DIOPHANTINE APPROXIMATION IN FIELDS
OF CHARACTERISTIC p

BY
L. CARLITZ

1. Introduction. Let ®=GF{p", x} denote the field consisting of the
quantities

(1.1 o= i cixt (c: € GF(pm)),

where x is an indeterminate and the coefficients ¢; all belong to a fixed finite
field GF(p"). We shall discuss a number of problems of “diophantine ap-
proximation” related to the numbers of ®.

We first (§3) prove an analogue of Kronecker’s theorem; the theorem
has been proved previously by Mahler [8, p. 514]. We next define uniform
distribution of sequences of numbers in ® (see [9], also [7, chap. 8]) and
prove a number of theorems similar to the theorems of Weyl’s well known
paper. The sum S= Y e(¢(4)), extended over polynomials 4 EGF[p", x]
of degree less than m, where ¢(#) is a polynomial of degree k and e(e) is
defined in (2.3) below, is studied by Weyl’s method of approximation. It is
found that if at least one coefficient of ¢(u) —¢(0) is irrational and 1=k <p,
then S=o0(p"™) as m— . The case k=p is left open; there are polynomials
of degree p for which S=p"" (see (6.8) and (6.9)).

For k=2, p>2, we make a more detailed study of the sum

Snle, B) = 2. e(ad?® + 2p4) (@ B € @);
deg m<A
here we follow [6, I1]. The main tool is the following analogue of the Hardy-
Littlewood “approximate functional equation”:

(1.2) Smla, B) = 1p™/ %Sm0 (1/a, a/B) (ln] =),
where deg o= —a <0, deg 8<0. From (1.2) it follows easily that
(1.3) Sm(a, B) = o(p™™) (m— )

for all irrational «; moreover, if the continued fraction for o has partial
quotients of bounded degree, then S.(a, 8) =0(p*'?). It also follows from
(1.2) that (at least for 3=0) (1.3) cannot in general be improved.

We show also that for all

(1.4) | Sm(a, 0) | = prmi2,

Presented to the Society, September 6, 1951; received by the editors July 2, 1951.
187



188 L. CARLITZ [March

For arbitrary 8 we can assert that either S.(a, 8) =0 or IS,,.(cv, B)l = prmi2,

2. Notation and preliminaries. Polynomials in GF [, x] will be denoted
by italic capitals 4, B, - - -, U, V; however, the letters K, N, R, S will
stand for certain functions to be defined presently. The numbers of &
=GF{p~, x} will usually be denoted by lower case Greek letters unless some
other meaning is indicated. If

(2.1) a= i cixt (em # 0)

is a typical number of ®, we define deg o =m, where m may be positive, zero,
or negative. The sum D & cix? is called the integral part of a; for the frac-
tional part we shall use the symbol

(2.2) (a)) = i cixt,

By the statement a=f (mod 1) is meant a=8+A4, where A is a poly-
nomial EGF[p", x]; when there is no danger of confusion, we shall usually
omit the phrase “mod 1.” Thus, every a is congruent (mod 1) to a unique 8
such that deg 8<0. .

Let 0 define the GF(p™). Then for ¢, in (2.1) we put

c1=a0" '+ - +a, (a: €EGF(p))
and define the function
2.3) e(a) = errialp,
It follows at once from (2.3) that
(2.4) e(a + B) = e(a)e(B),  e(a) = e(B) for a = 8 (mod 1).

(It is easy to identify the function e(4/H) with the function e(4, H) pre-
viously defined [4, §2]. We remark also that in (2.3) we could replace e?*i/»
by any primitive pth root of unity, and a, by the trace of ¢_;.) The following
result will be used frequently.

THEOREM 1. The sum

2.5) 2. e(da) =

deg A<m

{?"‘” (deg ((0)) < — m),
0 (deg ((@)) = — m).

The proof is similar to that of [3, Lemma 1] and will be omitted.
An immediate consequence of Theorem 1 is contained in

1 a=0),
(2.6) lim g~ > e(da) = {0 ( :

r=o deg A<r (e # 0);
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in other words, the limit=1 if and only if « is integral.

A number of ® is srrational if it is not contained in GF(p*, x), that is,
not a quotient of polynomials 4/B. Thus (2.6) implies that for « irrational
and B an arbitrary polynomial EGF[p*, x], we have

(2.7 lim g~ > e(4Ba) = 0.
r=w deg ALy
3. Kronecker’s theorem for ®. The numbers ay, - - -, ax of ® are linearly

independent if Y 5., Aw;=0 (A;EGF[p, x]) implies all 4;=0.

We shall now prove the following theorem.

