ON SOLUTIONS WITH ALGEBRAIC CHARACTER OF
LINEAR PARTIAL DIFFERENTIAL EQUATIONS()

BY
STEFAN BERGMAN

Introduction. One of the methods for the study of harmonic functions
h(x, ¥) of two variables consists in associating with every % a function f of
one complex variable by the relation

h(x, y) = 271 [f(x + iy) + f(x — iy)].

The function f can be obtained by continuing A(x, ¥) to the complex values
of the arguments and then considering it in the characteristic plane x= —1zy
(or x=1y): substituting x=2/2, y= —13/2 into 2k(x, y) yields f(z) +const.

In the present paper we give a generalization of this method to harmonic
functions of three variables. In particular, we study certain classes of har-
monic functions H(X), X=(x, , 2)(%). In addition we shall also consider
certain classes of functions ®(X) which satisfy

T(®) =Ad+ C(x?+ 9>+ 29)® = 0.

Here C(x*+3y%+43?%) is an entire function of (x2+3y2+2%). In Chapter I we
associate with each harmonic function H(X) an analytic function x(Z, Z*)
of two variables Z = (¢y+2)/2 and Z* = (iy —2)/2 which essentially coincides
with H in the characteristic space(®) (Cs=E[x2+y2+32=0](*).

The-*transition from the space € of functions x(Z, Z*) to the space § of
harmonic functions H(X) can be realized by certain integral operators, and
it is useful for many purposes to insert an intermediary space 8 of functions
Sf(u, ¢) of two complex variables = (x+{Z+{~1Z*) and {, and to consider
the mappings of € onto B and B onto P separately.

In §I.3 we determine the operator transforming the function x(Z, Z*)
into the function f(u, ) and the operator transforming f(x, {) back into
H(X).

Algebraic harmonic functions are studied in Chapter II, and in particular
those which arise from a rational f. The latter are single valued on R-manifolds
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(*) Paper done under contract with the Office of Naval Research NR 043-046.

(?) We shall often use the notation H(X) for H(x, y, 2).

(®) The solutions H(x,-y, 2) are in the present paper considered in most cases for real
values of the arguments. We sometimes continue them, however, to complex values; in par-
ticular, (% is a manifold in the space of three complex variables x =x; 2%, y =y141ys, 2=21-112,,
see § 1.2.

(*) E[ - - - ] denotes the set of points whose coordinates satisfy the relations indicated in
the bracket.
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(three-dimensional analogues of Riemann surfaces), and we determine in
§11.3 the maximum number of independent constants possessed by such a
function of a given order. This is analogous to one case of the Riemann-
Roch Theorem.

Chapter III continues these considerations to harmonic vectors H, that
is, vectors satisfying div H=0 and curl H=0. Considering the integrals
JH-dX, where H is a harmonic vector, we show that certain linear combina-
tions of these integrals equal linear combinations of integrals of algebraic
functions of one complex variable; here algebraic relations between the limits
of the integrals on both sides exist. (This result represents to a certain extent
an analogue of Abel’s theorem.)

In Chapter IV we discuss operators transforming harmonic functions into
solutions of T(®)=0. By means of these operators we study solutions of
T(®) =0 which in the characteristic space E[x2+y?+22=0] are algebraic
functions of the arguments y and z. We show that these functions are multi-
valued and are defined on certain R-manifolds § (closely related with the
R-manifolds for harmonic functions considered in II). These functions possess
the property that they can be represented in the form

®(X) = G(X) + i B®™(r)Ga(X),

n=1
where B™(r%), n=1, 2, - - -, are certain functions depending only upon the
function Cin T and G(X) and G.(X), n=1, 2, - - -, are functions harmonic

and single-valued on §. We can associate with § certain 8 functions, general-
ization of classical f-functions; and using these 6-functions, their derivatives,
finitely many transcendental functions connected with §, and finitely many
algebraic and logarithmic operations, each of the functions G.(X), n=1,
2, - -+, can be represented in a closed form.

As it has been shown in [4, 7](®) the theory of Riemann surfaces of
functions satisfying a partial differential equation Ly(¢) =A¢ +ap.+bp,+c
=0 is in a very simple manner connected with the theory of Riemann sur-
faces for harmonic functions. It seems that a similar situation takes place in
the three-dimensional case, and that many results obtained for multivalued
harmonic functions can be extended to the theory of functions satisfying
linear partial differential equations of the form A¢+ K¢ =0, where K is an
entire function.

The author wishes to thank Mr. Henry Pollak and Mr. Arthur Zeichner
for their help in the preparation of the present paper.

I. INTEGRAL OPERATORS IN THE THEORY OF HARMONIC FUNCTIONS

1. Preliminaries. The method of integral operators is one of the tools used

(%) See also Trans. Amer. Math. Soc. vol. 62 (1947) pp. 452 ff. Numbers in brackets refer
to the bibliography.
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to extend procedures of the theory of functions of a complex variable to other
fields, in particular to the theory of functions satisfying linear partial dif-
ferential equations. The totality {U } of solutions of a linear partial dif-
ferential equation represents a linear space. On the other hand, in contrast to
functions of a complex variable, the U’s neither form an algebra nor possess
group properties. The fact that analytic functions of a complex variable
form an algebra gives the basis for the development of the theory of algebraic
functions of a complex variable which can be formulated as a theory of alge-
braic harmonic functions in two variables. One of the aims of the operator
theory is to provide some substitutes for operations which permit us to de-
velop the above theory. By associating, in a one-to-one way, a function fi of
one or more complex variables with every solution U, =P(fi) of a differential
equation, we define a certain composition rule “®” for the U; by writing(®)

1.1) Us = U1 ® Uy,
(1.2) Us = P(fif2).

(The function f; corresponding to Uj will be denoted as the “P-associate(”)
of Ui.”) On the other hand, the relations like (1.1) are at first purely formal,
since the functions U; in (1.1) depend upon the correspondence principle
applied, that is, upon the choice of P, and P can be defined in infinitely many
different ways. One of the main problems of the theory of integral operators
is to study operators which transform functions f into solutions U and to
select among them those which preserve some basic properties of the func-
tions to which the operator is applied. In this way we obtain operators which
can be considered as more or less a natural extension of the operation “taking
the real part.” .

Most of the properties of analytic functions can be interpreted as theorems
on harmonic functions of two variables. As it has been shown in a number of
previous papers, the theory of integral operators (of the first kind) permits
us to extend many of these theorems to the case of general linear partial dif-
ferential equations in two variables of the form L. (see p. 462).

In attempting to generalize methods of integral operators to differential
equations in three variables we find it useful to distinguish between two dif-
ferent problems.

I. Applying operators to analytic functions of one (or more) complex

(®) We omit here a more detailed discussion of the operations which can be carried out in the
theory of functions of one or more complex variables and by employing conveniently chosen
operators used in other function-spaces. We restrict ourselves merely to mentioning that {f}
is an algebra, since this property of {f} is used decisively in the study of algebraic harmonic
functions in Chapter II. Concerning other types of operators, compare [6, 8, 10, 17, 18].

(") In order to avoid confusion, it should be stressed that here and in the following operators
P are applied to the associate functions (which in general form an algebra) and transform them
into solutions of differential equations in whose properties we are interested.
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variables, we study harmonic functions and harmonic vectors, that is, vectors
H(X), X=(x, ¥, ), for which

(1.3) ~curl H = 0,

(1.4) "divH=0
holds. ‘

II. In a manner analogous to the procedure in two variables, we consider
operators transforming harmonic functions in three variables into solutions
of more general linear partial differential equations.

In the present paper we study mostly the questions connected with I,
and limit ourselves in considering problem II to différential equations of the
form

2 62
1.9 T(9) ——¢+—¢+—+C(r2)¢—0

where C is an entire function of r?=x2+4y24-3%

2. Characteristic space (. In considering harmonic functions of three
variables it is often convenient to continue the arguments x, y, z to complex
values and to study their behavior in the characteristic space,

= E[x2+y2+z2= 0]

2 2 2 2 2 2
Elxi + 91+ 21 = 22 + 32 + 2, %1% + 132 + 2122 = 0],
x=x1+ix2, y=y1+1:y2, Z=z1+1.22.

(1.6)

Here it is convenient to use coordmates

1.7 = (iy +2)/2, = Gy — 2)/2.
We have then
1.8) ® =222  y=—i(Z+ 2%, z=(Z—2Z%.

LemMa 1.1, To every harmonic function(®)

H = H(X) Z Z 2—n(zn)|[(n + k) '(n — B a,,,.,R»P,,(cos 0)6"‘4’
(1-9) n=0 k=—n

Ap,—k = On,k

(which is regular at the origin) there correspond two analytic functions xi(Z, Z*),

(®) Here R, 0, ¢ are polar coordinates, and P are Legendre functions. We note that in
the present paper we use for the Legendre functions P! the definition adopted in [11, p. 73].
This definition differs from the definitions used elsewhere by various multiplicative constants.
For instance, the P used here differ from the P used in Madelung, Die mathematischen Hilfs-
mittel des Physikers by the factor (—1)¥, see p. 66 and from those in Heme Kugelfunkhonen, see
p. 211, by the factor 2—(2n)![n!(n—k)!]. .
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k=1, 2, of two complex variables which are regular at the origin and such that
H2ZZ¥)'2, —i(Z + Z%), (Z — Z%)) = x(Z, Z*)

(1.10)
= xi(Z, Z*) + (Z2Z*)'*x(Z, Z2%),

where

0

(1.11a) X1= 2, 2 BuZnWZ¥mtR)I2 = 3" "y ZuZ® oy — k even,

=0 k=—n

and

(1.11b) xo= 3 D BuZe—*VIZ¥atk-DI2 = 3= 3"yl 7u7% 5 — k odd.

n=0 k=—n

Here
Bnk = ank(zn)![(n + k)!(” - k)!]—l; Yur = Brtu,r—us '7:0 = Brtutl,i—pe

Conversely, to every pair of functions (x1, X2) there corresponds a harmonic
Junction H(X) related to (x1, x2) by the relation (1.10).

We shall denote the harmonic function H(X) corresponding to a given
function x(Z, Z*) by di(x).

Proof. Every real harmonic function H which is regular in the neighbor-
hood N(0) of the origin can be represented in N(0) in the form (1.9).

Using the Laplace representation we obtain (see [11, p. 211])

1 -] n
1.12 H=— UL
( ) Zﬂif.c.rg knz—na el d
where
(1.13) u=gx+2+2%, L=E(i|=1.

Replacing x by 2(ZZ*)12 yields u = ((Z¢) V24 (Z*¢1)1%)?, so that the re-
lation (1.10) holds.

The inequalities I.Bnkl <cr-, n=1, 2, .-, imply I'y,f.I <cr-Ut®, and
l'y,’f,] <Lcr-OtetDd y4 =1, 2, - .., and vice versa. Further

122o)![(n+ k)!in— k)] < 4n
and therefore

| am| =| Buk| < 47| am].

Thus the regularity of H in the neighborhood of the origin implies the regu-
larity of x; and x. in the neighborhood of the origin and vice versa. This
completes the proof of the lemma.
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DEFINITION 1.1. The function x(Z, Z*) will be defined as the C;-associate
of H.

(1.19) G={x(Z, z*}

forms an algebra. On the other hand, there are certain differences between the
situation in the case of k(x, y) and that of H(X) which make it impossible to
make an immediate generalization to the three-dimensional case of the pro-
cedures used in the theory of harmonic functions %(x, y) of two variables.

1. While the transition from f(z), z=x-41y, to k(x, v) is realized by the
operator “taking the real part” which will be denoted by b,, the operators
transforming {x} into { H} known at present are of more complicated nature.
The “simplest” operator (which is also considered in the present paper) in-
volves a double integration(?).

2. While in the case of operators b, and p2(!°), the associates are again
functions of two real variables x and y, in the three-dimensional case the
associate x(Z, Z*) is a function of four real variables, while H(X) depends
only on three variables.

3. x(Z, Z*) is not analytic at the origin; this deficiency can be easily re-
moved, say by introducing new variables, but then some new complications
will arise. Further, x(Z, Z*) are functions of two complex variables whose
properties are not so well known as those of functions of one complex variable.

