HOMOMORPHISMS OF JORDAN RINGS OF
SELF-AD JOINT ELEMENTS

BY
N. JACOBSON AND C. E. RICKART

In a previous paper [4](!) we have defined a special Jordan ring to be a
a subset of an associative ring which is a subgroup of the additive group
and which is closed under the compositions a—a? and (a, b)—aba. Such sys-
tems are also closed under the compositions (a, b)—ab+ba= {a, b} and
(a, b, ¢)—abc+cba. The simplest instances of special Jordan rings are the
associative rings themselves. In our previous paper we studied the (Jordan)
homomorphisms of these rings. These are the mappings J of associative rings
such that

(@ + b)Y = a + ¥, (@27 = (a)?,
(aba)! = a’bla’.

M

A second important class of special Jordan rings is obtained as follows. Let
A be an associative ring with an involution a—a*, that is, a mapping a—a*
such that

(a + b)* = a* + b*, (ab)* = b*a*,

= a.

2

Let 3 denote the set of self-adjoint elements h=h*. Then 3 is a special
Jordan ring. In this paper we shall study the homomorphisms of the rings
of this type. It is noteworthy that the Jordan rings of this type include those
of our former paper(?).

In our first paper we developed two methods for determining the Jordan
homomorphisms of the rings %: a matrix method and a Lie ring method. In
this paper we obtain an analogue of the matrix method for the rings 3C.
Our principal result (Theorem 4) is that if ¥ is a matrix ring &,, n= 3, with
an involution such that ef=e;;, =1, - - -, n, and every element of 3¢ is of
the form a+a*, then any Jordan homomorphism of 3¢ can be extended to
an associative homomorphism of . This result can be extended to locally
matrix rings and in this form it is applicable to involutorial simple rings with
minimal one-sided ideals. We also obtain the Jordan isomorphisms of the
Jordan ring of self-adjoint elements of an involutorial primitive ring with
minimal one-sided ideals onto a second Jordan ring of the same type.

Presented to the Society, September 7, 1951; received by the editors July 20, 1951.
(*) Numbers in brackets refer to the bibliography at the end of the paper.
(%) See the remark following Theorem S below.
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1. Canonical involutions in matrix rings. We recall that a ring % with an
identity 1 is a matrix ring &, if % contains a set of matrix units {e;}, i, j
=1, 2, - - -, n, such that

3) eijert = djieil, Z e = 1.
1

The ring & is the subring of A of elements commuting with all the e;;. As is
well known, every element of U can be written in one and only one way as
D ki e, £5,ES.

We assume now that =&, has an involution x—x* such that the e
are self-adjoint elements. We wish to determine the form of the involution in
terms of the e;; and the coefficient ring &.

Lemma 1. If A=, and x—x* is an involution such that ej=e.,
1=1,2, -, n, then there exists an involution a—a in & and self-adjoint ele-
ments viES (¥i=+:) having inverses such that

—1_
4) o = D i Bviewn  x = D Eiseir.
Conversely, a mapping x—x* of the form (4) is an involution such that ef=e...

Proof. We observe first that efj=1ve;;, v:;ES; for e;;j=eieije;; and e
= ejeyen = ejieges. Let yu=7vi yu=v!, 1=1, 2, - - -, n. Since en=eeq, €},
=ener="v:v!{en. It follows that e;;=vsy!e;; and summation on j gives v/
=1. Similarly we can start from e;;=e;e;; and prove v/vy;=1. Hence v/
=v; . Also it isclear that y;=1. If §{ES, £ey; =ey1(£en)en and this shows that
(ten)*=Eeyr. The element £ is uniquely determined; hence §£—£ is an involu-
tion in &. Now &;e;; =eu(£:5en)e;. Hence

* * * % ¥ = *
(Eijeis) = ei(tijenn) e = erj(Eijenn)en

= 7 eqa(Eien)vie

= 'Yilgii')’ieii
and (4) holds. Since e;=¢e}* = (vie1:)* =7 Fyiea=7:"Y:€a, ¥i=7: Con-
versely we can verify that if a—a is an involution in & and the v, are self-
adjoint elements of &, then (4) defines an involution in &, such that e} =e;;.

