THE EXISTENCE OF MULTIPLE SOLUTIONS
OF ELLIPTIC DIFFERENTIAL EQUATIONS()

BY
JANE CRONIN

1. Introduction. This work is concerned with the problem of the existence
and multiplicity of solutions z(x, ¥) “neighboring” a given initial solution
20(x, ¥) of the differential equation

(1'1) F(xo Y% Py @y 7y Sy t) = ‘I’O(x, 3’)

where p, g, 7, s, ¢ denote 9z/9x, 9z/9y, d%z/0y, d%z/0xdy, d%z/dy? respectively
and 20(x, 9) is elliptic relative to F, that is,

doF 7?2 oF oF
-] <
as or at
when 2, and its derivatives are substituted for z and its derivatives in
dF/ds, dF/dr, 0F/dt. The solution z, is defined on the closure K of an open
circle K in the xy-plane (that is, K= [(x, ¥)/(x—a)?+ (y—b2) <r2]). If ¢ is
the boundary value of 2, that is, ¢o=20/K — K, the function z, regarded on

K —K only, then by a “neighboring” solution of 2, is meant a function z(x, )
whose boundary value ¢, is close to ¢o and which is such that

F(x’ ¥, 21, P1, 1, 71, S1, tl) = ‘pl(x: y)

where ¥, is close to ¥, (“close” in the sense of a function space topology to be
defined later) and pi1, ¢, 71, 51, 11 denote the derivatives of 2.

Except for the slight generalization caused by the introduction of the
varying ¥(x, ), this is the classical problem. In the earlier work (for a de-
scription of this, see [3, pp. 1324-1327(%)) existence theorems were obtained
by making the assumption that the Jacobi equation associated with equation
(1.1) has only the zero function as solution in K if the given boundary value
is the zero function. Under this assumption, it was proved by S. Bernstein
that equation (1.1) has a solution for each boundary value ¢ sufficiently close
to ¢o. (The function ¢ does not appear in Bernstein’s work, that is, ¥ =0
throughout his work.)

It was shown by Lichtenstein [9] that if the Jacobi equation has just one
linearly independent solution, then for certain quasi-linear elliptic differential
equations, there exist two solutions. More extended results concerning the
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number of solutions were obtained by Iglisch ([5] and [6]) for the equation:
Au=f(u).

The use of topological techniques to obtain existence theorems was intro-
duced by Schauder [13]. Schauder assumed a uniqueness condition and from
this obtained existence theorems for the neighboring solutions of (1.1). Leray
and Schauder [8] extended the work in [13] by defining a topological degree
for a certain class of mappings in Banach space. One difficulty in applying
the topological degree theory is that, in general, the value of the degree for a
given mapping cannot be computed. In order to obtain existence theorems
by using the degree theory, Leray and Schauder assumed that the associated
Jacobi equation has only the zero solution. By making this assumption, they
were able to show that the topological degrees of the mappings studied were
different from zero and hence to obtain existence theorems.

The object of the present work is to set up and apply a topological tech-
nique which may be used to study the solutions of equation (1.1) without
making the assumption that the Jacobi equation has only the zero solution.
The omission of this assumption leads, in general, to multiple solutions. This
is, we obtain solutions whose multiplicity (in a sense to be defined later) is
greater than one, or we obtain several distinct solutions. In this work, exist-
ence theorems for solutions of equation (1.1) are obtained which are more
extensive than the known theorems in that it is not necessary to assume that
the Jacobi equation has only the zero solution. Also we demonstrate the
existence of several distinct solutions for certain quasi-linear elliptic equations
of the type

‘1(:[' ) l E(“ ) I C(:[ )
y a 2 ’y a a ’ y a 2
(1.2)
I f( ’ » 9 5 ) ( ’ )'
X y 4 a ¢ X 3

The results are obtained by following, in part, a technique due to Schauder
[13] and some of the theory of [2]. We study those solutions of equation (1.1)
which are contained in the Banach space E,,; defined in [13], that is, those
solutions which have third derivatives satisfying an a-Lipschitz condition.

In §2, we define, following [2], a multiplicity of solutions for a certain
class of equations in Banach space. This multiplicity has some of the proper-
ties of a topological degree which are useful in studying the existence and
number of solutions of a given equation. A method for determining the
multiplicity is also given.

In §3, by following the technique of [13], we derive from equation (1.1)
an equation in Banach space which is such that the theory of §2 may be
applied to it. It is shown that to each solution of this equation, there cor-
responds a solution of (1.1). Hence the solutions of (1.1) may be investigated
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by studying the solutions of this equation in Banach space. Existence
theorems for solutions of this equation are obtained and these are applied to
(1.1). These theorems contain the classical theorem for the case when the
Jacobi equation has only the zero solution. We also obtain existence theorems
for the case when the Jacobi equation associated with (1.1) has one or more
linearly independent solutions.

In §4, we restrict our considerations to equations of the type (1.2). It is
shown that when applied to this case, the multiplicity of solutions defined in
§2 has all the properties of a topological degree. Actually it is shown that the
multiplicity is equal to the Leray-Schauder topological degree of the mapping
described by the derived equation in Banach space. By utilizing a particular
property of the Leray-Schauder topological degree (Theorem 4.1), we are
enabled to show that if the Jacobi equation associated with (1.2) has two or
more linearly independent solutions and if certain conditions on the derived
equation in Banach space are satisfied, then equation (1.2) has two or more
distinct neighboring solutions. That is, for certain pairs ¢ and y, there are
several distinct solutions z.

Finally, in §5, we indicate how to obtain extensions of the classical
theorems concerning the existence of solutions of quasi-linear elliptic differen-
tial equations with a parameter, that is, equations of the type:

%z %z 9%z
y;

A(x, y) — + B(x, C(x, ) —
(% 3) = + Blx y)axay+ (% 9) 3

+f<x g, — 3y — )\) = \[/(x )
Yy! ’ ’y

where N is a real parameter.
2. Multiplicity of solutions of equations in Banach space. In this section,
a multiplicity of solutions is defined for a certain class of equations in Banach
space. This multiplicity is a special case of the multiplicity defined in [2].
For convenience, the definition is repeated in brief form here.
-Let ¥ be a Banach space. Consider the equation in %:

(2.1 I+C+TNax=y or I+C)x+T(x)=y

where x, yEX, [ is the identity mapping of ¥ into itself, C is a linear, com-
pletely continuous(®) mapping of X into itself, and T is a mapping of a subset
of ¥ into itself which satisfies the following conditions:

(Py) T(0)=0 where 0 is the zero of %.

(Py) There exist a neighborhood N of 0 and a positive constant B such
that if x;, x2E N, then

(®) A completely continuous mapping is a continuous mapping which has the property
that it maps bounded sets into sets which are compact in the space, compact in the sense
that every infinite subset has a limit point in the space.
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1T = T = Blljwill + |2l 1l 2 = ],

The object of the discussion is to investigate the local solutions of (2.1),
that is, the solutions x of (2.1) which are sufficiently close to 0, when y is
given sufficiently close to 0. From condition Py, it follows that x=y=0is an
initial solution of equation (2.1). Then the following theorem holds:

THEOREM 2.1. If the transformation (I+ C) is nonsingular, that is, of (I+ C)
is a 1-1 transformation, then equation (2.1) has a unique local solution x for
each y which is sufficiently close to 0, that is, there exist €,>0, €2>0 such that if
|lyoll < e, then there exists exactly one xo such that ||xo|| <e: and such that (xo, yo)
satisfies equation (2.1), that is,

(I + C)xo + T(x0) = yo.

Proof. The proof of this theorem is a straightforward application of [4,
Th(foi'em 2, pp. 134-135]. Condition P; makes it possible to apply Theorem 2
of [4].

