ESTIMATES ON THE MAPPING FUNCTION AND ITS
DERIVATIVES IN CONFORMAL MAPPING
OF NEARLY CIRCULAR REGIONS()

BY
E. J. SPECHT

1. Introduction. Let C be a closed Jordan curve which contains the
origin in its interior and which lies in the ring

(a) 1s|w| 1+

where € is some positive number. Let w=f(z) map the circle ]z[ <1 con-
formally onto the interior R of C in such a manner that f(0)=0 and f’(0)
>0. If e is “small,” then it is to be expected that w=f(z) is “close” to the
identity transformation, namely, w=2, and the problem of establishing
bounds in terms of € for |f(z) —2| valid in the closed circle |z| <1 has been
repeatedly treated in the literature on conformal mapping. The first result in
this direction was given by L. Bieberbach(?) in 1924, and his theorem was
sharpened considerably by A. R. Marchenko(®) in a short note published in
1935.

In this note Marchenko gives a theorem (without proof) which states
that under hypothesis (a) and an additional hypothesis on the smoothness of
C, .

| fz) — 2| = Ke (|z] = 1),

where K is constant. As a first result in the present paper a simple proof of
this theorem is given which not only shows the existence of the constant K
but also give a numerical estimate for K. (See Theorem I, §2.)

In view of the fact that “nearly circular” regions play an important part in
the theory as well as in some of the applications of conformal mapping, par-
cularly in connection with the numerical computation of the mapping func-
tion of aerodynamics(?), it seemed of some interest to pursue this problem

Presented to the Society, September 2, 1949; received by the editors August 26, 1950 and,
in revised form, December 22, 1950.

(1) The material of this paper forms part of a Ph.D. thesis prepared under Professor S. E.
Warschawski of the University of Minnesota.

- (2 L. Bierbach [1]. Numbers in brackets refer to the bibliography at the end of the paper.

(3) A. R. Marchenko [4]. Marchenko’s result gives the best possible bound as far as the
power of e is concerned. Compare also J. Ferrand [2] where a new proof of Marchenko’s
theorem is announced.

(4) See, for example, Hshndorf [3], Theodorsen [8], Theodorsen and Garrick [9], and
Warschawski [12]. Hohndorf applies Bieberbach’s theorem mentioned above in the solution
of an engineering problem for actual numerical estimates.
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further and to investigate the analogous questions for the derivatives of the
mapping function. The problem considered is that of determining actual
" numerical bounds for I f@-1], l Nild (z)|, . f(”)(z)l assuming, of course,
further suitable restrictions on the curve C.

2. Statements of results.

THEOREM I (MARCHENKO). Let C be a closed Jordan curve which is star-
shaped (%) with respect to the origin and let the polar equation of C be p=p(¢),
0=<¢ = 2w, where p(¢) is periodic of period 2w and satisfies the following addi-
tional hypotheses:

(@) For some ¢>0

1=p(¢)=1+e 0=¢=12m
(b) There exists a positive number(®) M such that
|o(@+8) —o(e)| = M € |8],

where 0 <¢ <27 and & is any real number. Let w=f(z) map lzl <1 conformally
onto the interior of C in such a manner that f(0) =0 and f'(0) >0. Then there
exists a constant K which depends only on M such that for Iz] =1

| /(z) — 2| < Ke.
In fact K14+ M(2 log 24+1) of e=1.

THEOREM 11. Let C be a closed Jordan curve which is star-shaped with respect
to the origin. Let the polar equation of C be p=p(P), where p(p) is positive,
periodic of period 2w, and satisfies the following additional hypotheses:

(@) p' (@) s continuous and

| o'(¢)/0(0) | < e 0<e<).

(b) For all ¢o, 0§¢0§27l',

1 f 10" (#)/p($) — o'($0)/p(d0)
2rJ . sin ((¢ — ¢0)/2)
the integral being uniformly convergent(?) in this interval. Let f(z) be defined as

in Theorem 1 and let (0) =arg f(e®). Then f'(2) exists and is continuous for
|2| <1. Furthermore,

dp < 8 0<s<1)

o+ €

(2.1) |60 — 1] = —

(®) A closed curve is star-shaped with respect to the origin if every ray from the origin
intersects the curve in exactly one point.
(¢) That is, p(¢) satisfies a Lipschitz condition with Lipschitz constant Me.
(") That is, given >0, there exists a number a >0, depending only on 7 and not on ¢,
- such that ¢o—x<a, y—¢9<a, and x <y implies /7 <n.
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and

2.2)

IIA

= k(e) (12| = 1.

f(2) ‘ et e+ e+ o
PR L Pl
f(2) 1-3

THEOREM I11. If in addition to all the hypotheses of Theorem 11, the curve
C s assumed to lie in the ring

(2.3) : 1<|w|<1l+e

where € is the number given in hypothesis (a) of Theorem 11, and if f(2) is defined
as in Theorem 1, then

e+ e+ e+ 6

(2.4 lr@ -1 ss———

(|z] = 1.