An involution of the form (4) in a matrix ring will be called canonical.
Of course, this is no restriction if #=1. In the sequel we shall require n=3.
We consider now some special cases.

A. Let U be an involutorial simple ring with minimum condition for right
ideals. Then A=A, where A is a division ring. We observe that the involu-
tion is canonical. This follows easily from known results except when n =2m,
A =>®isa field, and the involution is symplectic, that is, has the form x—q¢—1x’q
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where x’ denotes the transpose of x and

S R e

g
In this case we can regard U as ©,, where © =&, and if we introduce the in-
volution a—a&=0¢"1a’c in P,, then the given involution in ¥ is canonical with
all the y;=1.
B. Let X be a vector space over a division ring A which possesses an in-
volution a—a&. We assume, moreover, that there is defined a scalar product

f=(x, v) relative to a—a in X. This means that (x, y) is a function from ¥ X%
to A such that

(% 31+ y2) = (%, y1) + (%, 32),
(21 4+ %2, 3) = (21, ) + (%2, 9),
(ax, ) = a(x, ),
(%, ay) = (2, y)a.

(6)

Suppose that (x, y) is hermitian in the sense that (y, x) =(x, y) and non-
degenerate in the sense that (x, z) =0 for all x only if =0. Let & be the ring
of all linear transformations ¢ in ¥ which have adjoints relative to f; that is,
if tE%,, then there exists a t* such that (xt, ¥) = (x, y¢*) holds for all x, y in
%. Then t—t* is an involution in ;. We shall study such involutions later.
At this point we note that if ¥ has an orthonormal basis (for finite combina-
tions) {e,,}, (e, €)=0,,, and dim X¥>1, then ¥, is a nontrivial matrix ring
and ¢t—t* is canonical. If dim ¥ < «, this has been proved in A. Hence as-
sume dim ¥= . In this case, for every integer n we can decompose the
basis {e,,} into # disjoint sets {e,(f) } , k=1,2, .- -, n, where u ranges over the
same set of indices in each case. Let ¢;; be the linear transformation defined by
) &)
€y €ij = Oriby ,

4,j=1,2, - - -, n. Then the ¢;; form a system of matrix units for & and ej;=e;s.
In particular ef=e;; so that {—¢* is canonical.

A similar discussion applies to the case in which A=® a field, a=«, and
f is an alternate scalar product in the sense that (x, x) =0 for all x, provided
that X has a symplectic basis. By this we mean a basis {dw e, in % such that

(dm dr) =0= (em ev);
(d, &) =0, uFE v,
(du, &) = 1 = — (€4, d).
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If 8, denotes the ring of linear transformations having adjoints and dim ¥> 2,
then & =8,, n>1, and t—t*, the adjoint of ¢, is a canonical involution.

C. Let B be the ring of all bounded operators in a Hilbert space § (not
necessarily separable). Here we have the fundamental scalar product (x, ¥)
and the involution {—¢* in 8. While there exists no orthonormal basis in the
algebraic sense, there do exist complete orthonormal systems {e,} for .
If we take into account the completeness of §, we can use a complete ortho-
normal system in the same way as the orthonormal basis was used above to
prove that {—t* is canonical.

