MAPPINGS BETWEEN FUNCTION SPACES(})

BY
ROBERT G. BARTLE AND LAWRENCE M. GRAVES

In the following we shall let U= [#] and 8= [v] denote arbitrary Banach
spaces, and T = [¢t] denote a Hausdorff space. ¥ and 9 are to denote the spaces
of all continuous functions mapping £ into U and into B respectively. We
shall let Q@ denote the space of all linear continuous mappings of Ul into 8.
A function K on ¥ to © which is bounded on T and continuous in the strong
topology of 2 induces a linear continuous operator x on X to Y by the
formula(?)

x(x] t) = K(t)x(t).

The main result of this paper, contained in §3, gives sufficient conditions
that k map X onto the whole space ). Applications to nonlinear equations,
integral equations, and to underdetermined systems of differential equations,
including certain types of partial differential equations, are given in §§4, 5,
and 7. In §6 we consider the case when T is a compact interval of the real axis,
and let ¥’ and 9’ denote the subspaces of ¥ and 9) consisting of those functions
which are of class C’. Sufficient conditions are given that x map ¥’ onto ¥’,
and this result is applied to the case of nonlinear equations.

In the case when, for each ¢, K(¢) gives a one-to-one correspondence be-
tween the spaces I and B, the results of this paper have been long known and
are easily derived. The methods used here enable us to prove the existence
of solutions with certain useful properties in cases when the solution is not
unique. '

1. Topological preliminaries. J. A. Dieudonné has discussed [3] a gen-
eralization of the notion of compactness of a topological space which will be of
considerable use in §3. We therefore summarize a few definitions and results
in the form that we shall need. In the following all coverings of topological
spaces are supposed to consist of open sets.

DEFINITIONS. A covering B is said to be a refinement of the covering U
if every set in 9B is contained in some set in %. A covering is said to be neigh-
borhood-finite if every point has a neighborhood which intersects only a finite
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number of sets in the covering. A Hausdorff topological space is said to be
paracompact if every covering U has a refinement covering B which is neigh-
borhood-finite.

Dieudonné showed that every paracompact space is a normal (7'y) topo-
logical space, and that every closed subset of a paracompact space is itself
paracompact in its relative topology, but this is not generally true for arbi-
trary subsets. On the other hand, A. H. Stone showed [7] that every metric
space is paracompact. This theorem is very important for our purposes. It
implies, in particular, that any subset of a metric space is paracompact. It
is not known whether there are any spaces other than metrizable spaces in
which arbitrary subsets are paracompact.

We shall need the following special case of Theorem 6 in Dieudonné’s
paper. (Cf. also Lefschetz [8, p. 26].)

LEMMA. Let ¥ be a normal space and {A,} a covering of T which is neighbor-
hood-finite. Then there exists a covering {B,} of T with the same index class and
for which B,C A, for all v.

Under the conditions of this lemma, it follows that for each » there
exists a real-valued continuous function y, which is non-negative everywhere
and such that ¢,(¢) =1 for t&B, and ¥,(t) =0 for ¢tEA4,. By the assumption
of neighborhood-finiteness we know that every point is contained in only a
finite number of the sets {A,}, hence ¥,(t) =0 except for a finite number of
indices. Moreover each point is contained in some B,, so not all of the func-
tions can vanish at any given point. Hence the sum Y, ¥,(¢) is well-defined
at each point and is neither zero nor infinite. Since, in the neighborhood of
each point, only a finite number of terms are nonzero, this sum is a continu-
ous function on all of . Let ¢,(t) =y¢,(t)/ D, ¥»(2). It is clear that ¢,(f) =0
for tA4,, and Y, ¢,(t) =1 for all tEZ. Such a collection of continuous
functions {qS,} is called a continuous partition of unity subordinate to the cover-
ing {4,} [2, p. 66].

The following lemma follows immediately from the above discussion:

LEMMA. Let T be a paracompact space and | C,,} a covering of . Then there
is a neighborhood-finite refinement covering {A,} and a continuous partition
of unity {¢,} subordinate to {4,}.

We note that {¢,} is also subordinate to {C,} in the sense that for every
v there exists some C, outside of which ¢, is identically zero.