THEOREM 1V. Let C be a closed Jordan curve which is star-shaped with
respect to the origin and let the polar equation of C be p=p(¢p) where p(@) is posi-
tive, pertodic of period 2w, and satisfies the following additional hypotheses:

(@) p(d) =(d/dp)(p'(P)/p(P)) exists and is continuous and

|2(8)| < e/m (0 <e<1).
(b) For all ¢o, 0 S¢po =2,
1 L 3

ord .

w'(4) — '(¢o)
sin (¢ — ¢0)/2)

where w(¢p) = —arc tan (p’(¢)/p(d)) (the principal branch of the arc tangent
being chosen). Let f(z) and ¢(0) be defined as in Theorem 11, then f'(z) exists

dp < ¢

for |2 =1,
¢ (6) 14 ¢ 2
and
(2 < B+ (1/m) + (1 + e+ €)/m) + 1 + 2¢)
2.6) f@ 1 — (8/7%e
. 34 (1/7) + 4e )

1 — (8/7%e

THEOREM V. Let C be a closed Jordan curve which is star-shaped with respect
to the origin and let the polar equation of C be p=p(¢p), 0=¢ =2, where p($)
is positive, periodic of period 2w, and satisfies the following additional hy-
potheses:

(a) p™ (@) exists and is continuous,



186 E. J. SPECHT v [September

| p(@)| < ¢/7 0 <e<1)
where p(¢) =(d/d$) (0" ($)/p(4)), and
(2.7 |o®(¢)| < e/x fork=2,---,n—1,

where w(¢p) = —arc tan (o'(@)/p(@)) (the principal value of the arc tangent
being chosen).
(b) For all ¢o, 0=¢po=2m,

—1- x w(n—l)(d,) — w(n—l)(¢)0
2rJ .1 sin ((¢ — ¢0)/2)

Let f(2) and ¢(0) be defined as in Theorem 11, then f™(z) exists for Izl =<1
and there exist two absolute constants K, and J,, that is, numbers which depend
only on n, but not on € or on the curve(®) C, such that

dp =< e.

(2.8) | 6™ () | < Kae (nz2)
and
(2.9) | f™@)/f'(2)| < Ta (|z] =1,n22).

REMARK. If in addition to the hypotheses of Theorem V we assume that
C lies in the ring

1=|w|<1+e 0<e<),

then by Theorem III (since § may be taken as (8/w%)¢, see Preliminary in-
equalities under §5) there exists an absolute constant J; such that

[f'(2) = 1| £ Jie or |f'G)| STe+1<Ti+ 1.

Hence under this additional assumption

[ f®(@)| £ (14 1)Te = Jae

where J,=(1+1)J, (n=2,3, - - ).

3. Proof of Theorem I.

(A) An integral representation for arg (f(2)/2) on the boundary. Let C be a
closed star-shaped Jordan curve, containing the origin, whose polar equation
is p=p(¢), 0=¢=<2m, where p(¢) is positive and has bounded difference
quotients. Let the function w=f(z) map |z| <1 conformally onto the interi-
or of C in such a manner that f(0) =0 and f'(0) >0. Let ¢(8) —0 =arg (f(2)/2),
z=e® where the branch of arg (f(2)/2) is chosen so that [arg (f(2)/2)].-0
=arg f'(0) =0, and let ¢(¢) denote the inverse function of ¢(8). Then for all

(®) Thus the inequalities (2.8) and (2.9) are satisfied with the same K, and J; for the
mapping function of every curve C for which hypotheses (a) and (b) are fulfilled.
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0 for which ¢(8) and p(¢(@)) have(?) a (finite) derivative and ¢’(f) %0, that is,
for almost all 6,

L o) —0|p

sin

[¢]de.