D. Let ¥ be a ring of linear transformations in a Hilbert space $ which
is a factor in the sense of Murray and von Neumann [6]. Again t—¢* is an
involution in 9. Factors of type I are already covered in the preceding ex-
ample. On the other hand, if U is a factor of type II or I1I, then it is not diffi-
cult to obtain a decomposition of Hilbert space of the form =%+ MM.
+ -« - +M, where # is any integer and the M;, which “belong to A” in the
sense of Murray and von Neumann [6], are pairwise equivalent. Then for
each j=1, - - -, n there exists a partially isometric operator ¢;; in U with
P as its initial set and IM; as its final set. For ¢, j=1, - - -, n, define e;;
=efe,,. Obviously {e;} is a system of matrix units and e}, =e; Hence U is
of the form &, and t—¢* is canonical.

2. The Jordan ring of self-adjoint elements of a matrix ring with a
canonical involution. Let % be a matrix ring &, with a canonical involution
x—x* and denote by 3¢ the Jordan ring of self-adjoint elements relative to
this involution. Then k= D oyje;E3¢ if and only if

1
(7 @ij = i &pYj

holds for all 7, j. In particular, if « is any element of &, then

.. -1
(8) alif] = aeij + vi avieis = cei; + (ae:)*
is in 3C. With this notation the element % can be written as

9) h = Z aieis + 2 aii[if]

i<i
where v 'a,y,=0ay. We note also that

.. -1 ..
(10) alij] = vi anljil.

We shall not attempt to list all the Jordan relations connecting the elements
a,[4j] but note only two of these which occur most frequently:

11 {alij], BLik]} = aBli], i jo k.
(12) {a[if], Blji]} = aB[ii] + Ba[jj], i ]

We prove first the following result.
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LEMMA 2. If n=2, then the enveloping associative ring of 3C is &, itself.

Proof. Let a be any element of & and let 754. Since e;; and «[ij] €3¢,
ae;j=e;o[ij] is in the enveloping ring. Hence so is aei; = (cei;)e;i. This im-
plies the lemma.

If 3¢ is the set of self-adjoint elements relative to an involution in a ring ¥,
then we shall say that 3¢ is trace-valued [5, p. 8] if every &3¢ has the form
a+a*, a€ Y. This will always be the case if A admits the operator 1/2, that
is, if 2x =a has a unique solution (1/2)a for every e €. There are instances
in which 3C is trace-valued even when ¥ is of characteristic two. From the
form (9) of hE3C of &, it is clear that the set of self-adjoint elements of a
canonical involution of a matrix ring is trace-valued if and only if this holds
for the sets of self-adjoint elements of & relative to the involutions £—y; &y,
Since 7 is self-adjoint relative to §{—y; 'Ey, if and only if v.7 is self-adjoint
relative to £—%, it follows that a necessary and sufficient condition that 3¢ be
trace-valued is that the set of self-adjoint elements of & relative to §—§
is trace-valued.

We recall that a subset & of a special Jordan ring 3C is a (Jordan) ideal
provided (1) & is a subgroup of the additive group, (2) & contains {a, z} =az
+za for all a€ 3, 2EZ, (3) & contains 22, aza, zaz for a €3¢, 2E€F. If 3¢ ad-
mits 1/2, then (3) is superfluous.

THEOREM 1. Let A =S, have a canonical involution and let 3C be the Jordan
ring of self-adjoint elements. Assume that n=3 and that for every self-adjoint
ideal B of A (B*=B), BNIC is trace-valued. Then a subset § of 3¢ is a Jordan
ideal in 3C if and only if F=BNIC where B is a self-adjoint ideal of the associa-
tive ring 9.

Proof. Obviously if 8 is an ideal in ¥, then B/\JC is a Jordan ideal in JC.
Therefore let & be an arbitrary Jordan ideal in 3. We can assume J#(0).
Let A denote the subset of & of elements which appear as coefficients of the
elements of &. We prove first that A is an ideal in the associative ring &€ and
hence that B=A, is an ideal in A.