These and other differences between the situation in the two- and in the
three-dimensional case suggest that in the latter case we introduce in our in-
vestigations an additional step. It consists of the use of an intermediary
functions space which is an algebra, namely the space 8 of functions f(x«, {)
of two complex variables u=x+{Z+{~1Z* and {(!!). By an integral operator
which involves one integration (see (1.15), (1.16), and (3.2)) one obtains
then harmonic functions H(X) and the harmonic vector H(X).

3. The operator B; and its inverse. The generalized Whittaker formula:

(°) It should be noted that there exist other operators, see e.g. [8], transforming the func-
tions x into harmonic functions H(X). Those known at present involve at least a double inte-
gration. It is of interest to determine and to study various operators transforming {x} (or re-
lated linear spaces) into {H} since for particular purposes one or another operator may be
more appropriate. '

(1%) To every equation Ly(¢) =A¢-+ad.+be,+cp=0 it is possible to associate a set of func-
tions Q" =Q®(z, 5*), z=x+1y, s*=x—1iy so that the operation p.(z) =Q@g(z)+ 2_,. 0"
- [i(z—¢)*g($)d¢ transforms analytic functions of a complex variable into complex solutions
of L;(¢) =0. See for details [4 1

(1) Tt should be emphasized that this is only one of the possibilities, and the choice of the
most useful intermediary function space depends upon the purposes at hand. This whole
topic of properties which can be “translated” from one function’s space to another, and the
mechanics involved in the mapping of function spaces has not been studied sufficiently until
the present.
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1
sy I =B( LX), Bl LX) = o f (u, $)dg /s,
(%, 3, 2) € U(Xo),
(1.16) w=w+ 2+ 2 Z =Gy +9/2,

z* = (iy — 9)/2,

represents an operation transforming analytic functions of f of % and { into
harmonic functions of three variables. Here . is a simple closed oriented
curve in the ¢-plane, and U(X,) = E[(x —x0) 2+ (y —y0) 2+ (3 —20) 2 <€]!; €>0,
sufficiently small. We assume for the time being that . is the unit circle,
L= E[¢r=e® 0=<s=<2r], and X, is the origin. For convenience we shall
write in this chapter Bs(f) instead of Bs(f, [ §| =1, 0).

REMARK 1.1. We should like to stress that the operator B; defines a map-
ping “in the small” of { f } into {H }: (x, ¥, 2) varies in a sufficiently small
neighborhood of U(X,), and the functions f(#%, {) which are defined in a suffi-
ciently small neighborhood of #=0 and for ly | =1 are transformed into
functions H(X) defined in U(X,).

The functions f corresponding to a given H will be defined as the “Bs-
associates of H.”

There is a further basic difference between the operator B; and the oper-
ators by and p. considered in the two-dimensional case. While p, as well as b
defines a one-to-one mapping of functions f into A’s this is not the case for Bs.
Indeed, one easily sees that

(1.17) f w1 = 0, | | > vn,
L

so that to a given H(X) the associate f(u, {) is determined only within a
null-associate

(1.18) n(u, ) = Z Z Akt CF1,
n=0 |k|>n
where a,; are constants.
Thus, using the operator B; in studying harmonic functions of three vari-
ables, one can associate with a given H(X) a whole class of functions,

(1.19) f(u, &) + n(u, ©),

where # is an arbitrary null-associate. Evidently, in different investigations,
among associates of a given function H(X) (which differ from each other by
null-associates) some will be more appropriate than others for the purpose
under consideration. This suggests that in using the operator method we
employ an indirect approach, and at first determine and study those harmonic
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functions which are generated by associates f(#, {) whose properties are well
known, for example, by rational, algebraic, and so on, Bs-associates.

In characterizing the classes of harmonic functions corresponding to the
above categories of associates it will be useful to take into consideration the
behavior of their Cs-associates.

As we mentioned there exist for given H infinitely many Bs-associates, but
there exists one and only one Bs-associate whose function element has the
form

(1.20) [0, =3 3 amurtt
n=0 k=—n

which is defined as the Bs-associate “normalized W1th respect to the origin”
or shortly, the “normalized Bj-associate.”

LEmMA 1.2. The normalized Bs-associate f(u, {) of a harmonic function which
is regular in a sufficiently small neighborhood N(0) of the origin is given by

dlutr2 172, 1—17)2
[ /2x (s~ - uf ( ))]dT
U

az  fwo=2[ o
0

where X is the Cs-associate of H. (See (1.13).)

Proof. Let the function element of H be given by (1.10). According to
(1.12), (1.10), (1.11a), and (1.11b) the function element of x is then
® > (2n)!
1.22 agpZ (R [2Z% (k) 2,
(.22 =z (n+ B)ln— B
Substituting into the right-hand side of (1.22) Z=u{"1T?, Z*=u{(1—-T)?
yields for the integrand I of (1.21)

I= Z Z (”‘I' )ankC2n,n+ku"§"‘[T(1 — DT — 7))~

ne=0 k=—n

Here the C,,. are the binomial coefficients. Since
1
[@n + DComsl = [ (20 = DITG - 1],
[}
the relation (1.21) follows.

REMARK 1.2. From the formulas (1.9), (1.12), (1.15), (1.21) we obtain
the identity:

1 1/2 1/2 172 1 —T7)2 d
(1.23) H(X)=-1—. [f w2 [0 2 (g1 T, g ( )]dT]-E
Tl J |F|=1 T=0 du f

where x(Z, Z*) =H(2(ZZ*)Y?, —i(Z+2Z*), (Z—Z%*)) and
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u =z + ((5y + 2)¢/2) + (iy — 3)¢7/2.

Since in many considerations in applying the operator methods the in-
verse operator does not appear at all, it seems advantageous to consider the
space B as originally given. On the other hand in certain questions of basic
importance, for example in investigations of the connection between the
regularity domains of H(X) and its Bs-associate f(u, {), the inverse of B; is
needed; in these investigations we have to return again to the function
space &;.

In particular the question arises of determining the domain(®®) G in which
P(f) is regular if f is regular in a domain B, and, conversely, where f must be
regular if P(f) is regular in a given domain(®®) B.

In the case of the integral operator b, (“taking the real part”) and
p:2 (see p. 466) the corresponding domains of regularity are essentially the
same, that is, bx(f(2)) and p2(f(2)) are regular in every simply-connected
domain of the real x, y-plane in which f(x+4y) is regular, and vice versa.

In the three-dimensional case, the analogous problems are much more
involved. In order to illustrate a method of handling this problem, we wish
to determine the domain in (% in which the functions x:1(Z, Z*), x2(Z, Z*)
must be regular if H(X) is regular in a domain say B3 of the real x, y, 2
space. We shall denote this domain by 3C4(B?).

The totality of (four-dimensional) manifolds

S'=E[m—9"+m—-n"4+@—0"=n+n+a
wa(2r — &) + 323 — 1) + 22(z — &) = 0],

where (£, 5, {) ranges over the boundary B2 of B3, divides the six-dimensional
space of three complex variables, x =x1-+%x2, ¥y =y1+1ys, =21+12,, into parts.
That connected part which includes B® will form a domain which will be
denoted by 3¢8(B?) (14). The intersections of S* and 3¢8(B?) with the character-
istic space (*=E [x2+y2+22=0] will be the manifold

ME) = E[16£22Z* = pt — AnX(Z + Z*)? + 4¢%(Z — Z%)®
(1.25) + 4inp*(Z + Z¥) — 45p%(Z — Z¥) — 8ing(Z2? — Z*7),
p? = £+ 9%+ 2

and a domain 3C*(B?), respectively.

(1.24)

(*2) It should be noted that if the regularity of f in B implies the regularity of P(f) in g,
the regularity of g in g does not necessarily imply the regularity of P~1(g) in B.

(%) In the remaining part of the present section the superscript over a manifold will
indicate its dimension.

(14) We wish to mention that N. Aronszajn (Acta Math. vol. 65 (1935)) has already im-
plicitly considered such extensions for harmonic functions of several real variables to the
complex domain.
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LemMmA 1.3. Let a harmonic function H(X) be regular in the domain B® of
the three-dimensional x, v, z-space, and let

X(Z, Z*) =x:(Z, Z*)+4(ZZ)"* x2(Z, Z%)

be the Cs-associate of H. Then xx(Z, Z*), k=1, 2, are regular in the domain
3C4(B?®) described above.

Proof. The representation

1 a1 BH(E)
HX) = - 4_1rff‘B"[H(~) on a _r on :Idw,

r=[x— 9+ @ — 0+ (z— 0,

of a function H(X) which is regular in the domain B+ B’?, implies that
H(X) will be regular when continued to the complex values of the arguments
in the domain 3C® of the six-dimensional space. H(x1+%x2, y1+1%y2, 21+122) is
regular in B% and therefore x(Z, Z*) considered as a function of Z'2 and
Z*12 is also regular in 3¢*(B?%), which implies that x; and x; are regular func-
tions of Z and Z* in 3¢4(B?).

(1.26)

II. HARMONIC FUNCTIONS WITH ALGEBRAIC B;3-ASSOCIATES

1. General remarks. As we indicated in Chapter I, the method of integral
operators enables us to generalize various procedures in the theory of func-
tions of a complex variable to the theory of harmonic functions H(X).

One of the problems of this type is that of developing an analogue of the
theory of algebraic functions and their integrals.

Using the theory of analytic functions, we can easily show that algebraic
harmonic functions of two variables defined on the Riemann surface

N N
(2.1) AR =V 4+ 2 a@M 7 =¥ 4+ 3 Az, 9)V =0

y=1 =1

can be represented in the form

" L9, 9)
(2-2) . [g-(y)(x’ y) ]“r
p=0 P(”)(xr y)
¢ (x, ¥),v=1,2, .-, N, being solutions of (2.1). Here 4,, LW, P(*) are

certain polynomials in x and y, which can be easily described. For a given
A(¢) the number of arbitrary constants which appear in L® and P® (if their
degrees are prescribed) can be determined.

In order to generate algebraic harmonic functions we use in the three-
dimensional case the operator B;.

In §1.2 we introduced this operator in a general form. We assumed that
the integration curve is an arbitrary sufficiently smooth closed curve . and
the integration is carried out for XEU(X,) =E [(x —x0) 2+ (¥ — y0) 2+ (2 —20) 2
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<€), X, being not necessarily the origin, and ¢> 0 being sufficiently small.

In the subsequent considerations of I we specialized X, to be the origin
and L to be a circle with center at {=0.

In the development of the approach given in the present paper, it is of
importance that we are allowed freedom in the matter of varying the integra-
tion curve .. If for the fixed value of X for which the integration is carried
out, varying the curve ., we do not intersect any singularities of its Bs-
associate, then the value of the integral remains unchanged. If, in varying ,C,
we meet a pole, the value of the integral increases by its residue. »

In the following we shall apply the operator B;(f, L, Xo) in the general
form. Varying . or X, one obtains different harmonic functions, but it is of
importance that there exist comparatively simple relations between the har-
monic functions obtained from the same associate f. In particular, as it has
been indicated in [2] in the case of a rational associate f the following results
hold.

Let f = [m(w, §)/a(u, )] = [M(¢; X)/Q(¢; X)) where Q is a polynomial
in ¢ and M ({; X) is regular in a sufficiently small domain of the {, x, ¥, 2
space. We denote by {®(X),»v=1, 2, - - -, n, the zeros of Q({; X,)=0. Let
us assume further that the {®(X,), v=1, 2, - - -, #n, differ from each other.
If we choose for . a sufficiently small circle ., with the center at {®(X),
then (%) )

[ MG X)
Bl L Xo) = [3Q(§‘ , X)/o¢ :IH(”’(X).

If L is a closed curve which does not include either the origin { =0, nor any of
the {®(Xo), then Bs(f, ., X,) =0. If finally . is a sufficiently small circle with
center at the origin, and if all {®(X,)0,»=1, 2, : - -, n, then we obtain a
function which is regular in x, ¥, 2 in a sufficiently small neighborhood of
X=0, see [2, p. 646 ff.].

In the next section we shall indicate the R-manifolds(*6) (three-dimen-
sional analogues of Riemann’s surfaces) on which these functions are defined.
(See (2.14).) Further, in (2.13a), (2.13b) (seealso (2.9), (2.5), and (2.25)), we
give a representation for them which is analogous to (2.2).

Our procedure can be almost immediately generalized to the case of an
algebraic Bs-associate. In this case, in addition to algebraic harmonic func-
tions we obtain certain transcendental functions. These functions can be
characterized by the property that considered as functions of x, ¥, and z,

XE U(X,).