If the transformation (/4 C) is singular, then the solutions x of (2.1)
may be studied in the following way. Suppose ¥%; is the null space of I+ C,
that is, %, is the linear space of elements # & ¥ such that (I4 C)x =0. From the
Riesz theory of completely continuous transformations [11], it is known that
%, is finite-dimensional and that there exists a complete linear subspace %!
of ¥ such that

X = ¥, + %! (direct sum),
and a nonsingular linear transformation R such that
R(I 4+ C)x = x — Ei(x)

where E, is the projection of ¥ onto %;. Applying transformation R to equa-
tion (2.1), we obtain

2.2) x — Ei(x) = R(y) — RT(x).

Multiplying equation (2.2) by E!, the projection of X onto ¥!, we obtain:
(2.3) E(x) = E'R(y) — E'RT(x).

Multiplying equation (2.2) by E,, we obtain:

2.4 0 = E\R(y) — E\RT(x).

(The symbol 0 is used to designate the zeros of all the linear spaces dealt with
in this work.)

If E'(x) and E,(x) are denoted by x! and x;, then equations (2.3) and (2.4)
become:

2.3) x! = E'R(y) — E'RT(x, + #Y),
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(2.4 0 = E\R(y) — E:RT (1 + #%).

Now if y is given, it is clear that the study of solutions x of equation (2.1)
is equivalent to the study of the simultaneous solutions x, and x* of equations
(2.3") and (2.4’). From conditions P, and P, on transformation T and the
fact that the linear part of (2.3’) in x! is nonsingular, it follows that the
implicit function theorem of Hildebrandt and Graves [4, Theorem 2, pp.
134-135] may be applied to solve equation (2.3’) for x! uniquely in terms of
x1 and y. That is, we have

(2.5) %! = F(x1, y)

where the function F is uniformly continuous simultaneously in x; and .
Substituting from (2.5) into (2.4’), we obtain

(2.6) EiR(y) — E\RT[x1+ F(x1, y)] = 0.

Thus the study of the solutions x of equation (2.1) when ¥ is given is reduced
to a study of the solutions x; of equation (2.6) which is an equation in the finite-
dimensional Euclidean space ¥;, the null space of (I4C).

To determine the solutions x; of (2.6) when y is fixed, that is, to de-
termine the zeros of the function

(2.7) EiR(y) — E:RT %1+ F(z1, 3)],

when v is fixed, is not possible in general. However, it is known that when y
is fixed, the function (2.7) is a continuous function of x;. Hence knowledge of
the number of zeros of the function may be obtained by determining the
topological degree at 0 of (2.7). In [2], it is proved that the topological degree
of (2.7) can be determined in some cases if “x;“ is sufficiently small (<e)
and that the topological degree is constant for all sufficiently small y. It fol-
lows that there exist ¢, >0 and €,>0 such that we may investigate the solu-
tions x such that ||x|| <e of equation (2.1) for each y such that ||y <e.
Throughout the remainder of this work, the term local solution will refer to
such a solution x.

Combining these considerations with Theorem 2.1, we make the following
definition.

DeriNITION 2.1. If the transformation (I4 C) is nonsingular, the multi-
plicity of local solutions x of equation (2.1) for each fixed y, such that ” yoll
<e¢ is one. If (I4C) is singular, the multiplicity of local solutions x of (2.1)
for each fixed yo such that ||yo| <e is the topological degree at 0 of the
mapping in ¥,

EiR(yo) — E:RT [21 + F(1, ¥0)]

relative to a sphere in ¥; with center 0 and radius e (where € is determined
as described in [2]).
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THEOREM 2.2. The multiplicity of Definition 2.1 has the following properties:

1. If the multiplicity is different from zero, there is at least one local solution
x of equation (2.1).

2. The multiplicity is constant for all y in a sufficiently small neighborhood
of 0.

3. If the Leray-Schauder topological degree (8] is defined for the trans-
formation I+ C+T, then the Leray-Schauder degree at yo is the same as the
multiplicity of solutions at y, except for at most a factor —1.

Proof. For the case when (I+ C) is singular, the proofs of 1, 2, 3 are con-
tained in [2]. When (/4 C) is nonsingular, statements 1 and 2 are clearly true
from the definition of the multiplicity and Theorem 2.1. The proof of 3 fol-
lows from [8, pp. 55-59]. For a more detailed discussion of some of this
work of [8], see [12, Lemma 3].

It should be noted that this multiplicity, defined in terms of a topological
degree, gives the same kind of information concerning solutions of equation
(2.1) as a topological degree does. For example, if the multiplicity is 5, the
only definite statement which can be made is that equation (2.1) has a solu-
tion. There may be just one solution whose part in ¥, has index 5; or there may
be 5 solutions each of whose parts in ¥; has index 1, and so on. (In §4, we shall
show how more definite information may be obtained if the Leray-Schauder
degree is defined for I+ C+7T.) Moreover, if the multiplicity is zero, we
obtain no information concerning the existence of solutions. That is, there
may be no solutions, or two solutions whose parts in ¥; have indices ¢ and —¢
respectively, and so on.

In order to be able to compute the multiplicity when I+ C is singular,
we assume that the transformation T satisfies the following additional con-
ditions:

(P;) There exists a maximal integer k=2 such that if a is a scalar, then
T[ax]=a*T![a, x] where T is a continuous mapping of an open subset S
of the product space ZX% into ¥ where Z denotes the space of scalars.
The set S contains the point (0, 0).

(P,) If the dimension of ¥, is greater than 1, then the transformation T is
split into a term of order k (£=2) and a term of higher order, that is, T'(x)
=T®(x) 4 T*+D(x) where T® and T+ are both continuous and:

(1) T™ is homogeneous of degree k, that is, if m is an arbitrary integer,
then

i b bm
T“’(Zam;) = > a1 - @mToptn|®1, s %m)
i=1 (b5
where the summation is over all sets of non-negative integers [b1, * - -, bm]
such that Y &, b;=#k, and T%,...s, is a continuous mapping from ¥X - - - X¥

(m times) into X.
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“ T(k+1)(x)“ B

lall*

@ The lim
z -0

(Ps) If the dimension of ¥; is one, then E;RT?[0, x1]0 where x; is a basis
for %; such that ||x,|| is sufficiently small (see [2]).

(Pg) If the dimension of ¥; is greater than one, then E,RT™ [x]#0 for
all x €%, such that x>0.

If these conditions hold, then the following theorems concerning the value
of the multiplicity can be proved. (In Theorems 2.3, 2.4, 2.5, and 2.6, it is
assumed that I+ C is singular.)

THEOREM 2.3. The multiplicity of the solutions x of equation (2.1) is equal
to the topological degree at O of the following mapping of the n-dimensional
Euclidean space %, into itself:

d k b1y by ’
(A-1) D" custhi + D Copye-obpalhs = =+ U = Uy,
=1

(b13)
(A) ...................... ,

id k b b
(A-n) D Coithi 4 2 Copgerbpulht =+ * Un' = U,

=1 (bps)

where the summation e 0 (F=1, - - -, n) is taken over all sets of non-negative
integers [bp, + - -, bjn| such that Y v, by;=Fk. The coefficients c;; are the num-
bers P;E\RT:[x;] where x,, - - - , x, s a basis for %1 and P; is the projection of
X1 into the subspace spanned by x;. The coefficients cv,...»;, are the numbers
PjElRTbl...bm [xl, ctty x,,.].

Proof. For the proofs of Theorems 2.3, 2.4, 2.5, and 2.6, see [2].

