu(a; u, v) — Qu(b; %, v) ].
From (23) and (23’) we derive

1 32— U
(24) Qi(e; u, ) — Q1(b; u,v) = — :(log . » (P(3; a, b))”“)

z —
and by definition (22) finally
Q(a; u, v) — Q(b; u, v)
(25) a—u b—u 1( 22— u
log

= log — log - —
a—v b—v =«

z2—=79

» (P(z; a, b))+).

This formula determines Q(z; %, v) up to an additive constant. We shall see
later that the combination Q(a; #, v) —Q(b; %, v) is of great interest for the
general theory because of its symmetry properties. We note further that the
scalar product in (25) is to be understood in the sense of a contour integral,
since log ((z—#)/(z—v)) has singularities in D. One recognizes that the func-
tion Q(a; %, v) —Q(b; %, v) is analytic in all four variables; another proof for
this fact will be given later as application of a more general theory.

2. Some extremum problems in conformal mapping. Consider the family
& of all functions F(z) which are regular in D except for logarithmic poles at
the points z=u and z=v and which have the form

— U

(26) F(z) = log + Fi(2),

b4
22—

where Fi(2) is of class 2. We assume further that
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(26") log (v — u) + F(v) = 0,

that is, that the function exp {F(z) } has a simple pole at .=v with residue 1.
In view of (22), we may write every function F(z) € also in the form

(26") F(z) = Q(3; u, v) + Fa(2),

where Fy(z) is again of class Q, and since exp {Q(z; %, v)} has at z=v the
residue 1, we have

(26" Fy(v) = 0.
We may now consider the norms
(F, F*) = (Q(z; w, v), (Q(z; u, ))*) + (Q(z; u, v), (Fa(2))*)
+ (Fa(2), (Q(z; w, 0))*) + (Fs, Fi),

which are well defined for the family § because of (15’) and (18’). We have in
view of (15) and (18’)

(28) (F,Ft) = — 7P(u; u, v) + (Fq, Fs").

(27)

Since F:(z) is of class ©, and has, therefore, a non-negative norm, we obtain
the result:

TueoreM 1. For every function F(z) EF we have (F, Ft) = —wP(u; u, v).
Equality holds only for F(z2)=Q(z; %, v).

If F(z) is continuously differentiable in D+ C, we may write
1
(29) — 0P = =0 § EE@yre,
1 c

and this expression has an easy geometric interpretation. The function
{=F(z) maps D conformally (but not necessarily univalently) upon a domain
A, and the curves C, are transformed into new sets of boundary curves I';
(¢=1,2, - - - ); each set is obtained from a basic set I'y, I's, - - -, I's by simple
translation by an integral multiple of 2ws. The set T', (=1, - - -, %) encloses
a certain part of the {-plane and its area is — (F, F¥). The function exp { F(z) }
maps D upon a domain bounded by % curves and we may call —(F, Ft) the
logarithmic area of the continua enclosed by them. Thus, we have the result:

THEOREM la. If F(z) €F, the function exp {F(z)} maps D upon a domain
whose complement kas a logarithmic area not greater than wP(u; 4, v). Only the
mapping exp {Q(z; u, v)} yields the maximal value for the logarithmic area of
the complement.

We shall prove that the function exp {Q(z; %, v)} is univalent in D. Since
the above theorem is a fortiori true for univalent mappings, we obtain the
interesting corollary:
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THEOREM Ib. If D is mapped univalently so that z=u corresponds to the
origin, 2= lo infinity, and so that the residue of the pole at z2=v is 1, then the
logarithmic area of the complement of the image domain is not greater than
wP(u; u,v). This upper limit is attained by the univalent function exp { Q(3;4,v) }.

In order to prove the univalency of exp {Q(z; %, v)}, we return to the
definition (13) of Q(z; %, v). If 2 lies on a fixed boundary continuum C, the
abscissa of the point Q(z; %, v) is determined by log ¥(z; %, v) and the ordinate
by log ®(3; %, v) up to a fixed additive constant. By its geometric definition
log ¥ attains every value on C, twice and so does log ®. This shows easily
that Q(z; %, v) maps C, upon a curve without self-intersection which is cut by
each parallel to the real or imaginary axis exactly twice. Since the imaginary
part of log ® varies on C, by less than 2, it follows that exp {Q(z; u, v) } maps
each C, in a one-to-one manner upon a simple closed curve. It is further clear
that the mapping covers the point at infinity and the origin exactly once.
If we can prove that exp {Q(z; u, v)} has nowhere in D a vanishing deriva-
tive, it follows from elementary topological considerations that this function
is univalent in D.

For the last step in our reasoning we remark that the function

(30) log S(z; %, v) = [cos & log ®(z; u, v) + 4 sin & log ¥(z; , v) |e™i¢, « real,

is the logarithm of a univalent function in D. In fact, the right-hand side of
(30) is @ multivalued function with periods # - 2w4. The boundary continuum
C, is mapped by log S upon a rectilinear segment, which is transformed into
a logarithmic spiral slit if we consider the map by S(z; %, »). This mapping
function has been thoroughly investigated [4, 6]. We use here only the fact
that the derivative of S is not zero for any 3& D. Hence, we find

®'(3;4,v) Y(z; %, )

1) I (@i w, 0) = ®(z; u, v) V'(3; u, v)

# — ¢ tan a, 2 & D, a real.

This shows that J(z; u, v) is never imaginary for 2&D. For z=u and z=v one
has J=1. This shows that

(32) Re {J(z; u, v)} > 0, z & D.

For if there were a point & D with negative Re{J} we could connect it by
a continuous curve with z=u and there would exist a point on this curve
where Re{J } =0. But this is a contradiction to (31), which proves finally
(32).

In particular, we conclude from (32) that

d
(33) d— [a log ®(z; u, v) + b log ¥(z; u, v)] # 0, z&ED;a,b>0.
%

From our preceding considerations follows therefore easily:
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THEOREM 1I. Every function exp {a log ®(z; u, v)+b log ¥(z; u, v)} s
untvalent in D, iof a>0, b>0, and a+b=1. In particular, exp {Q(z; u, v)} s
untvalent in D.

It is now of interest to study the univalent functions of the above type
in more detail and to characterize them by extremum properties. We may
write in view of (12) and (13)

log T'(2) = alog ®(z; u, v) + b log ¥(z; u, v)
= (¢ — b)P(z; u, v) + (a + b)Q(z; u, v).
For a+b=1, we obtain in T(z) a univalent function with (log T)E§, since
exp {Q(z; 4, v)} has at z=v the residue 1 and P(v; %, v) =0. In the neighbor-
hood of z=u, we have in view of (22)
log T(2) = log (z — u) — log (# — v) + Qi(u; u, v)
+ (e — b)P(u;u,v)+O(|z— ul)

Since P(u; u, v) >0, we may by appropriate choice of ¢ and b obtain for
log T'(2) a development

(34") log T() = log (s — #) + v + O(| 5 — u|)

with an arbitrarily prescribed possible value for Re{'y}. For it is well known
[12] that the largest possible value of Re{~} is attained by log ®(z; %, v) and
the smallest by log ¥(z; %, v), corresponding to a choice of a=1 or b=1,
respectively.

Consider now the subclass §, of all functions F(z) & which have at z=u
a given value Re{'y}. They may be written in the form

(35) F(z) = log T'(z) + Fa(2),

where T'(z) is the uniquely defined combination of P and Q in the family §,
and F,(2) is of the class 2. Obviously, we have by definition

(35" Fy(v) =0,  Fy(u) = imaginary.

(34)

(34)

Let us compute now the norm of F(z). We have, in view of (34) and (35),
(F,Ft) = Q+ (e = b)P + Fs (Q+ (¢ — b)P + Fy)*)
(36) = (0, 0" + (@, ((a — B)P + Fy)*) + ((@ — b)P + F,, QF)
+ ((@ — )P + Fs, ((a — b)P + Fy)*).
Applying now (18’), (15) and (14), we obtain
(F,Ft) = — wP(u; u, v) + (¢ — b)*xP(u; u, v)
+ (@ — D)x(Fa(u) + (Fo(u))*) + (F2, Fsh).

Taking account of (35’) and of the equation ¢+b=1, we arrive finally at

(37)
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37 (F,F*) = — 47abP(u; u, v) + (Fs, F&).
Since (F,, F;t) 20 and equality holds only for F,=0, we have
(38) — (F,F*) £ 47wabP(u;u, v),

and equality holds only for F(z) =log T'(z). This leads to the theorem:

THEOREM Ila. Among all univalent functions f(z) in D vanishing at u and
having a simple pole with residue 1 at v and a prescribed value [ f'(w) I , the func-
tion exp {Q(z; %, v) +aP(z; u, v) } , for a suitable choice of o, maps D upon the
domain whose complement has the maximum logarithmic area.

These results are now closely related to an extremum problem of quite dif-
ferent type. Consider for this purpose the class & of all functions which are
regular and single-valued in D, vanish at » and have the value 1 at . A typi-
cal function of this class is

(39) fo(z) = P(3; u, v)- P(u; u, v)~.

Every other function of the class may be written in the form

(40) f(2) = fo(2) + ()

and, by definition, we have

(40 o(u) = ¢(v) = 0.

Computing now the norm of f(z), we find because of (39), (14) and (40’)
(41) (i 1) = aP(u; u, 0)7* + (¢, ¢*).

Since ¢ is regular and single-valued in D, its norm is non-negative and we
arrive at the inequality

(41) (fs f*) 2 wP(u; u, v)7,
valid for every function f(z) of our class. Equality holds only for the function
fo(2). This leads to the result:

TreoREM 1I1. All functions f(z) which are regular and single-valued in D
and satisfy f(u) =1 and f(v) =0 map this domain upon an area which is at least
wP(u; u, v)~1. The extremum map is obtained by means of the function (39).

Comparing theorems Ia and III we obtain the interesting result:

THEOREM 111a. For every domain D the product between the maximal logarith-
mic area of the complement and the minimal area under mappings of the family
& is exactly w2

There is even a simple geometric relationship between the extremum do-
mains for the two different mapping problems. In fact, we find in view of (16)
that the boundary curves of our second extremum problem are similar to the




[y

198 P. R. GARABEDIAN AND M. SCHIFFER [March

reflected logarithmic images of the boundary curves occurring in our initial
extremum problem. They are, therefore, simple nonintersecting closed curves,
which shows that the extremum problem with respect to the class & leads
to a domain which is at most # times covered and that P(z; %, v) is at most
n-valent. We state, therefore, the following theorem.

THEOREM 1V. The function Q(z; u, v) is the logarithm of a univalent function
and has logarithmic poles at u and v; the function P(z; u, v) is regular and at
most n-valued, if n is the connectivity of the domain.

