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BY

LEILA A. DRAGONETTE

1. Introduction. In his last letter to Hardy [l; 3](2), Ramanujan de-

scribed a set of functions defined by Eulerian series inside the unit circle,

possessing asymptotic representations at their essential singularities of the

same order of precision as those known for the theta functions. As an example

of the latter, consider the generating function of the partition numbers p(n),

P(q) - L f(n)q» - Ô (1 - iT1 = [-'"^{y/y)]

where q = eT" andâi(v/r) =&i(v, q). This function, which may also be written

in Eulerian form,

a a4
P(q) = 1 +

(1 - q)2      (1 - a)2(l - a2)2

_q[_

+ (1 - fl)2(l - q2)2(\ - fl3)2 + " '  '

possesses an asymptotic representation in closed exponential form in the

neighborhood of rational points of the unit circle, derived from the theory of

linear transformations: if q = e2l,ih,k~2''tlk and real t—*0,

pfeUihlk-ZTtlk\   _   (jJh k¿l/2g(W12*)(l/¡-¡)  +-  0(\)

where w*,* is a certain root of unity.

On the other hand, not every function in Eulerian form behaves in a closed

form at the essential singularities on its natural boundary. For example, if

q — e~Tt and t—>0 + , it can be shown that

go3 a6
1+      *      +---i--~4

(1 - a)2     (1 - a)2(l - q2)2      (1 - g)2(l - q2)2(l - a3)2

= (2Í5W)  exp w (Tt+ ait + tt2/2 + " ' + o(a,'i0) •

This counter-example has been discussed by Watson [3].

Received by the editors November 9, 1951.

(') Presented to the Faculty of the Graduate School of the University of Pennsylvania in

partial fulfillment of the requirements for the degree of Doctor of Philosophy, 1951.

(*) Numbers in brackets refer to the bibliography at the end of the paper.

474



THE MOCK THETA SERIES OF RAMANUJAN 475

If a function/(a) in Eulerian form has an infinity of essential singularities,

at which the asymptotic representation closes as neatly as for P(q), and if

f(q) is not the sum of an ordinary theta function and a (trivial) function

which is 0(1) at all the singular points, then f(q) is called a mock theta

function.

As examples Ramanujan presents three sets of mock theta functions (of

third, fifth, and seventh order) with specific identities relating the functions

of each set (except the seventh order) to each other and to ordinary theta

series. The complete list of functions of third order follows:

co r,n

/(g) = £

<*>(<?) = £

¡3 (l + g)2(i + g2)2 • • • a + gn)2

g»2

Hq) = £

„To   (1 + g2)(l + a4) ■ • ■ (1 + a2»)

<r2

~x (1 - a)(l - a3) • • • (1 - g2"-1)

„2

(i.i)     x(?) = £
a»

„T0  (1 - a + g2)(l - a2 + a4) • • • (1 - a« + a2")

«(?) = £
Ç2»(»+1)

S (i - g)2(i - g3)2 •••(!- ç2n+1)2

v(q) - £ -?-.
„=o (1 + g)(l + g3) • • • (1 + g2"+1)

m rt2n(n+l)

p(?) = £
(1 + q + q2)(\ + a3 + q*) ■ ■ ■ (1 + a2»+» + a4»+2)

The functions w, v, and p are supplied by Watson [3], who published an ac-

count of Ramanujan's letter together with proofs and amplifications of some

of the chief properties of the functions asserted by Ramanujan. In particular,

Watson proves the fundamental relations (1.2) connecting the functions (1.1).

(a) 2cp(-q) - f(q) = f(q) + 4^(-a) = i?4(0, a)f[ (1 + qT1,

(b) 4X(a) - f(q) = 3^(0, ?3) II (1 - qr)~\

(1.2)

(C)     2p(q) + co(g) = 3^- q-z"M0, g3/2)]    f[

(d)   v(±q)± qu(q2) = - ^"9,(0, q) f[ (1 + g2r).
L r=l

(1 - q2T\
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The classification of third order applied to this set of mock theta func-

tions probably refers to the form of the ordinary theta functions appearing

in the right members of these identities. We note that

(a) 0«(O, g)II (l + gr)-1 = ¿T1/8

(b) 3^4(0, g3)n (i - gr)-J = Or11

MO/t)

J«'(0/3t)

**(0/—)

(c) 4 9-^(0. qw) ft (i - rrx = ~ iq-1     t .     *
4 n-i 4 #i(t/3t)

1 A 1 &\(0/t)
(d) - q-^â2(o, q) n (i + g2r) = - irl

2 ti 4 i»i(2t/6t)

each denominator being of the form ûi(a/3a). Analogous remarks hold for

the fifth order functions (but apparently not for those of seventh order for

which no relations of the type (1.2) are known).