Let k= Y _n,e;; be an arbitrary element of $. Since 7:.e.; = e;hei;, we have
n:i€:ES. Furthermore, if 154, then 7, [ij] = {niew, ui} where u;;=1[ij].
Hence 7:[i7]E€S. Also if 5], .;[ij] =eihe;j+ejhe; €S. Tt follows that A
can be defined as the set of all &€& such that 5[ij]ES for some 77j. Since,
by (11), 9[ki] = {w;, n[i7]}, 4, 7, k5=, and n[ik] = {n[47], u} it follows that
if nE€A then n[kl]ES for arbitrary &, [, k1. An immediate corollary of this
result is that A is a group under addition. Furthermore, if 7€A and « €S,
then for 4, j, k%, (na) [ik] = {n[ij], a[j#]} is in . Hence na €A and similarly
an€&A so that A is an ideal in &. If we take into account (10), we see that A
is self-adjoint relative to the involution {—% of &. It follows that B=A,
is a self-adjoint ideal of .
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It is obvious that CBNIC. Hence let h= D _Niew+ D ic; Ni;[17] EBN5C.
We have seen that the \;;[ij]E€S. Hence it remains to show that Ae;;ES if
NEA and X=y\y;'. Now since BNIC is trace-valued, we can write A=y
+77 iy, nEA. Hence he;;=n[ii]. Since 9[5j]ES, it follows from (12) that

nlii] = e{nlij], uiiles
is in §. This completes the proof.

COROLLARY. Let A =&, be a simple ring with a canonical involution. Assume
that n =3 and that 3C is trace-valued. Then 3C is a simple Jordan ring.

Besides the matrix rings we shall be concerned in the sequel with general-
izations of these rings defined as follows:

DEFINITION. A ring ¥ with an involution will be called locally canonical-
malrix if every finite subset of its elements can be imbedded in a self-adjoint
matrix subring in which the induced involution is canonical. The ring % will
be called locally of degree at least n if the matrix subrings can always be
chosen of degree » or greater.

The preceding results can be extended to locally canonical-matrix rings.
We note explicitly the following two theorems.

THEOREM 2. Let A be a locally canonical-matrix ring, locally of degree at
least two. Then U is the enveloping associative ring of its Jordan ring 3C of
self-adjoint elements.

This follows directly from the lemma.

THEOREM 3. Let U be a simple ring which is locally canonical-matrixs
Assume that U is locally of degree at least three and that 3C is trace-valued. Then
3C is a simple Jordan ring.

Proof. Let It be one of the matrix rings referred to in the definition and
let e be the identity of It and {e;j} a set of matrix units such that ef=e,.
Now we can replace It by the larger ring e%e. This is a self-adjoint matrix
subring with {e,-j} as matrix units. Since ef=e;;, the induced involution is
canonical in e¥e. It is well known that e%e is simple. If E€efeN3C, then
k=a+a*=ceae+ea*e. Hence edeMN3C is trace-valued. The result now follows
from the corollary.

3. Jordan homomorphisms of 3C of a matrix ring. In this section we
prove the analogue of the matrix theorem (Theorem 7) of our former paper.

THEOREM 4. Let A =S, be a matrix ring with a canonical involution. As-
sume that n=3 and that the Jordan ring 3C is trace-valued. Then any Jordan
homomorphism of 3C can be extended in one and only one way to an associative
homomorphism of A.

Proof. Let 2—%’ be a homomorphism of 3¢ and let € denote the envelop-
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ing associative ring of the image 3¢/. We recall that J maps orthogonal idem-
potents into orthogonal idempotents. More generally, if e, aE€3¢, ¢ idem-
potent, and ea =0=ae holds in ¥, then(®) &/a’ =0=a’¢’. If « is any element of
S, esalit]es=alii]. Hence ega[ii] el =a[ii]’ and

enalit] = alii] = alii]’él

Next let 45j. Then a[ij] = {a[if], ;;} so that a[if]7 = {a[i]’, ef}. Multi-
plication of this equation on the left by ey gives

Joc.d J o T
esalij] = eualij] e;;.
Similarly eja[ij]7e)=aldij]7e). Hence
J o7 J . d .
(13) ewalij]” = ewalij] €;i = alij] €

holds for all 7, j.
As before, set u;;=1[4j]. If 4, j, k are all different, then wa=u;ujien
~+exnjrui;. Therefore

J JJJ Jg 7 J
Wik = Wijlhik€rr + €xrthjrthij
and
JJ g I JTJ
(14) Ciiix = €iiUij%;kCkk.