THEOREM 2. Let k=1;ay, + - -, ar, Ny, -+ =, MEDP; 1, Ny, -+ -, N\i linearly
independent. Also let m, mo=1. Then there exists a polynomial A EGF[p, x],
deg A =m,, such that

(3.1) deg (A — a))) < —m (i=1,---, k).
Proof. (Compare [2].) We construct the function

k
o) = p7"m 2 Do e(BO\t — ai)),

deg B<m 1i=1
where t&®. In view of Theorem 1, it will suffice to show the existence of a
polynomial 4, deg A =2m,, such that ¢(4) ==k.
We put
K@) = Ka(t) = 2. e(B) 20,

deg B<m

Alt) = An(t) = K\t — 1) - - K\t — o).
Then, evidently
(3.2) ¢(HA() = k+ R(2),

where R(¢) is a sum of terms e(ui—8;), and, by the linear independence of
1,\;, - - -, N\, none of the u;=0. If now we notice that Theorem 1 implies, for
r sufficiently large,

(3.3) D e(da) =

deg A=r

{1 (@ =0),
0 (e # 0),

the sum now being restricted to primary A of degree r (that is, polynomials
with highest coefficient =1), it follows that

(3.4) P 2 R(4)=0 (r = ro).

deg A=y
But by (3.2) and (3.4), for r=7,,
k=p 2 $(A)A(4) £ max ¢(4)-p 2 A(4).

deg A=r deg A=r deg A=r
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However, by (3.3) and the definition of A(¢), we have
20 AA) =1 (r 2 o)

deg A=r
and therefore
k = max ¢(4).

deg A=r

Since max ¢(4) cannot exceed k&, it follows that k=max ¢(4), which com-
pletes the proof of the theorem. Actually, since 4 is primary we have proved
a little more; indeed the proof shows that the highest coefficient of 4 may be
any preassigned nonzero number of GF(p").

For a proof of the one-dimensional case of Theorem 2 see [5, §5].

4. Uniform distribution. Given a sequence of numbers a1, a2, @3, - - - €EP,
and an arbitrary number BE ®. Let N = Ni(m) = Ni(m, B) be the number of
a;, 1 £7=m, such that

(4.1) deg ((a: — B)) < — &,

where m and k are preassigned positive integers. We shall say that the se-
quence {ai} is uniformly distributed (mod 1) provided

1
(4.2) lim — Ny(m) = p—*

m=w M

for any k=1 and for all 3&®.
We now prove the following criterion.
THEOREM 3. For any sequence ou, o, az, * + + , (4.2) holds if and only if

m

4.3) > e(Aas) = o(m) for all A # 0.

i=1

Proof. (i) We first show that (4.3) implies (4.2). By Theorem 1,

pr* (deg ((a: — B)) < — k),
> et(e =) = {
deg A<k 0 (deg ((a: — B)) = — k).
If we sum over ¢=1, - - -, m and separate the terms in which 4 =0, this
becomes
(4.4) m+ D, e(— AB) D e(da;) = p*Ny.
deg A<k, A0 =1

Now assume (4.3); then (4.4) implies
(4.5) m + o(m) = p~*Ny,

which is equivalent to (4.2).
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(i) We now show that (4.2) implies (4.3), or what is the same thing,
that (4.5) implies (4.3).
By Theorem 1 the sum

(4.6) 2 2 e(A(ai — B)) = p*N..
deg A<k i=1
Clearly for 4 =0, the left member of (4.6) =m; hence, using (4.5) we get
(4.7) 2 e(— A 2 e(des) = o(m),
deg A<k, A0 =1

which is valid for all BE®. Now in (4.7) take 8= U/x*, where U is a poly-
nomial, multiply both sides by e(x~*UB), where B is another polynomial, and
sum over deg U<k. We get

(4.8) > > e(x*U(B — A4)) 2 e(Adas) = o(m).

deg U<k deg A<k,A#0 T=1
Let deg B<k, B0, then by (2.5) the sum ZU, e(x*U(B—A)) vanishes
unless A =B. Thus (4.8) becomes Y 1, e(Ba:)=0(m) (B#0). Since deg B
<k and k is arbitrary this evidently proves (4.3).

For most applications a weaker condition than (4.2) seems to suffice;
namely, we restrict the variable m to a subsequence of the integers. We re-
mark that the proof of Theorem 3 shows that if (4.2) holds when m is re-
stricted to a subsequence, then (4.3) also holds for the same subsequence
and conversely. In particular, we shall be interested in the case when m is of
the form p»". Accordingly, we state the following theorem.

THEOREM 4. For any sequence a1, az, az, - - - the condition
(4.9) lim P—nme(pnm) = [)-nk
m= o0
for all B is equivalent to
pum
(4.10) > e(Aas) = o(p™™) for all A # 0.

i=1

A sequence satisfying (4.9) may be called weakly uniformly distributed,
but if there is no danger of confusion we shall simply call it uniformly dis-
tributed in this case also.

As an immediate consequence of Theorem 4 and (2.7) we have the fol-
lowing theorem.

THEOREM 5. If £E®, EEGF(p", %), then the sequence { AL}, where A runs
through the polynomials of GF[p~, x|, deg A <m, is (weakly) uniformly dis-
tributed. :
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Here and elsewhere, in speaking of the sequence {AE} , it is to be under-
stood that the A’s are arranged in a sequence according to degree and other-
wise arbitrary.