(1%) The idea of generating algebraic harmonic functions by the use of the residue formula

from functions f(%, ¢) was indicated in [1] and [2]. The connection with the space (% and the
- extension to more general differential equations were not discussed there. The extension of the
Riemann-Roch and the Abel theorems, the problems discussed in §§11.3 and I1.4, were also not

considered there.
(%) In order to avoid confusion with Riemann’s manifold we use the term R-manifold. The

other term has already been used in differential geometry.
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respectively, they satisfy ordinary differential equations with algebraic co-
efficients. (See [2 pp. 51 ff.]) Although the formulas arising in the case of
algebraic associates are more involved, in principle no additional difficulties
are encountered in this generalization.

The next class of associates which is of interest in connection with our
approach is that of harmonic functions possessing associates which are in-
tegrals of the form

(2.3) Sl ) = f R, §, T, 0)dT,  a(u, ¢, Tpn) = 0
0

where R and @ are a rational function and a polynomial, respectively(*"),
in u, ¢, T, 5. Since # and { can be considered as parameters, the integrals can
be expressed in terms of functions connected with functions mapping certain
Riemann surfaces on the unit circle or the punctured plane.

The associate f((x+2-1y(C+{) +272(C—¢Y), §) considered as a func-
tion of ¢ will then again be determined on a Riemann surface (which depends
upon the parameters x, v, z) and the study of the corresponding harmonic
functions f,cf(u, $)d¢/¢ can be reduced to certain problems in the theory of
functions of a complex variable defined on Riemann surfaces of the above
type. The functions obtained will be, in general, transcendental functions
which in some special cases become algebraic. It should be stressed that,
according to Lemma 1.2, this class of harmonic functions includes all possible
algebraic harmonic functions, for if H(X) is an algebraic function, then ac-
cording to (1.27) its associate can be represented in the form (2.3). On the
other hand, it has not been clarified as to whether all algebraic harmonic
functions can be obtained by merely considering algebraic Bs-associates. If
this were possible it would permit us to dispense with further study of asso-
ciate functions of type (2.3) whose theory is comparatively much more in-
volved.

As we indicated in §1.3, in contrast to the two-dimensional case where the
pe-associate is uniquely determined and is essentially equal to the value of
the function k(z, Z) in the characteristic plane, the Bj-associate of H(X) is
determined only within a null Bj-associate. Therefore, if we make a con-
venient choice of the null associate we can then possibly obtain a B;-associate

(17) Indeed suppose that H(X) is an algebraic harmonic function which is regular at the
origin. Then in a sufficiently small neighborhood of the origin it can be developed into a power
series (1.9). By (1.23) it can be written in the form H(X)=(1/27i) /| sj-1f (%, $)dt/¢ where
f(u, ¢) is given by (1.21). We assume that H(X) is algebraic, that is, we have H(x, ¥, 2)
=R(n, %, ¥, 2) where a(1, x, v, 2) =0. R denotes a rational function and @ a polynomial in 7,
x, ¥, 2. If now we make the substitution (1.8) to obtain the corresponding x(Z, Z*) we see that
X(Z, Z¥)=R(n, 2(ZZ*)\, —i(Z+Z*), (Z—Z*)) where 7 satisfies the equation: a(n, 2(ZZ*)12, '
—i(Z+2Z*), (Z—2Z*)) =0, that is, x(Z, Z*) is again an algebraic function. Hence f(%, {) can
be represented in the form (2.3), and we could restrict ourselves to the choice of §‘| =1 for

. It is, however, in the following, advantageous to use more general curves for .
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which is of a particularly simple structure. These facts suggest that in the
development of this theory an indirect approach be used, consisting of the
study of harmonic functions generated by rational, algebraic, - - - , Bs-asso-
ciates. The characterization of the harmonic functions (by properties of their
Cs-associates) presents certain difficulties which are caused on the one hand
by the existence of null associates and on the other by the fact that in the case
of harmonic functions in three dimensions we have to make an integration
passing from the Cs-associate to the corresponding Bs-associate of a given
harmonic function H (while the ps-associate is essentially equal in value to
the function in the characteristic plane).

In the considerations of §2-§4, we shall assume that . is the circle .,
and that the pole under consideration is of the first order, so that the value
of the residue of f=P({; X)/Q(f; X) has the simple form 2mP({; X)
-[8QG; x)/8¢]

2. An explicit representation of algebraic harmonic functions with a
rational associate. In this section, we shall describe harmonic functions whose
associates, f, are rational functions, that is, for whose associates we have

p(u, §)
q(u, )

where p and ¢ are polynomials in % and { and {~!. As is shown in Theorem
2.1, we obtain, in general, algebraic harmonic functions, H(X), which in
some special instances reduce to rational functions.

The H(X)'s are rational functions R({®, X) of four variables {®, x, ¥, 2
where {® and x, ¥, 2 are connected by the equation (2.14). This latter equa-
tion (like (2.1) in the two-dimensional case) defines the R-manifold R, on
which the R(¢®, X) are defined and single-valued('8). Since the right-hand
side of (2.14) is q(#, {) written in somewhat different form, R depends only
on g'(v).

As we shall show, the H(X)=R({®, X) obtained by integration from
(2.4) can be represented (in analogy to (2.2)) in the form (2.13a) or (2.13b)
where {®(X) is aroot of (2.14). Ay, Ao, and Q are polynomials which depend
only upon the R-manifold R, while the polynomials G, and L® as well as the
integers M and m can vary if p(u, {) varies, that is, if R({*, X) ranges over

(2.4) f(u’ $) =

(28) It should be noted that the H(X) =R(¢™, X) can be considered either for complex, or
for real values only, of the arguments x, ¥, z. In the first case, the R-manifolds are defined in
six-dimensional space, and the considerations lead to a simpler and more unified theory. In the
second case we consider the intersection of the above mentioned (six-dimensional) R-manifolds
with the real space. This leads to the fact that certain degenerate cases appear, for example,
(x2+432+2%)"172, which is a two-valued function in the complex space, becomes single-valued in
the real space.

Since in the applications we are primarily interested in the behavior of functions for real
values of the arguments, we consider H(X) in the present paper in the space of three real vari-
ables.
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the totality of functions defined on R which are generated by our procedure.

In order to obtain the desired representations (2.13a), (2.13b) we have to
replace  in p and ¢ by x+(4y/2) {4+ +2(¢—¢1)/2 and write p and q as
polynomials in { with coefficients G,=G,(X) and 4,=4,(X), respectively.
These coefficients are certain combinations of the polynomials I,  introduced
in (2.6).

The connection between analytic functions of a complex variable and
harmonic functions of two variables provides in many instances a very
elegant representation for the latter functions belonging to some particular
class.

There does not exist in the theory of harmonic functions of three variables
a direct substitute for the above representations, and we must introduce
symbols and develop a certain apparatus to represent conveniently algebraic
functions R(¢®, X).

NOTATION. 2.1. A number in brackets, say [s], means the smallest integer
which is larger than or equal to s.

2.2. T, 5, A<2v, denotes a homogeneous polynomial

min(\,»)
(2.5) T,a=Toa(X) = 2 27°C,, Cin-i(iy — 2)*7i(22)2 iy + 2P,
i=[\/2]

A=

Here C.... denotes the binomial coefficient.

ExaMPLES. Too=1, T,,0=2""@y—2)", T\a= 2"‘“(iy—z)"‘1x, Iy o=v2—
<y —2)" 2 —1)x2—y2—3?), - - « | T, 5, =27"(sy+3)".

REMARK 2.1. T, is a homogeneous polynomial of degree v in x, y, 2.

REMARK 2.2. We note that in the characteristic subspace (% (see p. 464),
the I', » becomes

(2.6) I‘,,)\{i(yz + 2212, g, z} = Cay2ZMN2Z*rM2,
LeEMMA 2.1. A polynomial(*®) in u, {, !

@.7) plu, ;>=iu'< > b..rc), m

y=0 §=—(M—v)

A
X

can be written in the form

2M
(2.8) p(u, t) = ¢HP(E; X),  PEX) = 2 Gy

8=0

where(2°)

(¥*) We note that we have to consider only the case m < M, since otherwise the summation

X sy forv=M-+1, M+2, - - -, m, becomes meaningless, and we replace these terms by 0.

(20) If s=0, we use only the first term in the right-hand side expressions of (2.9).



1950] SOLUTIONS OF PARTIAL DIFFERENTIAL EQUATIONS 475

min([(s—1)/2],m) min(m,M+ \—][s/2))

G, = bj—m+ita—alj,
2.9) A=0 =\
° min([s/2],m) min(m M+\—[(s+1)/2])
+ bi sy ire—ari1lj,on-10
A=1 J=\

Proof. A formal computation yields u*={= > 3o T, a¢*, so that the right-
hand side of (2.7) can be written as

m 2 N—»

Z E E I",)‘bnfﬂ-’\_"

y=0 A=0 gs=—(M—>»)

Collecting coefficients of various powers of {, say of {~¥*% 0=<¢c=M,
and of {~M+%+l 0<¢ < M—1, we consider separately coefficients involving
T, with odd and those with even \, and then we obtain the two terms in
the right-hand side of (2.9).

COROLLARY 2.1. Analogously to the representation (2.9) of p we can repre-
sent the polynomial in u, ¢, {1

n N—» .
(2.10) o, r)=2w( > a,.r')
=0 s=—(N—v»)

in the form .
o o °N
(2.11) 9w, §) = £V X), QG X) = 2 AR
pm=(
where the A, are built from the T, » in exactly the same manner as the G,, m, M,

and b, being replaced by n, N, and a..,, respectively.

LeEmMA 2.2. A rational function in u and ¢, (2.4), where p and q are given
by (2.7) and (2.10) respectively, can be written in the case where(?) m<n, in
the form

M
N—-M v
2.12) jaet A
: LT N 4, - X
P
p=1 AZN

where A, and G, are polynomials, described in Lemma 2.1 and Corollary 2.1.
In analogy to the representation (2.2), we obtain
THEOREM 2.1. The harmonic functions H=Bs(f, L, Xo) (see p. 467) with

(®) If m=n, then we can reduce the degree (in %) of the numerator, by subtracting a poly-
nomial in %.



476 STEFAN BERGMAN [May

associates f of the form (2.4) are rational functions R({®, X) of four variables
§9, %, 9,2,

N-%l:—l g—y
2.13 R(™, X) = G, _— s if M < N,
(2.13a) €2 =3 G ( o f):-:(”) if

and

) o 2NZ-1 L® o )
2.13 R(¢™, X) = , if M = N,
( ) € ) pm0  Ao(AoAd )MV <3Q/ 98/ ¢=g® ¥

where ) denotes a root of the equation(??)

2N-1
WX _ =+ Y (4d/Aaw)er = 0.
Ao

p#=0

(2.14) AR) =

The LW are given by (2.25).

REMARK 2.3. The dependence of the L® upon b,, will be described in
Theorem 2.2.

REMARK 2.4. . does not include the origin, or a double point, as has been
discussed previously.

Proof. We introduce at first some new symbols.

NotaTION. 2.3. Let S,(,"), u=1, I denote a set of positive integers
whose sum equals ». Let m(“) . , m}“), cee, m,, be the distinct integers
appearing in S®, m® appearing a,) times. (For instance, a p0551b1e S0
is (1, 1, 1, 2, 2, 3); in this case mP =1, m¥P =2, m(") =3, =3, a(“) 2,
Us)=1 )

Using the polynomials 4, 1ntroduced in Corollary 2.1, we denote by

=B,(X), v21,

(2.15) B, =B(X) = 2_‘;( 1™ (ﬁ‘:(::.(“))') s )H( A w0y

where Y =Y &, and []=]I7x..

NOTATION. 2.4. a,=a,(X), v=1, will denote a polynomial built in the same
way as the right-hand side of (2.15) where A, is replaced by Asy_m;, and 4,
by A.x. N is the highest power of { in g(x+ (2y/2) 4+ 4+ (3/2) (=), §).

REMARK 2.5. The o, and 8, depend only upon the R-manifold R. Their
degree in %, ¥, 2 is vn. Here, n is the degree of g(u, {) in  (see Corollary 2.1).
Further, ap=B,=1.

EXAMPLES. Pi=—A;, Pe=Al—A4,, Bs=—A3+A4,4,4,—A:4%, - - -,
ay=—Aay_1, ca=Ajny—1—Aev-2don, * * - .