If we define g;;=ejug, for 54, then (13), (14), and the orthogonality of the
e} imply that

(15) giigkr = dixgar

holds for 7574, kI, and ¢#1.

We prove next that gyg;;=ej. We note first that wiu;; = eii+ej;=u;mq;.
8iig

This implies that the element z=ujuj—uju} is in the center(!) of € and
22=0. Now set (ei+e;;)’ —ujup=(wiu;)’ —ugug=y. Then (usu;)’ —uguy

=y+2. Hence(5)
J J 7 J JJ
y(y + 2) = [(wiswis) — wigjs] [(wijuss) — wiowiz] = 0.
Therefore y2= —yz and
(16) ‘ y3 = — 9% = y32 = 0.
Now observe that

J J J J J.J J J JJ J
yeis = (e + ej; — Wifthj)ei = e — Uifhjieii = €ii — fLijfji

(3 The proof in [4, p. 482] applies here without essential modification.
(%) The proof in [4, pp. 481, 482] applies here without essential modification.
(5) The proof in [4, p. 482] applies here without essential modification.
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and similarly ey =ej—gi;gji. On the other hand,
2 J J J J
(8:i815) = 8iiGiiGiiGsi = €isthsjhjithithii
J J J J J J
= eii(thijtjithi]) Wi = €ithifhii = giifji

and this implies that ef—gig;: is idempotent. Thus yej=y2%}=y%}=0
by (16). Hence gijg;i=ej. Then if we set gi=ej, (15) will hold for all
i, 7, k, 1. The element 17 is the identity in €; hence we write 17 =1. Since 1

= L.t

(17) > gii = 1.

Therefore { gi;} is a set of matrix units for E.
We can represent € as §, where § is the subring of € of the elements
which commute with the g;;. Now let a be any element of & and write

alij] = %:; alijlugn,  elijlu € F

Then by (13)
(18) alijVgii = alijliig
holds for all 4, j. We next define a%#=a[4j];; and proceed to show that a—ari

is a homomorphism of & into § which is independent of 7, j if 755, If we
apply J to (11), we obtain

alijBljk) + BlikValifl = (aB)[ik} _
for 1, j, k all different. Since a[ij]ex =0 = e [47], right multiplication of the
last equation by gu gives
alij[’8[ik} gre = (o) [ik) gur.
This implies
(19) a%iftie = (af)m

Comparison with (18) gives 1[47];;=1; hence 17i=1. If we put 8=1 in (19),
we now obtain a7# =q"#*, Similarly a’ =a™i and hence

(20) ami = a™®, 1#Z 7, k#L
It follows that a*=a"# is independent of 7, j if 1#j and, by (19), a—a’ is a
homomorphism of & into §.

Now for i5#j, {a[ij], u;i}=ali]+alij]. Hence {a[if]’, un} =ali]
+a[ji). Since a[jjleii=0=esa[jj], this gives

e I .o .7
alif] wigi + wpalif] g = afii] ga
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Since a[ij |V ujgii=a[ij ] g;i=a[ij ] g;;g;:, we obtain from (18) that a[ij ] ujg:
=a7g;;.. Hence

T J ../ . .17
(21) a gi + unalij] gu = alii] g

Since a[ij]=(v;'ay:)[ji] and w;i=(vi'v) 3], e[l gu=(;'av:)7g;: and
uhgii= (v *y;)7gi. Hence (21) becomes

T -1 T4
(22) a gi + (v; avi)gi = alii] gi.