2. Induced linear transformations. In the space ¥ of all continuous
functions on ¥ to U, we define the “norm” of an element x by the formula
|lx]| =sup {||x()]||tEZ}. The subspace of X on which this norm is finite we
denote by X3; it is a Banach space. When  is sequentially compact X5 =X%.
The corresponding notations 9), |||, 9z are used in connection with the space
of continuous functions on T to B.
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In the space @ of linear continuous transformations L of Il into B, the
“uniform” topology is that determined by the norm in £, while the
“strong” topology is that corresponding to a system of neighborhoods

V(0; € 1, + - -, u,) of the origin. Here V(0; €, u1, - - -, %) consists of all
transformations L satisfying ||Luj|<e, i=1,---,n, where ¢>0 and
#y, - -+, U, are arbitrary elements of . We denote by , the subset of

consisting of all the transformations mapping U onto all of B.

In this section we investigate certain relations between functions K
mapping T into @, and linear continuous transformations « of X into ).
When KX is given, let kx be defined by

(1) k(x| t) = K(@t)=(t).
When « is given, let K, be defined by
K(O)u = (x| 1)
where x,(t) =u for all ¢. Let
&) Mo(K) = sup {[|K@]| [ € T}.

As a consequence of the Uniform Boundedness Theorem of Hildebrandt (see
also [6, p. 26]) we have the following condition for the finiteness of My(K)(3).

LEMMA. If K(t)u is a bounded function of t for each fixed u &1, then My(K)
<o,

We can now state the following relations between K and kg, and between
k and K,. :

THEOREM 1. (a) If K: T—Q is continuous with the strong topology in L,
and Mo(K)< o, then kg is a linear continuous transformation of ¥ into 9,
and ||kg|| = Mo(K). Moreover, if N=«kk, then Kx=K.

(b) If k is a linear continuous transformation of X into 9), then K, maps
L into Q, is continuous with the strong topology in Q, and My(K,) é”x” More-
over if L=K,, then kL=« if and only if, for each tESZ, x:(t) =x.(t) implies
x(x1| t) =K(x2| t). When this last condition holds, and k maps ¥ onto ), then K,
maps T into Q.

The verification of these statements is straightforward, and will be
omitted. A simple example in which ¥ maps ¥ onto ¥, but K, does zot map
T into Q,, is obtained by taking T=1[0, 1], U=B=reals, x(xl 1) =x(t)
—t[ox(s)ds. Here k=2 (y|t) =y() +2t[oy(s)ds, K.(1) =0.

It is natural to ask about conditions for the mapping K to be continuous
with the uniform topology in Q. The following answer is readily verified.

(®) We note that in the lemma the completeness of the space 8 is not needed, and in
Theorem 1 neither Ul nor B needs to be complete.
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THEOREM 2. Let X, denote the set of constant functions in X with norm equal
to 1. Let « be a linear continuous transformation of X into ). Then the associated
mapping K, is continuous with the uniform topology in Q if and only if the set
of functions k(%) 1s equicontinuous on <.

Since the concepts of equicontinuity and compactness are sometimes re-
lated, the next theorem seems rather natural.

THEOREM 3. If k 1s a completely continuous linear transformation on X to
D, then the associated mapping K, is continuous with the uniform topology in Q,
and each K, (t) 1s a completely continuous linear transformation on 1 to B.

Proof. In view of Theorem 2, to prove the first assertion in the theorem it
is sufficient to prove that x(¥%;) is an equicontinuous family of functions in 9).
Since ¥; is a bounded family of functions in %X, the hypotheses imply that
k(%,) is totally bounded in 9. Hence, given any € >0, there exists a finite set of
functions {Zj} in 9 so that for each x,&E¥X,; there is at least one j for which
|lk(x.) —2,]|,<e/3. For fixed t, and for each j, there exists a neighborhood
U;(te) so that t&U;(ty) implies that “Zj(t) —zj(to)“,, <e/3. Since there are
only a finite number of z;, we can take U(ty) =N;U;(ts). Then tE U(¢y) im-
plies that for any x,E%; we have

l[€(xa| &) — &(xa | t0)]]
< k(@] ) = 2,0 + |l2:0) — ) || + |l2it0) — x(xa | t0)]| < e

for some one of the z;. So k(%) is equicontinuous and K, is continuous witn
the uniform topology in ©. The final statement of the theorem is immediate.