It will be of interest to us to have also the following result. Let f;;(z) be
a map of D on an annullus cut along concentric circular slits such that C;
and Cj, 7], go respectively into the inner and outer boundaries of the
annullus, and let g;;(z) be a map of D on an annullus cut along radial slits
such that C; and C;, 5], go respectively into the inner and outer boundaries.
Let §;; be the general class of schlicht maps %;;(z) of D upon domains in an-
nulli such that C; and Cj are carried into the concentric circles bounding the
annullus, and let 4; denote the logarithmic area of the continua inside the
images of the Ci, ¢#k>%j. Then for prescribed modulus p of the annullus,
where p lies between the moduli corresponding to f;; and g;j, A is maximized
by the schlicht map &= (fi;g:;) 2(gii/f:5)M?, for suitable A, —1SN=<1. If we
pose the same problem without restriction on p the extremal function is
(fi;gi;)V? and N=0. This extremal problem plays for the harmonic measures
the role which those we have considered in detail play for Green’s and Neu-
mann’s functions, for, as we shall see later, log f; is a linear combination of
harmonic measures. We skip the proof of the result, since it is so much like
those already given.

Finally, we remark that by means of P(z; u, v) and Q(z; «, v) it is possible
to obtain interesting mapping functions in the following way: We have, in
view of (16), on every boundary continuum C,

(42) P(z;u, )2 = — (Q'(z; u, v)2)7F, g’ = dz/ds.
This shows that the quotient
(43) E(z; ,v) = P'(z; u, v)/Q'(z; 4, v)

has on C always the modulus 1. Since Q'(z; «, v) #0 for zED, E(z; u, v) maps
D upon the unit circle, of course covered several times. It is easy to determine
the number of coverings. In fact, from (42) we derive that

(44) P'(z; u, v)Q'(2; u, v)'? < 0, zEC.

By the argument principle we conclude, therefore, that the difference between
the number of zeros and the number of poles of the left-hand product is 2n —4.
Now, Q'0 in D, but has two poles at z=#% and z=v; hence P’(3; u, v) has
2n—2 zeros and the function E(z; %, v) maps D upon the unit circle covered
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2n times. The close relations between functions which have the modulus 1 on
C and the domain functions P(z; %, v) and Q(z; %, v) will be discussed later.

3. The method of contour integration. In this section systematic use will
be made of the equation (16), which connects the functions P(z; %, v) and
Q(z; u, v) at the boundary C of D. It will be seen that this relation leads by
means of the residue theorem to a number of important identities. The idea
of procedure will become clear from our first application, which will, there-
fore, be carried out in more detail than the following ones.

We have by Cauchy’s integral theorem

1
(45) — P(z; u, v)P'(z; a, b)dz = 0, u,v,a, bE D,
211 c

since P(z; u, v) and P(z; a, b) are regular in D. By means of (16) we may now
replace in this contour integral P by Q; taking into consideration that
Q(z; a, b) does not change if z describes a continuum C,, that is,

(46) f Q'(z; a, b)dz = 0,
CV
we obtain from (45), (16) and (46)
(47) z—jr—ich(z; u, v)Q'(z; a, b)dz = 0.

The function Q(z; %, v) is not single-valued in D, but is so in the domain D,
obtained from D by performing a cut along a smooth curve v from % to v.
Applying now the residue theorem to D, and using equation (47), we find

(48) @mm@—@hmw+idwhﬂ@mw&=m
2wt W

which leads to the symmetry rule
(49) Q(a; u,v) — Q(b;%,v) = Q(u;a,8) — Q(v; 4, ).

This rule may be compared to the rule of interchange of parameter and argu-
ment in the theory of integrals on Riemann surfaces. It shows that Q(«; a, )
—Q(v; a, b) is analytic in all four variables, a result which we obtained in a
different way at the end of §1.

For the next application we start with the identity

(50) i; f PG w905 0, )iz = Ploi 1) — P, 9),

which is an immediate consequence of the residue theorem and the analytic
character of P and Q in D. By means of (16) we obtain
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P(a; u,v) — P(b; u,v) = ——l—f (O(z; u, v)P'(3; a, b)dz)*
27i P

- (Elr_ifcf’ (z; ¢, Q' (3; %, v)dz)+;

a new application of the residue theorem leads to the symmetry law
(52) P(a; u, v) — P(b; u, v) = (P(%; a, b))* — (P(v; a, b))*.

This result shows that P(«; a, b)) — P(v; a, b) is analytic in % and 9, but anti-
analytic in a and b.

It is now clear how important pairs of functions are which have on C
conjugate boundary values. It is possible to define another pair of functions
with this property and to obtain relations between them and the functions
P and Q. We start with two functions 4(z; #) and B(z; %) which are both
univalent in D and are there regular except for a simple pole at z=% with
residue 1. A(z; #) maps D upon the complex plane slit along rectilinear seg-
ments parallel to the real axis, while B(z; %) maps D upon the complex
plane slit along rectilinear segments parallel to the imaginary axis. In both
cases, the point # corresponds to infinity. Our requirements determine the
functions A4 (z; ) and B(z; %) up to an additive constant [5].

One has by definition

(53) A(z; u) = v,(3) + i, 2 E C,,

where v, and «, are real and depend on #%, but &, does not depend on z. In the
same way

(54) B(z; ) = B, + 18,(2), zE€ G,

with real 8, and §,(2) and (3, independent of z.
In view of preceding considerations it is suggestive to define now the pair
of functions

(S1)

(55) M(z; u) = [A(z; ) — B(z; u)]/2
and
(56) N(z; u) = [A(z; w) + B(z; w)]/2.

Obviously, M(z; u) is regular everywhere in D while N(z; %) has at z=u a
simple pole with residue 1. Because of (53) and (54) one has for 2&C,

(57) M@z u) = (NG w)*t + ((w)*,
where J,(u) = —ia,—pB, is a constant depending on » and (not analytically)
on u.

The functions M (z; #) and N(z; #) play an important role in the theory of
conformal mapping. One shows by the methods of §2 that N(z; %) is univalent
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in D and that even every combination
(58) F(z; u) = N(z; w) + A\M(3; u), 0=MNZ1,

is univalent in D. By means of these functions the following extremum prob-
lems can be solved:

I. Consider the family of all functions which are regular and single-valued
in D and have at # €D the derivative 1. Determine that function of the family
which maps D upon a domain of smallest area.

The solution of this problem is given by the function M(z; u) M'(u; u)™*
(where M'(z; u) =dM(z; u)/dz). The minimum area is 7 M'(u; u)~t. M(z; u)
is at most n-valent in D, as can be shown by reasoning similar to that in §2.

II. Consider the family of all functions which are univalent and single-
valued in D and have at the point #E&D a simple pole with residue 1. Each
such function maps D upon a domain A; we seek a function of this class which
yields a maximum area for the complement C(A) of A in the complex plane.

The solution of this problem is given by the function N(z; u) [11, 14].
The maximum area is #M’(u; u). We have again the remarkable fact that
the minimum area of problem I and the maximum area of problem II have
for every domain D the product 72 [13].

II1. Consider the family of all functions which are univalent and single-
valued in D and have at the point #& D a development

(59) f@=@—w'thk+thEz—u+- -,

with fixed Re {£:}. Each such function maps D upon a domain A; we seek a
function of this class which yields a maximum area for the complement C(A)
of A (cf. [3]).

The solution is given by that function (58) which has the right value
of Re {kl} . The great analogy between the pairs M, N and P, Q is evident. We
shall now show that they are in fact closely related, and this can again be
done by our integration method.

Starting with the identity

1
(60) ——f M(z; a)P'(3; u, v)dz = 0, a, u,v €D,
2wt c
and applying the relations (16) and (57), we obtain easily
1
(60%) — f N(z; )Q'(z; u, v)dz = O.
271 lod

By virtue of the residue theorem we arrive finally at
(61) Q'(a; u, v) = N(v; @) — N(u; a),

connecting the function N(z; #) with the derivative of the function Q(z; %, v).
We recognize, in particular, the fact that Q’(z; %, v) is analytic in all three
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arguments. This might also have been expected from (49) for the limit case

a—b.
Let us consider next the following instance of the residue theorem:

1
(62) ——f N(z; a)P'(z; u, v)dz = P'(a; u, v), a, u,vE D.
27t C
From (16) and (57) we conclude
1
(62" — f M(z; a)Q'(z; u, v)dz = (P'(a; u, v))*,
271 c

and applying again the residue theorem, we obtain
(63) (P'(a; u, ))* = M(u; a) — M(v; a).

This shows that P’(z; %, v) is analytic in z and anti-analytic in % and ».
Let us combine further M and N in the following equation:

. M'(z;4) = diM(z; u),
(64) 2——f M(z; u)N’.(z; v)dz = — M'(v; u), dz
i c N'(z; ) = d_z N(z; u).

This leads by virtue of (57) to
1
(64 — f N(z: )M (3; 0)ds = (M (v; w))*,
27t ¢

and, by means of the residue theorem, to the symmetry law
(65) M'(u; ) = (M'(v; w)*.

From the equation
1
(66) — f M(z; wM'(z; v)dz = 0, u,v E D,
2w c
we derive in the same way
1
(66") , ——f N(z; w)N'(z; v)dz = 0,
21 c

which leads again by the residue theorem to the analogous symmetry formula
for N,

(67) N'(v; 4) = N'(u, v).

From (65) and (67) we infer that M'(u; v) is analytic in % and anti-analytic
in 9, while N’(%; v) is symmetric and analytic in both arguments.
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One recognizes again the great similarity between the above relations and
the corresponding formulas in the theory of Abelian integrals. The functions
P and Q correspond to the fundamental integrals of the third kind and M
and N to the integrals of the second kind. The functions P and M, however,
have no singularities at all in D. This is closely related to the result of
Schottky [15] that a domain D of connectivity # corresponds to a half of a
symmetric Riemann surface of genus #—1. P and M correspond, therefore,
to fundamental integrals having their singularity in the missing half of the
Riemann surface. Our method of integration along the boundary C of D is
closely related to a procedure of Riemann for obtaining relations between
Abelian integrals; it has been called the method of contour integration. The
central role of the formulas (16) and (57) in this type of reasoning is obvious.

Pursuing the analogy between domain functions of a domain D and
Abelian integrals on a Riemann surface, we introduce now functions which
correspond to Abelian integrals of the first kind. For this purpose we define
the harmonic measures of each boundary continuum C, at the point z with
respect to the domain D. These functions w,(z), which play an important role
in the general theory of functions, are defined as follows:

w,(2) is harmonic for z&D and has on C, the boundary values §,,. One
has obviously the relation

n

(68) > w(z) =1,

p=1

since the left-hand side represents a function harmonic in D with boundary
values 1 on C.
We may complete w,(2) to an analytic function w,(z) such that

(69) w(z) = Re {w,(3)}.

w,(2) is defined up to an additive imaginary constant; it is, in general, not
single-valued in D, though it has a single-valued real part. If z describes a cir-
cuit around the contour C,, w,(z) increases by the period

e
(70) f w! (2)dz = — i f P2 4s = — 2wiP,,
S Cy Cy on

where /0% denotes differentiation in the direction of the interior normal at
z&C.