Thus the multiplicity is equal to the topological degree at (0, - - -, 0)
of the mapping taking (u1, - - -, #,) into (u{, - - -, %,), which is given by =
polynomials in # variables (# is the dimension of ¥,), the polynomials homo-
geneous of degree k (k is the order of T described in conditions P; and Py).
The topological degree is always taken relative to the sphere described in
Definition 2.1.

In this work, ¥ will be a Banach space over the real numbers. Hence %,
is a real Euclidean #-space and the coefficients in the mapping (A) are all real
numbers. Then the topological degree of mapping (A) can be computed in a
number of cases. In particular, the following theorems hold:

THEOREM 2.4. If ¢i;#0 for =1, - - -, n and if the variables w1, - - - , i
do not appear in equation (A-1) for i=1, - - -, n, then the topological degree
of mapping (A) at (0, - - -, 0) 45 +1 or —14f k <s odd. The degree is 0 if k is
even. In particular, if n=1, then the topological degree is +1, or —1 if k is odd
and is 0 if k is even.
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THEOREM 2.5. If n=2n,, and (A) is the mapping from real Euclidean n-space
into itself which corresponds to the mapping in complex Euclidean ni-space

k ’ k ’
Z1=ZI;' ¢ 7Zn1=Zn1,

then the topological degree of (A) at (0, - - -, 0) is k*1=Fk"2,
THEOREM 2.6. If n=k=2 and if (A) is wrilten in the form
ey + crthy = 4,
aguf + bouius + cmz = u;

(mapping (A) can always be written in this form by applying a diagonalizing
transformation, see [10, pp. 169-170)), then if

aie — QAo
1) —1 <277 oy,

bz(— 6101)1/2
the topological degree of (A) is 2 or —2. If (—c1a1)Y? is complex or

@16y — @sC a1y — @aC
(2) 102 201 > 1 or 162 201 < — 1’
bo(— c1a1)1/? bo(— c181)/?
then the topological degree is 0. (If (a1ca—azc1)/bo(—c1a1) V2= +1, the topological
degree is not defined.)

REMARK FOR §2. In the applications in §§3, 4, and 5 of this multiplicity,
it will be seen that conditions P;, Ps, P;3, and P, can be shown to be satisfied
in all the cases dealt with. Proving that conditions P; and Pg are satisfied is a
different problem. There is no reason why Ps and Pg should, in general, hold.
Hence it will be necessary to incorporate Ps or Pg in the hypotheses of the
existence theorems obtained. This is justified, in part, by two facts. First,
the special cases of this work that have been considered by other writers (see
[5], [6], and [15]) all contain hypotheses of this type. For example, it can be
shown that Schmidt’s assumption “L;0” [15, p. 394] is a special case of Ps.

Secondly, although Py and Ps are difficult to verify in special cases, they
are not unreasonable from a theoretical viewpoint. They are analogous to the
fundamental assumption used in the definition of topological degree of a
mapping in Euclidean n-space, that is, the assumption that the image under
the mapping of the boundary of the domain does not contain the point at
which the topological degree of the mapping is taken. (See [1, p. 474].) It is
not difficult to show that Ps and Pg each imply that if x>0 and if x is suffi-
ciently small, then (I+C+T)x#0.

3. Application of the multiplicity to elliptic differential equations. In
order that the multiplicity theory of §2 may be applied to the differential
equation (1.1), it will be necessary to study an equation in the Banach space
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Eq.m g Xea,n,xk Which is the topological product of the Banach spaces Eq4,m,x,
€a,n,r introduced by Schauder [13.] We recall first the definition given by
Schauder of these spaces.

Let K be an open circle in the xy-plane(*). The space E.,m.x, where m is
an integer and « is a fixed number such that 0 <a =1, is the linear space of
continuous real-valued functions defined on K, the closure of K, which are m
times differentiable at each point of K and which are such that the deriva-
tives of order» (1 =» <m) are all a-Hélder continuous (are elements of Lip «).
That is, if f(x, ¥) € E«,m,x, then there exists a constant Cy,, such that

| fO (21, 1) — fO (%2, 32) | S Cro(rra)=

where (r12)2=(x1—x2)2+ (y1—¥2)?, f@ is an arbitrary vth order derivative of
f, and (%1, 31), (%2, y2) are an arbitrary pair of points in K. It is easy to show
that for fixed f and », there exists a minimum C;, which we denote by c;,,.
The norm of the elements of E, .k is defined as follows: first if gEEq m,x
or g is a vth derivative of an element of Eqm x, we define ||g]|. as:

“g“" = max | g(xr y) I + Cg,0.
(x, ) EK
The norm of f(x, ¥) EEa,m k is defined as
i 1 || a#if
fllam = 2 —

-+ j=0 2!j! 6x"6y"
Under this norm, E, . x is a Banach space. Also if fi, f2E& E«,m.x, then ]I fr- fz“a,,,.
<[|fillam-Ifellam- (See [13, pp. 667-668].) Hence Eum.x is a normed ring
under pointwise multiplication.

In an entirely similar way, we define the Banach space é.,m,x of continuous
functions defined on K—K, the boundary of K, which are such that the
derivatives of order » (1 <v <#) are all a-Hélder continuous.

Finally we define the space E,m,xXeéanx, the topological product of
Eomx and e,,q,x. The norm of E, m, g Xea,qnx is defined as follows: if (f, g)
EEom,x Xea,n x, that is, fEE, m.x and g€e, .k, then

¢ @l = 1Al em + llgll 2

the sum of the norms of fand g in E. .m» .k and e,...x, respectively. It is clear
that Eum,x X€amxis a Banach space with this norm. In the work which
follows, we shall, for convenience, denote E, m.x and éq,n.x by Eam and e,
respectively.

Now we consider the equation

(3'1) F(xy Y25 P gy, t) = ',/(x, y)

(¥) From a remark of Schauder [13, footnote 33, p. 690 and III, pp. 702-703] it follows
thatall theresults of this work are valid also if K is a bounded connected open set in the xy-plane
whose boundary consists of a finite set of disjoint curves of class Ch.

.
a
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where F has a-Holder continuous fifth derivatives in all its variables(®) and
Y(x, ) EE. 1. It is assumed that equation (3.1) has an initial solution in X
which is elliptic relative to F, that is, we make the following assumption.

AssuMPTION 3.1. There exist Yo(x, ¥) EE,1 and ¢o(£) Ee.,3 such that
if Y(x, y) =yo(x, ¥), then equation (3.1) has a solution z¢(x, ¥) EE, ; whose
boundary value is ¢o(£). Also the solution 2, is elliptic relative to F, that is,

[0F/as)2 — 4 [oF /ar] [9F/ot] < O

when 2z, and its derivatives are substituted for z and its derivatives in
dF/ds, 0F/dr, dF/0t.

The question to be answered is this: if € is sufficiently small, do there exist
solutions z(x, y) € E, s of equation (3.1) for given y €E, ; and given boundary
values ¢Ceq,3 such that ||Y —y||.1<e and ||¢ —||«,s<e, and what are the
multiplicities of these solutions if they exist?

In order to answer this question, we shall derive, following a technique
due to Schauder [13, pp. 693-694], an equation in the Banach space E..
Xeq,s and show that the problem of studying the solutions of equation (3.1) is,
in a certain sense, equivalent to the problem of studying the solutions of this
abstract equation.

In deriving the equation in E,,; Xeéq, 3, we shall assume that the functions
Yo and ¢ of Assumption 3.1 are both identically zero. This will simplify the
computations. The same type of derivation may be carried out if it is not
assumed that Yo and ¢, are identically zero. (Cf. [13, pp. 693-694].)