With regard to the characteristic mock theta property, Ramanujan as-

serts: when q= —e~*' and t—*0 + ,

(1.3) /(g) + — e(Wî«u/.-o_>4.

This asymptotic representation is analogous to that quoted above for P(q)

and is derived in the same way from the linear transformation theory for/(a)

developed by Watson (see (3.1) below). The transformation equation needed

here may be written in the form

-1
f( — e-*t\   — _g(i724)(l/f-0/Y_c-»m

JK ' ¿1/2 /V '

(1.4)
/""                 ,   cosh Swtx/2 + cosh 7r/x/2

e-it*m)x*-'.-dx.
0                                   cosh 3irtx

Here let t—*0. It is easy to show that the dominant part of the integrand

is 2e-(3T'/2)A and thence to derive the result (1.3).

Now by an extension of Watson's linear transformation formulae for the

functions we shall prove similar asymptotic representations in closed ex-

ponential form for/(g) as q approaches any singular rational point of the unit

circle. This result is contained in the statement of the following theorem:
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Theorem I. Let (h, k) = l, and hh'= —1 (mod k). For all complex z such

that?ft(z)>0, |3(*)| èl/(k + l),

(1.5)   f(e*íC*H.)/*) =

t¡¡   j,     _  g-TzlZik+TZ^IUkf/^gTUh'+iz-^lk}

Vh.k

7l/2

23/2

,1/2

where

«»,»«= (-1) i+(r-i)/8 exp   7tî

(1.6)

+ 0(£log k), (hodd)

-TZIZ4k-4irz~1l3kU)(eZTi(h'+iz~1)lks\

+ 0(k log k), (h even),

(2k2 + \)h"(h2 - l)/2 - h(k2 - I)"!

12£ J
I 24-1

-V «,«<«*+*)/*),»  (hodd),
2k"2    ¡To

and hh"= — 1 (mod 2k), and | r¡h.k\ = | «a,í| = 1, flwá œ(q) is another mock theta

function defined by (1.1).

It will be shown that the rational points eTih,h are essential singularities

of/(g) when h is odd, and we observe that in this case e/¿,& is given explicitly

by (1.6). The exponential sum appearing in its definition may be evaluated

as a well known Gaussian sum:

I 2 4-1
- V   e*i((.h+k)lk)n2 —

k1'2 nAC /i=0

1   +   »

21/2

{((h+k-

\h+ k)

,•«*■-'»'>■ r+*)/2)

(£ even),

(/fe odd),

where we employ the Jacobi symbol of quadratic character. The ambiguous

sign of argument ( + e*i<-h'+iz~1)ik) in (1.5) is dependent on h and k and can be

determined by a certain algorithm, as indicated in the proof of Lemma 4,

below. For either choice of sign, as q-+eTihlk radially (real z),f( + eTiV,,+iz~1)lk)

—>/(0) = 1, so that, replacing 0(k log k) by 0(1) (since we regard k as fixed

for the moment), as 2—K) + ,

th.k
f/eTi(h+i,)Ik\_L_ e-TZIZik+rz~1IZik   —  Qi\\

7I/2

the announced analogue of (1.3).

On the other hand, when h is even,/(a) is bounded on radial approach to

e*ih/k_ ¡n th¡s case the factor r¡h.k which depends in a complicated (but de-
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terminate) fashion on h and k, need not be evaluated beyond the fact that

\Vh,k\   =1.

Now with the help of Theorem I we can establish this hitherto unproved

assertion of Ramanujan: if/(g) = £T=o A(n)qn, then

gT((„-l/24)/6)1'2 / g(T/2)((n-l/24)/8)1/2\

(1.7) A(n) = (-I)""1-\- 0( -).
2(» - 1/24)1'2 \    (re - 1/24)1'2 /

This result arises chiefly from (1.3) by the Hardy-Ramanujan method [2],

which utilizes the fact that the function is sharply characterized by the be-

havior in the neighborhood of its singularities. We expect that /(g) has its

"worst" singularity at q= — 1 where the rath term of the defining sum (1.1)

has a pole of order 2 [(w + l)/2J. Accordingly the equation (1.4) representing

the functional behavior near g= — 1 gives the principal term for A (re) in (1.7).

Moreover, since Theorem I gives expressions analogous to (1.4) for every

rational point, we can compute the respective contribution to A (re) of each

of these singularities to obtain a refinement of the large error term of ex-

ponential order (1.7). The main result of this paper is embodied in Theorem

II, which gives the improved asymptotic formula for A(n).