Since the real part of w,(2) is constant on each boundary continuum C, of
C, we have

(71) w, (2)dz = imaginary for z varying on C.

This property will now be used in contour integration in the same way as (16)
and (57).
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Consider the integral

1
(72) — P(z; u, v)w, (z)dz = 0, u,v & D.
2w c

We may, in fact, apply Cauchy’s theorem, since w, (z) is single-valued and
regular in D. Applying now (16) and (71), we obtain

(73) ZMMf‘Q@mw b, 0) 1! (5)ds = .

The term k,(u, v) in (16) cannot be neglected now, since w, (2) is not the de-
rivative of a single-valued function. Using (70), we may put (73) into the form

(74) Z_:r; fCQ(z; u, v)w,/ (2)dz = — i ku(4, v) Py,

p=1

The left-hand integral may be evaluated as before by applying Cauchy’s
theorem to a domain D, obtained from D by making a cut from # to v along
a smooth curve v. Q(z; %, v) is single-valued in D, and has at the two borders
of the cut a saltus of amount 2m¢. Hence, we find

(75) wy(u) — 'w,(‘v) = E k“(u' v)PW» y = 1’ 2' <o, m,
p=1

which shows an important relation between the constants &, appearing in (16)
and the harmonic measures.
In the same fashion, we derive from

(76) —z:lr;fcM(z; u)w, (z)dz = 0, u & D,
and from (57), (71)

) P 2 f [N(z; u) + L(u)]w! (z)dz = 0.
This leads because of (70) to
(78) w (W) = 3 1,() P,

=1

a relation connecting the constants /, occurring in (57) with the derivatives
of the harmonic measures.

Let us point out finally one interesting property of the harmonic measures
with respect to the scalar product (f, gt) defined in §1. Consider, for this
purpose, the scalar product
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7 L w,) = ’(2) ()
(79) f, w’) f fo () (w! (2))*daudy

between w,(z) and an arbitrary function f(z) of the class Q. Integrating by
parts, we obtain

. 1 1
(80) ) = - - f Sl G = - f @)l (@)

in view of (71). But the last integral vanishes because of Cauchy’s theorem.
Thus, we see that

(81) (f, 'w:L) =0 for every f(z) € Q,

that is, the functions w,(2) are orthogonal to all functions f(z) EQ.
In order to compute the expressions

(82) (wo w) = [ [ wlle)(wl@ydnay
D
we have to perform a slightly different method of partial integration. We find
1 1
6 () =~ § @D = 6= =2
1 c 1 c,

This shows that the terms (w,, w;") are real and form, therefore, a symmetric
matrix. The P,, form a symmetric matrix belonging to a semi-definite quad-
ratic form. In fact, consider the analytic function

(84) w(z) = }":lz.wy(z)

with real, but otherwise arbitrary, coefficients £,. Its real part is single-valued
in D and has on C, the boundary values &,. Since, in view of (83),

(85) @ w) = [ [ |we sty = = 20 3 56w
D Byl
and this is a non-negative expression, our assertion is proved. The quadratic
form may vanish only if ['w’ (z)I =0, that is, if w(z) is constant. But this is pos-
sible only if all {, are equal. In this case, w(z) is really a constant because of
(68).
Another way of understanding the fact that

(86) > P, =0

nov=1

is the consideration of the periods of
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n

(87) > w,(2) = const.

ya=1

for circuits around the boundary continuum C,. One finds in view of (70)
(87,) ZP;:V:Oy ,u=1,2,--',n,
y=1

which leads immediately to (86).

It should be remarked that a system of equations of the form (75) or (78)
determines the unknowns &, or /, only up to a common additive constant.
In fact, if kb, (u=1, 2, -+, n) is a solution of equations (75), then £k,
+k(u=1, - - -, n)is, for arbitrary k, another solution in view of (87’). On the
other hand, it follows from the semi-definite character of the matrix (P,,)
that this is the most general solution of the system of equations (75).

Let us investigate briefly the geometric meaning of the relation (75). It is
evident from the definition of the P,, that when » makes a circuit about the
uth boundary contour C, of D, k,(u, v) has a period

. 2w dk,(u, v)
(70" — 2716, + — =f ——du.
c

n du
n

Hence the function
(75") Ku(u, v) = ku(u, v) — ky(u, v)

has about C;, us%¢7», no period, and about C, and C, the periods 27z and
— 2w respectively. Hence we see in the usual fashion that exp {k,,(u, )
—ky(u, v)} is a map f.,(%) of D upon an annullus cut along concentric cir-
cular slits, such as we introduced in §2. Since the mapping function f..(u) is
determined up to a constant factor, we conclude further that K,,(«, v) has
the form

(75") Ku(u, v) = K,f:)(u) - K,f:)(v) -+ const.,
a result which is also obvious from (75).

4. On Green’s and Neumann’s functions. We introduce now the two do-
main functions which play a central role in the theory of logarithmic potential
of plane domains.

(a) Green's function g(z; {) is harmonic for 2&D except for the point
{ED, where g(z; §)+log ]z—{| is harmonic. If z converges to the boundary
C of D, Green’s function tends to zero.

Green's function plays a decisive role in the first boundary value problem
for harmonic functions. It is well known that under our assumption on D
Green's function is still continuously differentiable on the boundary C of D.
It satisfies the symmetry law
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(88) g(z; ¢) = g(§; 2)

and is, therefore, also harmonic in ¢ except for {=2z.

(b) Neumann’s function v(z; ) is harmonic for & D except for the point
$ED, where v(z; ¢) +log ]z—g‘ | is harmonic. v(z; {) is continuously differenti-
able in D4 C and on C one has

Ov(z;6) _ 2m

= -

n L

(89)

where L is the total length of the boundary curves C. Finally one normalizes
Neumann’s function by the requirement

(90) fc'y(z; $)ds = 0.

Neumann'’s function serves for solving the second boundary value problem
for harmonic functions. Again one has a symmetry law

(91) v(z; §) = v($; 2).

It is useful to complete the harmonic functions g(z; {) and v(z; {) to
analytic functions of z. For this purpose, we introduce two functions p(z; {)
and 7 (z; {) analytic in z and such that

(92) g9 =Re {p@E O}, (@) =Re {xz )}

These requirements fix p and m only up to an additive imaginary constant
which may still depend on {. Both functions have obviously a logarithmic
pole at z={; they are not single-valued in D. Besides the period 27 caused by
the logarithmic pole they have periods with respect to circuits of z around the
boundary continua C,. In fact, in view of the Cauchy-Riemann equations we
have

3 Se(a;
(93) fc ap(z: §) = ifc o Im {pG 0)lds = - ifc gf;n ds.

14 14

Now, obviously

1 ag(z; §)
(94) ) = f s

]

is that harmonic function of { which has on the boundary continuum C, the
value §,, and is the harmonic measure of C, with respect to D at the point {,
as defined in the last section. Hence, we may put (93) into the form

(95) f'@wo=—hmm
C.

v
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The periods of w(z; {) follow from the expression

F) dy(a:
©0) fc dn(e; §) = ifc 25 {7(z; )}ds = — ifc 7;: D 4.

14 14 14

In view of (89) this yields
L,
97) f dn(z;¢) = — 27t —>
c, L

where L, is the length of the boundary continuum C,. It is important to note
that the periods of 7(z; {) do not depend on { and that the function

(98) q(z; v, ¢) = 7(z;9) — w(z;¢)

is, therefore, free from periods around the C,.

It is easily seen from (89) that the real part of ¢(z; v, {) has on C the nor-
mal derivative zero and its imaginary part is constant along each C,. Hence,
one concludes by the usual reasoning that exp {q(z; v, {)} is a single-valued
function which maps D univalently upon the entire plane slit along rectilinear
segments pointing towards the origin. The points { and v correspond to the
origin and infinity respectively. Hence, this function is related to ¥(z; ¢, v),
defined in §1, by an equation

(99) log ¥(z; ¢, v) = m(3; v) — m(z; ) + const.

The additive constant in (99) may be easily determined from the normaliza-
tion of ¥(z; ¢, v) to have the residue 1 at its simple pole .

For our further developments it is important to notice that dp(z; ¢)/dz
=p'(z; {) and dr(z; ) /dz=n'(2; {) are single-valued in D and have a simple
pole with residue —1 at {. On the boundary C we have evidently

(100 '(3; {)dz = imaginary, z varying on C,
p

since the real part of p(z; ¢) is zero there. On the other hand, we obtain from
the Cauchy-Riemann equations

om(z; dIv(z; v(z;
x'(z; §)dz = 7z ) ds = [ 18 ; (s Z'):Ids
ds ds on
(101) .
[67(z; 9] zm]
= — —|ds
as L
This leads to the remarkable relation
4x1
(101°) (n'(3; $)da)* = w'(z; §)dz + ——ds.

After these preparations we apply the method of contour integration to
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p(z; §) and 7(z; §). We start with the identity
1
(102) —f P(z; u,9)p'(z; $)dz = — P({; u, v), u,0,§ € D.
271 o]
We transform the left-hand integral by means of (16) and (100); we obtain

1 n
102y  — X [0Gz; %, 1) — Eu(w, )]p'(z; O)dz = (P(S; u, 1))*

271 p=1 Ca

Because of the period-formula (95), we find

1 n
102) = Qim )P D + 3 bl D) = (PG 0"
21n C p=1
Now, we evaluate the left-hand integral by applying Cauchy’s theorem to the
domain D, which is obtained by slitting D along a smooth curve v from u to v.
We find easily

(103)  p(0; 8) — p(; ©) = Q(E; 1, 9) + (P(S5 4, 0))* — 3 Bu(at, 0)esa(©).

This formula expresses p(v; {) in terms of the functions P and Q; it is clear
that by our definition only a formula for p(v; {) —p(%; {) and not for p(v; {)
alone was to be expected. For our definition left an arbitrary imaginary con-
stant free which might depend on {. Hence, only a difference between p(v; {)
and its value at a fixed point € D is uniquely defined; this shows that (103)
yields the maximum information which is to expected for p(v; ¢).
We apply now the same considerations to the function 7 (z; {). From
1

(104) — P(z; u, v)7'(z; $)dz = — P({; 4, v), u, v, §{ €D,
2wi c

we obtain by means of (16) and (101')

PP f (065 .) = kG )] #/6i 07 + ]
dz

(104')
= — (P, u0), &=—
ds

Hence, applying the period formula (97) we find after a simple transformation

21rtf 0(z; u, V)’ (z; )dz — Z ku(u, v) —i—ch(z; u, v)ds
= (P(§5 u, ) .

Using again Cauchy’s formula with respect to D,, we arrive finally at the

p=1

(104"")
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equation

w(v; §) — w(u; ) = Qs u, v) — (P(¢ u, v))*

(105) + 22 ku(w, 9) L 2 f Q(z; u, v)ds,

e L LJ ¢
which expresses 7(v; {) in terms of the functions Q and P.