We write equation (3.1) in the form:

w(xa y) = F(xy ¥, 3, P: qv 7o, So, tO)

oF
+ (r — 1) . (=, ¥, 20, Po, o, 70, So, t0)

oF
+ (S - 50) —é:' (x) Y, 20, pOy Qoy Toy Soy 10)
3.2)

oF
+ (t - tO) —st— (x, }’, 20, PO: qo, 70y Soy tO)
1(oF
+ (’ - ’O)f {_ [xr 3’, 2, P: q: 7o + x(" - fo),
0 ar
so 4 N(s — s0), o+ Nt — £0) ]

oF
- _67 (x’ ¥y 20, Doy oy Ty Soy 10) ax

(5) We state the hypothesis on F in this way for simplicity. Actually, only certain of the
fifth derivatives are needed. An examination of the proofs in this section shows which deriva-
tives of fifth order and which of lower order are needed.
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1(0F
+ (s — So)f {—— [%, 9, 2, , ¢, 70 + Nz — 70),
0 aS
So + )\(S il So), to + )\(t - to)]

oF
- _6:'_ (%, ¥, 20, Poy qo, 70, So, to)} AN
(3.2)

1(9F
+ (¢ — io)f {—6; [, 9, 2, p, ¢, 70 + N(r — 70),
0
so+ N(s — s0), fo + Nt — t0)]

oF
o (%, ¥, 20, po, o, 70, So, to)} ax
where po, qo, 70, So, to denote the derivatives of z,.

In order to derive the equation in E, ;Xe. s we shall, roughly speaking,
solve the linear part of equation (3.2). For this, we recall the following im-
portant lemma:

LeMMA 3.1. Consider the elliptic differential equation

T a3 2L = o )
%, y) — = p(x,

dxdy Y ay? ATy

where B2—4A4C<0 for (x,y)EK, p(x, y) EE,1, and A(x, v), B(x, y), C(x, y)
EE.,1. Then for a given boundary value ¢ Eea,s, equation (3.3) has a unique
solution w(p, ) EE.,3 in K which satisfies the following inequality:

92w
(3.3 Az, y)a—x;+ B(x, y)

(3.4) |wo, 8)|| ais = M (6] a1 + || 8] «.3)
where M is a positive constant. Inequality (3.4) implies in particular that
[lw(o, $)]]1.1

| D12o(o, #)]]1.1
IIDzw(P, ¢)“a.1
| Dsw(o, ¢)||«

where Dyw(p, ¢), Dsw(p, ¢), Dsw(p, ¢) denote arbitrary first, second, and third
derivatives, respectively, of w(p, ¢) regarded as a function of x and y.

Moreover, w(p, ¢) regarded as an operator on E,1Xess ts linear and
w(p, @) is 1-1 in p and 1-1 in ¢.

Proof. See [14, Satz I1’, p. 277] and [13, Hilfssatz 11, p. 687].
The third derivatives of zo(x, y) are a-Hoélder continuous. Hence

= M(|oll e + ||#l] a2)

oF
c/f(x, y) = _af— (xr y) Z0, Po, 90, 70, Soy to)’
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doF
6(9‘.! 3’) = ?\; (x’ ¥s %0y Do, oy 7o, So, to),

oF
e(x' y) = -Et- (x’ Y, 20, Pov QOr 70, So, tO)
are elements of E, 1. Now we consider the differential equation

3.5) Alx, y) + B(x, y) 2 +C y)——P( %)

9xdy

where p(x, ¥) EE, . Applylng Lemma 3.1 to equation (3.5), we obtain the
solution w(p, ¢). Hence equation (3.2) may be written in the form:

3 )
Y(x,9) =F [x ¥, 20 + w(p, &), po + Y w(p, $), g0 + a— w(p, ), 70, So, to]

i) , oF
+ P(xv }') + L(pi)f { [xv Yy 20 + w(Pt ¢)' Po

2

a w
+ 5'; w(Pv ¢)» qo + :9—}’ W(p, ¢)v o+ A ’a_x; (Pt d’)v So

PN APl )]

axay Py @)y bo ayz PP
oF

- 'a_’ [x’ Yy 20y ?09 oy 7oy So, to]}dx

(3.6)
Pw

0xdy

oF 9
f {as[x,y,20+ w,po+—-w,Qo+—w,ro
0

02 02 02
+)\——w,so+)\—-—w,to+)\-——w]
dx? dxdy y?

oF
- [x' Y, 20, p09 qoy 7o, So, to] ax
as

0%w {6F [ + + " V]
R x, 2 w —_ w, —_— W, r
ay? Py ¥, %0 s Do qo 3y 0

a? 0% a2
+A—w, 50+ N—w, ¢ )\-——w]
axt oxdy ot ay?

oF
- '; [x' ¥y %0, Doy qo, 70y So, to]} dax
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where ¢ is the given boundary value of the sought for solution and Y(x, y) is
also given.
We define the transformation from E,;Xeé,,; into E, ;:

i)
R(l)(Pv ¢) = [x, ¥, 20 + W, po + w, qo + 'w, 70y So, to:l
Since F(x, ¥, 2o, Po, o, 70, S0, b0) =0, then by using Taylor s expansion, R®(p, ¢)

may be written in the form:

R, ¢) = Ri" (6, 8) + Rs (5, $)

where

Rl(.l)(Pr ¢) = w(Pl ¢) - (x’ Yy, 2o, 170, o, 7oy So, to)

3.7 n a :I oF ;
( . ) [ax w [5} (x9 Y, %oy PO’ qoy 7o, So, 0)]
a oF
+ [— w] ['— (xt Y, 2o, POy o, Toy Soy to)]
ay aq
and
) (7]
R (0, 8) = [w(o, #)] [ ( y Y 2ot Tw, ot T P w,"qo
+ T_ w, 7o, So, tO)] 1 - T]df
+2(w)( ) ( )(l—r)dr
920
+2(w)( ) )(1 — 7)dr
(3.8)

+(G) S (ZZ: (@ =
+ z(ax)((:;).ﬁ <af:q)(l -
D

We define also the transformation
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R‘”(«ﬁ)~ae {W
i dx? or

a
I:xryv20+wyﬁo+ w;qo+3—w,1’o
y

+ A i + A il o+ A il :I
—w,s —w, —w
dx? ° dxdy ° dy?

oF
- 5; (xv ¥, 20y pOy 90, 7oy Soy to)} dk

d%w oF 9
+ f { [x’ ¥, 20 + w, Po + wv qO + w, 7o
0xdyJ o \0s dy

(3.9) a2 A= ]
. —w, s w, —w
axt 0 Taxay | oyt

oF
- 6_s (%, ¥, 20, Po, o, %oy Soy to)}tﬂ\

92 oF 9
+ — { [x, Y, 20 + w, Po+ w. qo+ w, 7o
0

9y? at

+ A i +A il to+ A & ]
—w, s — 1w, —w
axt ' Toxay | oyt

oF
- 5; (x, Yy, 2o, PO! oy 70y So to)} dA.
Now equation (3.6) may be written:

(3.10) ¥=rp+Ri(p,8) + R (0, 8) + R (o, 9).

Instead of studying this equation directly, we shall study the equation in
Ea.lxea,3:

(3.11) (0, ) + Ry (0, 8), 0) + (Rs (0, 8), 0) + (R (01 4), 0) = (¥, 8)

where 0 is the zero of the space e,,3.

Denoting (R{’(p, ¢), 0) by C(p, ¢) and denoting (R’(p, $) +R®(p, ¢), 0)
by T'(p, ¢) where C and T are then transformations from E.,Xe.,; into itself,
we may write equation (3.11) as:

(3.12) I(p, ¢) + Clp, ¢) + T(p, ) = (¥, ¢)

where I is the identity transformation.