5. Uniform distribution (general case). Let s=1 and fixed. A set of s
ordered numbers (ay, * - *, &), @;E®P, will be called a point. Two points
(ay, -+ +,e), By, -+ -, B,s) are congruent (mod 1) provided a;=8; (mod 1),
1=1, - - -, 5. Thus, any point is congruent to a unique point (84, - - -, B,)

such that deg 8:<0 for 1=1, - - -, s.
Consider the sequence of points
(51) {a(i)} = (al(i)v Tty at(i)) (1: =1, 2: ce )

Let &y, -+ -, k,=1 and let Nx=Ny,,... rs(m) be the number of points in the
sequence (5.1) such that 1 <7<m and

(5.2) deg ((ai(3) — B84)) < — k; G=1,-+,5)

where (By, - - -, B,) is an arbitrary point. We shall say that the sequence
(5.1) is uniformly distributed (mod 1) provided

l .
(5.3) lim — N(m) = pnChrt--+k
m=w M

for arbitrary &y, - - -, k,=1 and all (B4, - - -, B,). We now prove the follow-
ing criterion which includes Theorem 3 as a special case.

THEOREM 6. For any sequence (5.1) and arbitrary ky, - - -, ka1, the
condition (5.3) is equivalent to

(5.4) 2 e(diaa(d) + « -+ + Asau(3)) = o(m)
t=1
for all (4, - - -, 4,)#(, - - -, 0).
Proof. (i) We first show that (5.4) implies (5.3). By Theorem 1,
E Tt Z e(Al(al(i) - Bl) + -+ A:(a:(i) - Bc))
deg 41<ky deg Ag<ks
prlkre stk

B {0
according as (5.2) is or is not satisfied. Summing over ¢=1, - - -, m and
separating the terms in which 44, - - -, 4,=(0, - - -, 0), this becomes

Mt T o= A= = AB) Do eldrn) F -+ + Auali))

(5 . 5) deg A ;<kj =1
= prlkrte+k) N (m),

where the accent indicates that the combination (0, - - -, 0) is omitted.
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Now assume (5.4); then (5.5) implies
(5.6) m + o(m) = prikit--+EI N, (m),

which is equivalent to (5.3).
(ii) We now show that (5.6) implies (5.4). As in the proof of Theorem 3,
we have, using (5.6),

DN e(— Ay — - — AuB) 2 e(Aren(i) + - - + Asa(4)) = o(m)
deg 4;<kj i=1
for all (By, - - -, B.), where the Z‘ has the same meaning as above. Now put
Bj=x"*iU;, multiply both sides by e(x~*'UB,+ - - - + x~*U,B,), and sum
over deg U;<k;. We get
2 e(whU(By— A) + -+ - + ahU(B, — 4.))
deg Uj<kj Aj

m

. Z e(Alal(i) + LR + Axaa(i)) = o(m)
=1
Now take deg Bj<kj, (Bly AR B’);é((), R 0)’ then by (25) the sum
ZU,-——O unless (4,, - - -, 4,)=(B,, - - -, B,). Hence,

m

2 e(Bin(i) + - - - + Biau(i)) = o(m)
t=1
for all (By, - - -, B,)#(0, - - -, 0), deg B;<k;. This completes the proof of
(5.4).
As in §4 we find it desirable to define weak uniform distribution. The se-
quence (5.1) is weakly uniformly distributed provided

(5.7) lim p—ﬂMNk(pnm) — p—n(k1+...+k.)

for arbitrary &y, « -+, k,21. We have the following theorem.

THEOREM 7. For any sequence (5.1) the condition (5.7) is equivalent to

phm

(5.8) Z e(Alal(i) + -+ A,a,(i)) = O(P"m)

=1
for all (Ay, - - -, 4,)5#(0, - - -, 0).
As an immediate corollary we have:

THEOREM 8. If &, - - -, £, EPand 1, &y, - - -, & are linearly independent,
then the sequence (A&, - - -, AE,), where A runs through the polynomials in
GF[p, x], is (weakly) uniformly distributed.

Theorem 2 is evidently contained in Theorem 8.
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6. The sum Y e(¢(4)). In this section we shall prove the following
theorem.

THEOREM 9. Let ¢(u) =anu+ - - - +azu®, a;EP, be a polynomial of de-
gree k with at least one irrational coefficient. Assume 1 =k <p. Then

(6.1) S= 2 e4(4) = o(p™™ (m— ).

deg A<m
The proof of this theorem depends upon the following theorem.