At this stage it becomes evident that we may obtain much simpler for-
mulas by an appropriate change of normalization of the functions P(z; %, v) and
Q(z; u, v). These functions were defined as the difference and the sum of the
logarithms of two canonical mapping functions. The geometrical properties
of these two mappings, namely mapping upon a circular or radial slit domain,
determine the two functions only up to a constant factor. We determined this
factor by the requirement that the residue at the pole z=v be one. This
normalization was quite natural in connection with the extremum problems of
§2, which made a distinction between # and v. In our formal transformations
of §§3 and 4, however, we made use only of the equations (16), and not of the
requirements at the point z2=v. From the normalization (90), which fixed an
arbitrary additive constant without distinction of special points, and, in par-
ticular, from (105), we recognize that a new type of normalization is prefer-
able and will lead to much simpler expressions for Neumann’s function. In
fact, we shall add to P(z; u, v) and Q(z; %, v) constant terms with respect to
z which depend, however, on % and » such that

(106) f P(z; u, v)ds, = Q(z; u, v)ds, = 0 for every u, v € D.
c c

We denote the renormalized functions again by P(z; u, v) and Q(2; %, v) in
order to avoid an excessive number of letters; from now on P and Q will
denote only the fundamental domain functions with the new normalization
(106).

It is clear that the new functions P and Q satisfy again equations (16),
but with new constants &,(«, v). Because of (106) we derive from (16) for the
k,(u, v) the relation

(107) > L.k (u, v) =0, u, v € D.
v=1

Returning to (105), which was proved from (16) and remains valid for the
new functions P and Q, we find by virtue of (106) and (107)

(108) m(v; §) — m(u; &) = Q¢ u, v) — (P(¢; u, D)™

By means of (107) we are further able to invert the system of equations
(75) for the k,(u, v) and to express these terms by means of w,(%#) —w,(v). In
fact, taking the first (#—1) equations (75) and eliminating k,(%, v) from
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them by means of (107) we find all other k.(%, v) as linear combinations of
w,(#) —w,(v). This shows that every k.(#, v) is a multiple-valued analytic
function of % and v.

Finally, let us solve the equations (103) and (108) with respect to Q(¢; %, v)
and (P(¢; u, v))t; we obtain

1
0 u,0) = — ({20 8) — p(u; )} + {7(v; ) — 7(u; O} ]
(109)

1 n
+ 3‘ Z ku(u, v)wu($),

p=1

1
(PG5 0" = — [{p; ) — p(u;8)} — {m(v;8) — w(u; £)}]

(110) i =
+ '? Z k#(“f ‘v)""n(f)-

p=1

These equations show that Q({; %, v) is analytic in {, % and v and satisfies the
symmetry law

(111) Qs u, v) = — Q85 v, ).
P(¢; u, 9) is analytic in { and anti-analytic in %, v and has the symmetry rule
(112) P@;u,0) = — P50, 0).

The analytic behavior of P(z; #, v) in dependance on its arguments might
also be understood from the following considerations: We had in §1 to restrict
the class @ in order to exclude from this class all nonvanishing constants.
We did this by distinguishing a point ¥& D and requiring the vanishing of all
functions of our subclass @, at v. Our new normalization for P and Q leads
naturally to a new subclass of Q. Let € be the class of all functions f(z) S
which satisfy the condition

(113) f J@ds =0

We have, however, to give a meaning to the integral (113) for functions which
are not defined on C. This is possible by the remark that for every function
f(2) which is continuously differentiable in D+ C we have in view of (101’)

1
(o) = = f 6tz o)

(114) . )
T
- E; fcf(Z)‘l' (2;)dz — -Efcf(z)ds,

whence by virtue of the residue theorem
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L L
(114) § 10 = = 4@, (el ) + 1),
c 27 2
The right-hand side of (114’) is defined for every function f(z) €%, since it
may be expressed by an improper integral extended over D. This permits an
interpretation of the condition (113) for every function f(z) € and a unique
definition for the class Q. It is obvious that the only constant in this class is
f(2) =0. We introduce now the metric (6) or (7) into this class and remark that
(f, f+) =0 implies, in @, f(z)=0.
The function P(z; u, v) belongs to & because of its normalization (106).
It satisfies still the relation (14) for every f(z) € Q. We introduce now a com-
plete orthonormal system { f,(z)} for the class @, which is possible because
of our exclusion of constants; developing P(z; u, v) into a Fourier series with
respect to this system, we obtain because of (14)

(115) P(z; u,0) = 7 25 (@ [(H)* — (fo)*].

y=1
This series converges uniformly in each closed subdomain of D; it shows that
P is analytic in 2 and anti-analytic in % and v. The symmetry law (112) is also
evident from (115).

Finally, we derive from (103) and (108) two remarkable identities. Dif-
ferentiating (103) and (108) with respect to v and { and comparing the results,
we find

9%p r 1

(116) > 2 b, 9w ©)
dwor | ovar | 2 o gy )

while the same reasoning after differentiation with respect to v and {* yields

a?%p o’ 1 2 9
11 L o N ()
(117) ot = e 5 5 e 9 0)

These two relations between the second derivatives of Green’s and Neu-
mann’s functions play a role in the theory of the kernel function of an ortho-
normal system [2].

It is perhaps worth remarking at this point that many of our identities
obtained by contour integration and the boundary relation (16) can be de-
rived directly by inspection of the geometric character of the mappings in-
volved. The relations (116) and (117) offer a good opportunity of demon-
strating this fact. Indeed, let { =0 +47. The functions

(99) alv; §) = p@; 0) + E kult, D),
(99”) B(v; &) = w(v; %)
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have fixed periods about each C, which are independent of v, {. Hence, the de-
rivatives with respect to ¢ and 7 will have no periods. Furthermore, since
Re {a(v, $) } and Im {6(0, $) } have at the worst variations along the C, which
are independent of {, the derivatives will have for a constant real part and for
8 constant imaginary part on each C,. Thus the partial derivatives da/do and
—198/d7 map D on domains bounded by vertical slits, and —4da/d7 and
9dB/d¢ map D on domains bounded by horizontal slits. We see, then, by the
cancelation of the poles, that

Ie] i a a

(116') 2 S w0 2 4 i T = const,,
I I A — do or
d kid e I¢]

(117 2 oS b, ) 2~ i 9T~ const.
ar el or do

But these relations imply (116), (117), upon differentiation with respect to v.
This method often gives insight and shorter proofs, but because of its un-
systematic nature we do not investigate it further, with one exception at the
end of §6.

Now, we have to consider an appropriate normalization for the functions
M(z; w) and N(z; u), which were defined in §3 up to an additive constant.
We require again the normalization

(106") f M(z; w)ds, =f N(z; w)ds, = 0, for every u € D,
c c
which implies in view of (57)
(107" > Li(u) =0, u E D.
r=1

The first advantage of this normalization is the fact that the /,(x)’s, which
were until now defined by (78) only up to an additive constant, are defined
in a unique way and become linear combinations of the w, (), that is, analytic
functions of #. Next, we may apply to M(z; u), N(z; ), p(z; {) and 7(z; {)
the method of contour integration and perform the same transformations as
we did before with P(z; , v) and Q(z; #, v). We obtain finally

(103) P 8) = N 2) — (U@ D)+ 3 b@an()
(108") (5 8) = NGt 2) + (M55 2)*

Solving these equations with respect to N({; z) and (M(¢; 2))*, we obtain

1 1 2
(109" N(t;2) = > [7(z;0) + p'(z; 0] — > 2 L(@)w(?),
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A 1 7 ’ 1 =
(110%) (M55 )t = Y [*'( ) — p'(z 0] + 5 2 b(@w,($),
y=1
which shows that because of our normalization N(¢; 2) is analytic in both
arguments and M ({; 2) is analytic in { and anti-analytic in z.
In summary, we have

(61) Q'(e; %, v) = N(v; a) — N(u; a),

(63) (P'(a; u, )t = M(u; a) — M(v; 0),

(65) M'(u;v) = (M'(v; w))t,

(67) N'(u;v) = N'(v; u),

75 w) — w6) = 3 ks 9)Pa, y=1,2,-+,n,
(78) w, (u) = zn: L(u)P,,, v=1,2,--+,m,

(103) p(0; §) — p(: ©) = Qs 0, 9) + (P& 1y D) — 3 k(s D)),
(108) x(0; §) — (s §) = Q(F: w,9) — (P53 , D))",

1
03w v) = — ({20 8) — p(w; )} + {=(0;0) — w(u; O)}]

(109) L .
+ _2' Z; ku(“: ”)wu(g-)v
1
(P@; w ) = — [{p@; ) — plu; ©)} — {m(v; §) — w(u; §)}]
(110) L
+ — 2 ku(y, D)w.($),
2 =
1 1 2
(109') NGs2) = [7(z: 8) + /(2 9)] — > Z; L(2)wu(?),

1 12
(110") (M(g; )t = 5 (v 6) — p'(z: O] + 0 2 L@)wu),

(115) PGz 0) = 7 5 5@ B — (@)

5. Schottky functions and related classes. Schottky [15] was the first to
consider the family R of all functions f(z) which are single-valued and mero-
morphic in D and have real boundary values on C. He developed an interest-
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ing theory of conformal mapping of multiply-connected domains from the
properties of this family and established by means of it the relation of this
theory with the theory of closed Riemann surfaces. It is evident that func-
tions f(z) ER are very useful in the method of contour integration.

In fact, let f(2) be an arbitrary function of this family. We assume, for the
sake of simplicity, that f(2) has only simple poles. Let z, (w=1, - - -, N) be
the coordinates of the poles and 7, =1, 2, - - -, N) the corresponding resi-
dues. Consider now the integral

(118) f P(z; u, v)f (z)dz = — Z r.P'(3,; 4, v).
Using (16) and the fact that f’(z)dz is real on C, we obtain

’SZI (P (20; u, 'l)))+ = - ér—ich(Z; U, v)f'(z)dz

(119)

=2 f (2)Q'(z; u, v)da.

By means of the residue theorem we deduce from (119)
N

(120) 2 (P (20 w, 0))T = 2010 (5 u, v) + f(4) — f(v).

r=1

Applying finally the formulas (61) and (63) we arrive at

N
f@) — fw) = 2 [nN(v; 2) + rFM(v; 3,)]
(121) ”=‘N
— 2 [nN(u; 2) + M (u; 2,)].

r=1
This proves the following theorem:

THEOREM V. Every function f(2) ©R may be developed in the form
N
(122) fG®) = A+ 3 [nNG;2) + rfM(z; 2,) ).
r=1

We have now to establish the additional conditions in order that anfex-
pression (122) be in fact a Schottky function. Obviously, the right-hand side
represents a single-valued meromorphic function of 2E D with simple poles:at
the z,. If 2 lies on the boundary continuum C, we have by virtue of (57)

(123)  f@) = A+ 3 [N 5) + WG )] + 3 )™
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If we require now that f(2) be real on each C,, we obtain the conditions

N

(124) Im {A + > r;"(l,,(z,))"‘} =0, p=1,2-++,m.
ym=1

Multiplying the pth equation (124) with P,, and summing over p from 1 to 7,

we obtain in view of (78) and (87')

N
(125) Im { > rw! (z,)} =0, w=1,2,--+,mn
' y=1
One recognizes easily that every function (122) for which (125) is fulfilled is
of the family R under proper choice of the constant 4. The similarity of the
conditions (125) and an analogous result of Abel for single-valued functions
on closed Riemann surfaces is evident.

