ON THE STRONG DIFFERENTIATION OF THE
INDEFINITE INTEGRAL(Y)

BY
ATHANASIOS PAPOULIS

1. Definitions [1, p. 106](?). A sequence of intervals(®) {I,,} is said to be
regular if there exists a positive number « such that, with @, the larger and
b, the smaller side of I, we have b,/a,>«a for every n.

We shall say that the sequence {I,,} tends to the point (x, ¥) if(*) 6(Z,)
—0 as n— o, and the point (x, y) belongs to all the intervals of the sequence.

Given a set function F defined for all intervals, we define F*(x, y), the
ordinary upper derivate, as the upper bound of the numbers ¢ such that
there exists a regular sequence of intervals {7, ,,} tending to (x, ¥), for which

. F,)
lim
n | 1]

= ().

If we remove the condition of regularity of the sequences of intervals
considered, we obtain the definition of strong upper derivate F*(x, ). Similarly
we define the Jower derivates Fx(x, y) and Fy,(x, y).

If F*(x, y) = Fx(x, v), we say that F(I) has an ordinary derivative F'(x, y)
= F*(x, y) = F«(x, y). If F}¥(x, y) = Fx,(x, y), we say that F(I) has a strong
derivative F{ (x, ¥) = F¥(x, ¥) = Fx,(x, v). Obviously if F; (x, y) exists, then
also F'(x, y) exists and equals F! (x, ).

2. Suppose f(x, y) defined and integrable on a set E of positive measure.
We extend the definition of f(x, y) on the whole plane P by putting f(x, ¥) =0
for (x, ¥) € P — E. We can therefore, as we shall in the following, consider only
functions defined in the whole plane.

We form

) wn = [ f f(x, y)ddy.

Then we have the following theorems.

Presented to the Society, December 29, 1949; received by the editors November 25, 1949.

(*) This problem was first proposed by Professor A. Zygmund and solved under the guid-
ance of Professor A. S. Besicovitch. The author is indebted to both for their many suggestions.

(*) Numbers in brackets refer to the references cited at the end of the paper.

() By intervals we shall mean in the following rectangles with sides parallel to coordinate
axes.

(%) §(E) will mean the diameter of the set E.

(5) The symbol IEI denotes throughout this paper the Lebesgue measure of the plane set E.

130




STRONG DIFFERENTIATION OF THE INDEFINITE INTEGRAL 131

THEOREM 1 (Lebesgue). W*(x, y) = Wk (x, y) =f(x, y) p.p.

THEOREM 2. (See [2], [3]; also part 11 of Theorem 6 of this paper.) There
exist integrable functions for which Wk(x, y)=-+4 » on a set E of positive
measure. And since W¥(x, v) S Wi(x, y) = W¥(x, y) =f(x, ) <+« p.p., it
Sfollows that Wk(x, y) #= Wx(x, ) on E.

THEOREM 3. If f(x, ) is bounded, then W/ (x, y) exists and equals f(x, y) p.p.

The above theorem is an easy generalization of the following:

THEOREM 4 (%) (density theorem, see [3] and [4]). Wath f(x, y) the character-
istic function of a set E, W/ (x, v) =f(x, ¥) p.p. where W(I) is as in (1).

3. THEOREM 5. With f(x, y) an integrable function, we form

@) HD=iﬁﬁ|ﬂ%deM% wwn=§ﬁ£ﬂ%ywwy

If F(I) is strongly differentiable p.p., W(I) is also strongly differentiable p.p.
Proof (7). We write f(x, y) =fnx(x, ¥)+7rx(x, ¥) where

f(x,3) for |f(z )| =N,
0 otherwise.

mmw={

Obviously I flx, 9| = l falx, y)| + | ra(x, ¥) ] . f(x, v) is integrable. Hence given
€>0, there exists an Ny and a plane set M of measure smaller than ¢, such
that rx(x, ¥) =0 for (x, y) &M, and every N = N,.

From the boundedness of fyx(x, ¥) and Theorem 3, we conclude that with
Fn(I)=[[t| fu(x, »)| dxdy, lim1,) .z Fn(I.)/| 1| exists and equals fa(x, ¥)
p.p. But, limz,y .(z.9» F(I,)/ I I,,l also exists (by assumption), therefore, with
fQN(I) =jl'f1rN(x, y)dxdy, limr,) sy Rw(I.)/|I.| exists p.p. and equals

rv(x, »-

Similarly with Wx(I) = [[1fn(x, ¥)dxdy, lims, Wx(I.)/|I.| =fx(x, %) p.p.

But
'fft rn(x, y)dxdy fj; | ra(x, y) | dxdy
@ e S T
= li,m R|NI(I€T) = | rn(2, )| p.p.,

(%) This theorem is not true if the intervals I, (see definition) are replaced by any rectangles
(see (3) and (6)).