For arbitrary x = Y_&e;; in U we define x7 = D £ngs. Evidently x—xT is
a homomorphism of % into €. We wish to show that T coincides with J on
3. Let i5j and consider a[47]”. Since a[ij Vg =0 for k4, j,
alijV = alijP'1 = a[ijVe; + alijl g
—1
= a'gij + (vi @v)'gii
= a[ij]".
Similarly a[i]’ =a[i]/gi=a[i]T by (22). These two results show that
x’=xT if x=a-+a*. Since I is trace-valued this proves our assertion. Thus
T is an associative extension of J to A. That the extension is unique is a
consequence of the fact that ¥ is the enveloping associative ring of 3C.
If we make use of the fact, established in the proof of Theorem 3, that
if A is locally canonical-matrix and 3 is trace-valued then we can suppose

that 3¢NIN is trace-valued for the required matrix subrings M of A, we ob-
tain the following extension of the matrix theorem.

THEOREM 5. Let U be a locally canonical-matrix ring. Assume that U s
locally of degree at least three and that 3C is trace-valued. Then any Jordan
homomorphism of 3 can be extended in one and only one way to an associative
homomorphism of .

Theorem 4 actually implies Theorem 7 of our previous paper [4] when
n=3. This can be seen as follows. Let 9 be an # X% matrix ring with =3
and form B=ADA’ with involution (a+>b")*=b-+a’, where A’ is anti-iso-
morphic to A under the mapping a—a’. Let {eij} be a system of matrix units
in A and define f;=ei;+e¢j. Then {f,--} is an # Xn system of matrix units in
$ such that f;;=f;;. Hence the involution in B is canonical. The Jordan ring
3¢ of self-adjoint elements in 9 consists of all elements of the form a-4a’
and is Jordan isomorphic to %. Note that 3 is trace-valued since a+a’
=(a+0)+(a+0)*. Now, if a—a’ is a Jordan homomorphism of %, then
a+a’—a’ is a Jordan homomorphism of 3¢ which, by Theorem 4, can be
extended to an associative homomorphism T of 8. The desired result now is
immediate from Theorem 4 of [4](%).

(%) Note that Theorems 5 and 6 of [4] apply trivially here to give the hypotheses of
Theorem 4 of [4].
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Theorem 7 of [4] is valid for # =2 while Theorem 4 above is not true for
n=2. This is shown by an example in [1, pp. 156, 157].

4. Involutorial primitive rings with minimal ideals. In this section we
shall consider the problem of determining the Jordan homomorphisms of the
sets of self-adjoint elements of involutorial primitive rings with minimal one-
sided ideals. We first describe a method for obtaining the rings of this type.
Let X be a vector space over a division ring A which has an involution a—a
and let f=(x, y) be nondegenerate hermitian or alternate scalar product in
X. Let ¥ denote the ring of linear transformations ¢ in X¥ which possess ad-
joints t*: (xt, y) = (x, y¢*), and let §; be the subring of ¥ of transformations
of finite rank (¥t finite-dimensional). Then {—¢* is an involution in & and in
Js. It can be shown that any self-adjoint subring 2 of & containing §; is an
involutorial primitive ring with minimal one-sided ideal and conversely
every ring having this structure can be obtained in this way(”). There is
therefore no loss in generality in dealing with the rings of linear transforma-
tions A such that LIDADF, and A*=A. Let 3¢ be the Jordan ring of self-
adjoint elements of A and let 3Co=3FCNF;,.

We consider first the case of involutorial simple rings with minimal one-
sided ideals. This amounts to assuming that A =g, 3¢ =3C,. The basic result
for the Jordan theory of §; is that § is locally canonical-matrix. We proceed
to the proof of this result. Since everything has been proved for finite-dimen-
sional ¥ in our previous discussion, we assume from now on that dim X = co.