1 L
3.1) ¢(0)-—0=-7—r—f log

p
REMARK. Since {(¢) —0~(¢p—do)-t'(¢o) as ¢—¢o, where do=¢(f), and
(0'/p) [#] is bounded, the integral of (3.1) exists in the sense of Lebesgue.
Proof. Let 6 be a value for which ¢'(@) and p’(¢) (p=¢(0)) exist and
¢’(0) 0. Since ¢(#) —0 is the imaginary part of log (f(2)/2), z=e%®, where
log (f(2)/2) is the real(1?) log f’(0) when z=0, we have

0+x —_

1
8@ —0= = [ llog p(60) — 1og p(30)] cot -

0—x

0
dt.

Since p(¢) is continuous and has bounded difference quotients, it follows
that C is rectifiable, and therefore, by a theorem of F. and M. Riesz (see F.
and M. Riesz [5]), that ¢(d) is an absolutely continuous (and monotonic)
function. Hence p(¢(f)) is an absolutely continuous function of 8, for all 0.
We shall make use of this fact in changing the last integral by an integration
by parts. The function

®(t) = [log p((t)) —log p(#(8))] log |sin (¢—0)/2],
for t£0, ®(0) =0, is continuous for § —r <t <60-+x. Hence
6 |76+~
]0—‘-'

ldt

sin

1
40— 0= —— [(log o(6() — log p(#(6)) log

¢
sin

0+ p’
+Hm[f — [o(8)]¢'(¢) log
-0 0+s P
t—0
sin ’dt],
2

the integrated part being zero because of the periodicity of ®(¢). Making the
substitution t=t(¢), ¢'(t)dt =d¢, and observing the remark concerning the
existence of the integral of (3.1), we obtain the formula (3.1).

(B) Estimate of [arg f(e“)—ﬂ] and lf(z)—zl. Let ¢(0) —0=arg (f(2)/2),
z=¢%, where arg (f(2)/2) is so chosen that arg f'(0) =0. Let 6 be a value for
which ¢’(f) and p’(¢) exist and ¢’(f) £0. Then by (3.1)

t—90
2

-5 7

+ fwwwwwg

0—x

1 0+x
$(06) — 6 =— log

™ 0—x

sin

'ihwwa
p

(*) The notation (p"/p)[¢] means p’(¢)/p(¢).
(1) That is, let F(z) =log (f(2)/2) for 270, F(0) =log f’(0), and let F(0) be real.
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Since ¢/(8) >0 and | ®’/p) [¢]| =< Me (by hypothesis (b)) we have

| 6(6) — 6] < Me—l‘fm(—log sin t;" ')«o’(t)dt
. w Jo—x
—0 :
i D @) — Dt

1 0+
e
E[T 0—x 8 2
1 por t—G' ]
sin dat|.
2

The second integral has the value —2w log 2. The first integral is easily
evaluated by integration by parts. We have

sin

- — log

s 0—x

1 o 1—0|
-— log | sin |(¢' @) — 1)dt
s 0—n 2
(. 10 L g | )
=) (cot 5 )(¢(t) t — [¢(6) — 6])dt = log 7ol
It follows(!!) from hypothesis (a) that
|f@/f© | =1+ for |z| = 1.

Hence we obtain
(3.2) | $(6) — 0| < Me(2log 2 + ¢).

This holds for almost all #, and hence by the continuity of ¢(8) —0 it holds for
all0, 0=0=<2m.
Let p=p(¢(0)), then by hypothesis (a) and by (3.2)

f(2)

—_1‘=|pgi[¢(0)—01_1| élp_1|+|ea[¢<o)—ol_1|
z .
Se+ Me(2log2+ ).

Thus, if €e<1 and |z| =1, If(z)—_z] <Ke where K=1+M(2 log 2+1). By
the maximum-modulus principle this holds for |z| <1.

4. Proof of Theorems II and III.

(A) An integral representation for (d/d0) arg f(e®). Let C be a closed star-
shaped Jordan curve, containing the origin, whose polar equation is p =p(¢),
0<¢ <2, where p(¢) is positive, p’(¢) is continuous, and the integral

¢5t*| (o'/p)[¢] — (o'/0) [$0]
4.1
( ) j;o—f ¢ — o
exists for some ¢o. Let f(2) and ¢(¢) =arg f(e*) be defined as in Theorem I and

(1) Applying the minimum-modulus principle to the function g(z) = (f(2)/2), 270, g(0)
=f/(0), we see that hypothesis (a) implies f'(0) 1.

do
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let ¢(¢) be the inverse function of ¢(¢). If 8 =£(¢o), then ¢'(0) exists and