Another family of functions which is closely connected with 8 may be
defined as follows. € is the family of all functions E(z) which are regular in D
and which satisfy on the boundary C of D the condition

(126) | EG) |* = EG@)(E@E)* = 1.
It is obvious that for every E(z) €€ the expression E(z) + E(z)~!is an element
of R.

We obtain now for every function E(z) €€ a simple representation in

terms of the functions M(z; #) and N(z; «) defined in §3. We assume, for the
sake of simplicity, that E(2) has only simple zero-points in D and that at each

such point #, w=1, 2, - - -, N) one has
(127) lim (z — n,)E(z) = .}, v=12---,N.
2,

Because of (122), we have in view of (127)
(29)  BQ+EE™ = A+ 2 [N ) + MG )
with the additional condition, derived from (125),
(128") Im { f}r,w,{ (n,)} =0, p=12+--,nm

Since further the function ¢[E(z) — E(z)~!] is again of class 9%, we derive from
(122), (127) and (125) the formulas

(129) E(z) — E(z)'= B — i [7.N(z; n,) — r#M(z; n)],

y=1

N
(130) Re { St )} =0, h=12
v=1
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Combining (128) and (129), we find the following result:

TuEOREM VI. Let E(2) be a function of the class € with simple zeros at the
points n, and let r, be the residues of E(2)~! at the corresponding poles. Then we
have the representations:

(131) E(z) = A: + iv: M (z; n),
pa=l
(132) E(@=A4.+ i nN(z; n,),

and the zeros and residues are connected by the equations
N

(133) > raw!l(n) =0, p=1,2--,n
=1

These results might also have been proved directly without using the
class & by applying the method of contour integration and using the fact that
because of (126) one has, on C, (E(z))*=E(z).

Since the function E(z) vanishes at all points #,, we derive from (131) the
(N —1) equations

N N
(134) Z M (n.; n,) = Z rFM(n1; n,), u=23---,N.
y=1 r=1
We want now to verify that if V points #, and N numbers 7, can be found
such that the N4#» —2 equations (133) and (134) are satisfied then it is pos-
sible to determine constants 4; and 4, such that the function (131) is propor-
tional to a function of class € and that (132) is proportional to its inverse.
In fact, construct formally two functions E(z) and Ei(z) which equal the
right-hand sides of (131) and (132). In view of (134), we may choose 4; in
such a way that E(z) vanishes at all points #,. Hence, the product E(z) - E1(2)
is regular in D, since the simple poles of E;(2) cancel against the zeros of E(z).
For z&C, we have by virtue of (57)

N N
E(s)Ea(s) = [Al + )+ X VG n.))+]

(135)°

A'V
.I:AQ + > 7.N(z; n,)].
r=1
Now, we deduce from the character of the matrix (P,,) and (133) and (78)

(135" i rH(lo(n))t = ﬁ: it (h(n))*, p=2,3-,n.

If we choose now
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N

(135" As = A + D rh(n)
. . v=1
we have non-negative boundary values for E(2)Ei(z) on C. But since the only
regular functions f(z) &R are real constants, we find E(z) - E1(2) =k, where &
is a positive constant. This proves our assertion; we may always multiply the
r,’s by a common factor so that E(z) becomes of class &.

If we introduce into the identity E(z)-E(3)~'=1 the expressions (131)
and (132) and if we compute the product at a point n,, we find easily

N
(136) ru 2 1M () = 1, p=1,2,--+,N.
y=1

This system of equations for the 7,’'s must necessarily be a consequence of (133)
and (134). Numerous other identities of similar form may be easily obtained.
We shall restrict ourselves here to one example.

We may eliminate the constant 4, in (131) by using the fact that E(n;)
=0, and this gives to (131) the form

(131) E(z) = iﬁ?‘[M(Z: ) — M(ni; m)],

y=1

which is in view of (63) equivalent to
N

(131 E(z) = X (P (ny; 2, m))*.
y=1

This is another standard representation for the class € in which the constant
term has been determined. Let now

M
(137) F(z) = 2 sit(P'(my; 2, m))*

pu=1
be another function of class €. For the sake of simplicity, we assume that no
zero of E(z) coincides with one of F(z). The function E(2) - F(z) is again of the

same class €. Hence, multiplying on the one hand (131’’) with (137) and us-
ing, on the other hand, the representation (131’’) for the product, we obtain

ﬁ[: g_: s (P (ny; 7, m1)) ¥ (P (ma; 7, ma))*

(13 " .
= D 1 F(m) ) (P! (ny; 3, m))t + 2 sHE(m) 1) (P (my; 2, m1))*,

an interesting relation between the left-hand second order expressions of P’
and the linear terms on the right-hand side. Using the above procedure with
respect to the product E(z)~!- F(z)~! gives an analogous identity in Q’.
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We consider now the particular function (43) of class € and apply to it the
representation formula (131’). We obtain

(139) P'(z; u, v)Q'(z; u, v)"! = f rH (P (na; 2, u))t,

where the summation is extended over all 2 zeros #, of the left-hand expres-
sion and it is to be noted that z=u and z=v are zeros of this function. This
formula shows that Q’(z; #, v) may be expressed by means of P’(z; u, v) and
P’(n,; 2, u). This result is of interest because P(z; %, v) is a kernel function
and, therefore, numerically easy to handle. The determination of the #, and
r, will, however, be in general so difficult that little immediate use of (139) is
to be expected.

Let us consider, further, the matrix (M’(z,; 2.)) which occurred in the
equation (136) for the residues 7,. Because of (65) this matrix is Hermitian.
In order to study it in more detail, we remark that for every function f(2)
which is single-valued and continuously differentiable in D+ C we have be-
cause of (57)

1
(&), (M 0)) = f ) (M (2 w))*d
(140) W
= if f'GIN(z; wdz = wf'(u)
2) & ’

By the usual reasoning we conclude for every function f(z) EQ
(140) (f(2), (M(z; w))*) = =f'(u).

In particular, we derive from (140’) for every function of the type
N

(141) f2) = 4 + > \NM(z; n),
y=1

which is obviously of the class @, the relation

.
(142) , ) = f f |7 [raxdy = w2 WA (i ).

poy=1

This shows that the Hermitian form with matrix (M'(#n,; n,)) is positive-defi-
nite. If we choose in particular as f(2) a function E(z) €€, we find

a2y EE - fDI B(a) [tdady = 3 MY ni m) .

Byy=1

We find from (136) that the value of this sum is N-w. This result is easily
understood; each function E(2) maps D upon the unit circle covered N times
and the area of this image domain is exactly N-m,
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There is another interesting representation for all functions f(z) ER. Let
(143) w'(z) = 20 &w/ (2), £ real,
y=1

be an arbitrary linear combination of derivatives of harmonic measures with
real coefficients &,. If f(z) ER with N simple poles z, and corresponding
residues 7, is given, consider the function f(z)w’(z). We have, evidently, on C

(144) : (f(x) W' (2)dz)r = — f(z)w'(3)d3, z varies on C.

Consider now the equation

(145) 5:; fCM(z; w)f(z)w' (z)dz = g 1,0 (3,) M (3,; w).
Because of (57) and (144), we obtain

N 1 n
(146) 2, (/@M (i)t = =2 @ [NGiw) + Lwf@v @z,

whence by means of the residue theorem

J@)w'(w) = = 3 1w (@) N(a; w) + 20 riH(w'(2) M (5 w)*

y=1

(146") -
- 2 h(wa,
p=1
where
1
(146") &G = —f f(z)w’(z)dz, w=12---,mn,
2ws c“

are, because of (144), real constants. Considering, finally, (78) we find:
THEOREM VII. Every function f(z) ER may be represented in the form
N n
(147) f)w'(2) = 25 [rH (@' @) H(M (5 )T — rnw/(2)N(z; )] + 2 Ml (2),
y=1 p=1
with real coefficients \,.

We make the following application of this result:
Take an arbitrary function w’(z) of the type (143); then we have in

(148) f2) = w!(2)/w'(2)

a function of the class R. Suppose that all zeros z, of w’(z) are simple; it fol-
lows easily from the argument principle that there are exactly #—2 of them in
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D. We assume in the following considerations #>2 so that the existence of
zeros 2z, is assured. The corresponding residues of f(z) are

(148') r, = w (2,)/w"(3).

We apply now formula (147) with the function w’(2) replaced there by wy () ;
we have

HORE S i@ = T ([ s

(149 w'(3) P —1 "' (2,)
) =2 /! (z)wi (2,)
-> ————— N(z; z).
y=1 w (ZV)

Since there are # — 1 linearly independent w/ (z), we may write down n(n —1) /2
equations (149) for a given denominator w’(z). We may consider the 2n—4
terms M(z,; z) and N(z,; 2) as unknowns and the equations (149) as a system
for their determination. The number of linearly independent equations (149)
is of great importance from this point of view.

First we conclude from (149) that there are at most 3z —6 linearly inde-
pendent terms w/! (2)wy (2). In fact, choose w’(2) in (149) as wy (2). Take all
equations (149) with w{ (2)w{ (z)/w{ () and w{ (z)wd (2)/wi (2) (k=1, 2, 4,

-, n—1). These are exactly 2n—35 equations. If now another equation
(149) of the form w! (2)w{ (z)/wi (2) is considered with 7, k%1, 2, 3, we have
2n—4 equations with 2%z —4 unknowns. Further, applying condition (125) to
our functions f(z) we have in each case

r=1
This shows that the rank of the matrix of our 2z —4 equations is at most
2n—35. There exist, therefore, constants such that

= 0.

n—1

aw! @l () + 3 Bl ()l (2) + 2 vowd () (3)
(151) =1 -

n—1

+ > 6w (2)w! (z) = 0.
r=1
In the same fashion we show easily that each set of 3z —35 terms w/ (z)wy (2)
is linearly dependent and that all terms may be obtained as linear combina-
tions of at most 3n — 6 basic independent products of this form.

THEOREM VIII. Among the expressions w! (z)wi (2) there are at most 3n—6
linearly independent ones.