Theorem II. The coefficient of q" in the series f(q) = £v4(w)g" is

(1.8) A(n) =    £    Xi*)««"««"-1'2«^1" + 0(re"2 log n),
0<tSn"2

where

X(l) = (-l)-»/2,

Hk)=~\ £ ^O/tt^A (k = 2, 3, • • • , [re1'2]).
2    \(h,Zk)=l,-k<h<k 1

By taking the optimum number [re1'2] of terms of the series (1.8) we have

been able to obtain an estimate of error quite small in comparison with the

exponential size of the terms themselves.

Theorems of the same form as I and II hold for all the functions of third

order defined by (1.1).

Whether or not a complete theory of linear transformations exists for the

functions of fifth and seventh order is problematical. While the behavior of

the fifth order functions on radial approach to the rational points of the

natural boundary is known [4], transformation formulae of the type (1.5)

are not so easily available owing to the lack of certain identities necessary to

our argument (see (3.1) below). The set of functions of seventh order is even

more difficult to handle, since there are no known relations of the type (1.2)

among these functions.

To Professor H. A. Rademacher I wish to express my gratitude for sug-

gesting this problem to me. His constant encouragement and many helpful
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suggestions have been a source of inspiration throughout the course of this

work.

2. Two lemmas. For the proof of Theorem I, we prepare two lemmas.

The mock theta property of f(q) is highlighted by the relation (1.2a)

which we may rewrite

(2.1) f(q) = G(q) - 4*(-g) - - G(q) + 2<¡>(-q)

G(q) =0<(O, g) 11(1- g2'"1)-
r=l

It will be seen that for radial approach to a given rational point eTihlk of

the unit circle

/(g) - G(q) = 0(1)        (h odd, k even),

(2.2) /(g) + G(q) = 0(1)        (h odd, k odd), (h, k) = 1,

f(q) = 0(1) (h even),

so that it will be natural to obtain the dominant terms in the asymptotic

representation of/(g) near these points from the theta series G(q). To show

(2.2) it suffices to prove

Lemma 1. Let q=pe*ihlk, real p>0, and let p—>1 —. Then for fixed h and k

such that (h, k) = l,

(2.3) f(q) = 0(1) (h even, k odd),

(2.4) <t>(q) =0(1) (h even, k odd),

(2.5) ip(q) = 0(1) (h odd, k even).

The proof is virtually the same for each. For h even,

no nm oo _m p*i(hlk) m

/(g) = £-= £-     (put m = pk + v)
m m

n (i + go2   m=0 n (i + p'e»<*'fc>')2
r=l r=l

Jfc-1    oo p(.^k+v)2eri(hlk)(.iik+y)2 k-l    oo

= £ £ —- =   £ £ ay,„ say.

"=o*=° n' (i + pv«*'«')'   "°"°
r=l

Then for v = 0, 1, • • • , & — 1, and p>0, £, A,,,, is uniformly convergent:

„(pk+v+kf-ípk+i,)*

(2.6)
'».H-l

¡tk+v+k

|   1  + prg«W*)r|2

r=ßk+v+l
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We estimate the denominator, making use of the  inequality   |l+Fe<(,|2

^R\l+eie\2.

»k+v+ls k

I   I  +  preiri(h/k)r\z  _   T      I   1  + pr+ji*+VgTi(A/*) (r+v) J2

T=tik+v+l r=l

k

(2.7) ¡>   TT pr+íx*+»- I   J  +-  gTt(hlk)(r+f) \Z

r=l

k

—   pk(ßk+r)+k(k+l)l2     "        I   1   _|_  eri{hlk)(r+v) 12_

r=l

Now as r runs modulo k, so does r' = fe(/'+i')/2. Note that h is even, £ is

odd.

* k

(2.8) |   1   +   <>*;<>'/*) <r+,) |2   =    ]       |   1   +  gïxiir'/M |2   =   4_

r=l r' = l

Combining (2.6), (2.7), and (2.8), we have

a",ii+i p(»k+r)k+k(k-l)/2

-    <:    -

4 "  4

so that

k-l    oo       1 A   fc-1

i/(g)l = ££-U,o| =-£
v=0 (i=0    ™ O    v=0

n 11 + pr«7*(*/*)r

4 *-i !
< — £ -i-¡— = 0(1)     for fixed k as p -* 1.

3 T!   I 1 + e"'*-1*'*!2"

The proof of (2.4) and (2.5) is the same, except that when k is even we

use, in place of (2.8),
k

III 1 + e*«»1-»'* I = 2.
r=l

Now it is easy to combine the results of Lemma 1 with (2.1) to yield (2.2).