#(0) [1 +(”7 [¢0]>2] |
-1 [ () (G - S i

Proof. Because of hypothesis (4.1) the function f(2) has a (nonvanishing)
derivative('?) f'(20) at z0=e€%, and lim,.; f'(re®) =f'(z0). Let log (f(2)/2z) de-
note the branch of the logarithm which is equal to the real log f/(0) when
z=0. This function is analytic for |z| <1 and has the continuous boundary
function log p(¢(¢))+:(¢(t) —t) for z=e*. Furthermore, (d/dt)(log p(¢(t))
+1(¢p(t) —t)) exists for £=0 and

4.2)

Cro (feedN] S
4.3)  lim [— 1og( . )L.‘ - )90) + il 0) — 1]

rol le% ret®

The function log (f(z)/2) may be represented for |z| = | rez| <1 by means
of the Poisson integral

1 — 2
logi(_) = f (log p(6(1) + ile() — 1) T —— c:)s i—a
Hence
af  flre™)
%(I reie )
1 — 2
= ——f (log p(e(¥)) + 1[¢(t) - t]) _(1 + 2 — 2r c:)s (e 0!)) &

1 — 92
. f (log p(6(®)) + ilo(t) — £]) at(l e T a))‘”'

Since ¢(t) —t and p(¢(#)) are absolutely continuous and periodic functions of
t, the period being 2w, we obtain by an integration by parts

9 ( f(re“'))
—|\log—
da ret®
1 ,r~/f¢ , o 1—12
= Zf_,(7 [6(]e'®) + i[¢'() — 1)) IR dt
0=r<1.

Because of this representation and because (d/dt) [p(¢(£)) +4(p(t) —2)]ims

() That is, lim,.s, (f(2) —f(20))/(2—20)) =f"(20) exists when z—z in lz] =1 (z73,).
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exists, the real and imaginary parts of the boundary function (4.3) are given
by the following integrals('3):

4 v _ LT, o T
@y Tholo - f [#/0+ ) = #/0 = )] cot — dr

and

§O —1=—— f ([ (#0160 |icre —[”7 b6 0] Yoot 7o

where both integrals converge in the sense that lim,., [T exists. We may
write

§O) — 1= ——f ( 60 + 7] ——[¢<o>])¢(o+7> cot — dr

+ ( [66 — D] - — [¢(0)])¢ ©—1 cot—dr

4 , — w(f — T
"Zr?[qb(o)]fo [6'0 + ) = (6 = 0] cot .

For, the first two integrals exist in the sense of Lebesgue because of the
hypothesis (4.1) and the fact that ¢’(¢) exists almost everywhere, as is seen
by introducing x=¢(@+¢) and x=¢(@—¢), respectively, as variables of
integration. If we make this substitution and use (4.4) we obtain (4.2).

(B) Proof of Theorem 1I. Because of the continuity of p(¢) and the
hypothesis (b), ¢’(#) exists and is continuous(!*) for 0 <0 <2x. By (4.2), if
0=t(¢0)’

o -1+ ("—' [¢.,])2]
== o [ (@ (E 1 - Z ] ae - (Sl

Choose ¢, so that t(¢) —0 =7 and ¢ — 27 S¢po <¢1, then t(dp1—27) —0= —,
and ¢, — 21 <¢ <¢, implies |¢(¢p) —6] <, which in turn implies(®)
) — o‘ L2
2 | (e) — 6|

(4.5)

(13) This follows from a theorem on conjugate functions, see A. Zygmund, Trigonometric
series, p. 54, §3.45.

(4) This follows from Warschawski [10, Theorem 10, p. 433].

(*%) Note that for 0<x=w/2, x cot x<1.
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Letting p=max |¢' (0)—1] and taking the limits in the above integral as
¢1— 2w and ¢y, we have by (4.5) and hypothesis (a)

, 1 o (o'/p)[¢] = (¢'/p) [#0]
o0 -1l 55 [ G| TR
u+ lf%*" (0'/0)[8] — (o'/0) [0]
2r Jpr sin ((¢ — $0)/2)
for 06 =2x. Hence by hypothesis (b)
b (u+1)6+ €

dé + ¢

I\

d¢ + €

which implies (2.1).
In order to prove (2.2) observe that, for z=e®,

2] () -

— log 122
do 8 3
§6(1+6+e2) 6+e2=e+ez+e3+.6
1—35 1-34 1 -39

"7 [6(6)]60) + i(¢'(®) — 1)

= k(e).