(®) As indicated in Corollary 2.1, the 4,(X) are polynomials (2.10) with m, M, b,, replaced
by #, N, and a,,, respectively.
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LEMMA 2.3. Let ¢ be a solution of the equation

2N
(2.16) Qs X) = 2_ Aug» = 0.
u=0
Then
2N—1 min(l,u) ' Ay
(2.17) AT DD DA E sy ) 1z0,
p=0 =0 AzN
and
2N—1 min(2N—1—y,1) 1-i+l. s
(2.18) = — ) 2 Buildwin/4e )T, l1z0

B=0 =0
where a; and PBj are described in Notations 3 and 4 respectively.

REMARK 2.6. For every A, appearing in the right-hand side of (2.17) and
(2.18) for which » <0, or »>2N, we have to substitute 0. The above formulas
(2.9), (2.17), and (2.18) are obtained by formal computation.

In order to derive the formulas (2.13a) and (2.13b) we first apply Lemma
2.2. For any fixed value of X=X for which no two roots {*(X),»=1, -+ -,
2N coincide, we can evaluate

1 PG XN g
wile, 0w X) ¢

by the residue theorem: We choose the path of integration ., so that inside
L, lies one and only one root {®(X), X belonging to a sufficiently small
neighborhood of X,

Now

P, X)[s06 X I
@1 [ ] faui+ 5 ) =
»=0

8=0
by (2.9).
1. If N>M we can evaluate (2ms)~'f _C'de directly by the residue
theorem, to obtain

(2.20) [% GifrtN—M-1 / iQ_] .
=0 of demg®

Suitably changing the index of summation:

(2.21) p=s+N—M-—1,

we obtain (2.13a).
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2. If N< M we have three groups of terms in the numerator, depending
on whether the exponent of { is negative, positive and less than 2N, or
greater than 2N—1. If the first and the third alternatives occur, we employ
(2.17) and (2.18) in order to change the exponents of {, to lie between 0 and
2N —1. We then obtain

(2mi)™ ff}sa = {(%g—)_l [nvaM_N_.g—x-.

2N—1 M—N—1
(2.22) + 2 Gu-vrindd® + 2 Guanirnd 2N+’:|} ®
£

8=0 =0

= {(—%Q{— )—l [zgl (GM—N+1+u

M—N min(2N—1—y,s)

(2.23) ’ - g ’z_; Bo—idg*t i Auy i 1Gu—N—s

M—N-—1 min(s,n) —epim1

- 2 ajdw Au—:GM+N+c+l> 3‘“]} o
; =t

8=0 =0

by (2.17) and (2.18).
Collecting coefficients of {* and writing the factor

(2.24) A5 (Ao (00/08)”
before the bracket, we obtain in this case
I - Ax;!—w-f-lAgv—N Corraren

M~N min(2N—1—u,s) M—N—s+i M—N

- E Ba—-iAu+i+1A0 Aoy Gu—_n—s
(2.25) =0 im0
M—N—1 min(s,p) .
M—-N+1 M—N—s+j—1
- E 0 Aasw Aﬂ—ial—i(;M+N+c+l~
8=0 7=0

REMARK 2.7. We note that (in general) in this case L® has neither 4 nor
Aqy as a factor, so that the degree of L® cannot be decreased.

REMARK 2.8. By introducing R—*H(R-%',R-3y, R-%), R=(x"?+y'?+3'H) 13,
we can study the behavior of H at infinity.

3. The number of constants b;, which appear in L®.

NortAaTION. 2.5. In the following, the sum

(2.26) [1/2] + [2/2] + - -~ + [#/2] = (&* + « + 2[2/2])/4

will be denoted by S(x).
NoOTATION. 2.6. We shall further write
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(2.27) a(v) = min (m, [(M — » — 1)/2]).

a(v) depends upon m and M, but since these quantities are supposed to be
fixed in our discussion we do not indicate this dependence.

LeMMA 2.4. Let p(u, §) be a polynomial of the form (2.7).
1. Then the expression G, given in (2.9) involves the bj,.; where v and j
range over

(—M +max (0,s — 2m)) S v < — M + s,

2.28
(2.28) [s=M—=»)/2] £ = ab).

2. The number of constants b; . ; which appear in G, is
(2.29) m(s + 1) + A(M — m) + S(s — 4) — S(s) — S(B).

Here:
A =min (0, s — 2M + 2m + 1), B = min (2m, s).

Proof. We note at first that in G,, see (2.9), there appear two double sums
of terms to which we shall refer as the first and second group of terms. Let us
denote the number » in b;,,,; as the index of b;,,,;.

REMARK 2.8. We note that according to (2.7), the constants b;,,.; which
exist for a given » have j ranging over 0 <j<a(v).

We assume for the time being that s and j are fixed and consider the range
of variation of the index ». It assumes all integer values between two limits,
which we now proceed to determine.

By inspecting (2.9) we see that the maximum index will always come when
A=0 in the first summation, and hence is equal to — M +s.

If s is even, the minimum index will appear in the first group in (2.9) and
will be equal to — M+s5—2 min (s/2, m) = — M +max (0, s—2m). If s is odd
and if s=2m-1, then again the minimum index appears in the first group
and is equal to — M+s—2m. If s<2m+1, then the minimum index appears
in the second group and is equal to — M. Hence in all cases the minimum index
is —M+max (0, s—2m).

It remains now to determine the range of variation of j for a given s and ».

1. If y=—M+s—2\, then A=(—M+4s—»)/2 and hence j varies from
(=M+s—»)/2 to a(v).

2. If v=—=M+s5—2\+1 we obtain jmin=[(—M+s—»)/2] and jmex as
above. This completes the proof of the first part of the lemma.

Using the above result we then determine the number of constants (see
(2.29)) appearing in each G,.

LEMMA 2.5. Each G, is (in general) of degree m in x, v, 2.

Proof. For a given s, set \,=max (0, [s/2]—(M —m)) and j,=m. Then
set bj, —ar+j,+s—2, = 1, and all other b;,,=0. Then G,=T'j, s»,=T'n a,; hence by
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Remark 2.2, G, is, in general, of degree m.
In the same manner we obtain the following corollary.

COROLLARY 2.2. The coefficients A, in (2.11) are of the degree n.

THEOREM 2.2. If M <N the degree of Gu_min+1 (see (2.13a)) in x, v, and 3
is m; if M =N the degree of L™ is (see (2.13b))
(2.30) n(2M — 2N + 1) + m.

Proof. (1) The above statement in the first case follows immediately from
Remark 2.2 and Lemma 2.5.

(2) In the second case, LW is given by (2.25). We have three groups of
terms and we have to inspect their degrees.

By Remark 2.5 and Corollary 2.2, it follows that the degree of the first
and second groups are

n(2M —2N+1)+m,
n(s—7)+n+n(M—N—s+j)+n(M—N)+m=n(2M —2N+1)+m,
respectively, and the third group also has the same degree.

THEOREM 2.3. 1. If M= N, then all L™ have in common the constants
bj.»+i Where v and j range over:

(2.31) —-M=v=-—N, 0=j=a@
and
(2.32) max(— N+ 1, N+1—-2m) =v = M,

max (0, [(N + 1 —»)/2]) £ j < a(y).

In addition each L® involves bj,_n11+j+0 Where
(2.33) O0so=u [w—0/2]2j=[2N-0)/2]-1, ifN=m,
and
(2.34) max (0, p — 2m) < ¢ S p,

[(w — 0)/2] £ < min (m, [2N — 0)/2] = 1) if N>m.

2. Let r=max (m, N). Then all L® involve

(2.35) M — 2N+ 1)(m+ 1) — (r — N)?
common constanits b;,. and each individual LW involves, in addition,

(0 + 12N —p)
' 2

(2.36)

constants if N<m and
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A —1
(2.37) <B+1><m+1>+s<A)—s<B)+[ : ]

if N>m. Here A=min (0, 2N —2m —pu—2); B=min (u, 2m).

Proof. 1. By inspecting (2.25) we see that for M =N the subscripts s of
G, appearing in an L® range over the intervals:

(2.38) (1) {0,M —N}, @ {M—-N+1+u}, @ {M+N+1,2M}.

(The interval (2) consists of one term only.) The sets (1) and (3) are common
to all LW, and we determine at first the b;,,+; which appear in both intervals.

Let us determine at first the values of the indices » of those 4;,,.; which
appear in G, but not in G,_;. By Lemma 2.4, we see that only one value of »,
namely v= — M s, belongs to this category. According to (2.28) the range of
7 for this value of » is

(2.39) 0=j=aW.

Further, from (2.28) we see that for the smallest s, s=0, there appears
only one value of », v=— M. Hence in the first group will appear the b;,,4;,
with (v, j) indicated in (2.31).

In considering the group (3) we have to take into account that the
bj»+; which appear in the first term Guiy41 are, according to (2.28),

(2.40) —~M+max (O, M +N+1—2m) <»=< N+ 1,
(N+1-=v)/2] 25 = a().

We determine as before the b;,,; appearing in the remaining G, belonging to
the third group to obtain instead of (2.39)

(2.41) —M+max (—M,N+1—2m) v M;
max (0, [(¥ + 1 —»)/2]) < j < a().

Eliminating from (2.41) what appeared already in (2.31), we obtain (», )
indicated in (2.32). '

We have finally to determine the (», j) of those b;,+; which appear in L®
but not in (2.31) nor in (2.32). These b;,,.; are the constants appearing in
GM—N1us1, Se€ (2.38), but not included in (2.31) and (2.32).

By Lemma 2.4, Gy—_n4us1 involves the constants b;,,4; for

(2.42) max (—M, —-N+14+p—2m) v < —N+14y4,

(=N +14+p—9/2] =] =aB)
and it remains only to eliminate those b;,;; which have been already
counted. We have to distinguish two cases.

1. N=m. In this case in (2.32) max (—N+1, N+1—-2m)=—N+1. Ac-
cording to Remark 2.8, (2.31) includes all b;,,4+;, with index v. Hence we can
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replace for v = — N, the inequality for » in (2.42) by

(2.43) —N+1=vS—N+u+1
Let us write for the moment ¢=v+4N—1. Then (2.43) becomes
(2.44) 0=o=pu.

According to the second inequality in (2.42) the lower bound for j becomes
(2.45) [(x — 0)/2]

while according to (2.32) in all L® the lower bound for j is [(2N—a)/2].
Hence, the (j, o) of additional constants b; —y.t1404; in L® lie in the range
(2.33). A similar discussion yields (2.34).

2. We proceed now to the determination of the number of constants
bj i in (2.31) and (2.32) as well as in (2.33) and (2.34).

Obviously, for every » the number of constants is one more than the dif-
ference between upper (1)) and lower (5;") limits of 7 in the second inequalities
of (2.31), (2.32), (2.33), (2.34), respectively. In order to obtain (2.35) we
subtract from the sum E, I of all upper limits the sum »_, I;” of all lower
limits and add the number of v involved.

We have to consider two cases.

1. m=N. For —M=v<M—2m, I}=m, and for the remaining v, Al
= [(M—v—1)/2]. Hence X, If =m(Q2M—2m+1)+S2m—2). >, I, is de-
termined as follows:

For —M=<v=-—N, we have [,=0; for —N+1=yv=<N+1, we have
I; = [(N+1—»)/2] and for the remaining », J;” =0.

Hence Z. I, =S(2N). Finally we note that the number of v is 2M+1.
Thus in this case we have (2M—2m+1)m+S(2m—2)—-S(2N)+2M+1)
constants. This can be written in the form (2.35) with 7=m.

2. m<N. Then max (—N+1, N+1-2m)=N+1—2m. For — M=y
< — N, =m,l; =0, and hence the number of constantsis (M — N+1) (m—+1).
For N+1—-2m=<v<M-—2m, l;"=m, and for N-2m+1=v=M, I
=[(M—v—1)/2]. For N+1-2m<v<N+1, I =[(N+1-»)/2], and for
the remaining terms, I,” =0. The number of terms is M — N+2m. Hence the
total number of constants is

M—-N+1)m+1)4+ (M — N)m+ S2m — 2) — S2m) + (M — N + 2m)
= (2M — 2N + 1)(n + 1).