In the remainder of this section, we investigate the solutions (p, ¢) of
equation (3.12) when (¥, ¢) is given. The investigation is made by applying
the theory of §2 to equation (3.12). The information obtained concerning the
solutions of equation (3.12) yields, in turn, resuits concerning the existence
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of solutions of equation (3.1).

We show first the relationship between the solutions z(x, y) of equation
(3.1) for given ¥ and ¢ and the solutions of equation (3.12) for given (¢, ¢).
If for given (Y1, ¢1) € Ea1Xeq,s there exists a solution (p1, ¢1) EEa1Xea,3
of equation (3.12), then there exists a solution 2;(x, ) € E. s of equation (3.1)
when ¢ =y,. The boundary value of 2 is ¢; and z1=20+w(p1, ¢1) where 2,
is the initial solution of Assumption 3.1. The existence and properties of
2 follow from the derivation of equation (3.12). Conversely, if there exists
a solution 2, of equation (3.1) when ¢ =y, such that z has boundary value ¢,
then there exists a solution (p1, ¢1) of (3.12) when (¥, ¢) = (Y1, ¢1) and

62
dxdy

82
pi(z, y) = Al(x, y) poes (51 — 20] + B(x, ¥) [21 — 2]

82
+ C(=, y) Py [z1 — 20].
y

The fact that (p1, ¢1) is a solution of equation (3.12) follows from the deriva-
tion of equation (3.12).

Since w(p, ¢) is 1-1 in p and ¢ (Lemma 3.1), it is clear that corresponding
to n distinct solutions of (3.1), there are exactly » distinct solutions of (3.12)
and vice versa.

However, by using the theory of §2, we shall be able to investigate only
the local solutions of equation (3.12). If it is shown that equation (3.12) has a
local solution, that is, for each (¥, ¢) in a neighborhood N; of (0, 0), there is a
solution (p, ¢) of (3.12) contained in a neighborhood N: of (0, 0), this will
imply only that equation (3.1) has, for given ¢ and ¢, a solution in the set
20+w(H,) where H, is the set of solutions of (3.12) which correspond to
(¥, ¢) €N, and which are contained in N,. (The operator w was defined in
Lemma 3.1. It will be shown later (Lemma 3.3) that w is completely continu-
ous. Hence since H: is bounded, w(H>) is compact.) There is, however, no
reason to exclude the possibility that equation (3.1) may have a solution out-
side the set zo+w(Hz). So the number of local solutions of equation (3.12)
is a lower bound for the number of solutions of equation (3.1).

We summarize this discussion in the following theorem.

THEOREM 3.1. The number of distinct local solutions of equation (3.12) for
given (Y, @) is a lower bound for the number of distinct solutions of equation (3.1)
for given ¥ and ¢. The number of local solutions of equation (3.12) for given
W, ¢) is equal to the number of solutions of equation (3.1) in the compact set
2o+w [H,] defined above.

Theorem 3.1 and the discussion preceding it justify the following defini-
tion.

DEFINITION 3.1. The multiplicity of solutions of equation (3.1) is the
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multiplicity of solutions (in the sense of Definition 2.1) of equation (3.12).
(In Theorem 3.2, it will be shown that Definition 2.1 can be applied to equa-
tion (3.12).)

The relationship between equations (3.1) and (3.12) is further revealed
by the following lemma which shows that the linear parts of equations (3.1)
and (3.12) are essentially the same.

LeMMA 3.2. The dimension of the null space of the operator I(p, ¢)+ C(p, ¢)
is equal to the number of linearly independent solutions of the Jacobi equation
associated with equation (3.1).

Proof. The Jacobi equation associated with equation (3.1) is the linear
differential equation

[614] %u +|:alvt| *u n [6 u
arly 9x? dslo 9xdy at 1o 9y?

" [GF] 8u+ [GF] 6u+ I:aF:I —0
aplo 9z Laglo 9y Lazle” —

where the notation [ ], means that the expression in the brackets has sub-
stituted in it 2o and its derivatives for z and its derivatives.

By a solution of the Jacobi equation, we mean a function #(x, y) which is
an element of E, ;s which satisfies equation (3.13), and which is zero on the
boundary of the set K.

Suppose (p1, ¢1) is an element of the null space of I(p, ¢)+ C(p, ¢), that is,
(p1, 1) is a solution of the equation

(3.13)

(3.14) I(p, ¢) + C(p, ) = (0, 0).

By definition of C(p, ¢), this implies that ¢;=0 and

(3.15)  p1+ w(p1, ¢1) [f] + 2 w(p1, $1) [6— + 2 w(p1, $1) [31—?] = 0.
dzlo O« dple dy dg.lo

But w(p,, ¢1) is a solution of (3.5) when p; and ¢, =0 are given; that is,

9. azw(Plr ¢l) a 82?0([31, ¢1) oF 62w(ply ¢1)
pn=-1—+--——+{— —
ardo dx? dsdo dxdy Lot do ay?

Hence equation (3.15) may be written as:

[ﬁ’——l 3%w(p1, ¢1) n [ﬁ] 9’w(p1, ¢1) " [f] 3*w(p1, ¢1)
ardo dx? dslo 9xdy at ly 9y?

OF oF a‘lD(pl, d)l) 6F] a‘IO(pl, ¢1)
L) | — — | —— 4| —F =0
+ w(py, ¢1) [82]0 + l:ap]o Py + I:aq . 3y

Hence since ¢:=0, w(p, qﬂ) =w(p1, 0) is a solution of the Jacobi equation.
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Since w(p, ¢) is linear and 1-1 in (p, ) (Lemma 3.1), it is clear that if (p,, 0)
and (pz, 0) are linearly independent solutions of (3.14), then w(p;, 0) and
w(ps, 0) are linearly independent solutions of the Jacobi equation.

By following a similar procedure, it can be shown that corresponding to
two linearly independent solutions of the Jacobi equation, there are two
linearly independent solutions (p1, 0) and (pe, 0) of equation (3.14). This
completes the proof of the lemma.

We show now that equation (3.12) is an example of equation (2.1) and
hence that the multiplicity theory of §2 can be applied to equation (3.12).

THEOREM 3.2. Equation (3.12) is an example of equation (2.1). That is,
the transformation C(p, ¢) is linear and completely continuous and the trans-
formation T satisfies conditions Py, Pa, Ps, Py of §2.

Proof. The proof will be broken up into lemmas.

LemMA 3.3. The transformation C(p, @) is a linear, completely continuous
transformation of E.Xea,s tnto itself.

Proof. The linearity follows from the definition of C(p, ¢) and the linearity
of w(p, ) (Lemma 3.1). From the definition of C(p, ¢), it is clear that in
order to prove that C(p, ¢) is completely continuous, it is sufficient to prove
that w(p, ¢), dw(p, ¢)/dx, and dw(p, ¢)/dy are completely continuous in E,
because [0F/dplo and [0F/dq]o are bounded in K. The proof that w(p, ¢),
dw(p, ¢)/9x, and dw(p, ¢)/dy are completely continuous is a direct conse-
quence of [13, Hilfssatz 12, p. 691)]. Hilfssatz 12 shows that w(p, ¢) is
“yollstetig” in the sense of [13, Definition 5, p. 674]. But “vollstetig” implies
complete continuity in the usual sense.

LEMMA 3.4. The transformation T(p, ¢) satisfies the conditions Pi, Ps, P,
and Py described in §2.

Proof. By Lemma 3.1, w(p, ¢) is linear in (p, ¢). Hence w(0, 0) =0. From
this and from the definition of T'(p, ¢), it follows that 7°(0, 0) =0, hence that
T (p, ¢) satisfies P;.