The converse of Theorem 3 is not true. That is, if K(¢) is completely
continuous for each ¢ and K is continuous with the uniform topology in ,
then it does not follow that the induced mapping kx is completely continu-
ous. For example, if I and B are chosen to be the real line, T is the closed
unit interval, and K(¢) is the identity map for all ¢, then each K(¢) is com-
pletely continuous. However, « is the identity transformation on C[0, 1]
and is not completely continuous.

Evidently it is easier to carry the properties from k to K,. In the next
section we shall go the other way and prove a converse to the final state
ment in Theorem 1 (b).

3. Induced transformations mapping X onto 9. If LE®Q,, that is, L is a
linear continuous transformation mapping Il onto B, then from a result of
Banach [1, p. 38] it follows that

ey = sup {int ul}

is finite. In the special case where L is one-to-one, I(L) =||Z-Y|. It is easily
seen that I(L) is upper semicontinuous on €, in the uniform topology. [See 3,
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Theorem 1.] For a mapping K of the space T into Q,, we shall be concerned
with the number M, defined by (2), and with the number

No = sup {I(K()) |t € T}.

When K is continuous in the uniform topology of @, and T is sequentially
compact, then M, and N, are automatically finite.

THEOREM 4. Suppose that the space T is paracompact, that K is a mapping
of T into Qo which is continuous in the uniform topology, and that My and N,
are finite. Then the induced transformation  defined by (1) maps X onto all of 9).
Moreover, if N> N,, yEY), and €>0, then there exists an x X for which k(x) =y
and ||x(t)|| < N||y(®)|| +e for all tEX.

Proof. Suppose that the theorem is proved for all y&9 such that ||y||
=<1. Then for an arbitrary yEY) we take y*(t) =y(t) when “y(t)” =<1 and
y*() =y(t)/”y(t)” when “y(t)” =1. By our supposition there exists an x*E¥X
so that k(x*)=y* and ||x*(t)|| S N||y*@)||+e for all t€ET. We now put
x(t) =x*(t) when ||y(t)|| =<1 and x(¢) =”y(t) x*(¢) when “y(t)” =1. It is easily
verified that x(f) satisfies the conclusions of the theorem with N replaced
by N+e. Since N and e are subject only to the restrictions N >N, and
lel >“0, we see that it suffices to prove the theorem under the hypothesis that

Y =1

Suppose, then, that we are given such an element y&$J) as well as the two
numbers NV and e. Take ¢>2(N+e+1)2 For each t,€S and for any positive
integer 7, the continuity of y and K as functions of ¢ implies that there exists
an open neighborhood V,(t) of ¢, such that if ¢'E V,(¢,), then

(3 v = ¥t < ¢/2¢7,
(4,) K@) — K(to)|| < ¢/2¢".

We cover T by the open sets { Vi(£)[t©T}. By the paracompactness of &
there exists an open covering P, = { Pl,.} such that each P;,CVi(t,) for
some point #,,, and so that the covering P, is neighborhood-finite. Let {é1,,}
be a continuous partition of unity subordinate to P, so that ¢;,, vanishes out-
side of Vi(t1,,) (since by construction it vanishes outside of Pi,,).

Define y1(£) = 2., ¢1.,(£)¥(t1.,). By construction of the ¢’s we have that
¢1,, vanishes unless £ is such that ”y(t,,.) —y(t)“ <€/2q. Hence we have that
ll9:8) =y @Ol =l Z b10) {3(t1) =y }| S X 1.0y (t1) 30| <e/2q for
all tEZ. So we have for all ¢:

(51) l91) — 9] < ¢/2¢.

Since K () maps onto % for each ¢, then for each v there exists a #;,, so
that K(f.)uy..=y(4,.) and

(51) ”ul.v“ < F“y(h.;)“



1952] MAPPINGS BETWEEN FUNCTION SPACES 405
We define x,(t) = D ¢1.,(t)#1,,. Then

5@ = | Z ¢ra@uisll = Z 1a®lusll < ¥ $1.0l 30|l
But from (3;) and the triangle inequality, we have for :E Vi(t;,,) that
il = lly@ll ] = llytn = @)l < e/2g.

So we get that |ly(t1)|| <||l¥(®)|| +€/2g. Inserting this in the preceding and
using the definition of ¢ to show that N/¢<1, we have for all ¢:

(72) et || < Mlly@ | + e/2.