We now consider the number of additional constants in each L®. For
0<0=u, IFf=[2N—-0)/2]—1 and Iy = [(u—0)/2]. Hence >, iF=S(2N)

—S(2N—p—1)—(u+1), D¢ I7 =S(u), and therefore the number of con-
stants is S(2N) —S(2N —u—1) —S(u). Now, by an easy calculation

(2.46) S(4) 4+ S(B) = S(4 + B) — [4B/2].
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Applying this and (2.26) we see that the number of constants is (2.35). In
a similar manner the formula (2.37) is derived.

THEOREM 2.4(®). Let M= N, and k>2N+4n+4. If the LW are of the
degree not higher than k in x, y, 3, then the maximum number of constants b; .
which can appear simultaneously in every LW is

(2.47) o(k—no+ 1) — (k— no — N)2.
In addition, in this case, each individual L™ involves
(2.36) (v + 12N —u)/2

constants b; . which vary from term to term(*). Here ¢ has to be determined as

follows.
Leto., and 1., k=1, 2, be given by the relations

oin+1)4+7r=k—N, where 0 < 71 < n,
202(n? + n) + 72 = k, where0 < 72 = 2n(n + 1) — 1,
and ¢ = (2rin+712+1)/(dn(n+1)), j=2[(201420:+2¢+1) /4] — (614 02+1).
Then(®)
(2.48) =01+ o2+ J.

Proof. We assume at first that % is sufficiently large, so that the maxi-
mum value of (2.35) is assumed for a value m= N, so that we can write
7=m. (The lower bound for £ will be determined later.)

We write x in (2.35) instead of m, y instead of M, and consider

(2.49) (2y — 2N+ 1)(x+ 1) — (x — N)2

and we assume for the time being that x and y vary continuously over all
real positive values. According to (2.30) x and y are connected by the relation

(2.50) k=224 2ny+ n — 2Nn.

Using (2.50) we can write (2.49) either as a function, say f(x), of x alone,
or as a function, say g(y), of y alone. f and g are both quadratic in x and 7,
respectively.

The solution of f'(x) =0 is
Nn+ k/2—1/2

n+1

(2 . 51) Xmax =

(%) This theorem can be considered as an analogue of the Riemann-Roch theorem applied
to functions possessing poles only at infinity.

(%) The constants mentioned in the second group can appear in several L® but not in all.

(%) We note that if o102 is even, then j=1; if s1402 is odd, then j=0 for $<1/2 and
j=2for ¢>1/2.
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According to (2.50), the corresponding y is

—(N 1+k)(n+1/2) n—1
Fmex = 2 2n/\n+1 dn(n + 1)
(252) 0'1+0'z— 1

=N+—2—+¢, 0<o¢<1.

Since the function g(y) is quadratic and therefore is symmetric about the
line 9 =Ymax, the integer nearest to Ymax is

o1t+eoe+j—1
]
2

where j is defined as above. The corresponding x, is
(2.54) %o = k — n(or + o2 + 7),
and the number of constants is

(2.47) o(k — no+ 1) — (k — no — N)2.

(2.53) Muex = N +

We proceed now to the determination of the lower bound for k.
The number of constants which appear in L® is given by

1
pn=—(Fk—=m(m+1) for m = N,
n
1 .
pe=—(k—=m)(m+ 1) — (m — N)? for m = N.
n
Let
_{plformé N
B p:form = N.

This formula is obtained by substituting (2.50) with x replaced by m and
y replaced by M into (2.35).

Assuming for the moment that m =x varies continuously so that p;(x),
p2(x), p(x) are defined in the whole interval 0=x< o~ and not only for
integer values, both curves

(2.55) y=np(%), y=pAx)
are concave parabolas; and if at the point of their intersection(®) m= N,
(2.56) (@) p'(®)z=w >0, (b)) po(%)s=n >0,

then the maximum of p(x) will take place in the interval m = N.
If now we return to the variable m which assumes only discrete values

(%) This requirement leads us to a condition on k.
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and, in addition, take into account that M must be an integer, M = N, then
we see that the condition (b) has to be replaced by a condition which takes
into account these additional requirements. Indeed since m and M assume
only integer values it could occur that despite the fulfillment of conditions
(a) and (b), #max <¥max and will lie in the part m <N.

From (2.50) we see that if M is an integer, m is also an integer while the
reverse is not always true. It is therefore convenient to operate with M
rather than with m.

y(xmax) is given in (2.52) and we shall at first require that the integer
Mimex nearest to y(Xmax) is not smaller than N. Then, since from the definition
of 01 and o2 we have

k— N
-1 g2 > -
n+1 2(n*+ n)

0’1>

1

it follows that

k— N + k S
n+1 2(n* 4+ n)
which is certainly satisfied if 2> N+3n+3.

Finally, we wish that the #max corresponding to Mm.x is also = N. By
(2.54), Mmex=k—n(01+02+7). Now by the definition of a1, o2, and j, we have

k— N

(2.57) 3

o1 = ) 6 = ——— and j =2
n+1 2n(n + 1)
Therefore
mmx%k—-n(k_N+ k +2>=Nn+k/2—2n—2’
n+1  2n(n+1) n+1

which is certainly not greater than N if k> 2N +4n-+4. We see that the last is
the most restrictive condition, and hence £#>2N-+4n-+4 is our final bound,
which is a sufficient condition in order that (2.47) be the number of con-
stants which appear simultaneously in all L®. According to Theorem 2.3,
in each individual L® appear the number of constants given by (2.36),
which is independent of k.

4. A class of harmonic functions with algebraic associates and their
properties. One of the aims of our investigation is to study harmonic functions
with algebraic Cs-associates. As we stressed in §II.1, such harmonic func-
tions are not necessarily algebraic, and one of the problems which arises is
to determine those associates which generate algebraic harmonic functions. A
problem which is closely related to the above-mentioned question is that of
finding sets of Cs-associates possessing the property that certain linear com-
binations of the corresponding harmonic functions are algebraic.
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The Cs-associates of functions considered in §II. 2 are of the form

2N—1 S® Z, VAN G
(2.58) > (&, 2%

o A(Ng[(ZVrre 4z, o) fop
where { is a solution of the equation
(2.59) q[(lezg-IIZ + Z*12-102)2 §'] = 0.

On the other hand S®(Z, Z*) have a special form. It is of interest, in connec-
tion with the second problem mentioned above, to consider a somewhat
larger class of algebraic associates, namely functions

(2.60) HoraX),  HereuX), HeraX),

whose C;-associates are
Z(n+k)/2z*(n—k)/2§-a

alsgl(zrgiie + zeuimrioye, ] /ag”
Z(n+k)/2Z*(n—k)/2§'a

A5 [V g[(zvxcrie + zmurezy ] /ac ’
Z(wtk) [27% (n—k) [2pa

A;Na [g-Nq[(ZlMg'l/z + Z*1/2§—1/2)2’ (]]/63‘

respectively; where { satisfies equation (2.59) and where =, %, a, s, n20,
0<a<2N—1, s>0, are integers. H\},,(X), H,.(X), and H,,(X) are in
general not algebraic functions. On the other hand, we shall show that certain
linear combinations of the above functions are algebraic.

In order to formulate our results it is useful to introduce at first some
notations:

In (2.11), (2.15), and in the line following (2.15), the quantities 4,, a,, B,
(depending only on the R-manifold R) have been introduced. They are com-
binations of I',,\ introduced in (2.5). In the characteristic space (2, we have
T, o= Cy, \ZN2Z*~M2 see (2.6). Therefore the expressions

1)

n.k,a =

(2.61)  Dyr.an(Z, 2% =

DiranZ, 2%) =

min(l,u) i min(2N—1—u,1) ;
(2.62) — 2 arjdu A and — Bi-iAuriv1do

=0 j=0
can be written as functions of Z and Z*, namely as
’ b N a_xb
(2.63) S viPz7* and X80zt
a,b a,b

respectively. 'y,(,',’{," and 62’;‘) are numerical constants. Further we denote as
before by 2N the degree of Q({, X), see (2.10), considered as a function of {.
Obviously all those quantities depend only on R.
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THEOREM 2.5. Let s and v, v =0, be two integers. Then the expressions

2v

(2.64) 2 Cun dB(Dv N emrt N 4r-1)s for =N +»<s=< N —y,
A=0
2N—1
Z CZV,u—¢+v—N+1d8(D:.l;2—c—N+l y.)

(2 65) p=g—p+N—1

s+vr—N+1 2N-—1 G @
+ Z E Z C2v,N+v—0+i+l'Ya.b ds(Dyratb Nost1tita—bou,i)

=0 p=0 a,b
for N—v <s= N4y,

a+y—~N—1 2N—-1
(3 (2)
Z E Z C2v,:i+N+v+l—t'Ya b da(D'+a+b.1+N+l—c+a—b.n.7)

j=8—y—N—1 =0 a,b

(2.66) fors > N + v,

v+ )
Z C2v,u+r—td8(Dv p—l.ll)

n=0

(2.67) v—s—1 2N—1

G ®
+ E Z Z C2v.'—8—1—16a1b“ da(Dvia+b —8—j—14+a—bu, 1)

jum 0 -0 a,b

-t for —=N+1—yv<s<—N+4».

=V G ®)

(2.68) Z Z E Cap,r—s—i-Nda,b d8(Drtatb,—s—i-N+a—b.u,7)
j=—v—s—N  p=0 a,b
for s= — N —v
are algebraic harmonic funciions of x, v, 2 which are single-valued on the R-mans-
fold R, given by (2.14) (*").
Proof. If we choose in (2.7)
(2.69) P, §) = wie

then according to Theorem 2.1, B3(p/q) (see 1.15) is an algebraic function. If
further » and s assume all integer values such that »=0, then By(#’{*/q) will
yield the totality of linearly independent algebraic functions which are single-
valued on R, and can be obtained by our procedure. According to (1.12),
(1.13), we have

(le2g-1/2 + Z*l/2§-—l/2)2v§-a dg-
2wi) £, ql@ 0 + Zoye ] T
2y Ch’)‘Z)\MZ*v—)‘/z(;-(p))o—v+N+x—l
= a[g-(#)Nq((ZlNg-(n)”z + zn/z;-(u)'l/‘*’)z, ;(p)] /¢ ®

(37) The operator ds was introduced on p. 465. This operator is given by the right-hand
side of (1.23), where, however, x is not to be considered as derived from H, but as an inde-
pendent function.

(2.70)
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where {® is a solution of equation (2.59). If —N+»<s<N—v, then the
powers k (of {®) lie in the range [0 <k <2N—1]. Since Bs(#’{*/q) is an alge-
braic harmonic function, it follows directly that (2.64) is an algebraic expres-
sion in x, v, 2. If on the other hand, s>N—v» or s< —N-+», then in the
right-hand side of (2.70) there appear powers of {® lying outside [0, 2N —1]
which must be reduced to the powers lying in the above range. This is done
by applying (2.17) and (2.18). If we then use (2.62) and (2.63) and separate
the cases as to whether all or not all terms have to be reduced, we get (2.65)—
(2.68).
ITT. HARMONIC VECTORS

1. Preliminaries. In addition to the harmonic functions it is of interest
to consider harmonic vectors H. These vectors possess many features similar
to those of analytic functions and have been considered previously in dif-
ferent connections. In particular, we wish to mention that von Mises [12]
and others have indicated that a generalized Cauchy formula holds for them.

The importance of introducing an associate f(«, {) to a harmonic func-
tion is in part based on the fact that f(«, {) can be considered as associate of
the vector H= (H,, H,, H;), where f is the associate in the previous sense
of the component H; considered as a harmonic function. However, H, and H;
are not uniquely determined. In fact, we have the following lemma.

LemMA 3.1. Let HY, H® be functions such that H= (Hy, HY, HY) forms
e harmonic vector in N(0). Then
(3.1) {Hy, B, + Re [g(y + i2)], B + Im [g(y + ia)]}

where g is an arbitrary analytic function of (y-+12) which is regular in the pro-
jection of the domain B on the vy, z-plane forms the most general harmonic vector
whose first component s H,.

Thus
H= R3(f1°C’ XOr g):

Re(/, £, Xor ) = {Bs(f, £, X), By [7 @ + /w0, L, xo]
+ Re [g(y + i2)],
B [i € — 9/, ), L5 Xo+ Im [gly + iz)]]}
3 2 ’ ’ (]

3.2)

generates harmonic vectors. (In this section, we omit the superscripts indi-
cating the dimension, and write, for example, B and B’ instead of B2 and B2
respectively.) :

Obviously there is a parallelism between the operations performed on
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harmonic vectors and those performed on the corresponding associates. In
particular if we form [Hidx+ H,dy+ Hdz this corresponds to forming the
integrals [f(u)du, [g(n)dn. This fact forms one basis of the subsequent
considerations.