In order to prove that T'(p, ¢) satisfies P; we recall that T(p, ¢)
=(R®(p, ¢), 0)+(R®(p, ¢), 0). That R™(p, ¢) satisfies condition P; is
proved in [13, pp. 697-701]. Hence to show that T(p, ¢) satisfies condition Py,
it is only necessary to show that R (p, ¢) satisfies condition P,. We prove that
P; holds for

1rg2F ad
(e, &1 [ [—— (3, 20 + 70(p, &), Po+ 7~ w(p, B),
0 922 dx
(3.16) ,
qo + T 5 W(p, ¢), 7o, So, to)] [1 bl T]dT.

The same type of proof holds for the other five terms in R{’(p, ¢).
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For convenience, we introduce, following [13, p. 695], the nota-
tions X) ZO’ RO’ W(Pv ¢)v V(p’ ¢) for (x) y)’ (20, Pl)» qo)r (70’ So, to), (w(pv ¢)y

dw(p, ¢)/9x, dw(p, ¢)/dy), and (3*w(p, ¢)/dx%, 3*w(p, $)/3x0y, O*w(p, $)/3y*)
respectively. Then (3.16) becomes

1 r9?%F
[20(p, ¢)]2f [3;; (X, Zo+ W(p, ¢), Ro)] [1— r]dr.
0
By definition,

11 9%F
([wton 89 [ [5 (X, Zo + W (on, 61), R»] [ — +]dr, 0)

= (won ) [ 1 [%1-7 (X, Zo + W (o, 62, Ro] [t — ~lar, o>”

_ H(wl)z fo 1 [‘g- (X, Zo + W (o1, ¢1),R0):|[1 — 7]dr

- (‘wz)zfol [%_F; (X, Zo + 7W(p2, ¢2), o)][l — rldr

a,l

(3.17) .
(where w; denotes w(p;, ¢;) for ¢ = 1, 2)

2

< H(wm ] 01 [%f (X, Zo + 7W(on, $), Ro)

2

a%F
- _2" (X’ ZO + TW(”?’ ¢2), Ro)] [1 - T]d‘r

a,l

a,l

o°F
+ H(w1 - wg) f [—— (X, Zo + W (ps, ¢2), Ro)][l — 7]dr
The expression
1[9°F
) [; (X, Zo + W (o, ¢2),Ro)][1 — rdr = Gz 3)
(1]

is a function defined on K. Since F has a-Hélder continuous third derivatives,
there exists M;>0 such that

“G(xt y)”a.l < M,
Hence
[| (01 — w2)G(#, )l|w < M|t — ]
< Mafllw — wllaa]lllwn + wil]a]

since E,, is a normed ring. But
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Ml[”wl - wz“a.l][“wl + w2||a,1]

= Ml[“w(PI, é1) — w(pz, d2)|| 1]l wlor, é1) + w(o2, $2)|a.1]

=M, [”w(Pl — p2, 1 — 62)||a.3] [”'w(Pl + pay $1 + ¢2)| s

= Mle[”m - P2”a.1 + ”d’l - ¢2“a,s] [“Pl + P2”a,l + ||¢1 + ¢2”a.3]
= Mle[”(Pl - p2, $1 — ¢'2)“][“(P1 + p2, 61+ ¢2)”]

= M:M%([[os, #1) — (o2, 92|11l s, 61) + (o2, 9[-

Now we deal with the term

(3.18)

62

2 (*1 (9%
wlf {——; (Xy ZO + TW(ply ¢l)y Ro)
0 9z

2

o’F
- B;; (X, Zo + W (p2, ¢2), Ro)] [1 - T]dr

al
By Taylor’s expansion, this may be written as:
' 9%F

YA

(X, Zo + W (p2, ¢2), Ro)

wffol [T[W(Ply ¢1) — W(ps, ¢2)]

04F
[ (X, A [W (o1, 1)

1
2[W (ps, — W(oy, 2
+ 72 [W (o2, ¢2) (p1, #1) ] f 92%32"

0

— W(pz ¢2)], RO]] d)\} {1 —r}dr

la,1

(We use in this expression the same type of abbreviation as is used in [13, p.
695. See especially footnote 37].) It readily follows that this expression
satisfies condition P,. This completes the proof that R{’(p, ¢) satisfies condi-
tion P; and hence that T'(p, ¢) satisfies condition P,.

Now we prove that T'(p, ¢) satisfies condition Py, regardless of the dimen-
sion of the null space of I(p, )+ C(p, ¢). We prove first that R (p, ¢) satis-
fies condition P,. It is sufficient to show that P, is satisfied by the expression

1 FoF
(3.19) [w(p, ¢)]? fo [a_z(X’ Zo+ tW(p, ¢), Ro)][l — r]dr.

The same type of proof holds for the other terms in R’(p, ¢).
Expression (3.19) may be written as:

[w(e, 6)]2 fo 1 [gg (X, Zo, Ro>][1 — rlar

oF oF
+ [w(o, ) ]? f [g (X, Zo + 7W(p, ¢), Ro) — py (X, Zo, Ro)][l — rldr.

1
0
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It is clear that the expression [w(p, ¢)]2[o[(F/32)(X, Zo, Ro)][1 —7]d7 re-

garded as an operator on (p, ¢) satisfies the conditions of part (1) of P,. Also
it is easy to show that the expression

1 FoF oF
[w(pr ¢)]2fo [g (Xr ZO + TW(p: ¢)1 RO) - °a_z' (X’ZO, RO)] [1 - T]dT

regarded as an operator on (p, ¢) satisfies the condition of part (2) of P,
Hence R (p, ¢) satisfies condition P,.

Now we show that R®(p, ¢) satisfies P,. From the definition of R®(p, ¢),
it is clear that it is sufficient to prove the statement for the expression:

(p) ¢)f { (4K ZO I 2 (p, ¢) ‘RO l AY (Pr ¢))
9 ( y &0y LN0 .

By Taylor’s expansion, the integrand in (3.20) may be written in the form:

oF  ow(p, ¢) [ O°F dw(p, ¢) [ 9°F :I
wier 4) 920 + ox [apar]o+ dy [agar 0

3%w(p, 9% 9%2w(p, %F
\ w(p¢)|:__l_‘_]+>\ W(p¢)[ :I
dx? ar? dxdy dsar_lo
3?w(p, ¢) [ I°F %F :|
AN —— Ik 1 —7)d
A [aza ] + (w6, 9] fo [a2zar (= mdr
dw 1r o%F
—_— 1—-17)d
+ [w][ax]fo _ézapar],[ rlar
ow 1r o%F
- 1—7ld ..
+ [w] [ay]fo | 20¢0r :l,[ rlar +
FPw]d*w] L[ %F
+ 2 ——]—f [ ][1—f]dr
| dx2 )L oy2lJ o Latarcl,
w2 ! I*F
A2 1—17ld
+ 923y j; [aszar],[ rlar
" 32w T [*w 1 o%F
I [
| dxoyd Loy lJ o L dsdtar .

[ [ 9F
+ A -;y—;:l j:) [asﬁar],[l — r)dr

(3.21)

where
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[aZF] O°F X 20 Ry
ozor Jo  ozar T

F % F
[62267'],: 9z%0r (Xv Zy + TW(Py ¢)7 Ry + T)‘V(pv ¢))
and the other symbols have similar meanings.

When the integrand of (3.20) is written in this form, it is clear that (3.20)
satisfies Py.

Thus we have shown that (R (p, ¢), 0)+(R®(p, ¢), 0) is of the form
T®4T®, If the second order terms, that is, the terms in T(®, vanish, then
by further application of the mean value theorem, it may be shown that
the transformation is of the form T®+4T® or, in general, T 4 T*+D where
k=3. In order to apply Taylor’s expansion in these cases, it may be necessary
to assume that the function F has derivatives of order higher than 5.