Let us assume now that we can find 2#—35 combinations of indices 7 and
k for which the equations (149) are linearly independent. This assumption is
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in general fulfilled, as follows from a theorem of Noether (cf. [8, pp. 502-
527]) in the theory of algebraic integrals. If we want to solve the system of
equations, we have first to take notice of the relations (150) between the
coefficients of this system. Since by virtue of the residue theorem

(152 "f wl (z)wi () 1 fc %@d

=] w'’ (Zr) 2wt

we may put the equations (149) in the form

w! (2)wi (2) 2 ,
__——_.w,(z) - E Nix,uwy (2)
n—2 / i (2, +
- Z([&%Z)_(Z)]) (M (205 2))t — (M (215 2))7)
(149 SR
_ 22 W(N(z,; z) — N(z1; 2))
— (N(215 2) — (M(21; z))*)'ﬁ fc w{:”: dz.
Applying finally (103’) we find
vl (Dwi(s) & ey S L wi i
-T(z)-— — “:ZI Nik w4 (2) E Lu(z)wu(z1) 21rifc o dz
n—2 / i (2, +
(15) - ([ 5 ) i o - ares
— 'f M (N(z; 3) — N(z1; 3))

—  w(z)

P’ (2; 21) w! wy
— f dsz.
2w c w'

From this system of equations in 2%z —5 unknowns with nonvanishing de-
terminant we may compute the unknowns. We find:

TureorEM IX. The functions p'(2;21), { N(2; 2) — N(z1;2) } and {(M(z,;2))*
—(M(z1; 2))*} are rational functions of the functions w!(z) G=1, - -,
n—1) with coefficients depending on 2.

For example, we have

(153") P (3 20) = > ez w! (3)wi (2) ’

2 5wl (2)
r=1
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where the summation in the numerator is to be extended over any basic sys-
tem of the w{ (z)wy (2). The coefficients &, in the denominator depend also on
21, since the denominator has to vanish at this point. We might choose as
such a denominator the expression

w{ () wy (3) w{ (2)
(154) w(z) = —| wi(a) wi(sa)  wi(n) |
1
(wi (z))* (wf (z))* (ws (2))F

if it is not identically zero, which occurs only at exceptional points z;.
It is possible to obtain additional information about the representation
(153’) in the following way. Introduce the differential operators

] 1/0 .9 9 179 .9
(155) —=—<———z—, ——=—(——1—-—>,
9z 2 \dx 9y 021 2 \dx, 0y1

2=+ 1y, 21 = %1 + iy1.

Differentiating (153’) with respect to 2 and using the definition of $'(z; 21),
we find

8%(z; z1) _ > Aou(z)w! (B)w) (2)w/ (z) '

9292, [ S &) ! (Z)]2

=1

(156)

But this expression is symmetric with respect to 2z and z,; hence we have here
a rational expression in w, (z) and w; (z1) for a second derivative of Green'’s
function. We do not pursue these formal considerations; they show the im-
portance of the method of contour integration for studying identities between
domain functions. It appears that for the general domain D of connectivity
n>2 the derivatives of the harmonic measures are among the most important
domain functions, since many others may be constructed rationally from
them. The last results of this section are closely related to Noether’s theorem
[8] on algebraic integrals. In view of Schottky’s theorem on the mapping of
multiply-connected domains on Riemann surfaces they might even be derived
directly from Noether’s result. Our method leads to them directly by simple
applications of Cauchy’s theorem and seems to be more appropriate for the
theory of conformal mapping.

6. Theory of variation for the fundamental domain functions. In this
chapter the method of contour integration will be applied in order to study the
variation of domain functions under an infinitesimal change of the domain D.
We shall vary the domain D as follows; we choose a fixed point 20&D and
consider the conformal mapping
ei¢p2

(157) 2* =2+

’ 020 <2m0<p

Z — 3o
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This map is univalent in the domain ]z—zol >p. If we choose p sufficiently
small, the whole boundary C of D will lie in this domain of univalency and
will, therefore, be mapped by (157) upon a set of # smooth curves C*. These
curves bound a new domain D* which will be less different from D the smaller
p is chosen. It is this domain D* for which we want to compute the funda-
mental domain functions in terms of those belonging to D. We shall denote
the domain functions of D* by the same letters as those of D, but shall indi-
cate their new domain by an asterisk. Thus P*(z; %, v) has with respect to D*
the same meaning as P(2; %, v) has with respect to D.

In applying the method of contour integration, we shall have to eliminate
from D a small circle of radius € around z,. We denote the circumference by
v and we denote the remaining part of D by D.. By virtue of Cauchy’s theo-
rem, we have

1
——f P*(z*(z); w*, v*)P'(z; a, b)dsz
2wt c
(158)
P*(z*(2); u*, v*)P'(3; a, b)dz,

27"1: Ve

since 2*(g) is a regular analytic function of z in D.. On vy. we may develop
P*(z*; u*, v*) into a series in powers of p?/e which will converge if e>p2.
We find, in fact,

ei¢p?

22— 20

P*(z*; w*, v*) = P*(z; u*, v*) +

P¥(z; u*, v*) 4 - - -
(159)

d
P¥(z; u*, v*) = = P*(z; u*, v*).
2

Introducing this development into the right-hand integral of (158), remark-
ing that P*(z; #*, v*) is regular in the interior of v, and applying the residue
theorem, we obtain

P*(z*(3); u*, v*)P'(z; a, b)dz

€

(160) 2xiJ ,
= ¢“pP* (z0; u*, v*) P'(20; @, b) + 0(p?),

where 0(p?) shall henceforth always denote a corrective term of higher order
in p such that lim,.gp~%0(p?) =0. It is obvious that (159) permits the compu-
tation of the higher terms in p, too; the remainder term may be estimated in
terms of the values of P*(z; #*, v*) on v..

We apply now formula (16) for P(z; a, b) and the corresponding relation
for P*(z*; u*, v*); in fact, if 2z lies on C, the varied point z* will lie on C¥*, so
that both instances of (16) hold simultaneously. We find:
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(161) 2xi = f [0*(z*(2); u*, 0*) — RX(u*, %10’ (z; o, B)dz

= — e “p*(P* (z0; u*, v*))*(P' (20 a, b)) + 0(p?).

On the other hand, we obtain from the residue theorem, applied to D.,

= § 0 NG o s
(162) = Q*(a u*, v¥) — Q¥(b*; u*, v*) — Q(u; q, b) + Q(v; a, b)

+ = f Q*(z*; u*, v*)Q'(2; ¢, b)da.
2w e

From a development of Q*(z*; u*, v*) on v, such as we used in (159) for
P*(z*; u*, v*) we get

(163) 2 f 0*(e*; u*, v)Q'(3; @, b)dz
= e"pQ* (20; u*, v*)Q’(20; @, D) + o(p?).

In view of the uniform convergence of Q*(z; #*, v*) and P*(z; u*, v*) to the
functions Q(z; %, v), P(z; %, v) in each closed subdomain of D with p—0 and
because of the symmetry rule (49), we obtain from (161), (162) and (163) the
variation formula

Q*(“*; a*1 b*) - Q*(‘D*; a*’ b*) = Q(M, a, b) - Q(‘l’; a, b)

— €p%Q'(30; u, 2)Q'(20; @, b) — e~ *p*(P’ (205 4, 1)) (P’ (20; @, b))+ + 0(p?).
This formula expresses the variation of the symmetric expression Q(u; a, b)
—Q(v; a, b) in terms of the unvaried domain functions P and Q. One sees

how the method of contour integration leads immediately to this important
result.

Just in the same way, we obtain from the identities

(164)

1
2—‘f Q*(z*; w*, v*)P'(z; a, b)dz
e c

(165) .
= P(v; @, b) — P(u; a, b) + — f Q*(z*; u*, v*)P'(3; @, b)dz
2w e
and
1
7 P*(z*; w*, v*)Q'(z; a, b)dz
i
65y ¢

1
= P*(a*; u*, v*) — P*(b*; u*, v*) + 2—— f P*(z*; w*, v*)Q'(3; a, b)dz,
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by use of the relations (16) on C the final result
(166) P*(u*; a*, b*) — P*(v*; a*, b*) = P(u; a, b) — P(v; a, b)

— ¢**p%Q (20; u, v) P’ (20; @, b) — € p*(P’(30; u, v)Q'(20; #, v))* + 0(p?).

Next we transform, by similar methods, the two identities

1 1
(167) — P*(z*; u*, v*)w,) (3)dz = ——f P*(z*; u*, v¥)w) (2)ds,
2 c 271 Ye

we
1 n
— 2 [0*(z*; w*, v*) — RF(u*, v*) |w! (3)dz
, T p=1 CM
(167" ) 1
= w,(v) — w(u) + X0 BFu*, v*)Pw + — f O (z*; u*, )w/ (2)dz.
p=1 21!'1 Ve

Using series developments on v, and the formulas (16) and (71), we obtain

2 B, v P = w,(u) — w(1) — 9% (20; u, 0)w] (20)
(167") w=

— e 9p2(P(z0; %, v))*(wy (20))* + 0(p?).

Because of (75) this yields

2 [k (w*, v%) — ku(w, ©)]Puw = — €p%Q (20; %, )} (20)
(168) o

— € 4p2(P' (205 w, 1)) *(wy (20))* + 0(p?).

In view of the equations (78) and the character of the matrix (P,,) this leads
to

168" kX(u*, v*) = ku(u, v) — €' (20; %, v)1.(2)
(168) — e p(P'(z0; %, 1)) (lu(20))* + A(20; u, 9) + 0(p?),

where the function 4 (2; %, v) does not depend on the index u.

The k,(u, v) are by virtue of (75) closely related to the harmonic measures
w,(2). The variation formulas for w,(z) and its periods P,, under variations
(157) are well known. We have [12]

w}(@*) = w,(3) + 271€*pp’ (20; 2)w/ (20)

(169) .

+ 271 %p%(p' (205 2)) T (w) (20))F + 0(p?)
and
110 Pl = P,, + 2-lei%p?w/ (30)w/ (20)

+ 272 p2(w) (20))+ (wy (20))+ + 0(p?).
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These formulas could also have been derived by our method of contour
integration, but we omit this proof for the sake of brevity. They are very use-
ful in the following considerations. We start with the two obvious equations

arn 2% P 2dp6: 0) = = PG )
+ €i4p*P'(20; u, v)p'(20; @) + 0(p?),
PP f [0%(%; %, 9%) — B(u*, ) ]dp(s; a)
(1717) = = QM o) + 90 ) — plu; 0)

+ 2 kXu*, 1)) wu(a) + €902 (20; u, )9’ (205 a) + o(p?).

p=1
By virtue of the formulas (16) we obtain from these equations
Q*(a*; w*, v*) + (P*(a*; u*, v¥))+
(172) = p(v; @) — p(u; 0) + 2 kX (u*, v*)wu(a)

p=1
+ €4p°Q' (205 4, 1)’ (205 @) + e7p (P’ (205 4, 1)) (9’ (205 0))* + 0(p?).
Applying now the formula (103), we find
P05 0) — pE(w% 0)
(172) = p(v; @) — p(w; a) + 2 ku(w, 1) [wu(a) — w*(a*)]

p=1
+ €9p%Q’ (20; %, 1)’ (20; @) + €¢*4p*(P’ (30; %, 9))*(§'(20; @))* + ¢(p?).
By virtue of (169) we have, therefore, for the domain function
(172") D(v, u; a) = p(v; @) — p(u; a),
the variational equation
D*(v* %, a*)
drzry = Dl 0) + o [QGain - 7 3 bl o) @) | #av )

+ ot (PG )* = 3 w0 (50| ¢/
+ o(p?).