2. Harmonic vectors in the large. In the formula (3.2), f(u, {) and g(n)
are arbitrary analytic functions with the following domains of regularity:
f(u, §) is regular for { on and interior to ., and #ENM(X,, L) defined as the
domain in which u=x-+2y({+¢1)/242(f —¢~1)/2 varies as { varies on and
interior to .£ and X in a sufficiently small neighborhood V(X,) of X,. g(n) is
regular in the projection of U(X,) onto the y-+iz plane.

As indicated above, harmonic vectors behave in many respects in ways
similar to analytic functions of a complex variable. There are, however, some
important differences. If a harmonic function, say H,, is given, then the re-
maining two components are determined within certain additive functions.
Further, if H; is regular in a certain domain, say B, then H,; and H; are not
necessarily regular there. In Lemma 3.2, we give sufficient conditions that
H, and H; exist.

LeMMA 3.2. Let B be a domain whose boundary is sufficiently smooth and
which has the property that the intersection of every line parallel to the x-axis
with B is (if not empty) a single (connected) segment (that is, its boundary con-
sists of two points). Then to every harmonic function Hy which is regular in the
(closed) domain B there exists a pasr of functions Hy and H; which are regular in
B so that H= (H,, H,, H3) forms a harmonic vector.

Proof. According to the classical results, every harmonic function H; can
be represented in the form

F(T)dw
(3.3) H(X) = ff — . T=lb),

r=[(z— 02+ (y — )2+ (s — &)2]',

where F is suitably chosen continuous function defined on the boundary B’ of
B.

From the hypotheses made on B, it follows that its boundary B’ can be
subdivided into two parts, B’ = B! + B¢ such that if (¢, ¢, ) is a point of By,
k=1, 2, then the segment (—1)*(x—*) <0, y=t;, 2=14; lies outside of B and
that the boundary manifold separating B/ and B¢ has a (two-dimensional)
vanishing area.

(3.3) may be written

(3.4) Hy(X) = ff —(—71 deo fj;s E(r-T—) do.

Now, [r1, 22, K] where
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W = Ty = (m)f W
5 &= Y T e — 0]
' W (_1)k (z — ts)
’ rlr 4+ (= D)*a — )]

®)
3

is a harmonic vector. The functions h°, b for (4, tz, ts) EBY are regular in B.

If, therefore, we determine

2

3.6) 5@ =X [ [ FoR° & 1 =123,
k=1 B’

then H®(X) will be regular harmonic functions in B and H= (&, H®, H®)

will form a harmonic vector in B.

On the other hand, if B is not a domain of the type described in Lemma
3.2, then to a given harmonic function there does not necessarily exist a pair
of harmonic functions H,, H; which are regular in B so that (Hi, H,, Hj)
forms a harmonic vector. Consider for instance a domain B which intersects
the plane x=0 in a domain which does not include the origin y=0, z=0.
Suppose further that (£, 0, 0) and (£, 0, 0), £ <0, £ >0 are interior points of
the domain B. Let us now consider the function R-1, R?= (x2+y2+3?), which
is regular in the domain B since its only singularity is at (0, 0, 0), a point out-
side of B. We can choose as the remaining components H., H;, of the vector
(R, H,, H;) either

H (X) = — TRy——T) + Re [g(y + i2)],
3.7 .
(X)) = — RE =7 + Im [g(y + iz)]
or
H (X) = ﬁﬁ_—) + Re [g(y + i2)],
3.8) ] ?
@ : .
Hy (X) = RragTm [g(y + i2)]

where g is an arbitrary analytic function of (y+4z) which is regular in the pro-
jection of B on the y, z-plane. All these functions will be singular either at
the point (£, 0, 0) or at (£, 0, 0). This situation suggests that we consider
domains B which have the following property: Let S, denote [ D s(y, ),
(v, 2)EC:] where (G is a curve in the y, z plane and s(fs, ¢;) the segment
[t§1)<x<t§2), y=ty, 2=1;]. We assume that the domain B can be divided
by surfaces S into a finite number of subdomains B®, v=1, 2, - - -, n,
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each of which satisfies the conditions of Lemma 3.1. Thus in every domain
B™ we may determine to a given function H; two harmonic functions
HY and HY which are regular in B® so that H® = (H,, HY, HY) forms a
harmonic vector. The boundary of each B® consists of parts of the boundary
B’ of B and possibly of segments of one or several S;. One can determine the
HY’, H? so that they are still regular on such segments of S belonging to
the boundary of B® and B®. Then:

(3.9) #Y — BY) + i(Hs — BY) = gy + i3)

where g,(9) is a function of a complex variable which is regular in the neigh-
borhood of (%.

DEeFINITION 1.2. A harmonic vector is said to be B-regular in domain
B= > ", B® if it is a vector whose first component is a regular harmonic
function in B and the components HY and HY are regular in B®,
v=1,2,---,m

The analogy to the case of the theory of functions of a complex variable
suggests that we introduce in the case of simply and multiply connected
schlicht domains, normal vectors of the first, second, and third kind. Let B
be a domain whose boundary consists of finitely many sufficiently smooth
surfaces B;, v=1, 2, - - -, n. Suppose further that B satisfies the condition
indicated above (see p. 490) so that to every harmonic function H; it is pos-
sible to determine a B-regular harmonic vector H.

A vector H® whose first component H® assumes the value one on the
boundary component B,/ and vanishes on the remaining part of the bound-
ary, is defined as a normal B-regular vector of the first kind.

In the two-dimensional case, using orthogonal functions, one obtains a
representation of functions of the first kind. Using orthogonal functions we
can obtain a representation of the harmonic vector H®. Indeed, let {¢,(X)}
be a system of orthonormal functions, that is, of functions for which

9%, 3¢u Oy I¢u 3¢y 3¢u]
v — dxdydz = b,
ton ulg ffqu[ax ox 9y 6y+6z 9z | “EET O
and which is complete for the class L2(B) of functions H which are harmonic

in B and for which {H, H}B< . Let k(X; E) = > ¢.(X)$s(E) be the kernel
of this system. Then

hed k(X;
HI(X) = Z d,(ﬁ,(X) = ffB ’ '—E"—-z'zdet

8=1 anE

I )

where 7z denotes the interior normal and dwy is the surface element of B, .

(3.10)
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Let now B® be the components of B described above. Suppose further
that there exists an xy such that P,(B®), the projection of B™ on the ¥, 2-
plane, lies in BNE(x=x,). (This last hypothesis is not essential, but sim-
plifies the representation.) We introduce now the new coordinate system
x'=x—x0, ¥ =90, 3’ =2—2,, where (¥, 20) is a point of P,(B®). Further let
X’=(x’, ', 2'). As we shall show, the components H#”, H® can be repre-
sented in every B® in the form

.y %) z! a s
(3.11) B }:a. % i,
=1 3y'
v ad x’ 0, 3¢,
(" ’ => a {[—f—dx —~idz’:|
p (0,0,0) i 4 ax’

(3.12)

= 3%, = 92,
-+ (f dx’) dy' — (f dx’) dz'} .
0 6y’6z' 0 6y'2

Proof. According to theorems on harmonic functions which are ortho-
normal in B, the series  sm18.0:(X) converges uniformly and absolutely.
From the representation

(3.13) 1a.¢,<x> f f T 1,¢.<T>dwr,

where g is the Green's function of a domain B* which is completely contained
in B, follows that all derivatives of Z,’Ll a.9,(X) converge uniformly and
absolutely in B*. (B’* is the boundary of B*.)

Since the intersection of B® with the plane x'=0 is the projection of
B® on the yz-plane, and the series on the right side in (3.11) converges uni-
formly, H®” is defined at every point of B®, and we have (3HE”/dx’)
= (0H®"/3y"). For the derivatives of H¥” we obtain

(u,») (s,7)

dH, 6H1 i 9,
= Ay ——
ax a7’ 57 o ’
aH;u.V) aH;#.V) i z7 32¢, )
= = a x,
ay az’ a=1 ¢ 0 6y’6z’

(1,»)

0H. hd 6 s =" 92,
a7’ =1 0o 092
=" Iy x’ 0P, * 2" 92,
{dh,f —g-dx, f { ¢ dx’ + (f ¢ dx’)dy’
0 ay (0,0,0) az' 0 ay'az’
0, ' 9%,
-G+ [ Sne)et)
ax’ o 9y'?

(3.14)
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is a harmonic vector;

¢dx+{fz, Al dxf}d + {fx a¢’dx'+<fz' 3¢ dx'>d ’
¥ 0 3y' 4 (0,0,0) 6z’ 0 ay'az' 4

(3.15) ,
3¢, = 3%,
- + dx’ )de ;dz
3x’ 0 ay'z

is therefore a complete differential. Since the series (3.12) converges uniformly
the integrand in the right-hand side of (3.12) is a complete differential, the
series converges uniformly and absolutely, and H,, H«_f“"), Hé“") is a harmonic
vector. A harmonic vector whose x-component becomes infinite as [(x—§£)?
+(y—n)24(z—¢)2]V2 at a point (£, 7, {) EB® will be defined as a normal
B-regular vector of the third kind. Using orthogonal functions one can derive
arepresentation similar to (3.6), (3.7), (3.8), for these vectors. In an analogous
manner we can define normal B-regular vectors of the second kind and derive
a representation by the use of orthonormal functions.

3. Integrals of algebraic functions. The analogy to the case of one complex
variable suggests that we form integrals of harmonic vectors whose com-
ponents are algebraic functions.

In the following,

H = (Hly Hg, Hs) = R3(f:-c: XO) 0)’ f = p(u, 5')/4(“, g‘),

d¢ 1 L
H = f JECEE-NNECES f o 5w s,

(3.16)

1
will denote a harmonic vector with a rational Bs-associate f. Here . is a con-
veniently chosen closed curve in the {-plane, and U(X,) some neighborhood
of X, Forming “integrals” we can then consider two classes of functions.
I. Let 3=E[x=x(s), y=v(¢), 2=2(¢s)] be a segment of a curve which
begins at X;=X(s1) and ends at X=X(s), s1<s. It is assumed that 3 lies
in the regularity domain of H. Then

AX, X)) = f | HX)-0X

8 dx dy 0z
- I:H1’—“+H2‘—+Ha—" do
P do do do.
is a harmonic function of X as well as of X;. The integrand is complete dif-
ferential and therefore A(X, X;) does not change its value, if X; and X are

fixed and 3 varies continuously in the regularity domain of H.
II. Let B’ be a sufficiently small “cylindrical surface”

(3.17)
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(3.18) B =E[x=x(5,9), y = y(5,2), 2=2(52),0S 9= 1,5 S 5 < s1]

where x(s, 0) =x(s, 1), (s, 0)=y(s, 1), 2(s, 0) =32(s, 1) are bounded by the
curves cx=E[x=x(sk, v), y=9(sx, v), 2=2(sk, v), 0=S0v=1], K=1, 2.
Then

_ (3, 2) a(z, %) (=, ¥)
(3.19) V(O’l, 0’2) = fj;, [Hl a(s’ v) + Hz a(s’ ‘v) + Ha a(s, v)]de‘U

are functions of curves g, 2. We note that functions of curves, V, generated
in the manner indicated above by harmonic vectors have been introduced for
the first time by Volterra, see [13], [14].

REMARK 3.1. The case where one of the curves, say o2, degenerates to a
point and B’ becomes a domain bounded by one curve, ¢, can be considered
as a special case of functions V.

In the present paper we shall study only the functions A(X, X;) indicated
in I. Certain of our considerations can be generalized to functions V.

Since it has been shown in §§ 1.2, 1.3 that the H; are defined in the large,
the A(X, Xi)’s are also defined in the large. Let R denote the R-manifold
of the H;. The R-manifold R of A(X, X)) can be obtained by cutting in a con-
venient manner R® and by attaching new space sheets(*®) R, R®, -

In general, R= Zf__.. R® consists of infinitely many sheets. The study of
its structure is connected with the study of “periods” of (3.17); these ques-
tions will be discussed in the next section.

It should perhaps be added that

X 1 u as
(3.20) A x) = [ Cmax = f e f S ©)du=

has a Bs-associate which is an algebro-logarithmic function. As it can be
shown, it has the property that considered as a function of x, y, and 3z, respec-
tively, it satisfies an ordinary differential equation. See [2].