Since we have shown that condition P, is satisfied, regardless of the
dimension of the null space of I+C, condition P; is a consequence of P,.
This completes the proof of the lemma and hence the proof of Theorem 3.2.

Theorem 3.2 shows that the theory of §2 may be applied to investigate
the local solutions of equation (3.12) and hence, by Theorem 3.1, to investi-
gate the solutions of equation (3.1). We prove first a version of the classical
existence theorem.

TuEOREM 3.3. If the Jacobi equation (3.13) associated with equation (3.1)
has only the zero solution, then equation (3.1) has a neighboring solution in the
following sense: there exists ¢¢>0 and es>0 such that for each pair Y EE,,
and ¢ Ce, 3 satisfying the conditions

“‘//0 - '//”a,l < e, “¢0 - ¢“a,3 < e,

there is at least one function z(x, y) EE. 3 such that:
(1) ”Zo—Z”a,3<€2.
(2) The boundary value of z(x, y) is ¢.
(3) In K, z(x, y) satisfies the differential equation

F(x’ 2D Qs t) = l,b(x, y)'

Proof. By Lemma 3.2, the hypothesis implies that I(p, ¢)+C(p, ¢) is a
nonsingular, 1-1 transformation. Hence by Theorem 2.1, equation (3.12) has
a unique local solution. The theorem then follows from Theorem 3.1.

Theorem 3.3 is contained in the work of Leray and Schauder (see [8, pp.
74-78]) except for the generalization introduced by varying ¢. The proof
given here is new. Theorem 3.3 is more general than the classical result of
S. Bernstein (see [3, p. 1325]) in that solutions in E,; rather than just
analytic solutions are considered, the varying ¢ is introduced and a bound,
||20]| a5+ €2, is given for the solutions z.
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Now we consider the case when the Jacobi equation associated with
equation (3.1) has a nonzero solution. This means, by Lemma 3.2, that the
operator I C of equation (3.12) has a null space different from zero. We have
first:

THEOREM 3.4. If the multiplicity of solutions of equation (3.1) (Definition
3.1) is different from zero, there exist neighboring solutions for equation (3.1)
in the following sense: there exist >0 and €2> 0 such that for each pair y EE, ,
and ¢ Ee, 3 satisfying the conditions:

”‘//0 - '//”a,l < e, ”¢0 - ¢“a,3 < e,

there exists at least one function & E, 3 such that:
(1) Hzo—z”a,3<ez.
(2) The boundary value of 2 is ¢.
(3) In K, z is a solution of the differential equation:

F(x! N2 D g1y S, t) = ‘,’(xr y)'

Proof. This follows from Theorem 2.2 and Definition 3.1.

Combining the results concerning the value of the multiplicity that are
given by Theorems 2.4, 2.5, and 2.6 with Theorem 3.6, we obtain more con-
crete existence theorems. In particular, by applying Theorems 2.4, we obtain:

THEOREM 3.5. If the Jacobi equation associated with equation (3.1) has just
one linearly independent solution, if the transformation T in the corresponding
equation (3.8) is of the form T® A T*+D where k is odd (see condition P.),
and if condition Ps is satisfied, then equation (3.1) has at least one neighboring
solution in the sense described in Theorem 3.4.

Proof. This follows from Theorem 3.4 and Theorem 2.4.
The significance of the hypothesis T'=T® 4 T*+D where k is odd may
be seen by considering an example: k£=3. By definition,

T(p, $) = (Rs (0 ¢), 0) + (R (o, $), 0)

where R{"(p, ¢) and R®(p, ¢) are defined by equations (3.8) and (3.9) re-
spectively. An examination of (3.8) and the treatment of R®(p, ¢) in the
proof of Lemma 3.4, in particular equations (3.20) and (3.21), shows that if
the terms [32F/dudv]o, where u, v=32, p, g, and the terms [32F/dudr o, where
u=z, p, q, 1, s, t, are identically zero, then T=T® +T®,

By making similar application of Theorems 2.4, 2.5, and 2.6, other
existence theorems analogous to Theorem 3.5 may be obtained.

An example of these results is the work of R. Iglisch ([5] and [6]). Iglisch
considers the equation

(3.22) Au = F(u)
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where F(u) is a real, analytic function. By using Green's function, an integral
equation is derived from (3.22). The problem of solving (3.22) is equivalent
to the problem of solving the integral equation. The study of the integral
equation runs parallel to the study of equation (3.12). Iglisch obtains a
theorem [5, p. 101] which is a special case of Theorem 3.3. He also obtains
a theorem which is, in a certain sense, a special case of Theorem 3.5. It is
not strictly a special case of Theorem 3.5 because while it is a special case of
equation (2.1), it is not a special case of equation (3.12). Iglisch assumes that
the Jacobi equation associated with (3.22) has just one linearly independent
solution. His hypothesis that L0 [5, p. 110] is a special case of the hy-
potheses that T'=T® 4 T*+D and that Pj is satisfied. Hence this hypothesis
is exactly analogous to the application of the hypotheses T'=T® 4 T (x+D
and Ps in the statement of Theorem 3.5.

REMARKS FOR §3.

1. It can be seen that the crucial statement in §3 is Lemma 3.1. This
lemma is applied repeatedly in the work. It is because of the hypotheses of
this lemma that we are restricted to studying solutions of the differential
equation (3.1) that are in the space E, . The possibility of generalizing the
theory of §3 to a study of solutions of (3.1) in E,,» depends entirely upon the
possibility of generalizing Lemma 3.1 in an analogous fashion. According to
a footnote in [13] (footnote 43a, p. 703), Giraud asserted in a letter to
Schauder that Lemma 3.1 can be generalized in this way.

2. In this and the following sections, we consider, for simplicity, the case
of two independent variables. All the discussion can be carried through for
the case of n variables. The only change which has to be made is that Lemma
3.1 has to be generalized to a statement in % variables. The statement in #
variables of Lemma 3.1 can be obtained from [14].

4. The relation between the multiplicity of solutions and the number of
distinct solutions. The multiplicity of Definition 2.1 gives no criterion for
determining if there is more than one solution of equation (2.1). That is,
the multiplicity may be m such that lml > 1, but there may be just one local
solution x of the equation. From Definition 2.1 it can be seen that this in-
ability of the multiplicity to distinguish whether or not there are several
distinct solutions stems directly from the corresponding inability of the
topological degree of a mapping in Euclidean space. That is, if the topological
degree at point p of a mapping M which takes Euclidean #-space E* into it-
self is m such that lm! >1, then the equation M(x)=p has at least one but
not necessarily more than one solution. A simple example of this is the equa-
tion in E?: Z»=0 where m >1. This equation is said to have m roots and the
mapping Z—Z™ has topological degree m at 0. But there is just one point,
the point 0, which is taken into 0 by this mapping.

Hence the applications of the multiplicity in §3 yield no information
concerning the number of distinct solutions of equation (3.1). However, by
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restricting our considerations to a class of quasi-linear elliptic differential
equations, we show in this section how the theory of §2 may be used to
demonstrate the existence of several distinct local solutions for certain quasi-
linear elliptic equations.