Since the function zf'(2)/f(z) —1 is analytic for Izl <1, if defined as 0 for
z=0, and continuous for | z| 1, this proves (2.2) for all | 2| £1.
(C) Proof of Theorem 111. We first note that for |z| =1:

@) &) @&,
BT _IHIT—“O)

Since f(2)/z is analytic for ]zl <1 if defined as f’(0) when z=0, (2.3) implies
that
f(z)

2

for |z| =1. Hence we have from (2.2) (note that f’(0) > 0)

[f/(2) — 1] =

+110) - 1].

-

1= <1l+e

(4.6) | 7/) — 1] < B([1 + ¢] + }’i(:—)—f'(m‘ +e

z d z 4
[ aC0)el = | [ (G- )4l
0 dt ¢ 0 t2 f(t)
Since the function #f'(£)/f(f) —1 is regular for |¢t| <1 if defined as 0 when

t=0, (2.2) implies |(1/£)(tf'(t)/f() —1)| Sk(e) for || <1, and thus that
|7(2)/2—1"(0)| <k(¢) [1+¢]. We obtain, therefore, from (4.6)

[7G) — 1] < 2k()[1 + €] + ¢ < Sk(e).

Now
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5. Proof of Theorem IV.

(A) A formula for ¢''(0). We assume the hypotheses of Theorem IV
satisfied. The function F(z) =log (zf'(2)/f(2)) when 20, F(0) =0, is analytic
for |zl <1 and continuous for |z| <1. Since p"'(¢) exists and is continuous
and p(¢) satisfies hypothesis (b), f/(z) and hence F(3) has a derivative at
every point of the unit circle() (that is, lim,..,[(F(z)—F(20))/(z—20)]
exists, |zo| =1, lzl =1, z7£2,). Hence (d/d8)(F(e®)) and ¢'’(8) exist for
0<0 <2, and lim,.,(3/90) (F(re®) = (d/df) (F(e*)). Let w= —arc tan(p’/p) [¢],
where the principal value of the arc tangent is chosen. Then, it is easily seen
that

zf'(2) _ L W
(5.1) arg [ I ],_.w = — arc tan ; [¢®)] (¢(0)).

Hence

i T oo
> arg [ = ]_ = J(6(0) O),

and thus (8/00) arg (2f'(2)/f(2)):=re¢ has the continuous boundary function
o' (¢(#))¢’(0) for r=1. Therefore we have

:ld_o [log zf'(z) :L,..,
2f'(2)

2
]
lim — [log ]
-1 90 f(z) | domeio

1 - .
- f (W60 + )@ + 7) = (60 = D)0 — )] cot—

This integral converges absolutely for every 6 in the interval 0=0<2x. To
see this we note that it may (formally) be written in the following way (¢o

=¢(0)):

1 ™ .
_ er; [ (@0 + 7)) — o' (¢0)]¢'(0 + 7) COt—Zdr

1 T .
+ 2—1]; [/ (60 — 7)) — &' (d0) ]’ (6 — 7) cot —2d1-

' (¢po)
27

Hypothesis (b) and the fact that ¢’(6) is continuous imply that the first two

f i [¢°0+7) —¢'(0— 7] cot — dr.
0 2

(%) This follows from Warschawski [11, Theorems III and IV] by noting the remarks on
p. 320 under (3) Change of variables and on p. 318 under (1).
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integrals are absolutely convergent as is seen by introducing x =¢(0+7) and
x=¢(0—7) respectively as variables of integration. The third integral con-
verges absolutely since the existence of ¢'’(8) for every 6 implies that
lim.o (((¢'(6+7)—¢’'(0—7))/7)) exists. If we make these substitutions, x
=¢(@+7) and x=¢(0—7), respectively, and note that the last integral is
equal to w'(¢o) - (0'/p) [#o] - ¢’(8), we are led to the formula

iT | @
de[k’g )

2

1 2%
| == e D=0 @) — wignlas
2=l 0

5.2) ,
+ o' ($0) fp— [60]-6/(6).

Since (see, for example, (4.3))

') = #E@7 of'(2)
tog #10) = log Re [ f@) ],-,'o [log f() ]z_,eo + log cos w(¢(6))

we have

ORI I ACTe oOrs

) da[l" ) ].-.w tan o(#(0)-«'(4(9)) 4'(6).
Hence

Z'((oo)) - zif ot (¢) P @) - ol

(5.3) ) .

+ 20’(¢o) p7 [¢0]-4'(6).