For the treatment of G(q) we prepare

Lemma 2. For h odd and (h, k) = l, and complex z, 9î(z) >0,

(2.9) G(6t«ih-î«)/*) = (-I)*«*,*-e-*2/24*+x2-/24íJi + ¿ ch,k(m)e-<*"">"\ ,

Z1'2 (. m_l ;

wÄere £cA,)fe(tM)xm is convergent for \x\ <1 «rea «»,» ¿5 gràere ay (1.6).

Proof. Since G(q) =^í(0, g) H"=i (1 — g2r_1) we use tne weü known trans-

formation for the modular form ??(r) to write
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OO

TT (1 — e"'((A+»)/*M

T  (I   _   eri((h+iz)lk)(Zr-l)-j=  _!UÎ_

r   1 TT (1  — eTi((W-i«)/*)2r)

r-1

(2.10)
00

0>h kz1l2e7rll2kz~rzll2k   TT (1  _  gfi((/."+i2_1)/fc)2r)-l

r-1

00

01h 2kZll2eTlUkz-Kzl2ikTT  (1   —   giri((A"+ii_1)/A)r)-l

r=l

=  Jí^e(T/24*)(l/2-*)TT (J   _  gTi((A"+i2-1)/*)(2r-l))

W/i,2fc r-1

where hh"=—\ (mod 2£), and:

(-k\        r M
w/,,4 = I-1 exp    — ri <— (2 — h — hk)

+ ¿(*~)(2*+*>*"-*")}].

If we use the fact that

(t)(:t)-(t)-'-(-,)***-

(2.„,  ü».H),,-,„.„prxA'(*--"/2<»'+"-^-■)].
«A,2* L 12& J

We find the transformation for#4(0, q) as usual:

00

«MO, g) =   £ (-1) »*«•«<*+«/»> «'

(fe)1'2 x.

¡t-1

(2.12) -{ £e"'(

V   (-IVjiit*/*).' _,_.     V"   e2rUplk)\-(Tlkz)\2

= —*£

00                  / £2                                2tXA i
+ V 0-(,r/fc*)x2(  V eT¡cC"+*)/*)"22 cos_)>

X=l \ p-0 k    })

k—1 r oo \

-2] i'«WW/«''il+ X) ei(X)«r<"*'>x,> ,
01/2 *-o I x-i )(fe)1'2 ,T
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making the obvious definition for d(X). Combining (2.10), (2.11), and (2.12),

we write

Qtg-rHh+iz) I k\

. h"(h2 - \)/2-(2k2 + 1) - h(k2 - 1)-
(x/24i)(l/z-z)

12*
fe—i

= (-iyh*-»l*f>xpl*i

oo k— 1 /- 00 \

• TT (1 — e»<«*"+M_1)/*)<îr-i)y V e*>((*+*)/*)>'îJi +  V ci(X)e~(x/Äz)x2>

r=l »-O V X=l /

For simplicity we consider the infinite product as identical with a cer-

tain power series

CO CO

II (1 - [«««"/»—/»«]ir-i) = 1 + £ cz(r)e-^'kz^,
r=l r=l

where this series must converge for |e~'r'À:z| <1.

Then using the definition of e*,* (1.6),

e(x/24*)(l/z-z)   / oo \

G(e»«»+i.: /*) = (-I)»«»,*-    —--<h + Xi2(r)e-""*
31/2

U +  £ ci(\)e-^'kzA
I x=o /

On multiplying the power series we have the desired lemma.

3. Transformation formulae. We turn now to the linear transformation

formulae for the function/(g). Basic equations of modular type have been

proved by Watson [3] expressing each of the ten functions/, <f>, ip, v, u( + eT'T)

in terms of mock theta functions of ( + e-xi/r). In particular we quote here

the three formulae:

2"2 4(31/2)¿       /«\
g-TirlUffgwir^   =   -  e-4x¿/3ra)(e-2r¡/r)   _¡-¡-    -M ~ ) >

(—îV)1'2 T \T/

-1 2(61/2)¿ /TÍ\
(3.1)     <-"'»/(-•"') =   ,     . X1,   e*^f(-e-^)+—-/„( — ),

( — it)1'2 t \t/

1 1 31'2i       /ttÍ\
e4r¿r/3w(e2x¡r)   =-exi/24ry(e-x¿/r)--M — ) ,

23'2       (—¿r)1'2 t \t/

where w(g) is another mock theta function (see (1.1)) and

/» oo
e-3«*2i2H,(ax)dx (r - 0, 1, 2).