(") The following simple proof is due to Professor B. Jessen and was kindly communicated
to the author by Professor A. Zygmund.
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and since ry(x, ¥) =0 for (x, y)& M, it follows that

ff ry(x, y)dxdy
In
lim

| I.|

=0 p.p. for (x, v) & M.

Hence

. W) . Wall) . fft,. rn(=, y)dxdy
I, IInl I, II,,I I, lIﬂl
= fN(xr y) + fN(x, y) = f(x’ y) fOl' (x, y) @ M

and, since € is arbitrary, Theorem 5 is true.

4, THEOREM 6. There exist integrable functions f(x, v) for which W(I) s
strongly differentiable p.p. but F, (x, y) exists nowhere on a set E of positive
measure; in fact F¥(x, y) =+ « for every point (x, y) of E.

Proof. Part I (from a construction by H. Bohr on the Vitali covering
theorem, see [5, pp. 689-692]). We subdivide the interval

a<x<a+h,
b<y<b+k
into the intervals

3T ph k
I,": a<x<a+7; b<y<b+7» 1=p=N;

then for every p we have | I®’| =hk/N and with V=3 N¥, 1,

k 1 1
@ W= (i ) = L)
2 N
where u(N)=14+1/24 - . - 4+1/N.
Through the vertices of the intervals I we draw lines parallel to the y-
axis; thus the point-set 7 — V® is subdivided into (V—1) intervals. We per-
form the above construction on each of these intervals using the same N as

before. We so obtain (N—1) point-sets, V® ... V@™ of a staircase
form, having no points in common. With

1

1 1
14— 4+ —)=1—06QN
N(-+2+ +N) )

®)

we have from (4)
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[ve| =@ —o)|I|, |[I-Vvo|=eW)|I];
reasoning similarly on V®, ... TV® we obtain
[T — (VO 4V 4. VD) =0(N)|I— v = 6%N)| I|.
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5. We repeat this process (k—1) times. After the (k—1)th iteration we
have constructed (1+(N—1)+ - - - +(IV—1)*) sets V¥ of a staircase form;
the remaining set R=7— YV, which we shall call the “rest” set, consists
of (N —1): separate intervals of total area,

(6 | R| =ox) | I|.

The intervals Ig), forming the set V(®, have a nonempty common part:
the shaded interval a?. From our construction it follows that:

)

®)
i I 14
(7) !a()|=|1’ =I I’
N Nu(N)
hence with 4 = Za(‘), the sum of all the shaded parts of I,
® 4] <-HL.
Nu(N)

6. The above construction performed on an interval I will be called in
the following the operation BY, N as in §4, & as in §5. We shall mean by {s}
the set of all the intervals I of our construction, and by {a} the set of the
shaded intervals of I. Then A = Y sc(q) a. If € {a} isincluded in an i€ {5},
that is, if a=4-4 (a point-set product), then |a| =|3|/N.

Part 11. The following construction gives a proof of Theorem 2. It will
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be used in Part III, with minor modifications, for the proof of Theorem 6; in
addition it will familiarize the reader with the method to be followed.

We shall give the construction of an integrable function f(x, y), whose
indefinite integral has no finite strong derivative at any point of a set of posi-
tive measure. ,

First step: On the unit square S; we perform the operation BY% by taking
N=N,=2% and k such that R=R; <e/2. We thus obtain the sets {4} and
{a:}. And with 41= Yag@g @, | 41| <1/Np(Vy), and if i€ {4}, a=4:-4,
then

i

(9) IM=N

, 6(3) < 1.
1

We further define the function
Ni(log N2 = 2.2 for x € A,,

0 elsewhere in ;.

(10) ﬁmw={

(In the following, the logarithms will be taken with base 2.) With

W) = f fI fi(x, y)dzdy

we get from (8) and (10)

Ni(log N2 _ (log N,)/2
Nyu(Ny) w(N)
Wi(i)  Ni(log Nv)'/?| 4;-i
| i | i
Second step: We divide S; into 4 congruent squares S; and perform in
each of them the operation BY% by taking N =N,=22"" and k such that, with
R; the sum of all the “rests” (§5) in the 4 squares S:, we have~[R2| <e/22,

By {4} we now mean the set of intervals 4 included in all 4 squares S; and
by {a:} the set of the shaded intervals whose sum we call 4;. Again

Wi(Sy) = IAlIfl(xr y) <

’

= (log Ny,

1

Ay| < ——— and if i€ {4y}, a=4,-i, th

| 4. Non( M) and if ¢€ {45}, a=4.-4, then
(11) .

|a|=ﬂ 5i) < — -
N,’ 2

We define:

‘ Na(log No)U2 = 22.2¢ fo As,
O R P EE

0 elsewhere in Sy,
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and with
W) = f f, Fal, 9)dady

we get from (11) and (12)

. (log N,)1/2
Wo(S1) = | A2 fo(x, _—,
2(S1) I 2lf(x y) < o)

)
2
| 4]
Similarly we continue.

nth step: We divide S; into 4! congruent squares .S, and perform in each
of them operation BY by taking

= (log Nj)1/2,

(13) N =N, = 2" and ksuch that |R,| < 2i
As before:
. | 4. <F”71(7v'§’ and if i€{in}, = An-i, then
Q .
| = Lfnl ) <

N.(log No)V/2 = 22™.2% for x & Ag,
a9 flm) = {0

elsewhere in S},

W) = f ol )dady,

~ (log N2
(15) WR(SI) = I Anlfn(x) < M(Nn) =)

Wa(i)
4]

and so forth. c
7. Form f(x, ¥) = X w1 fa(x, ). We shall show that f(x, ¥) satisfies our
requirements. Indeed, from (15) we have

ZW(51)<E

= (log N,)¥2 = 92

Nl na=l (22’"
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1
W) = 1+ 1/24 o —~log N

hence

log N

w(N) > for N > N,

or u(22)227/2 for n>no; hence
2n 4

(16) P W) <2 o=

2 2n no
n=n, nFN,

Therefore Y m i Wa.(S1) converges and
an w(I) = f f (5, y)dady < + .
T

We shall now show that W*(x) = + o for every x EE=S;— » = R, where
| E| >1—e¢ because of (13).

x is contained in one of the intervals of {i.} for every #. Call i, the
interval of {'Ln} containing x; then 4, 45, - - +, %s, - - + is a sequence of in-
tervals containing x and with diameter tending to zero (13a), and since
W(5a)/ | a| > Wa(3a)/|4a| = (log N.)V? (see (14)) and since (log N,)Y2— oo
with #—«, we conclude that W*(x) =+ «.

ReMARKs. (1) The sequence {z,.} is not regular.

(2) f(x, v)-log |f(x, y)l is not finitely integrable, in agreement with the
theorem of Jessen, Marcinkiewicz, Zygmund.

Part 111. We shall make the following modifications in the construction
of Part I1. The operation B% of the first step will remain the same. With m,
the smallest side of the shaded intervals {a.}, we divide S; in the second step,
not into 4 squares, but into such a number of congruent squares {Sz} that
their side is smaller than m,;/N?. With m, the smallest side of the intervals

az} , we divide S; in the third step into such a number of congruent squares
S,»,} that their side is smaller than ms/N3; and so we continue.
From the way the squares S, have been constructed it follows that:

(18) | @a| > | Snt1| N

As before (13) and (13a) hold.

We now subdivide each rectangle of the set {a,} into N congruent rec-
tangles, half of them we call black and the remaining white (as on a chess-
board). We thus obtain the point-set B, of the black rectangles of 4,, and
the point-set W, of the white rectangles of 4,. With W one of the rectangles
of the set W,, we obtain from (18)
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Ianl
Nt

(19) |W| = S

because @41 is included in one of the squares of {S,..H} whose side is smaller
than 1/N2 times the smaller side of a.,.

We define
) N,(log N,)'* for x& W, ) 2
@0 £ 5 = { £ 9 = 25, ),
0 elsewhere, =1

N,(log N,)'? for =x & B,, (=) O
f (x) 3’) = Zf" (xv y)y
0 elsewhere, el

@1) 1 5) = {

Fl@ ) = £ ) = fo (x5 9, S ) = £ ) — £ (s, ).

With similar reasoning as in Part 11, we conclude that f&(x, y), f©(x, ),
and f(x, y) are integrable, with F*P(I), FO(I), and W) = FH(I) — FO(I)
their respective integrals over I. We put

(22) Fa) - f, | f(z, 9)| dudy.

8. Consider the set A4, consisting of all rectangles similar to a,, with the
same center and with sides twice the sides of @,. Clearly from (13a) we have

4

23 A, | = 4| A, _
hence
hd 4
AAd, —
Zla] <5
and with

E=58—> A4, — DR,

n=1 A=l
we obtain from (13) and (23)

(29) |E|>1——
15 €.

Consider the rectangle a€ {a,}; it is subdivided into Ni/2 black and
N;/2 white rectangles of area [a,l /N% With L any rectangle, we can easily
see that the difference D of the areas of the black and white parts of a,
which are included in L, is not greater than the area of one of the N rec-
tangles into which ¢ has been subidivded; that is
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y a
(25) D<%I—-

If therefore L is such that |L| >|a|, then

| Z]

(26) D< A

.