REMARK 3.2. In this chapter we established that there exist certain R-
manifolds on which single-valued harmonic functions have been defined. The
further question which arises is to establish the existence of further functions
which are defined and single-valued either on the closed R-manifold, or in a
subdomain B (including some branch-lines) of the R-manifold, as well as to
study the properties of these functions. These problems can be attacked by
generalizing the classical procedures (see Weyl [16]), in particular consider-
ing functions sufficiently often differentiable, for which

f f fq; [(%)24- (Z—:)l (%:)2] dxdydz

(%) Each R is an identical copy of R®. We identify it by a different », since it becomes
(after being conveniently cut) a space sheet of new covering R-manifold.
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becomes minimum, and which assumes prescribed values on the boundary of
B or has necessary discontinuities.

4. Relations between the function A(X, X,;) and integrals of algebraic
functions of a complex variable. Abel’s theorem in the theory of integrals of
algebraic functions of one complex variable establishes a relation between
two different classes of functions: it shows that a sum of integrals of alge-
braic functions with conveniently chosen arguments is equal to an algebraic
function. Here, the values of the arguments are connected by an algebraic
relation. In the preceeding section, we introduced a class of harmonic func-
tions A® (X, X;) which one obtains by forming f§lH("> -dX, where H" is an
algebraic harmonic vector. In this section we shall show that for these func-
tions a theorem (which to a certain extent can be considered as an analogue to
Abel’s theorem) will hold. Namely we shall show that a sum X0 H®”.dX
is equal to a certain sum of integrals of algebraic functions of one complex
variable; here the limits of integration appearing in both sums are connected
by an algebraic relation.

The main idea underlying the derivation of the above relation is to evalu-
ate an iterated integral of a conveniently chosen integrand and to carry out
the integration in two different orders. In one case it then yields a sum
STAO(X®, X®) (see 3.17), in the other Y., ffw a®@({)ds, where a® are
algebraic functions of a complex variable.

In order to formulate our results in a more precise manner we introduce
certain notions.

Let . be as in §I1.2, a closed simple oriented curve in the {-plane which in-
cludes neither the origin nor double points in its interior and let 3=E [x =x(s),
y=y(s), 2=2(s), 0=s=1], 2(0)=x(1), y(0)=y(1), 2(0)=2(1), be a closed
simple sufficiently smooth oriented curve in the schlicht x, y, z-space.

Let

p(u, §) _FVMPE X)
q(u, §) Q(t; X)

be a rational function of % and ¢ as introduced in § IL.2 (see (2.4), (2.12)).
For every fixed value of { the relation

(3.21)

(3.22) glx + 271y + ) + 27%E — ), ¢ =0
which can be written also in the form
(3'23) x + Z—Iiy(g‘ + f_l) + 2—lz(§ - g‘_l) = u(")(f)v v = 1’ 2! IR ()

defines » straight lines N®({), in the x, y, z-space. If { ranges over the
curve [,

3.24 3 N®
(3.24) > g:-(’, ©)

v=1 ¢
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forms a ruled surface in the %, v, 2-space.

Let us assume that 3 lies completely in the regularity domain of H(X)
=Ri({®; X), k=1, 2, 3 (see (2.13a) and (2.13b)), in particular that 3 has
no points in common with the branch line § of Hx(X).

We denote by X®, k=1, 2, -« -, s, the intersection points of 3 with the
surfaces (3.24) and assume that s <. The points X® decompose J into s
segments, J,, whose end points are X® and X+ X6+Dh = X1,

LeMMA 3.3. To every segment 3. there corresponds a sequence, say T‘(C),
of the roots {®(X) of Q(¢; X) =0 (see (2.14)) such that the roots

(3.25) $ow(X), 7 € T(L)
lie inside of L, and the remaining roots lie outside of .C.

Proof. It is at first clear that if X is an interior point of 3 no roots {®(X)
can lie on .(. If a point, say {*(X), should lie on .(, then the relation

gl(x + 274y (X) + (X))
+ 2713 (X) — (X)), (X)) =0

would hold and therefore 3 would intersect the surface (3.24) at this point X,
which is impossible: the intersection points of 3 and (3.24) are by definition
end points of the intervals 3,.

Further, since {®(X) vary continuously as X moves along 3, a root
$®(X) can move in or out of . only for a value of X for which {®(X) lies on
L. By definition, these points are end points X® of the intervals 3, and there-
fore we can associate the T(L) described in the lemma with every interval 3..

For every value of {(?*),

5(¢) = Elu = 2(s) + 27%y($) ¢ + )
+25EE -, 0ss 1)

represents a closed oriented curve in the u-plane. Let us denote by {®),
r=1,2, -, s’ points of £ which correspond to X® (in 3.22)). Since .( is
an oriented curve the {® can be numerated in the order which we meet
them moving continuously along .C. . will then be decomposed into s’ parts
Ly L, having the end points {® and {®+D, {D =@ +D,

REMARK 3.3. If we denote by D(L) the set of those points X for which the
equation (3.22) possesses two roots { which lie on the curve ., then

(3.27) s'=s

(3.22a)

(3.26)

if the curve 3 does not include any points of D(L). Otherwise s’ <s.
If we now denote by «® (), »=1, 2, - - -, n, the roots of the equation

(*) We note that for some values of ¢ this curve may degenerate into an open segment
which is described twice when s varies from s=0 to s=1.
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(3.28) q(u, §) =0,
then again we can associate with every segment ., a set, say 7,(J), so that

the #®(¢), kE7,(3), lie inside the domain bounded by 3'({), $ EL,, whxle
the remaining #®({) lie outside 3'({).

THEOREM 3.1. Let H=Ry(p/q, L, Xo, 0), X050 (see (3.2)) be a harmonic
vector with a rational Bs-associate p/q which vector is defined on the R-manifold
R with 2n sheets. See-(2.58). Its components are 2 N-valued functions(®°) whose
branches we shall denote by H(X), k=1,2,3,»v=1,2, - - -, 2N (see (2.13a),
(2.13b)).

If 3 4s a closed simple omented curve in the schhcht x, ¥, 2-space as descmbed
above, then

A (XD X0
(X(x+D), X )

k=1 rETu(.C) . .
Coe de = p(y, ) ]
= ) - - d¢
E "eg(:ﬂ) ‘l;(") [g‘aQ(uv {)/au) u=ul® @¢)

where AV(X, X)) = f§lH<">'dX, see (2.59), u® () are the roots of (3.28) and
T(L) and 7.(3) are the sequences described above. X® and {® are connected
by the equation (3.22). ‘

Proof. As we indicated before, (3.29) is obtained by evaluating the sum
of three mtegrals,

P, 0) & o) 1\
o [, 222 o of s
s\Jg g0 T/ T s \Ug e T 2 Y
—_ 2
+f ( P(uyvi') 1 : & dg‘)dz
and inter;:hanging the order of integration. Since 3= D ‘., 3, we can re-

place in (3.30) J3by D [: 1,- According to the results of §11. 2, since . does
not include the origin and has no double points, we have for every X& 3,

P(uv g') dg‘ (») (v) )
3.31 H, (X), H R, ’
B30 [y T ey W@ B0 = RGT0, X)

as given by (2.13a) and (2.13b). Analogously by (3.2)

(3.29)

(3.30)

. p(u, §) 1+§‘2 O]
3.32 v v
( ) L gwf) 2 &E) 2 )

p(uv f) 1- g——z (»)
3.33 . . H; (X
( o ) i 'C Q(“» i') 2 ' ;EE() 8' ( )

(®) In the schlicht %, ¥, z-space.
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Thus we obtain

, S = Z‘, ; GZ-C (B dx + Hy dy + Hy dz]
(3.34) le x YTk (L)
: = Y AO(X D, X)), X+ = X,
x=1 »ETx(

As we shall show subsequently, the double integral taken over the absolute
value of the integrand exists; therefore we can interchange the order of inte-

gration to obtain
f [ f P(u, §) ]di'
du | —
p=1 “C“’ 3'(I') 9(% g‘) g‘
(3.35) f [————P () ] di
pu=1 -Cn VETM(G) 3'39(% §‘)/6u u=u (") ()

d S N C¥ 9 ]
= ds,
E ye%ﬂ)f;m [wq(u, /08t umu 5y

which yields the right-hand side of (3.29).

It still remains to show that the integrands in (3.30) are absolutely
integrable. Let us consider one of these integrals, say the first one. Accord-
ing to our hypotheses (see p. 495) the curve . does not include the origin;
p(u, §) is everywhere bounded for X €& 3; it is therefore sufficient to show that

fi Je s

q(u, §)

exists. g¢(u, ¢) vanishes only at the intersection points X® of 3 with the sur-
face (3.24). There are only finitely many points X® (see p. 496). We shall
consider the behavior of the integrand in the neighborhood of one of the
X® say at X=XM = (x®, 9y, z() which lies on one of the N®({), say on
ND(Ey). See (3.23).

Let the curve .L in the neighborhood of {; be given by

¢ =), —T2 ST S 7y, $1=¢(0)
and the curve J in the neighborhood of X® by X = X(s), that is,
x = x(s), y = y(s), z = 2(s), —5 S5 £ 59 X0 = X(0).

We can choose the parametrizations so that [{ (T)I E% (s)l , | HOINES (s)|
are uniformly bounded in the above neighborhoods.

Since X lies outside the branchlines of the R-manifold (2.14), accordmg
to p. 654 of [2], all roots {®(X®) are different, and since thus in
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iy 1 N
o[ o+ 2@+ + ot - 05| = [T 6 - s0x0)
y=1
only one factor vanishes for X=X, it suffices to consider the integral
P f 2 f 4 dsd¢(r)
3=0¢ 7=0 .{-(T) - g-(v)(X(s))

Let { =%+, {(X(s)) =£9(X(s)) +in(X(s)). We assume that the para-
metrization is done in such a way that C l dé(f)| = ]di‘ (1-)| , C being a suitable
constant. i

s b dsdf
P =4C )
- £=oj;=o | & — £(X(s)) |

If we assume further that s; is so small that for —s;<s=<s,

[&] > 2] c(X06) |,

then
psic " ds| 1g €2(X(5)) | + O(D).
Now let us consider
7= [T g e | as

£ (X) is an analytic function of x, ¥, 2, while according to our hypotheses
x(s) can be represented in the neighborhood of s=0 as x(s) =aus+as(s)s?,
and y(s) and 2z(s) similarly. Therefore £®(X(s))=As*+B(s)s*!, 40,
where B(s) is uniformly bounded in the neighborhood of s=0, from which it
follows that the integral J exists.

IV. SOME RELATIONS BETWEEN FUNCTIONS H(X) AND ®(x)
BELONGING TO DIFFERENT CLASSES

1. The operator P; transforming harmonic functions into solutions of
more general linear differential equations. The next step in the development
of our method consists in the study of operators P; which transform har-
monic functions in three variables into solutions of equations

“4.1) Au + F(x, 9, 2)u =0
(see problem II, §I.1). As indicated on p. 464, we shall study this prob-

lem for equations of the form (1.3), that is, where F=C(r?) is an entire
function of 72 =x24y2422.
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In a previous paper [9] it has been shown that for every equatlon (1.3)
there exists a generating function :

(4.2) ‘ Q(r, ) =1+ E rzf-b<»>(r2)

n=1

such that, in analogy to (1.3), the operator :
@9 PE()] - f o, DE[X( — 72 ldr

generates solutions of equatlon (1. 5) from harmonic functions H(X) of three
variables. For our purposes it is useful to modify this operator slightly.

Lewna 4.1. The operator

4.4 pleX] = G(X) + Z B(r?) (1 ) ”‘102G(a2X)da,

. n=1

I‘ 1/2

generates solutions <I>(X)=pa [G(X)‘] of (1.6) from harmonic functions G(X).
(Here G and H are connected by (4.8).)