Also |[9:(8) ~Km )| =1l X ¢1,0)9(t1) ~ KO X dra@u]ll =[| Z b1.2)
ARt us—KOun || £ 2 o1 @|| K (tn) w1, — K(t)us,||. Since é1,.(t) =0
except possibly for those ¢ for which (4;) holds, we see with the help of (6,)
and (5;) that the last expression is less than

2 bua)|[uan]le/29 < (Ne/29) 22 b10()||9(t1) ||
< (Ne/29) 2 61,0 [y || + ¢/2¢}
= (Ne/29)(1 + ¢/29) = (¢/29)(N + Ne/2g).
Combining this with (5;) and the definition of ¢, we have

lly() — K@a()|| < (/29)(N + Ne/2g + 1) < (¢/29)(N + e + 1)
< ¢/4(N 4+ ¢+ 1) < ¢/4N.

Hence we have shown that, for all ¢:
(8) ly®) — K®m®| < e/22N.

Suppose that for each positive integer » <m we have chosen a pair of
bounded continuous functions y, and x, so that for each tET the following
inequalities are satisfied:

(5) &) — v || < &/2¢",

(72) %@ < Nly@| + /2 + - - - + /2,
(&) lly() — K@ ()] < e/27+1N,

) |2.(8) — %a(®] < e/27.

We shall show that we can construct ym41 and xn,41 so that these same in-
equalities are true with r replaced by m+4-1.

For any t,, since K(¢,) maps onto 8B, we can choose a point #,&1l so that
K(to)uo =y(to) and

|| 4o — Zn(to)|| < N||K (o) [uo — Zm(to) ]|

6m 1
(Gmsa) = N||y(to) — K(to) xn(te)|| < /27,
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the last inequality being true by virtue of (8,.). Consider the set of points
{t||luo—2m(t)|| <e/2m+1}. From the preceding remark this set is nonvoid;
since X, is continuous, it is open. Hence there exists an open neighborhood
Wms1(to) of to which is contained in the set Viuyi(f0) M {t] ” uo—-x,,.(t)“ <e/2mH } .

For each point tEST we choose a point # and an open set W,41(¢) as pre-
scribed in the preceding paragraph. The family of open sets { Wn1(t)[t €T}
form an open covering of €; by paracompactness there is an open covering
PBmi1={ Pms1,} which is neighborhood-finite and each of whose sets is con-
tained in Wy41(¢) for some ¢ (which we shall henceforth label as tn11,). As
before we construct a continuous partition of unity { ¢m+1,,} subordinate to
the covering PBmi1. We then define

ym+l(t) = Z Smt1,5(8) Y(tmt1,)s Tmy1(t) = Z Omt1.0(D)Umi1,m,

where the point #m41,, is the point chosen to correspond to the point tmi1,
by the process outlined above. Since @m41,,» vanishes outside Ppy1,,, Wwe see
from (3m41) that

(Sm1) lymer(®) — @) < /2™

for all ¢. Since ¢m41,» vanishes except possibly for those ¢ for which (6m41)
holds, we have

[ #ni1(®) = Em®| = |2 dmt1s®timsrs — zn(®)]]
= ”E ¢m+l.'(t){um+l,v - xm(t)} ||
é E ¢m+l.'(t)”um+l.v - xm(t)H < 6/2""“.

Hence for all ¢, we have

(9m+1) | #mir(t) — xm(®|| < /2741
Combining this with (7..) we get
(Tms1) 2@ < Ny + e/24 -+ + e/2m 4 /27
for all tEZ. Also
[ymi1() = KD #mirD|| = | Z ¢mira® { ytmi10) = K@i} |

= | 2 émi10® { K(bmr1)tmr1s — K@tmrrs} |-

Now by (6m1) and (7m), ||#me1s]| <N||¥(tms10)|| +€< N+e, and since ¢mi1,s
vanishes outside of the set where (4m41) holds, H Ymp1() — K (t)x,,.+1(t)||
<(N+e€)e/2g™+. By combining this inequality with (5.+1) we obtain

(8mt1) ly@® — K@ xmn@®| < e/2m+2N,

since e(N+e+1)/2¢gm+ <e/2m+2N.
Thus we obtain by the inductive process described above two infinite
sequences {y,} and {x,} From (9), it follows that { x,} is a Cauchy se-
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quence in ¥, and so there exists a function x&¥ which is the limit of this
sequence. In terms of the induced transformation «, (8,) states that
“y—x(x,)” <e/2"+'N. Hence k(x,)—y in the space $). But since « is a continu-
ous function on ¥, we have k(x,)—«(x) in the space ). Consequently y=r«(x);
that is, x maps ¥ onto .