THEOREM 10. Let £ be an irrational number of ®, s=1. Let N denote the

number of sets of polynomials A,, - - -, Ay, deg A;<m, such that
(6.2) deg ((A1--- At —B) < — 5,

where B 1s an arbitrary number of ®. Then

(6.3) lim p=»mkN = pne,

Proof. In view of Theorem 4 it suffices to show that

(6.4) 2 e(dy - - - AiE) = o(p™™¥)
Ay, -+ Ag,deg 4;<m

for arbitrary irrationals £. We shall prove (6.4) by induction on k. For k=1
the result has already been proved. Now the left member of (6.4) may be
written as
(6.5) 2 2 e(BAw) (B= Ay 4s),

Ay, oAy Ag
and by Theorem 1 the inner sum in (6.5) is 0 unless deg ((B£)) < —m. Now
for r=1, the number of sets of polynomials 44, - - -, As_,, deg 4;<m, such
that deg ((4: - - - Ax-if)) < —r, is asymptotic to p**—V=7r by the induc-
tive hypothesis and therefore less than 2p»m¢—b-»r for sufficiently large
m. Now if deg ((4, - - - 4x1))= —r, the inner sum in (6.5) vanishes for
m=r. Hence, the sum (6.5) is less than

Zan(k—l)—nrpnm p— 2ank—nr.

Since r is arbitrary this proves (6.4).
We now prove Theorem 9 by Weyl’s method. To begin with we assume o3
irrational. Then by (6.1)

|S]2= X ¢4 + B) — &(B)) =X e(46(4, B)),

deg A<m, deg B<m A,B

where ¢(u+v) —¢p(v) =ud(u, v), and deg ¢(u, v) =k—1. Hence,

[S[4<pmm 20| 2 e(46(4, B)) | .

A B
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But
> e(4¢(4, B))| = 2 e(4¢(4, B+ C) — 4¢(4, C))
B B,C
= 2 e(4B¢(4, B, C)),
B,C

where ¢(u, v+w) —¢(u, w) =vd(u, v, w), so that
|S[t = pmm 2 2 e(ABe(4, B, C)).

4,B C
Proceeding in this way we get after k—1 steps
(6.6) |S|& < prm®=0 3 oAy - Auk) (K = 2+1),

Al' “ee 'Ak
where £ =Fk!oy. Let s=1; then by Theorem 10 the number of sets 4, - - -,
Ai_1, deg A;j<m, deg ((A; - - - Ara§)) < —s, is at most 2pmm¢—D—n for suffi-
ciently large m. Since the inner sum in (6.6) vanishes for deg ((4, - - - Ax_.f))
= —s, ms, it follows that

|S|K é ?nm(K——k),Zan(k—l)—na.pnm —_ anK——ns.

Since s is arbitrary this evidently implies the truth of (6.1) in the case a;
irrational.

Finally let ax, + + +, auy1 be rational, while e is irrational, and let G de-
note the least common denominator of ax, « * *, @41, deg G=g. Then replac-
ing A by GA+B, we have
(6.7) 2 s )= 2 2. eG4+ B)).

deg A<m+g deg B<g deg A<m

But for fixed B, ¢(Gu+B) is congruent (mod 1) to a polynomial of degree /
with highest coefficient a;G* which is irrational. Hence, the previous case of
the theorem applies to the inner sum in the right member of (6.7) and (6.1)
holds in this case also. This completes the proof of Theorem 9.

The condition k<p in Theorem 9 can apparently not be dropped. For
example, the sum

(6.8) > e(Ara) = pnm

deg A<m
for a= D5 cix%, i#1 (mod p). Again (for n=1) it is easily verified that
(6.9) 2 (47 — A)a) = pmm
deg A<m

for a=x"1(co+ 21 ¢Bs), Bi= X poo x—##'. Each B; is irrational (indeed alge-
braic). Thus, it is not evident for which polynomials ¢ (x), of degree not less
than p, (6.1) holds.
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7. The sum Y '¢(4). We now consider the sum
(7.1) S'= 27 e(¢(w)),

deg A=m

where ¢(u) has the same meaning as in Theorem 9, and >/ denotes that the
sum is over primary polynomials of degree m only (that is, polynomials with
highest coefficient =1). The method of proof used in Theorem 9 may be ap-
plied to S’. At the first step we get

| s ]2 = Z' e(6(4) — ¢(B)) = 3, X' e(¢(4 + B) — ¢(B))

deg A<m deg B=m
= Z 2. e(46(4, B)),
A B

2. e(44(4, B))

B

iS’l-iépnm E

deg A<m

Thus, the next step becomes

Z/

deg B=m

= 2 2 e(4¢(4, B+ C) — A¢(4, C)),

deg B<m deg C=m

and so on. Proceeding in this way we get

(7.2) | s |x < p""'("—") E De(Ay - - Adb),

v Ax—1 A
the notation being the same as in (6.6); note that the inner sum is over
primary 4 of degree m, while the outer sum is over all 4;of degree <m. Now
apply Theorem 10, and we have proved the following theorem.

THEOREM 11. For ¢(u) as in Theorem 9, 1 Sk<p,
(7.3) 2 e(6(4)) = o(p™™) (m— o).

deg A=m
We note that Theorem 11 can be deduced from Theorem 9 by placing
¢(4) =¢(x™+B) =¢:(B), where deg B <m; similarly, Theorem 9 is a corollary
of Theorem 11. The direct proof is perhaps of interest. We also remark that
there are cases for which §’ =0 while S>£0 and vice versa.
As an immediate corollary of Theorem 11 we mention

(7.4) 2 ) _ o(m),
deg ASm ' l
where | 4| =prd«4, We have also
(1.5) s L) amany (r < 1).

deg ASm l 4 |
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The convergence of Z'e(qS(A))IA]" for r>1 is trivial. The formulas (7.4),
(7.5) are easily generalized.