If 9 is a subspace of X, we define the orthogonal complement M* = {x| (x, v)
=0, y&M}. The subspace M is nonisotropic, isotropic, or totally isotropic
according as MMM = (0), MNML = (0), or M M. In general X =M OM*
even when I is nonisotropic. However, if M is a finite-dimensional non-
isotropic subspace, then X=I @ M* [7, Lemma 1.1]. The next lemma, which
is fundamental for our purposes, is due to Kaplansky [5, Lemma 4]. We
include the proof since the journal in which it appeared is not readily ac-
cessible.

LEMMA 3. Let M be an arbitrary finite-dimensional subspace of X. Then
there exists a finite-dimensional nonisotropic subspace of X which contains IN.

Proof. Choose a nonzero vector x in MMIM* and let y be any vector
such that (x, y) #0. Let N be the space spanned by I and y. Then RNN+
CIMNIME. A finite number of such steps completes proof of the lemma.

THEOREM 6. Any involutorial simple ring with minimal one-sided ideals is
locally canonical-matrix.

Proof. We take the ring to be §. Let g1, - - -, gi be a finite set of elements
in §; and, by the preceding lemma, choose a finite-dimensional nonisotropic

(") This follows from the isomorphism theorem for primitive rings with minimal ideals
[2, p. 318]. A detailed proof will be given in [3, Chapter IX].
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subspace I in ¥ which contains the range of the linear transformations
g, - - -, g and of the adjoints g}, - - -, gi. Denote by & the set of gEg;
of the form xg= Y (x, a;)b; where a;and b; are in . Since xg*= + . (x, b.)a;,
g*E R so that & is self-adjoint. Observe also that & contains the given g;.

Now let uy, + - -, u, be a basis for M. Since M is nonisotropic, the scalar
product (x, y) is nondegenerate in IN; therefore there exist v;, - - -, v, EM
such that (u;, v;) =65, ¢, j=1, 2, - - -, n. Define e;; by xe;; = (x, v;)u;. Then

{e:;} is a set of matrix units for & and, in fact, R =A, [4, p. 490]. It follows
from A of §1 that the involution is canonical in {.

We remark that since ¥ is infinite-dimensional, we can take »# to be any
finite number. The condition dim ¥ infinite is equivalent to the assumption
that A does not satisfy the minimum condition for right (left) ideals. Our
results therefore yield the following theorem.

THEOREM 7. Let N be an involutorial simple ring possessing minimal one-
sided ideals but not satisfying the minimum condition for these ideals. Assume
that the Jordan ring 3C of self-adjoint elements is trace-valued. Then 3C is a simple
Jordan ring and any Jordan homomorphism of 3C can be extended in one and
only one way to an associative homomorphism of .

We consider next an arbitrary primitive ring % with minimal one-sided
ideals. Take ¥ in the form £2DADF,;, A*=9, and set 3Co=3CNF;, where 3
is the Jordan ring of self-adjoint elements in {. We then have the following
result.

LeMMA 4. If 3Co is trace-valued, then it is a minimal Jordan ideal in 3C
which is contained in every nongero Jordan ideal of 3C.

Proof. Let & be a nonzero Jordan ideal in 3C. Since 3¢, is a simple Jordan
ring, we have only to prove that 3M3C,5<(0). Let b denote any nonzero ele-
ment of & and choose a vector # such that ub=9v>20. We prove that there
exists AE&E3C, such that wh=wu. First, if (u, #)70, define & by xhk
= (x, ) (%, #)"'u. Then clearly hE 3¢y and uh =u. If (u, u) =0, choose a vector
w such that (u, w) =1 and define ¢ by xt = (x, w)u. In this case take h=t-t*.
Then again hE€3C, and uh=u. Now if vh#0, then hbhEJMN3Cy and uhbh
=vh0 so that kbh>0. Finally, if vh=0, then {bh}E3MN3C, and u{bh}
=150 so that {bh} 0.