Proof. Let

(4.5) HX) =3 3 ouypaMyVer.

p=0 M+N. +P= D

Then (4 3) can be wrltten in the form

@6 RE® =Y X ameyNsz a0, = e,

p=0 M+N+P=p

On the other hand, by (4.2) '
f l 8(r, (1 — 7%)%dr = i b (r?) l 72n(1 — 72)2dr
('4'7) =1 =0 r—1 . - :
: & T+ 1/2T(p + 1)
T &S T+ + 3/2)
_ T + DT(1/2) { .
T(p + 3/2)

2 gy L+ /) [ )
+,§b( Sy = j:,,_,_of . .ds’}';

b (r?)
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Thus by writing(3!)

hd T'(p + 1)Ir(1/2
GO0 =G(s, 5,5 = 3 v —(;H)—sjzg) Uy (5= M + N + P)
(4.8)
= ' T-12H[X(1 — T)]dT,
T=0
we obtain
1 1
pg[G] - {G(X) + Z l‘(n%z/) b (r?) ..
(4.9) n=1 ( / ) 81=0

f f S (5, X) dsadsny - - - ds.} )
2y —1=0 8, =0
By noting that

n—-1 1/2
f f f Sn G($2X)dsnds,_y - - - dsy
8p—1=0

(4.10) = F&n—) ,:0(1 — 5) 151G (s X)ds

1 — o) 1e%g (a2 X)do
~ 0 f (1 = a*)™lo%(e"X)
we obtain (4.4) with the B™ defined by (4.4a).

Since in a sufficiently small neighborhood of the origin the series (4.2) and
(4.5) converge uniformly and absolutely, the interchanging of the orders of
summations, as well as that of summation and integrations are admissible.
It should be noted that in the case of differential equations (4.1) where
F(x, v, 2) is an entire function of three complex variables, we obtain from
harmonic function H(x, v, 2), solutions of (4.1) by forming the expression

H(E, n, $)F (&, n, §)dEdnds
4.11) H(x, y,2) — ffj; [(x — 024 (y—n+ (z— {)2]1/2

where the integration has to be taken by a conveniently chosen domain B.
We wish to show that every solution of T'(®) =0, see (1.5), can be represent-
ed in a sufficiently small neighborhood of the origin in the form ®=p;(H).
For every equation T(®)=0, one can determine a sufficiently small 7y
such that for every sphere S =E [x2+y2+32<p?], 0<p=<r,, there exists a
function A(r, 0, ¢) possessing the following property: for every solution

(®) G(X) is a harmonic function.
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®(X) which is regular in §'+S, S§'=E[x*+y2+32=p2], |®(r, 0, )]
SA(r, 0, ¢)maxegesor, 0zosr ]fI’(p, 0, ¢)|, r<p. Therefore, according to
Theorem 4.1, p. 429 of [9] every real solution ® of T(®)=0 can be repre-
sented in a sufficiently small sphere in the form

(4.12) &(X) = ps(H) = H(X) + i‘, B™(r2) f (1 — %) 152H (62 X)do.

n=1

DEerFINITION 4.1. The function H(X) which when substituted in (4.12)
generates a given solution ® of T(®) =0 is defined as the p;-associate of P.
According to our previous discussion and the considerations of §4, p. 428
of [9], for every solution & which is regular at the origin there exists one and
only one ps-associate which is regular at the origin.
. From the representation (4.12) follows:

LEmMA 4.2. If H is the ps-associate of ®(X), that is; if ®=ps;(H), then in the
characteristic space (°; the relation
(4.13) q’[i(yz + %)%, y, Z.I = }I[i(y2 + 22, y, Z]
holds.

Proof. (4.13) follows immediately from the fact that B™ (0) =0 (see (4.20)
p. 425 of [9]).
DEFINITION 4.2. As before we define

(4.14) x(Z,Z¥) = ®[2(22%)'2, —i(Z + Z*), (Z — Z*)]

as the Cs-associate of P.
REMARK 4.1. Using the symbols C; and p;, Lemma 4.2 can be written in
the form ‘

(.15 @) =6 @)

This, as well as the fact that the operator p; preserves many properties of
functions to which it is applied, justifies the classification of functions ®
according to the behavior of their ps;-associates.

2. Solutions ® of T(®)=0 generated by rational and algebraic p;-asso-
ciates.

" LEMMA 4.3. The solution ® whose ps-associate is a spherical harmonic

T'(n+1)

_— r"P:(cos G)eikqb
T(n+ k+1)

1 .
Hoo= o [ werags =
2r _c

where r, 0, ¢ are polar coordinates, L=E[|{|=1], is
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6o1(X) = ps(Hpi(X))

1 & I(mT(p + 3/2)
Hpk(X)[l +77§1 T+ p+3/2)

(4.16) B“‘)(r?)],

r? = x? 4 32 4 22

Proof. Relation (4.16) follows by a straightforward computation, if we
substitute Hx(X) into (4.4) and use the fact that H(X) is homogeneous.

Every harmonic function in two variables satisfies the Laplace equation
in three variables. Thus, considering % and 2z’h where A=#k(Y) are rational
functions of one complex variable Y=x"+1y’, and x’, y’, 2’ are new cartesian
coordinates obtained by the rotation of the coordinate system, we.obtain a
class of rational harmonic functions. In considering ® with a rational ps-
associate, we shall restrict ourselves to the case where the ps-associate is of
the form H(X)=hr(Y).

LeMMA 4.4. The solution ®(X) with the ps-associate (Y —a)~ ! is

4.17) pl¥ — o] = (7 — ) + 3 BOEHEL(D),

n=1

1 al/? —_— Yl/?
Kn(Y) = ? (a/Y)‘”[aY" — 1]”_1 lg m
n—1
(4.13) + 2 Ui/ + ) (for ¥ # 0)
=0
n—1
= —a 1) Cor(—=1)"/(2v + 3) (for ¥ = 0).
v=0
Here
n—1—;
(4.19) Ui=Si+ 2 (=) (i/NCin-1r-1(a/V)sin
A=1 : i
and
(4.20) S; = Cn_1,i(@¥~1 — 1)»1-i,

Proof. Substituting (Y —a)~! into (4.12) one obtains (4.17) by a formal
computation.

It follows from the representation (4.17) that the function obtained is
infinite of the first order along the line ¥ =«, where it has a branch point of
infinite order.

In Chapter IT we showed that to every R-manifold R given by (2.14) there
belongs a family F of algebraic harmonic functions G(X) =R({®; X) defined
on R. They are given by (2.13a) and (2.13b). Each of these functions GEF



504 STEFAN BERGMAN [May

is a rational function of x, y, 2z, {®. We proceed now to the study of solutions
® which are generated by the above functions G.

In order to describe some properties of functions which we obtain in this
manner it is useful to consider a new R-manifold which we shall denote by S
and which is closely connected with the equation Q({; X)=0 (see (2.14)).
For a fixed value of X, the equation

W1 A(xe?, yo?, 20%)

(4.21) Bo,5; X) =N+, =0

w0 Aa(x0? ya?, 20?)

determines a Riemann surface, say G(X), with 2N sheets {={"(s; X),

v=1, 2, - - -, 2N, which in general has 2s distinct branch points ¢®(X),

w=1,2,--.,2s; 25 being the degree in ¢ of the discriminant D(s; X) of

(4.21). (One obtains D(o; X) by eliminating { from B(o, {; X)=0 and
B;(o, {; X)=0.) The equation

(4.22) D(@; X) =0

defines in the x, v, s-space the R-manifold §, mentioned above, which has 2s
space sheets, c®(X), u=1, 2, - - -, s. We denote by

(4.23) S’ = E[D(s; X) = 0, D,(¢; X) = 0]

the branchline of S.
We wish to indicate some properties of the Riemann surfaces ©(X) which
we obtain when X ranges over §S.

LeEMMA 4.5. Let P’ be a path on S —S’'. The genus p(X) of G(X) remains
constant when X varies along P’.

Proof. Suppose that ., (X), £’ (X),v=1, 2, - - -, p(X), form a system
of loops and cross sections on B(X) which makes G(X) simply-connected.
Since the branchpoints ¢®(X) vary continuously when X varies along P’
we can deform [/ (X) and [}’ (X) continuously. Since on the other hand
p(X) is an integer, it must remain constant, which proves the statement of
our lemma.

REMARK 4.2. We note that with every closed oriented curve NES —S ',
which cannot be reduced on § to a point, we can associate the matrix
p(N) which gives the permutations of the set {¢®(X)} while X describes a
curve which is homologous to N. These matrices form a group which we
shall define as the permutation group of S.

For every X€S§ -8, || X|| < «, we form the integrands

(4.24) H(o, {3 X)ay H'(0,$3 X)ay H(o, 01, $15 X), a=1,2,---,p,

of the first, second, and third kinds, which are defined on G(X) (see [15, pp.
79 and 73]) and the corresponding integrals
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(4°25) J(Uy f; X)a’ J'(d‘, ?:X)ay J(Ur f; g, 5'1; g9, KO;X)'
(See [15, pp. 373 and 397].)
Let
(4.26) waﬂ(X), wtlxﬂ(X)s ndB(X)s ﬂ;B(X)’ o = ly 27 R B = 17 2,: -, p

denote the periods of the above integrals of the first and second kinds, re-
spectively. (See [15, pp. 324].)

Using was(X) and wis(X) we form the functions 0(ui, s, « - -, %,, X:
u, u') (see [15, chap. 30]).

Since wap(X), wip(X) depend on x, y, 2, these functions depend on p+3
variables, u;, - - -, u,, %, ¥, 2. In order to stress the difference from the classi-
ical @ functions for which the was, wig are constants, we shall denote the new
functions by 8(u1, ug, + + -, o3 X; m, u'). '

NotAaTION. 4.1. The §(uy, - - -, u,; X;u,u’) obtained in the above manner
will be defined as @ functions belonging to the R-manifold §. The functions
6 obviously satisfy the relations

5(u1+ Zwlﬂ(X)» crc, U + prﬁ(X); X; Ky :“',)
= exp [WBrilf(us, - - -, 43 X; 1, 1) €xp [ D 20a8(X) (4a + wap(X))],

(4.27) 8(ur + 2015(X), - - » 4y + 208(X); X 1y ')
= exp [—puBrild(us, -+ -, 4,3 X; p, 1)

exp | T 20+ () .

See [15, p. 576].

The 8 are not single-valued functions of X on §. Indeed, suppose that N
is a curve which cannot be reduced to a point, and suppose that when we
start from a point X, move along N and return to X, the permutation which
the crosscuts and loops undergo is

(1 e p)
Br--- B
The wap(X) and w/s(X) undergo the corresponding permutation and there-
fore when we describe a circuit along N we return to a 8 function different
from the one from which we started.

NOTATION. 4.2. Suppose a function N(X) can be represented by using
(1) 8(us, - - -, up; X; u, u’) belonging to the R-manifold S ; (2) their partial
derivatives of the first order with respect to u,; (3) transcendental functions

J(o, {; X)a belonging to S, and (4) finitely many algebraic and logarithmic
operations. Here, algebraic functions of x, ¥, 2 can to be substituted for



506 STEFAN BERGMAN [May

#1, * + +, %, 0 and {. Such a function will be said to belong to the family G(S).

THEOREM 4.1. Let F be the family of algebraic harmonic functions defined
on the R-manifold R given by A({; X)=0 (see (2.14)). Then the solutions
®=p;(G) of T(P) =0 generated from G; GEF, can be represented in the form

(4.28) P(X) = G(X) + Y BW(r1)G(X)

n=1
where B™ (r?) are the coefficients of the operator (and therefore depend only upon
T), and G,&EG(S), S being the R-manifold which we associate with R.

Proof. By (4.1)
1
(4.29) G (X) = f 1 — ¥ 16?G(0%x, oy, 0%3)do.
o=0

According to (2.13a), (2.13b), (2.14): G(¢2X) = R(o, {; X) is an algebraic
function of ¢ which is defined on the Riemann surface G(X) given by (4.21).
Therefore, according to [15, p. 264] G(62X) can be written in the form

G(UZX) = Z CV(X)H(O-! g‘; [47) 3—”; X)

(4.30)
- Z [gt(X)H(Uy $s X)a + ga(X)lI,(o'y $s X)a] + dF(O’, & X)/do',

a=1

where ¢,(X), g«(X), g5(X), and F(e, {; X) are functions which are obtained
by algebraic operations from coefficients of G(¢2X) and are therefore alge-
braic functions of X. Substituting for { algebraic functions of ¢, and choosing
for o suitably chosen fixed values, we obtain the periods (which are functions
of X) of integrals of the first kind.

According to [15, pp. 597 and 598], the integrals of the second and third
kind can be expressed in § functions, their first partial derivatives, their
logarithms, and the periods of the first kind. This completes the proof of
Theorem 3.1.
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