That (7.4) and (7.5) cannot in general be improved (at least for k=2)
will be clear from Theorem 23 below.

8. Some applications. We begin with the following theorem.

THEOREM 12. Let
8.1) o(u) = ag+ oy + - - - + opu® 1=k<yp),

and assume that at least one of the coefficients o, « + -, oy 1s trrational. Then
the sequence {e(¢p(A))}, where A runs through GF[p*, x], is uniformly dis-
tributed (mod 1).

This result is an immediate consequence of Theorems 4 and 9. As a par-
ticular case of Theorem 12 we see that the sequence {A*} is uniformly dis-
tributed, provided 1<k <p, £ irrational.

THEOREM 13. Let ¢i(u), - - -, du(1) be s polynomials with coefficients in ®
such that any relation

(8.2) Bip1(#) + - - - + Bips(u) = a (mod 1)

with B;€GF[p", x| implies B;=0. Then the sequence of points (¢:1(4), - - -,
.(4)) (AEGF|[p*, x]) is uniformly distributed (mod 1).

Proof. The left member of (8.2) defines a polynomial ¢(x) to which
Theorem 9 may be applied.

THEOREM 14. Let £ be irrational; s, - + -, sx=1; By, * -+, B arbitrary
numbers of ®. Then the number of polynomials A, deg A <m, such that
deg ((4%€ — ) < — s (t=1,--+,%)

is asymptotically
pnm—n(q+- . ots8g) (m —> o0 )
Proof. In view of (5.3) this theorem is a special case of Theorem 13.

Another special case of interest is the following:

THEOREM 15. Let &, - -+ , £,€P; 1, &, - - -, & linearly independent. Let
BiiE€E®, rijz1;4=1, - - -, k;j=1, - - -, 5. Then the number of polynomials A,
deg A <m, such that

deg((AiEi_ﬁii))<—rii ('i=l,"',k;j=1,°",8)
s asymptotically

k 8

teml jeml
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9. More general sequences. Let @ be a number of ® and A4,, 4., 43, -
a sequence of polynomials. Put

m

9.1) S(e) = 2 e(d:a).

=1
We shall show that
9.2) S(a) = O(mt/2te)

for “almost all” a. First, we must explain what will be meant by “almost all.”
Let r=1 be fixed. Two fractions G/H, G’'/H’ are equivalent provided
3, §3]

(9.3) deg (G'H —GH")) < h+ I —r,

where h=deg H, b’ =deg H'; we write G/H~G’/H’. It will be convenient to
replace (9.3) by the equivalent condition

(9.4) deg ((G/H — G'/H")) < — r.

The fraction G/H is primitive (for r) provided G/H~G’/H' implies deg H’
=deg H; in particular, all G/H are primitive for deg H=<r/2. A fundamental
set is a set of rationals a4, - - -, a, such that (i) no two are equivalent, and
(ii) any given rational is equivalent to some a; of the set. It follows that
s =pm.

Let a be an arbitrary number of ®. Then in the first place relatively
prime polynomials G’, H' can be found such that

(9.5) deg (Ha—G)< —r (deg H = 7).

If, in (9.5), G’/H’ is not primitive, we replace it by an equivalent primitive
fraction G/H. Then (9.5) and (9.4) imply

(9.6) deg (a —G/H) < — r (deg H = 7).

It is natural to extend the definition of equivalence to arbitrary numbers
of ®. If o, BE P, we define a~p provided

(9.7) deg ((a = B)) < —r.

Clearly ~ is an equivalence relation. Thus, in view of (9.6) every « is equiv-
lent to a primitive G/H.

We shall now say that almost all @ have a certain property provided that
the number N of nonequivalent a not having the property is such that
N/pm is arbitrarily small (as r— ).

Returning to (9.1) consider the sum

9.8) TS = Y T e — 4)a),

i,j=1 a
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where >_* denotes summation over a fundamental set of a’s and 7 >deg 4;,

i=1, - -+, m. Now, for deg 4 <r we have D *e(4da)=0 unless 4 =0 (for
proof see [3, (3.13)]). Hence, (9.8) implies
(9.9) 2*| S(a) [2 = mp.

Now let N be the number of nonequivalent « such that
(9.10) | S(a) | = gmtiz+,
where 7>0, ¢>0. Then by (9.9)

mpm- g Nﬂ2ml+2e,

so that
9.11) N = —f -
nm?
This proves the following theorem.
THEOREM 16. Let A,, - « -, Am be distinct polynomials, r>A;, €>0, n>0.

If N is the number of nonequivalent a for which (9.10) s satisfied, then (9.11)
holds.