The enveloping associative ring of the Jordan ring 3¢ need not be equal
to A. An example of this type can be obtained as follows. Let X be a vector
space with a denumerable basis over a field ® and let & be the ring of linear
transformations in ¥ whose matrices are row and column finite relative to a
certain basis for ¥, that is, there are only a finite number of nonzero coeffi-
cients in each row and column. The correspondence (o))—(a)’, the transpose
of (e), defines an involution in &, and £ is a primitive ring with minimal
one-sided ideals. The ideal §; corresponds to the set of matrices that have
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only a finite number of nonzero coefficients. Let (w) be a skew-symmetric
matrix with # rows and columns such that (w)?=0. Such matrices exist if
n=4 and ® is an algebraically closed field of characteristic 0. Then the
matrix

diag {(w)y (“")1 (O)), e }

with (w) down the diagonal belongs to ¥. The ring U generated by the cor-
responding linear transformation w and §; is the set of mappings aw+g,
aEP, g&F. A is self-adjoint and the set of self-adjoint elements of U is the
set JCo of self-adjoint elements of §;. Hence the enveloping associative ring
of 3Co is §y which is properly contained in .

The above example shows that, in order to obtain a relation between
Jordan homomorphisms of 3¢ and associative homomorphisms of %, we need
in general the additional condition that U be equal to the enveloping associa-
tive ring € of 3¢. On the other hand, since €D, € is a primitive ring with
minimal one-sided ideals which is clearly self-adjoint. Hence the condition
9= € is a natural one.

THEOREM 8. Let A and B be involutorial primitive rings possessing minimal
one-sided ideals and assume that A and B are not simple. Let 3¢ and K be the
Jordan rings of self-adjoint elements of U and B respectively. Assume that 3¢
and K are trace-valued and that the enveloping associative rings are N and B..
Then any Jordan isomorphism of 3C onto & can be extended in one and only one
way to an associative isomorphism of A onto B.

Proof. Take ¥ in the form {LDADF,, A* =, and set 3Co=3NFy, the
set of self-adjoint elements in {;. Similarly take 8 in the form ,282F,,
B* =9, and set Ky=KNF,. Let k—h’ be the Jordan isomorphism of 3¢ onto
K. By Lemma 4, J also is a Jordan isomorphism of 3¢, onto K,. An applica-
tion of Theorem 7 gives a unique extension of J from 3¢, to an associative iso-
morphism of §; onto §,. Now there exists a unique extension of the iso-
morphism between §; and §, to an associative isomorphism T" between &
and &, [2, p. 318]. Define J’=JT-1. Then J' is a Jordan isomorphism of 3¢
into ¥ which leaves elements of 3¢, fixed. Next we show that J’ leaves every
element of 3¢ fixed. Let A€3 and hoE3Co. Then {hho} €3¢ so that {hh,}
= {hho}?" = {h"ho}. Hence

(23) hho + hoh = K o + hoki .
Since hohhoE 3y, we also have

hohho="hoh' k.
Now multiply (23) on the left by k¢ to obtain

hohho + ok = ok ho + hok = hohho + hok .
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Therefore
(24) ho(h — ) = 0.

Next let # be any nonzero vector and, as in the proof of Lemma 4, choose
hoE3Co such that uho=wu. Substitution in (24) gives u(h—h’") =0. In other
words, k7' =h. It follows that A/ =AT for all hE3C. Since A and B are the
enveloping associative rings of 3¢ and K respectively, it is immediate that
T is a unique extension of J to an associative isomorphism of U onto B.

The above proof actually gives us a slightly stronger result which we
state as follows.

COROLLARY. Let 3¢ and K be arbitrary Jordan rings of self-adjoint elements
in & and &, each of which contains all self-adjoint elements of finite rank. Then
any Jordan isomorphism between 3¢ and K has a unique extension to an associa-
tive isomorphism between Ly and L,.
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