Passing to the limit in (7,) we see that ||x(#)|| <N||y(t)|| +e for all :€Z.
This completes the proof of the theorem.

The next corollary allows one to drop the € in the estimate on the magni-
tude of x(¢) given in the final inequality of the theorem.

CoROLLARY. With the hypotheses of the theorem, given any N> N, and any
yEY for which the open subset of T where y(t) #0 is paracompact, then the
final inequality of the theorem may be strengthened to read ||x(t)|| < N||y(®)||
for all tEX. In particular this 1s true for arbitrary yEY) when T is a meiric
space.

Proof. If y(t) #0 on ¥, we can define the function y*(¢) =y(t)/”y(t)“ for
all values of ¢, and [|y*()|| =1. Pick €>0 so small that No<N—¢, and let
N*=N—e. Applying the theorem to N*, y*, and e we get an x* & X such that
k(x*) =y* and ||x*(t)|| <N*|y*()|| +e=N—e+e=N. From this, by defining
x(t) =||y(@®)||x*(t), we get k(x) =y and ||x(t)|| < N||y@)|-

If the set To={t|y(t) =0} is paracompact, we can consider the function
y restricted to T, in which case the preceding remarks are valid and we get
an x obeying the stronger inequality on ¥,. Extending the domain of defini-
tion of this x to all of £ by setting it equal to zero outside of T, gives a
continuous function on £ which satisfies the two conditions.

In passing, we note that the preceding result generalizes Theorem 4 of
[1, p. 40], in two directions.

4. Nonlinear transformations. The next theorem is a corollary of Theorem
1 of [5], except for the pointwise inequality on the solution. The proof is
along the same lines, and is omitted. We recall that X and 9z denote the
Banach spaces composed of the bounded functions in X and §) respectively.

THEOREM 5. Let N be a linear continuous mapping of Xg onto Ps, for which
there exists a constant N with the property that for each y&9p the equation
y=N(x) has a solution xEXp with ”x(t)” §N”y(t)“ on T. Let I'(x) be defined
and in s for ||x|| <8, and satisfy T'(0) =0, and

IT(x] &) = T(x2] ) — Mar — 2] O] £ Q| 22(t) — 20|

for tES, ||x.| <8, where NQ<1.
Then for each y&EYp with |[y]| <8(1—NQ)/N the equation y=TI'(x) has a
solution xEXp with

=@ = [ly®lN/(1 = NQ).

In case 8= o, Theorem 5 yields the result that I' maps Xz onto all of



408 R. G. BARTLE AND L. M. GRAVES [May

9. If also ' is positively homogeneous of degree one, and the value I'(x|#)
of the function I'(x) at the place ¢ depends only on x(¢), then I' maps ¥ onto
9. This may be shown by the device used in the proof of Theorem 4, namely,
by replacing y(¢) by y(t)/“y(t)” at values of ¢ where ”y(t)“ >1.

‘In Theorem 4 the mapping K was required to be continuous in the uni-
form topology of €. The next corollary extends part of the results of Theorem
4 to some mappings which are only continuous in the strong topology of €.

CoROLLARY. Let K be a mapping satisfying the conditions of Theorem 4,
and let k be the induced linear transformation of X onto ). Let A be another
mapping of T into Q, continuous in the strong topology of Q, and let a be the
corresponding induced linear transformation of X into 9). Suppose in addition
that

lA®)|| = Mo < 1/No, Ny = sup I(K(2)),
and that T is a metric space. Then k—a maps X onto all of Y, and if 0 <N M,
<NMy<1, kx—ax=2y has a solution x with
[z = [yl ¥/ - NM).

From Theorem 5 we can deduce the existence of a continuous solution
u=x(t) of an equation G(u, t) =0 even when the solution is not uniquely de-
termined. This result is embodied in Theorem 6, and a special case in the
following corollary.

THEOREM 6. Let L be a linear continuous transformation of 1 onto the whole
of B, and let OKNQ<1, where N>I(L). Let T be a metric space, and let
G(u, t) be continuous for ||u|| <8, tET, with values in B. Suppose also that

G(us, £) — G(us, t) — L(uts — w3)|| < Qlltr — wa]|  Jor ||uil| < 5,1 € Z,

llceo, 1] < (1 — NQ)s/N on T,
G(O, to) = 0.