In other words this shows that for almost all «, (9.2) holds.
In (9.1) it clearly makes no difference if we require deg oo <0. This is no
longer true for the more general sum

m

(9.12) S(a) = Sx(a) = 2 e(hia),

=1
where the \; are arbitrary numbers of ®. In the sum (9.12) we therefore re-
strict ourselves to deg a <0. Now for deg 3 <0 it follows that deg (af) < —1
so that e(aB) =1. Thus, if we put \;=4;+8;, B:=((\:)), deg 8;<0, we have
e(\ix) =e(A ). We therefore have the following extension of Theorem 16:

THEOREM 16’. Let Ny, « + +, N be a set of distinct numbers of ®, r >deg \;,
€>0, 7>0. If N is the number of nonequivalent o, deg e <0, for which

m

Z e()\;a)

then (9.11) holds. In other words,
| Sx(@) | < pmltltte

; nml/2+¢’

for almost all a, deg o <O0.

For a= )¢ cx~? and any sequence {4;}={x%}, e;<e.;, we have
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S(a) =Q(m), except possibly when infinitely many e; are of the form pi—1;
all @ defined by the above series are irrational. Other examples of this kind
are easily constructed.

Another conclusion can be drawn from (9.9); namely, the assertion
S(a) =o0(m!'?) for all a is false. We have therefore the following theorem.

THEOREM 17. For any sequence {)\,-} there exist irrationals o such that
Si(a) = Q(m!/?) (m— ).

10. The sum S, (e, B). In the remainder of the paper we assume p odd.
Let @, B€® and define

(10.1) Smla, B) = 2 e(ad? + 284).
deg A<m
To begin with let =0 (mod 1) and put
(10.2) Sn(@) = Su(a, 0) = D e(ad?).
deg A<m

We shall again make use of the properties of equivalence in ® as defined
in §9; we take r=2m. Let a~G/H, where G/H is primitive; then clearly

(10.3) Sn(a) = 2, e(GA*/H) = S.(G/H).

deg A<m

The sum (10.3) has been discussed previously [3, p. 1134] and we have

. S(G/H h>m),
(10.4) Su(G/H) = { (G/R) (h > m)
pr(mMS(G/H) (h = m),
where £ =deg H and
(10.5) SG,H) = Y, e(GA*/H)
A (mod H)
is a Gauss sum. Thus, in particular,
nh h > ,
(10.6) | S(@) |2 = {1’ (h > m)
pr@m—h) (b £ m).

But this does not indicate explicitly that Sn.(a) =0(p™™); in Theorem 19 below
we show that this is indeed true for all irrational c.

There is no loss in generality in assuming deg a= —a <0. Now consider
the sum Sn—o(1/). In the first place deg (« —G/H)< —r, where G/H is
primitive, implies

(10.7) deg (i - %) < — (r — 2a0);

a

also H/G is primitive for r — 2a for otherwise G/H is not primitive for 7, as is
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easily verified. Then as in (10.3) and (10.4) we have, for m2a,

1\ _fS(H/G) (g >m—a),
(10.8) Sm—-a(a> = S"‘“"(H/G) - {pn(m—ﬂ—ﬂ)S(H/G) (g =m-— d),

where g=deg G. (Note that in the proof of (10.4), H is assumed primary;
since G need not be primary, a little care is needed in using (10.8).)

Since k—g=a it is clear that 2 >m if and only if g>m —a so that the side
conditions in (10.4) and (10.8) correspond. Comparison of these two formu-
las now leads at once to

1
(10.9) Sm(a) = an/ZSm—a ('_—> (m ; a)!

where 7 is a complex number of absolute value 1; indeed n=+1, +14. Itis
easy to give an explicit formula for 5 but this will not be required in the
applications.

Returning to the general sum (10.1) we first note several easily proved
formulas

S"l(a' ﬁ) = Sm(al) ﬁl) (a = ay, B = Bl (mOd 1)):
Sw(a, 8 + Ba) = e(— aB? — 28B)Su(a, B) (deg B < m).
(10.11)  Su(a, B+ B)Sn(a, B — B1) = Sn(2a, 20)Sw(2a, 261).

(10.10)

To prove (10.11) we substitute from (10.1) in the left member. This gives
> e(a(4? 4 B?) + 2(8 + B1)A + 2(8 — B1)B);

A,B

now put A =4'+B’, B=A4'—B’, and (10.11) follows immediately.
As in the proof of (10.9), let deg a= —a <0, deg (a—G/H) < —r, where
G/H is primitive. Then in the first place

(10.12) Smla, B) = Sn(G/H, B).

Next we have

G4 B)? GB?
|5u6/m,8) ] = T o CEE 4 2504 + B) -~ 098)

(10.13) "~ GA? GAB
= e + ZBA) e(2 —.
deg§<m ( H deng:<m H

Now by Theorem 1 the inner sum in (10.13) vanishes unless
(10.14) deg ((AG/H)) < — m.
Assume first that h=deg H <m. Then (10.14) implies AG=0 (mod H), and
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therefore H IA. Thus, (10.13) becomes
(10.15) | Sn(G/H, B) |2 = p»™ > &(2BHC) (b =m).

deg C<m—h
In the next place let 2>m. We put (10.14) in the form

(10.16) AG = HU +V (deg V < k — m).