(B) Preliminary inequalities. We first derive an upper bound for ¢’(6)
using Theorem II. Hypothesis (a) implies

o o €
6.4 E 61— Ll sSlo-nlse

) p ™
if |¢—-¢o| <. Since [ (o'/p)[#]dp=0, there exists a point ¢; such that
(0’'/p) [$:1] =0. Hence, applying (5.4) with ¢o=¢; and using the periodicity
of (o’/p) [¢], we find for all ¢, 0<¢ <2,

(5.5)

L [¢1| <e
P

Furthermore, by (5.4), we have(!?)

(1) Since the function v(¢) =#/sin ¢ when ¢50, 9(0) =0 is concave (upward) for 0St<x/2,
ap’)hmuon of the trapezoidal rule for the approximate calculation of integrals shows that
(t/sm t)dt<2.
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1 f"‘°+' (o'/p)[6] — (o'/p) [$0] i
21 J gor sin ((¢ — ¢0)/2)

1 € ¢0+l'
<——.2

T 2rw xo

¢ — o
sin ((¢ — ¢0)/2

4e 72 ¢ 8¢
= '—'f .—dt < —-
72 Jo sin ¢ 2

™

Thus, the hypotheses of Theorem II are satisfied, 8 being equal to 8¢/72, and
(8/7%)e + €

lw@—ﬂél_wﬂe
or
* — / 14 ¢ 1+¢ .
(5.6) M* = orgnoaérd) 0 = 1 — (8/7%)e < 1 — (8/9)e

(C) Estimate of |¢’ @) | . Let ¢, be so chosen that t(¢1) —0 =7 where ¢,
—2r <¢o=¢;. Then t(¢—27) —0= —m, and we may take the limits of inte-
gration in the integral of (5.3) as ¢, — 27 and ¢1. For ¢ — 2w < < ¢y, It(¢) —0|
< and, therefore,

o) — 0 2 M* M*
cot = = =<
2 [t@) — 6] = [ (6 —¢0)/2)| ~ |sin (6 — ¢0)/2) |
(¢ # ¢o)
where M* is defined in (5.6). Hence by hypothesis (b)
RO M
(”)Zﬁmwtz [o/(6) - o'(60)]d#
' ME 4| @)~ @) |
< T T L dg < M,
= L,_z, sin ((¢ — ¢0)/2) % = M

and thus from (5.3) by (5.7), hypothesis (a), and (5.5)

¢"(6) 2¢? 2 ( 2 )
< M* s (———) 1+ 2)e

') | (e+ ‘lr)—(l—(8/1r2)) +1r €

Making use of (5.6) we obtain (2.5).
(D) Estimate of |f"(2)/f'(2)|. To prove (2.6) we note first that

. f'(z) . J"(2)
1 [1 -3 @ ] + 1z IZ0)

3 3
< |—ReF — ImF(z
Jw @+L0 @)

(5.8)

3
- F@ ’ =

5.9

for z=re®, 0=r=<1. If we estimate [(d/dﬂ)(log [zf’(z)/f(z)[,-.‘o)l by use of
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(5.2), (5.7), hypothesis (a), (5.5), and (5.6), and if we estimate
I(d/dB)(arg (zf (z)/f(z))),.,"l by use of (5.1), (5.6), and hypothesis (a), we
find :

d
’—F(e“’) < M*e<1 + i) + S = o).
do ' T

™

This inequality is true also when lzl <1, as may be seen in the following man-
ner. Application of the mean value of the real and imaginary part of F(e®)
shows that forr=1

lF(re"(““')) - F(re“)l =< k(e)- l 'yl.

By the maximum modulus principle this is also true when 0 =r <1. Keeping
0 and r (0<r<1) fixed and letting y—0, we find

F(rei®n — F(re)
Y
By Theorem II (2.2) we have, using 6 =(8/72)¢, 0<e<1,

(5.10) lim

7—0

= )%F(re“’) Shl) (O=r=1).

() 2¢+ €t + €
(5.11) z @ - 1) < T /e =y .
Hence, from (5.9) and (5.10), for |z| =1
f"(2) 2¢ + €2 + €
7@ | S 1= @me M
< €.3 + (/7)) + e[(1 + e + €) /7 + 1 4 2¢]
= 1 — (8/r%)e
6.3 + (1/7) + 4e
1 — (8/7%e

The proof of Theorem V is by induction and will be omitted. The ideas
involved in the proof are essentially the ideas used in the proof of Theorem
IV,
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