Then there is a continuous function x(t) defined on T such that
Gx(®),t) =0, xt) =0, |x®| = |G, t)||N/(1 = NQ).

Proof. Let N(x|£) =L(x(t)), T'(x|t) =G(x(t), £)—G(0, #), y(t) = —G(0, ?).
Then it follows from Theorem 4 that Theorem 5 is applicable.

COROLLARY. Let T be a metric space, and suppose G(u, t) and its partial
differential d.G(u, t; du) are continuous for ||u|| <8, tET, uniformiy for ||dul|
=1. Suppose also that G(0, to) =0, and that d.G(0, to; du) maps \1 onto the whole
space B. Then there exists a number € >0 and a continuous function x(t) defined
for dist (¢, to) <€ such that G(x(t), t) =0, x(t,) =0.

5. Equations of Volterra type. The next theorem includes results on the
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existence of solutions for integral equations and for ordinary differential
equations in cases when the solution is not unique.

THEOREM 7. Suppose that T is a linear interval [0, T, and let \ satisfy the
conditions of Theorem 5. Let a(x) be defined and in ) for ” x” <48, and satisfy
a(0) =0, and

¢
(10) latas] & = ataal 0l s € [ [l = ma(o)lds
0
for t€X, ||x]| <8, where Q>0.
Then for each y<%) with “ y” <8eNQT/N the equation
Mx) —a(x) =y
has a solution x X satisfying the two inequalities
(1) =@ = Nlly®| + Nyl ferer — 1} = N|y[|ever,
t
1 sl = ¥yl + e [yl
0
Proof. Since T is compact, we have Xz =%, 95 =9). From the assumptions
on A and « it is clear that there exist solutions xy, x, x2, - - - of the equations
Ngo =y, A& =y + a%ny,
satisfying the inequalities

=@l = Myall,
| 2a(®) — 2aca(®)|| = N||y|l(NOD"/nt,

s = sl 20 [ ll30)lldastven=—/en = 1y,
0

for 0t < T. Thus the approximations v, lie in the domain of «, and converge
uniformly to a solution satisfying the stated inequalities.
We note that the inequality (12) of the theorem implies that

1 t
f llx(s)|lds < (N + Wemar f Il y(s)]|ds,
0 n

for all ¢.

6. Solutions of class C’. In this section we shall suppose that T is a linear
interval [0, T'], and shall let ¥’ and 9’ denote the subspaces of ¥ and
composed of those functions which are of class €’ on €. With the new norms

<" = sup [l + sl Iyl = sup Ly ™I -+ |y,

these are Banach spaces.
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THEOREM 8. Let K(t) be of class C’' on T with values in Q. Then the induced
transformation k maps X' onto all of )’ and the equation xx =2y has a solution x
with
(13) =" = (1 + NQ)evor||y]",
where N> No=sup I(K(f)), Q=sup [|K'(t)|-

Proof. The equation

K(@®)x(t) = y(9)
is equivalent to

(14) K(©)2(0) = »(0),
15 K / K’ 0 t '(s)ds | = y'(b).
(15) () + (t)[x<)+ f #(5) s] Y

(See [4, Theorem 4].) By hypothesis, equation (14) has a solution x(0) with
(16) l=@]| = ¥y
To equation (15) we apply Theorem 7, with x(¢) replaced by x’(¢),

Mot = KO&'(t), o] = — K'() f ‘x’(s)ds,

and with y(¢) replaced by 3'(t) —K’(#)x(0). From the inequality (11) of
Theorem 7, we find that a solution exists satisfying

=@ = Ne¥er sup [ly'() — K'®)2(O)]| £ Never{sup [y )] + N[y},

and by combining this with (16) and the definition of ||«||" and [|3]|’, we obtain
(13).