Since (G, H) =1 we can find polynomials Gi, H; such that

(10.17) GH, —GH = 1 (hy < b, b+ by £ 1),

where hy=deg H, (The inequality A+h,>r contradicts G/H primitive.)
Now by (10.16) and (10.17) we have

G v v, G _Ga_ 1
H A HA H H, HH,
so that
6 _U_t(r_1y
H, A HN\A H,
and therefore
(10.18) GA - H\U = 1—:—[ (VH, — 4).

Now, by (10.16), deg (VH)) <h+h—m=m <k and deg A <m <h; therefore,
(10.18) implies A = VH,. Note also that (10.14) implies deg ((GA*/H)) < —1
so that e(GA?/H) =1. Thus, (10.13) leads to

(10.19) | Sw(G/H, B)|* = p»™ 2. e(28HiV) (h > m),

deg V<h—m

which may be compared with (10.15). We now apply Theorem 1 to (10.15)
and (10.19) and get

priemh (deg ((BH)) < h — m),
. ~(G/H, 2 =
(1020 [sworm ol = (deg (BH)) 2 = m)
for h=<m,
o (deg ((BHD) < m — I,
(10.21) [sw6/m 0= {7 (deg ((BHY) = m — &)
for h>m.

We can now complete the proof of the following theorem of which (10.9)
is a special case.



1952] DIOPHANTINE APPROXIMATION 203

THEOREM 18. If deg o= —a <0, deg B<0, m=a, then

1 8
(10.22) Snla, B) = np™/*Sm—a (-’ _)’

23 23
where 1 is a complex number of absolute value 1.

Proof. It will be convenient to write down the formulas corresponding to
(10.20) and (10.21) for the sum S,_.(1/a, B/c). As in the proof (10.9) we
have first

(10.12%) Sn—a(l/a, B/a) = Sn_o(H/G, HB/G),
while (10.20) and (10.21) become
prmion  (deg (BH) < ¢ — m+ a),

(0.20) | Sucati/. H3/6) | = {g (deg (BH)) 2 g = m + o)

for g=m—a,
P (deg ((G:HB/G)) < m — a — g),

00-20) [ SudB/G BB = {0 ) 2 m— o g

for g>m—a.

Now we recall that the condition # =m is equivalent to g<m —a. Thus,
comparison of (10.20") with (10.20) shows that the theorem is correct in the
case h<m. For k>m we must examine the side condition deg ((G.HB/G))
<m—a—g=m—h. It follows from (10.17) that

deg ((H8)) — deg ((G:HB/G)) = deg (8/G) < —g <m — b,

so that the side conditions in (10.21) and (10.21’) are indeed equivalent. This
evidently completes the proof of the theorem.

Theorem 18 may be compared with Theorem 2.128 of [6].

11. Bounds for S.(a, 8). As in [6, p. 211] let the irrational « be exhibited
as a simple continued fraction [1, p. 190]

1 1
(11.1) a=-— — .-
A+ 42+
also put
1 1
a = ) a = y e (degAigl),
(11.2) A+ a1 A+ s ’

B1 = ((8/a)), B2 = ((Bl/al))r ]

so that deg a;= —a; <0, deg 8:<0.
Then by (10.20)
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1
Sm(ai ﬁ) = npm/zsm_a <_’ _B—) = nP"aIZSm—a(al’ ﬁl)’

a a

where 7 denotes a complex number of absolute value 1, which may change
from equation to equation. Transforming Sn,—a(a1, B1) in the same way, we get

Sm-a(alv 61) = ﬂP”“‘”Sm-a-.al(aa, 62)’
so that
Sm(ap /3) = 77?”(“+“‘)/25m—a—a1(0!2, 62)-

Continuing in this way we have
(11.3) Sm(a, B) = np™t12S m_i(as, Bs),

provided m—¢=0, where t=a+a:+ - - + +a,1.
We now fix s by means of the inequalities

(11.4) et+a+---t+aaEm<atat -+ e
Clearly t— « as s— = ; hence, it follows from (11.3) that
Sm(a’ ﬁ) = O(Pnt/2j)n(m—t)) — o(an)

uniformly in 8.
We have therefore the following theorem.

THEOREM 19. If « 15 trrational, then
Sula, B) = o(p™™) (m— )
uniformly for all B. In particular, Sn(a) =o(p™™).

THEOREM 20." If the partial quotients A; in the infinite continued fraction
(11.1) are of bounded degree, then

(11.5) Sm(a, B) = O(p"™/?) (m — )
uniformly for all B.

This is an immediate consequence of (11.3) for

Sn—t(as, B:) = O(p™"?) = O(p) = O(1).

THEOREM 21. If a is irrational and an=o0(m), then
(11.6) Sm(a, B) = O(pnm@/*+9)
for all €>0.

Indeed, we have

/24 (m—18) <t/24+ a, Em/2+ amn = m(1 + €)/2,

which proves the theorem.
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THEOREM 22. If a s irrational and a. <0m for m sufficiently large, 6>0,
then

6
. m(a, = nm(1+8’+e€) /2 8' =
(11.7) Smla, 8) = O(p ) ( T s)
for all €>0.