Using again the notation (172’’) and (103) we bring this result into the
final form
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d
D*(v*, u*; a*) = D(v, u; a) + e*p?p’(20; @) TD(”» u; %0)
(173) P K
+ 0 (p' (20 0))* —— D(v, #; 20) + 0(p?).
aZo

If we are interested only in the variation of the real part of D(v, u; a) we
may derive from (172’’") the simpler formula

Re {D(v*, u*; a*) — D(v, u; a)}

(174) = Re {ei¢P2l”(20; a) I:Q'(Zo; #, v) + P'(20; u, v)

1 :
»;ZW%mmw+wmme+wm

p=1

Now one finds easily from (75) and (78) that

(A7) 3wl @)t 9) + (o )] = 2 [o) = ) ),
whence by use of (61), (63) and (103’) after easy transformations
g (v*; a*) — g*(u*; ¢*) = g(v; 0) — g(u; @)

+ Re {02/ (z0; 0) [#/ (303 9) — p(30; W]} + 0(p?).
Sending finally # to the boundary C of D one obtains
(175")  g*(v*; a*) = g(v; @) + Re {€p?p’ (205 a)p’(20; 1) } + 0(o?).

This is a known variation formula for Green’s function [10, 12].
Subtracting the conjugate of equation (166) from equation (164) and us-
ing (108), we obtain a variation formula for Neumann’s function:

T (B%; w¥) — 7(a%; u¥) — 7% vF) + 7*(a%; 0¥)
= w(b; u) — w(a; u) — w(b; v) + w(a; )
— ¢%Q' (0; @, b)[Q (205 4, v) — P'(30; u, v) ]
+ ¢ #4p2(P'(20; @, b)) [(Q' (20; 4, 1))t — (P'(20; %, 0))*] + 0(p?),
which leads by application of (108’), (61) and (63) to
T (0*; w¥) — *(a*; u*) — 7*(b*; v*) + 7*(a*; v¥)
= w(b; u) — w(a; u) — w(b; v) + w(a; v)
— €4p™Q' (205 @, b) [’ (30; v) — 7' (20; w)]
+ e 9p2(P (205 @, B))*[(7' (305 1))+ — (x' (205 w))*] + 0(p?).

Let us introduce the domain function log ¥(z; «, v), defined in (99). Con-

(175)

(176)

(176')




1949} IDENTITIES IN THE THEORY OF CONFORMAL MAPPING 229

sidering only the real parts in (176’), we obtain

log | W (b*; u*, v*) I — log I V*(a*; u*, v*) |
= log | V(b; u, v)| — log | ¥(a; u, v

(177) g | ¥( ) | g | ¥( )|

i) i)
+ Re {e“‘p2 — log ¥(z0; u#, v) — log ¥(20; a, b)} + o(p?.
aZo 320

Numerous similar identities may be obtained by the same method. We ap-
plied in §3 the method of contour integration by pairing different domain
functions of D. If one of the two domain functions is replaced by the cor-
responding domain function with respect to D*, we get a variation formula.
There is a similar procedure for Riemann surfaces which makes it possible to
obtain variation formulas for the normal integrals and their periods by con-
tour integration [12].

The variation formula (175’) might have been obtained also by the fol-
lowing application of our formal identities. Suppose that g*(z; @) is Green’s
function for the domain D*, obtained by the variation (157) from the original
domain D. If z and a are different from z, we have by Taylor’s formula

(178)  g*(* a*) = ¢*(s; @) + Re {ewp?(” (o) | #(a9) )} + o(s?).

2 — 2o a — 3

The first two terms on the right-hand side represent a harmonic function of z
in D, except for the point 20, where it has a simple pole, and the point a, where
the first term has a logarithmic pole but the second term remains finite. If
z lies on C we have further because of (178) small values of magnitude o(p?)
for this expression. We shall now add to this function another harmonic func-
tion of z which has the boundary values 0 on C and cancels just the singularity
of the second term at zo. The sum function is then harmonic everywhere in D,
except for the logarithmic pole at @, and has on C the order of magnitude
o(p?). It is, therefore, up to a corrective term of order o(p?) identical with
Green's function. The new harmonic function is

(178 H(z, a; 30) = — Re {eip*p'(20; 2)p’ (30; a)}.
In fact, because of (103’) and (57) one has
(178") p(w;z) =0 forwe D, z € C.

Hence, this harmonic function vanishes on C and one finds by inspection that
it cancels the singularity of the second right-hand term in (178). We obtain
finally

p'(z;0) n ?'(a; 2)

2 — 2o a — 2%

g*(z; @) + Re {e“pz[

- ¥ 99/ 0|
= g(z; a) + o(p?).

(178"')
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This consideration shows the close connection between a variational problem
and the problem of constructing a harmonic function with prescribed singu-
larities which vanishes at the boundary of the domain. This is just the same
problem which arises in the theory of the Schottky functions and it becomes
obvious why the same method applies to these different fields.

7. Restricted variations. In the theory of domain functions one has some-
times to investigate an extremum problem in a class of domains which is de-
fined by certain normalization conditions. If one wants to attack such a prob-
lem by variational methods, the question arises how to carry out the variation
within the restricted class of domains considered. This is analogous to the case
of isoperimetric problems in the classical calculus of variations, but may be
much more difficult. Our results enable us now to overcome these difficulties
in the case of two important types of restriction.

A typical case of the first type is the following. We wish to vary the do-
main D bounded by the continua Cj, - + -, C, without changing the conformal
type by means of a variation of the form

a;p?

N
(179) * =g+, ) p>0, |a] =1,

=1 & — 3

to be understood in the same sense as the variation (157).

We assume that N =3n—6, which is the number of conformal moduli of
the domain, and we try to find the conditions upon the parameters a., after
the 2, have been chosen, so that the conformal type of the domain is un-
changed. For this purpose we merely pick a set of moduli, determine their
variations by the methods of §6, and set these equal to zero.

A convenient set of moduli is obtained by use of a fixed linear combina-
tion w(z) of the harmonic measures with real coefficients. We take n—1 of the
periods of w(z), the values of w(z)=Re{'w(z)} at the »—2 critical points
dy, -+ -, dng of w(z) and the n—3 differences of Im {w(z)} at the pairs of

critical points (ds, dv), + + +, (dn—s, d1). These invariants are moduli, since if
they are the same for two domains D and D*, then the implicit equation
(180) w*(z*) = w(2)

can be solved to yield the map 2*(2) of D upon D*. Here the asterisks refer to
quantities associated with D¥*.

To obtain the variations of our moduli so chosen, we note that they are
linear functions in the coefficients a; and recall (169). By application of (103’)

N
w*(z*) = w(z) + Re { 2 e (20) [N(z; 20) — (M(z;20))*
(169') -

+ Z 1,<z,)w,<z)]} + o),
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whence weé obtain for the analytic functions w*(s*) and w(z)

W) = () + 3 W (NG 5) — 3 aie(w (2)) M (s 20

(169 -
+ > > Re {aw?w ' (z)h(z0) f w(z) + iK + o(p?),

t=1 y=1
where K is some real constant. Since N(z; z¢) and M(z; 2:) have no periods,
we see that the conditions for the invariance of the #—1 periods of w(2)
which we have chosen are

(181) Re { % aw'(z)w, (z,)} = o(1), v=1,2,---,n—1,

upon application of (78). This is, of course, also a direct consequence of (170).
Letting d} be the critical points of w*(z*), we verify that

(182) w*(dX) = w*(d,) + o(p?), d, = z*(dy)-

Hence we can conclude from (169) that the w(d,) are invariant when

N

(183) Re { > ' (39 (34 d,l)} = o(1), p=1,2-+,n—2
t=1

Finally we note that when (181) is satisfied, the third term on the right in

(169’") must be constant because of (78) and the character of the P,,-matrix.

Hence, under these circumstances we find for the remaining # —3 moduli the

conditions of invariance

N :
(184) Im { Z a,w’(z,) [1!"(2;; d,,) - W’(Z;; dl)]} =.0(1),

t=1

M=2y3v"'7n_27

by use of (108’) in transforming (169’’). The constant K drops out, since we
take a difference Im {w(d,) —w(d:)} in each case. The 3z —6 conditions (181),
(183) and (184) are, then, necessary and sufficient that the variation (179)
leave the conformal type of D unchanged, for suitably chosen terms o(1).
If the determinant of the coefficients of ay, * - -, asn_s does not vanish
identically for N=3n—6 in the equations (181), (183) and (184), then by the
topological analogue of the implicit function theorem we may find numbers
as so that these equations are actually fulfilled. The determinant will
not vanish identically provided that the functions =y (2), « - -, ws—1(2),
pl '(Z, dl)’ R p,(zv dn—2)’ {7!"(2, dﬂ) —Tl(zv dl)}’ ] {1!"’(2, dn—-?) —T'(Z, dl)}
are linearly independent. Since #’(z, @,) and p’(3, d,) are the only functions
in this set with poles at d,, a linear dependence relation must have the form




232 P. R. GARABEDIAN AND M. SCHIFFER March

L) = 3 el ()
(185) =t

n—2

+ 2Bl (25 d) — (25 dy) — p'(z; du) + #(2; dv)] =0.

=2

Thus for any function f(z) regular in D and smooth on C

0 =f fOTEE = — 3 ot § f@)du,)
C p=1 C

(186) + "_22 B"Jrfcf(z) [7'(z; d) — 7'(z; dv) + #'(3; d) — §'(z; dv) Jdz
- 4mi i B Lf(d) — f(d)]

by our usual device. Since [f(d,) —f(d1)] may be chosen arbitrarily, we have
Bu=0, u=2, - - -, n—2, and it follows from the linear independence of the
w,/ (2) that @, =0, u=1, : + -, n—1. Thus we have the required independence
and our result is completely proved. The points in the proof where we use
smoothness of C do not require this assumption in any essential way, so
that we can take C to consist of any # proper continua.

If we wish to consider extremum problems for conformal mappings
leaving, say, the point at infinity in D fixed, we may derive from the Green’s
function p(z, «) and the corresponding system of moduli in this case the
3n—4 conditions of invariance of restricted conformal type

(187) Re { i ap’'(3:; ©)wy (z,)} = 0(1), w=12---,n—-1,

t=1

N
(188) Re {Z ap (z0; ©)p (2¢ d,.)} = o(1), p=1,2,--,n—1,

t=1

N
(189)  Im {Z 0z ) [ (a1 d) — /(s do]} = o1),

t=1

F=2v3)"'v”-1,

where the d, are the »—1 finite critical points of (3, ). Similar conditions
may be derived for the original Hadamard variational formulas which give
the variation of the domain functions under an arbitrary variation of the
boundary [12].