Suppose now that L is any rectangle with sides p and ¢, containing a
point x of E. Clearly (see Fig. 2)
[+
s> and D< Y,
2 N

n

hence
2pg 2| L|
27 D<—= .
(27) A
9. We shall first show(?) that W(I) has a strong derivative p.p. on E. We
write

WI) = Wa(I) + Ra(I) where W,(I) = i f j; falz, y)dzxdy

n=1
with xEE, consider an arbitrary interval L containing the point x; we have

S| [ [ st srasas|

Ra(I)  n=m
()< ’

L L

() The proof of this paragraph is based on a suggestion by Professor A. Zygmund. Orig-
inally, it was proved by using Ward’s theorem.
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but | [/ifa(x, y)dxdy| equals N.(log N,)!'2 times the difference D, of the areas
of the black and white parts of 4, which are included in L. Hence from (27)
we have

Rn(I)
Tzl
which tends to zero with m—« (see 16)), and since W, (I) has a strong

derivative p.p. (W), (Theorem 3), we conclude that given ¢>0 we can find
mo such that

log N,)!/2
Z l |N(10gN)”2<ZZ(LgN—)—

(Wae(%, 9) — € < Waa(x, ) < Wa (%, 3) < (Wamo)s + ¢

hence with e—0 we must have Wi,(x, y) = W.*(x, y), that is, W(I) is strongly
differentiable p.p.

10. It remains to show that F*(x, y) =+ « for xEE.

We first see by an easy induction that with p(n) = N,(log N,)V2=22".2n

(28) p(n — 1)+ p(n — 2) + - - - + p(1) < p(n)/2 -
Hence for every (x, y) EW, we have (see (20))

+)

= fo (& y) _ falx 9)

(since fi(x, y) =0 or p(k) for k=n—1), therefore

n w1 +)
@9 X file ) > fulwy) = T il y)l>f"(’;’ N _1r (Zx’y)zo.

With (x, y) €E, we denote by 2, the interval of the set { i,.}, which con-
tains the point (x, ¥); then since f™(x, ¥) =0, we have

f FO(z, y)dady 2 f FO(z, y)dady.
in aWhn

Denote by W one of the white rectangles of the set W,, and by D,4, the
remaining part of W:B,41, after subtracting from it a set of area equal to
the area of W-W,,,; thus

(30) | W-Buis| S | Daa| + | W-Waia].

From (19) we conclude that | W| is greater than the area of any one of
the rectangles of the set {an+1} hence (see (26)) we must have

1wl

(31) ' Dn+1| <

4
Nn+l
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But fa(x, ) increases Y s.: fi(x, ¥) (which is positive as we can see
from (29) in all points of (W—Dy1) Wai1) by Npja(log Nopa)V2, and it de-
creases it by the same amount in all points of (W —D,1)Ba41, and

| (W = Dats)Bata| S | (W — Dayt) W |
(see (30). Therefore

n+1

f fw ,gfk(x, y) | dxdy = f fw_p.+, Z fr(%, v) |dxdy,
but
ffw-n,.ﬂ :Ziifk(x, y) | dxdy gffwjp,.“ Efk(x, ) | dxdy;
hence
ffw 'gfk(x, y)‘dxdy >ffw_p,,+, Ef,,(x y) | dxdy

v

(32) 7ffw_pn+, | f”(x’ y) I dxdy

1
= 7| W — Day1| Na(log N,)t2

1
7] W'(l - )N (log N,)t/2
'n+l

v

(because of (31)). Similarly we obtain

1
dd>—W<1— )
ff vy > | W|(1- 4

ntr

Z fu(x, 3)

1
-{1- N.(log N,)/2;
( N:+,) (log N»)

but

L2

2

re=] ntr

<1074,

hence with r— » we obtain

/1.

dxdy > —| W| (1 — 104 N.(log N,)!/?

Z fu(x, 3)

k=1
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1
N fw | 7 )| dady > —| W (1 = 1079, (10g N1

We now sum over all the W’s which are included in the set ¢,. From (13a)
we have |i,W,| =]4nd.|/2=4.| /2N.. Therefore

[J, sl asy>

n)l/2

hence

F(i,) = ff | /2, 3) | dzdy > %(1 — 107*)(log N,)*/2

or

F(i,) 27
_l_—l (1 — 107%)(log N,)!/? = — (1 —10%) > »
In

with #; and since (see (13a)) 87,—0, we conclude that F{(x, y) =+ « and
the theorem is proved.

REMARK. Even if we assume that not only f(x, ¥), but also o ( Ifl ) [fl log [f] .
is integrable where o(¢) is an arbitrary function such that lim inf ¢(¢)=0
with t— o, Theorem 6 is still true (see [2]).
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