The class of differential equations considered will be restricted so that
the abstract equation (equation (3.12)) associated with the differential equa-
tion has the form

I(p, ) + D(p, ) = (p, ¢)

where D is a completely continuous transformation. For a mapping of the
form I+ D, the Leray-Schauder degree (hereafter to be designated as the
LS degree) [8] is defined. Moreover the LS degree and the multiplicity of
Definition 2.1 differ at most by a factor —1 (Theorem 2.2). Hence for this
class of differential equations, the multiplicity has the properties of the LS
degree. In particular, the property of the LS degree that is described in
Theorem 4.1 is used to demonstrate the existence of several distinct solutions
for certain equations.
We consider the following quasi-linear elliptic differential equation:
oz 92
F(x, 9,2 p,q,7,51) = A(x, y) ;c; + B(%, y)

4.1)

dxdy
0z
+ C(x’ 3’);}‘,; +f(x1 ¥y 2, by Q) = ‘l’(xv y)
where 4 (x, ¥), B(x, ¥), C(x, ¥) €Eq,, f has a-Holder continuous fifth deriva-
tives in all its variables, and ¥(x, ¥) EEa,1. We also make the following as-
sumption.

AssuMPTION 4.1. There exists Yo(x, y) EEa.1 and ¢oEeéa,s such that if
¥ =y, equation (4.1) has a solution 2¢(x, ¥) EE.; whose boundary value
is 4)0.

The theory of §3 may be applied to equation (4.1) and we obtain as be-
fore equation (3.11) in E.1Xess However, in this case, dF/dr, dF/0s,
dF/dt are A(x, y), B(x, ), and C(x, y) respectively. Hence from the defini-
tion of R®(p, ¢) (see equation (3.9)) it follows that, in this case, R® =0.
Hence the abstract equation associated with equation (4.1) is

(4.2) I, 8) + (R (o, 8), 0) + (R1" (0, 6), 0) = (¥, &).
Denoting (R{®(p, $), 0) by C(p, ) and (R’ (p, 8), 0) by T(p, ¢), we may write

equation (4.2) as
(4.3) I(p, ¢) + Clo, ¢) + T(p, ¢) = ¥, 8).

LeMMA 4.1. The LS degree is defined for the transformation I+C+T in
equation (4.3).
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Proof. The LS degree is defined for transformations of the type I+4+D
where D is completely continuous [8]. In [13, pp. 694-697] it is proved that
R{®(p, ¢)+RP(p, ¢) is completely continuous. Hence C+ T is completely
continuous. This completes the proof of the lemma.

Now by Theorem 2.2, the LS degree of I+ C+T and the multiplicity of
solutions of equation (4.2) are the same except for at most a factor —1.
That means that in this case, the multiplicity of solutions has all the proper-
ties of the LS degree besides the multiplicity properties described in §2.

We want to determine when equation (4.3) (and consequently equation
(4.1)) has more than one solution. We suppose that equation (4.3) has a
multiplicity of solutions m such that |m| >1. If (4.3) has more than one dis-
tinct solution, then we are all through. However, the fact that the mul-
tiplicity is m does not imply that (4.3) has more than one solution. All that
is known is that the sum of the topological indices of the solutions is m.
(See [8, pp. 54-55].) There might be just one solution with topological
index m.

However, we shall show that in this case, if ¢ and ¢ are varied, no matter
how slightly, then equation (4.3), and hence equation (4.1), will have at least
two distinct solutions. In order to show this, we prove the following theorem
concerning the Leray-Schauder topological index.

THEOREM 4.1. Suppose I+ D is a mapping of a subset of Banach space X
into X for which the LS degree is defined. Suppose (I+D)p =p1 and that the
LS topological index of p is m such that ]m| >1. Then if U is an arbitrary
neighborhood of pi, there exists g U and a neighborhood V of p such that V
contains at least two distinct points which map under I+ D into g.

Proof. We prove first:

LeEMMA 4.2. Let I+D be a 1-1 mapping. If Q is a closed bounded subset in
the domain of I+ D, then I+ D is a homeomorphism of Q onto (I+D)Q.

Proof. We show that I+ D, regarded as a mapping on @, is an open map-
ping. Let N be an open set in the induced topology on Q. Then Q— N is closed
in the topology of Q and the topology of X. But (I4+D)(Q—N) is closed be-
cause D is completely continuous. Since [+ D is 1-1,

(I4+DN=I+DQ-(I+DI[Q—- N]

is an open set in the induced topology on (I+ D)Q. This completes the proof
of the lemma.

LemMA 4.3. If I+ D is a homeomorphism of O, the closure of a bounded,
connected, open set, onto (I+D)0, and if ¢&(I+D)O, then the LS degree of
I+Datqgislor —1.
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Proof. The proof of this lemma is given in [7].

Now the theorem can be proved. We suppose that there exists a neighbor-
hood U, of p; such that each point of U, is the image of just one point under
the mapping I+ D. Let V; be a connected open neighborhood of (I+D)~!p,
such that V;C (I+D)~'U,. Then since I+D is 1-1 on V;, I+D is a homeo-
morphism of V; onto (I+D)V,, by Lemma 4.2. Hence by Lemma 4.3, the
LS degree at p; relative to Vi of I+ D is 1 or —1. This is in contradiction to
the hypothesis. This completes the proof of the theorem.

Theorem 4.1 makes it possible to demonstrate the existence of at least
two distinct solutions for certain elliptic equations. From Theorem 3.1,
Lemma 4.1, and Theorem 4.1, we obtain:

THEOREM 4.2. If the multiplicity of solutions of equation (4.1) (Definition
3.1) is m such that |m| >1, then equation (4.1) admits at least two distinct solu-
tions in the following sense: if €>0, there exists Y1 EEq 1 and ¢p1€eaq,s such that

“‘Pl - lPo”a,l < I|¢1 — ¢o”a.3 < g

and such that there exist | (=2) distinct functions zyu, - - -, ZuS Eq,3 which
have ¢, as their boundary value and which satisfy the equation:
9%z 9% 9%
A(x’ y) —+ B(x’ y) + C(x’ y) —— +f(xr Yy % by Q) = %(x, y)'
dx? GEZLY dy?

Criteria for determining when the absolute value of the multiplicity is
greater than one are given by Theorems 2.5 and 2.6. These theorems to-
gether with Theorem 4.2 yield the desired existence theorems. A typical
such theorem is:

THEOREM 4.3. If the Jacobi equation associated with equation (4.1) has two
linearly independent solutions (then by Lemma 3.2, the null space of I+C
in equation (4.3) has dimension two); if in equation (4.3), T=TPT®
(¢f. condition Py); if condition (1) of Theorem 2.6 is satisfied, then equation
(4.1) has at least two distinct solutions in the sense described in Theorem 4.2.

Proof. This is an immediate consequence of Theorems 2.6 and 4.2.

5. Quasi-linear differential equations with a parameter. The techniques
of §§3 and 4 may also be used to study the existence of multiple solutions of
quasi-linear equations with a parameter. For this work, it is necessary to
know how the multiplicity of solutions of the differential equation changes
when the parameter is varied. Now it is known [8] that the LS degree is
invariant under homotopy. Hence if we restrict ourselves as in §4 to quasi-
linear equations, that is, to equations for which the multiplicity is equal to
the LS degree of the associated mapping given by equation (3.12) (equal ex-
cept possibly for sign), then it will be certain that the multiplicity remains
constant (except possibly for a change of sign) when the parameter is varied.
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By using the same methods as in §3, theorems which are generalizations
and extensions of the classical existence theorems for differential equations
with a parameter may be obtained for the quasi-linear elliptic differential
equation:
2Z 2

0%z
axay+ C(x, y) 3}; + f(x’ Y 2, P: 'n x) = w(x! y)

9%
(S.1) A(x, y) — + B(«, )
ox

where A (x, ), B(x, y), C(x, ) EEa,1, N is a real parameter such that 0=\ <1,
f has «a-Hélder continuous fifth derivatives in all its variables, and
V(x, ) EEa,.

Just as in §4, it is also possible to demonstrate the existence of several
distinct solutions if the multiplicity of solutions of equation (5.1) is greater
than one.
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