We see from our work on the functions w!w{ at the end of §5 that in
general it will be sufficient to set the variations of the Py equal to zero to
obtain a type-invariant variation. For by the methods of that section we can
easily show that every domain function f(z) for which f(2)z'% is real on C and
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which is regular in D may be composed linearly from 3% — 6 linearly independ-
ent products /! (z)wy (z). Now the analytic functions appearing in (181),
(183), (184) are just of this type and, on the other hand, the variations of the
P, are expressed in terms of the w/wy.

We solve a particular well known problem by this variational method in
order to show how such proofs go. Consider the domain D bounded by C; and
C,, where C; is assumed to be the outer boundary of D. In general the con-
formal type of D will change when D is mapped conformally, and we mini-
mize the modulus of D for all conformal images of D. The mappings of D may
be restricted in any number of ways to give a normal family without chang-
ing the problem, for example by fixing the derivative at a point. We take the
modulus to be the period Pj; of the harmonic measure of C; in any domain D
obtained by mapping D.

We make a variation (179) of the extremal domain D satisfying (181),
(183) and (184) and obtain from the minimum property of Pj; the inequality

N
(190) PY— Py = Re { 3 awtn! (Zz)z} +o(p) 20
t=1

where @:(z) is the harmonic measure function of C; in D.

The reader can verify by the familiar procedure leading to Lagrange
multipliers in the calculus of variations that this implies the existence of real
numbers A\, such that

1 (2)? = Em () () + 2 Nerna®’ ()9 (3 )
(191) ., vt
+ iZ Morana®'(2) [7'(2; du) — '(3; d) ].

p=2
It follows from this relation that the boundary components C,, »>2, are
analytic curves 2,(s) satisfying the differential equations

"—laa“ n=2 ow ap(z; d,
O = T d w+zm_1 “’i”(z_)

as
(o) o) on(s; dy)
(2, Cu w(%; a1
+ 20, Nton— [ ] = real.
Z;‘ i es L es as
For each separate arc we can bring this into the form
(193) [9@1(.(9))/0¢]2 = + 1

by suitable choice of the real parameter ¢£. Now there is a map of each small
arc C, of mapping radius p of C,, v>2, on the exterior of a circle of radius p,
of the form

(194) 2* =24 ap?/(z — 20) + bp%/ (3 — 20)2+ - - -, 20 € C,,
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with uniformly bounded coefficients @, b, - - - . In each such map we obtain
from (170) and the minimum property of D
(190" Re {ap?®{ (30)®} + 0(p?) = 0.

If the curve C, is rotated until it has a horizontal tangent at z,, we can choose
a=—1+40(1) and we find

(190”) Re {@{ (z0)2} < 0.
Hence the lower sign must hold in our differential equations and we have
(193) @1(2,(8)) = + it + const.,

so that the C, lie along the level curves of @ (z). We remark that Py is un-
changed by conformal mappings of D, which are also mappings of D, and that
in consequence there is no loss of generality in assuming C; and C, to be con-
centric circles. In this case the C,, »>2, are concentric circular slits and the
extremal map is a function f12(2) of the type introduced in §2.

Our progress, then, has been to find that for the extremal domain the
Cy, v>2, are analytic curves without use of the boundary variation (194)
introduced earlier [9]. We then use the boundary variation to complete the
result, but in a very simple form. Thus we have reduced the work involved in
the application of variational methods to a considerably more elementary
and less involved set of ideas.

We come now to the second type of restricted variational problems which
we desire to handle. Given are % closed smooth curves C, which are the
boundary of a domain D in the complex plane which contains the point at
infinity. We seek a continuum containing all the curves C, of minimum
capacity. We require of variations considered that they transform each con-
tinuum C, into itself. This is, in fact, possible to obtain by means of varia-
tions

(195) 2% =z + (e"p*Q'(3; u, v) + € 9p*P'(3; u, v))(w! (2)wi’ (3))~! + 0(p?).
According to (16) we have, namely, in C

(196) 2'Q'(3; u, v)e'® + 2’ P'(z; u, v)e~i¢ = real, 7' = dz/ds.

Since further w/ (2)z’ and w{ (2)z’ are imaginary on C, one sees that z*—z has

the direction of the tangent vector at z to C, up to a term 0(p?). By a correc-

tion term o(p?®) it is possible to attain a complete preservation of the con-
tours C,. This can be seen by making a variation

(197) =z*+ Z -0(p?)

o1 2F — 2

to bring the conformal type of our domain back to that of the original region,
and then it is clear that there is a conformal map
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(198) ¥ = g L 5(p?)

of the domain of the z**-plane back upon the original domain. For fixed w(2)
we have a freedom of choice of # and v in D and of arbitrary real ¢ and p. Thus,
this type of variation permits the usual applications in extremum problems.
We proceed to the complete solution of the above-mentioned problem.

Let D be the domain bounded by the minimizing continuum, and let
$(3, ©) be the corresponding analytic function for Green's function with pole
at infinity. The function g(z, «) has at © an expansion

(199) g(z; ©) =log | z| + v + o(1),

and the capacity of our continuum is by definition ¢=”. Hence we obtain upon
making our variation the inequality

* _ a — i62 I;'(u; )2 _ ;’(7’; w)?
0=9*—7v=Re {6 ép [w.-’ () wi () wi (v)wi (1) ]

"2 6% (diy; u, v) + P (du; u, v) .

(200) + X T - - P (din; @)?
p=1 w!’ (diy) wi (diw)
"i €4pXY (day; #, v) + € %P (dru; %, v)

’ d ; 2 2 ,
)2 N ERPTAC 7' (i eo)} + 0(p?

where the d;, are the critical points of w;(2) and the di, are the critical points
of wi(2). By the arbitrariness of ¢ and p and from the relations (61) and (63),

ACEOUR S/ o 7 2 an
w! (w)wi (u) = Lw!’ (du)wi (di)
_ ( p'(din; °°)2 )+M(u;d,~,,)]
w!! (din) Wi (diy)
poy El(dku; ©)? ;I(dlw; ©)? \*
- _ 1 8) — | —————7—— i Cw
E[w{ (Are) Wi’ (dry) Nw; du) ('w{ (dn) wit! (dkn)> Mu; d )]
(200) _ Foi©) H[ PUsi 2] iy 4y
w/ (W wi (v) = Lw’(di) wi (di)
_ ( P (diy; )2 )+M(v; di,,)]
w!’ (di) wid (diw)
220 P (A ®)? ( P (i )2 )* ]
- ———— N(@@;dp) | ——m—m i ks
E ['ww' () wi’ (drw) v ) w/ (dr) wi’ (Ara) M(; du)
= const.,

since each side of the equation is a function of a different variable. We con-
clude that p’(u; «)? is analytic throughout D; in fact we have shown that
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(2007) P'(u; )/ wi (w)wi (u) = S(u),

where S(u) is a Schottky function in D.

From the fact that Z’ (u; »)?is analytic in D, we can conclude that each
slit C, of the boundary of D in D is an analytic curve, and that in the map-
ping of D upon the unit circle taking the point at infinity into the origin
each side of any segment of the slit C, is taken into an arc of the same
length as that of the image of the other side of the slit. This is because the
distortion of the mapping on the boundary C, is in both cases lZ’ (z; =) l .
The function p’(z; ©) can be extended to be analytic on a two-sheeted Rie-
mann surface covering D; it assumes values symmetric in the origin at
points lying over one another. From these facts one can carry out a further
discussion of the nature of the C,.

We remark that this problem could be solved equally well with the re-
stricted variation leaving D conformally invariant for maps preserving the
point at infinity with fixed distortion. But this method would have led us to a
set of Lagrange multipliers which are determined explicitly by the tangential
variation in terms of the various domain functions. Thus the importance of
the relations we have derived becomes apparent.

As a final application of our identities we derive the conditions for un-
changed conformal type under variations (179) from a second point of view
in the case of a smoothly bounded domain D. We start from the assumption
that the parameters a,, z; have been chosen in the right way and that D is
mapped upon a domain D* which is conformally equivalent to it. There
exists, therefore, a univalent function in D which maps D upon D*. Let

(201) ¢ =24 p%k,(2)
be the mapping function, where the factor p? measures the order of the second
term. If we invert (179) into

N ap?

(179) 2= () = = 3 ——— 4 o(s?)
t=1 2" — 2

this gives a map of D* upon D except for a certain neighborhood of the
2:&D*. In particular, the boundary C* of D* will be transformed into the
boundary of D by means of (179’). Therefore, the composite map

N atpz
(202) 7)) = 2+ p%k(2) — 20 ——— + o(p?)

t=1 2 — 2
transforms each C, into itself. Thus, having chosen a; and z; in the right way,
we have in the limit p—0 the following condition on C:

N a d
(202%) (lim ko(2) — 2 : )z"l = real, P4 :
p—0

t=1 3 — 3¢ ds

On the other hand, if we can determine a function k(z) which is regular in
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D+ C and such that

N

a;
(202" k(z) — Y = A2)7, A(z) = real, z €C,

t=1 2 — 3¢

we can chose a correction term o0(p?) so that

N 2
(179") *=z+ i

t=1 & — 3¢

+ (0%

maps D upon a conformally equivalent domain D*,
Thus our problem is reduced to the determination of a function %(z) of the
required type. Choose for this purpose a function w’(2) of type (143); evidently

1 N ¢
(203) .M=7W@P@—Z “]

t=1 3 — 3¢

is a Schottky function. It has simple poles at the N points z; and the condi-
tion (125) connecting poles and residues of a function of class R yields

N
(204) Re { Z a (z)w,) (z,)} =0, w=12---,n—1
t=1
Now we may apply the representation (122) for f(z) and find
1 N
T v@[H) - X ]
i

(205) o1 BT

1 N
=4 - 7 E (e (2 N(3; 2:) — et (w'(20))TM(2; 20)).
t=1
We have further to satisfy the condition that the function (205) vanishes at
all the n—2 zeros d, of w'(z). We may transform these conditions by using
the formulas (109’) and (110’) to eliminate N(z; 2;) and M(z; 2;); we obtain

1 N
(206) Re {A — — > @' (@) (205 d,.)} =0, v=12---,n—2
) 1 =1
1 N n
(206") Im {A — — > aw'(s) [p’(zt; d) — > l#(z,)w”(d,):l} =0,
1 =1 u=1
v=1,2---,n— 2.
From (204), (78) and (107’) we conclude that
N
(206") Re { > a,w’(zt)l,,(z,)} =0, u=12 -, n
t=1

Sending z in (205) to the boundary C of D and using (57) and (206’’), we find
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that 4 is real. This leads to the conditions:

(207) Im { i a' (z) [7'(24; db) — o'(24; dl)]} =0, v=23---,n—2,

i=1

N
(208) Re { Z atw/(zt)ﬁl(zt; dv)} = 0: 4 11 2, crr,n — 2,

t=1

We have in (204), (207) and (208) exactly our 3z —6 conditions (181),
(183) and (184) for the parameters a., z; of our variation after passage to the
limit p—0. It is interesting that the fullfillment of these conditions for a par-
ticular function w’(z) guarantees the equations for every function of this
type.
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