- THEOREM 9. Let G(u, t) be of class C" for |lu—ud| <8, tET, and suppose
that d.,G(uo, t; du) maps U onto B for each tET. Let yo(t) =G (uo, t). Then for
eachyEY with ||y —yi||’ sufficiently small, there exists x € ¥’ such that ||x(£) —u|
<0 and

G(x(), t) = 3().
Proof. Let I'(x) be defined by
(x| t) = G(x(), ?)

for x€¥’ with ||x(f) —u|| <8. If we denote this domain of the function I' by
%{, it is straightforward to verify that I is of class C’ on X, with values in
9’, and that its differential dI'(x; dx) is given by

dU(x; dx | ) = d.G(x(t), t; dx())-
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If we set xo(¢) =uo, we see by Theorem 8 that dI'(xy; dx) maps ¥’ onto 9’.
Then by Theorem 2 of [4], the desired result follows. It is easily seen that
we may require that ||x—x|’ be arbitrarily small by taking ||y —yq||’ suffi-
ciently small.

7. Generalization of equations of Volterra type. Theorem 7 is here gen-
eralized in two ways—by removing most of the restrictions on the space £,
and by modifying the Lipschitz condition (10) on the function a(x). We sup-
pose that £ is the Cartesian product of two Hausdorff spaces i and &. Cor-
responding to a real-valued nonnegative function p(r) defined on R, and a
function xE¥p, we set

P = sup p(r),
(%, 0, 5) = sup ||«(r, 5)|| (for p(r) = 0)
=0 (if p(r) > 6 for all 7).

We note that for each x&E%p, 7 is a finite nondecreasing function of 8, and so
is integrable on [0, P] if P is finite.

THEOREM 10. Let N be a linear transformation satisfying the conditions of
Theorem 5. Let a.(x) be defined and in Pg for ”x” <39, and satisfy a(0) =0 and

p(r)
(x| 7, 5) — a(x:]| 7, 9)|| = Qf (%1 — %3, 0, 5)db

for ”xl” <6, where Q>0. Suppose P =sup p(r) is finite.
Then for each y &Y with ||y” <8e~NPQ/N, the equation

NMzx) —alx) =y
has a solution x E¥p such that

Hx(r, s)” < NeNPesup ||y(r, s)”.

The proof is like that for Theorem 7, and is omitted.

The following simple examples may serve to indicate possible applications
of the last theorem. Let R=9R XN, where R,=R.=[0, 1], and let
A(r1, 72, p1, p2, 5) be a continuous function on RXR XS.

1. p(ri, 72) = 11, ‘
ry 1
a(x| r1, 73, 5) =f f A(ry, 12, p1, p2, 5)%(p1, p2, S)dpadps.
0 0
2. p(r1, re) =sup {7’1, rz},

. S o2 o o
celrurs = [ [ 8 9
. 0 0 . . o
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We note that if « is itself a linear operator, then Theorem 10 states that
the operator A —a has properties like those of A, in the following sense. We
suppose that the spaces R and & are compact, so that ¥5=¥%, etc. Then if
Xz denotes the space of continuous functions on R to U, ¥ may be regarded
as the space of continuous functions on & to ¥g, and

Ax) — a(x) =y

has a solution x which, as a function of s, satisfies a pointwise bound. Thus if 8
is another operator with 8(0) =0, p’(s) is a nonnegative function defined on &,

(%, 0') = sup Hx(r, s)“ for p'(s) =0, r €N,

and
p’(8)
18(x1] 5) — B(x2]| 9)| =@’ f (%1 — %2, 8')d8),

then Theorem 10 may be applied again to show the existence of a solution of
A(x) —ou(x) —B(x) =y.

A very special application of the last remark may be made to underde-
termined systems of linear hyperbolic differential equations in two inde-
pendent variables in which only the mixed second derivatives appear. To be
explicit, consider the system

. 9%; 0z; b 0z; P

6T T Qi = 0y T — Cijgf = Gy,

" 9rds "9 ) i

with prescribed values for z;(r, 0), 2;(0, s), where 2=1, - - -, m; j=1, - - -,

n>m, and the terms are summed on the repeated index j. The coefficients
Lij, asj, bsj, Cijy d; are understood to be continuous functions of (7, s) on a rec-
tangular interval containing the origin. If we set

022,'

X; = )

ards

)\;(xl r, s) = Lij(r, s)x;(r, s),

ai(x| 7, 5) = aif(r, 5) f' xi(p, 5)dp,

8l 7.9) = b, ) [ witrs o+ estry ) [ [ o, oriods,

and group the remaining terms to form a function y;(r, s), we see that the
conditions of the preceding discussion are satisfied, provided the matrix
(1;;) has rank m at everv point. With the help of Theorem 2 of [4], an embed-
ding theorem for nonlinear equations mav then be secured.
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