Proof. We shall require the following formula:

prel? (m < a < 2m),

(11.8) lSm(a' ﬁ)l é {?nm (2m < a)

for deg a=—a, a>m.
The second half of (11.8) is obvious from the definition of Sn(a, 8). To
prove the first half of the formula we start with

| Sm(@, B) |2 = 2 e(ad®+ 284) 3= e(24B).

deg A<m deg B< m

The inner sum vanishes unless deg ((ed)) < —m. Since deg a< —m, this
implies deg 4 <a—m and the formula follows.

In the next place we remark that é may be considered the minimal & for
which the hypothesis of the theorem holds; otherwise, Theorem 21 applies.
Hence, there is an infinite sequence of integers s, s3, $3, - - * , such that

miZa+ar+ -+ 2 s+ 0y, > si(1+ 61)

for all positive 6;<6é. Then by (11.3), (11.4), and (11.8), we have for m—¢
<a,<2(m—t)
]

E ’

t+a,<m+63<m(l+
2 272 2 2

while for a,>2(m—1), we have
L t)<t+a‘<"'(1+5)
— 4+ (m — —_—t—< — —].
2 2 2 2 01

Thus (11.7) certainly holds for the sequence {m;} ; but for other values of m
the proof indicates that the formula will hold with a smaller value for &’
Thus, the theorem is true in general.

12. Q-theorems. For 8=0, (11.3) becomes

(12.1) Sn(a) = np*t2S ().

We shall now prove the following fheorem.
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THEOREM 23. If ¢(m) >0, ¢(m)— x© as m— o, then there exist irrationals a
such that
(12.2) Sm(a) = Q(p"m/¢(m)) (m— ).

This result shows that the equation Sn.(a) =0(p™™) is the best result that
can be stated for all irrationals.
To prove Theorem 23 we first remark that

(12.3) Su(a) = pmm (deg @ = — 2m),
which is evident from (10.2). Thus,

(12.4) Sm—i(as) = pr(m=t (a; Z 2(m — 1)).
Substituting from (12.4) in (12.2) we get

(12.5) Smla) = prim=t/2),

Hence, to prove (12.2) it will suffice to exhibit an irrational a and a sequence
my, me, ms, - - -— 0 such that

prmiB 2 prm/p(m),
or what is the same thing, p*/?<¢(m), and also a,=2(m—t). We take
mi=a+ a1+ -+ a1+ a./2;
then the corresponding value of ¢ is
tt=a+ a1+ - + a1
(so that a,=2(m—1t)). Thus, the only condition remaining to be satisfied is
(12.6) pratat +aI2 < (a4 ay + - - - + Gy + @./2).

Take a=1; if a;, - - -, a.,—1 have already been found, then clearly a, can be
determined so that (12.6) holds. Thus, a sequence @, can be found which
satisfies the several requirements. Finally, given the {a,} we can find poly-
nomials 4, and therefore @ by means of (11.1); in particular, we may take
A,=x%"1 That all such a's are irrational is clear from the fact that the con-
tinued fraction (11.1) is not terminating.

To extend (12.2) to general S, (e, B) we note first that in place of (12.3)
we have Sn(e, 8) =0 or p™™ for deg @ < — 2m. The remainder of the proof goes
through so that we may state the following theorem.

THEOREM 23’. There exist irrationals o such that either Sn(a, 3) =0 or
Sm(e, B) = Q(p""/¢(m)) (m— ).

A condition for the vanishing of Su(e, 8) is contained in (10.20) and
(10.21), but it is not very simple.
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In the next place it is easy to get a lower bound for S.(a) which is valid
for all @, rational as well as irrational. Indeed, by (10.6) we have |S,,.(oz)l2
= p"m. As for Sn(a, B), we again use (10.20) and (10.21). We may state the
following:

THEOREM 24. For all o we have
Sm(a) Z prm/2.
For all a, B, either Sn(c, B) =0 or
| S, B) | Z pmr2.

This result shows that (11.5) cannot be improved.
Finally, we prove:

THEOREM 25. There exist irrationals a such that a,, < dm for m sufficiently
large, & > 0, and

8
| Sm(a) | = prmatone (a' - —)
@] zp T

Comparing with the proof of Theorem 22, we select a sequence of integers
S1, S2, 83, + - - and take a =1, a,=1 for s5£s,, a,, =smallest integer not less than
ds:. We also require the inequality

(12.7) | Sw(a) | Z pm (a = deg a > m),
which follows from (10.6). Then, by (12.1) and (12.7),
|Sm(a)l = prtizpnae,
It will therefore suffice to show that
i+ a0 2 mo(1 + 9),
which surely holds provided
(12.8) 0ss = (148" (m, — 8,) + 6'ts.
Since the sequence {s;} is at our disposal, it is clear that we can select it in

such a way that (12.8) is satisfied. This completes the proof of the theorem.
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