0

The Hv(ax) are defined in Lemma 3 below. The terms involving Je(ct) are
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in the nature of error terms which we shall show to be bounded for all

9î(a)>0.

Lemma 3. If
f* oo

7,(a) =   I    e-3ax2'2Hv(ax)dx
J 0

where

cosh ax/2 + cosh Sax/2
H0(ax) = -,

cosh 3ax

sinh ax cosh ax
Hi(ax)  — —;-,   H2(ax) = -;

sinh 3ax/2 cosh 3ax

then there exists K>0 such that \aJr(a)\ <K for all 9î(a)>0, i.e., aJ„(a) is

uniformly bounded in this half-plane.

Proof. If z = x+iy (x>Q), then |iï„(z)| <e~xl3 for large x. Now suppose

a = CeiA where \A\ <ir/2, and C>0. Make the substitution z = ax:

Jv(a) = —  Ç t-WVVI-U'H^dz
a J s

where z runs on the ray 5 from 0 through a (Arg z = A). But we can shift the

path of integration from 5 to the positive real axis, since

1   rR

a J r
e-(3/2)(l/«)z2¿7i/(3)í;z^.0      as      #_>oo

(integral taken along a circular arc of radius R, z = Re'6, 0< ] ö| <A <ir/2).

Then, since the integrand is pole-free on 9î(z)>0,

j,(a)=—f   t-wniXM*HJix)ix («real).
a Jo

But since 9î(a)>0, we have |e-(3/2)(i/«)^| <1 ;

{W  CO ^»00

| aJ,(a) | <  j     | H>(x) | dx < Ki I    e-*i*dx = K.
J 0 •'0

This completes the proof of the lemma.

We rewrite the equations (3.1) by defining:

Fj(r) = 2-1e-T"'24/(e'ir),

(3.2) Fz(r) = 2-1e-"r/24/(-e'rir),

ü(t) = 21'Vr"'3<u)(c2,r").
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Consider the effect on these functions of a modular transformation of the

argument. Let 5r = r + l and Tr~— 1/r. We have directly from their defi-

nition:

FX(T) = e^2iFz(ST) = e"'12Fi(52r),

(3.3)
0(T) = e-irilsü(Sr)

and from (3.1), with the help of Lemma 3,

F*W =   ,     . .,., 0(Fr)+0(l),
(—it)1'1

(3.4) Ü(t) = —J-—-Fi(Fr) + 0(1),
(— IT)11'

F^ =  ,   ~        P«(2>) + 0(1)-
(—ît)1'-!

As the next step in the proof of Theorem I, we prove Lemma 4, which

follows naturally from the quasi-modular equations (3.3), (3.4).

Lemma 4. Let r = (h+iz)/k and T,= (h'+iz~1)/k with hh'= — î (mod k),

\h'\ <k, (h, k) = l, and suppose |3(r)| ^l/(k + l). Then Fi(t) has either one
or another of the representations :

(3.5) F,(r) =
(kr -  Â)1'2

Fi(r')

Fz(r')

. «(O

+ 0(k log k),

where |f| =1.

Proof. First,

h'r - (hh' + l)/k
T

Since this is a modular substitution, it can be analyzed by a continued fraction

decomposition into a product of the elementary substitutions St=t + 1 and

Ft =-1/r.

(V   -(hh' + l)/k\     (a b\( J . (        J -, Sd«TSdiT ■ ■ ■ Sd",
\k -h )     \c d)

the substitutions to be applied successively beginning with Sdp and ending

with SA The intermediate stages are:
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CÎ)-\fli 61/

/«i ÔA _

\«2 bz)

Sd>TSd*T ■ • ■ TSd»,

Sd*T ■ • ■ TSd',

(3.6)

(ap_2 bp-z\

flp-i flp-i/

/fl,-i flP-i\ m

\0       b„   )

Sd^TSdi-,

where the a„ b„ and d, are integers determined from a, b, c, d, by the well

known division algorithm

ör + Ö = d0(cT + d) — (air + ôi),

er + b = (¿i(aiT + bi) — (a2r + b2),

av-2r + 03,-2 = dv-i(ap-iT + bp-i) — bp.

Certain properties are pertinent:

flv-i  b,-i

a,      by

bp = flj,_i = + 1.

= 1,    so    (a„ by) = 1 (r- 1, ,/>)-

The av form a decreasing sequence, | q > | fli| > | a2| > ■ ■ ■ > | ßP-i| =1- This

implies |e| ïï |fl„| +p (v = 1, • • ■ , p — 1), in particular for v = p— 1, |c| ^£.

However we can improve the latter inequality estimating the number of

stages p : from the division scheme we see that

a = doc — ai,

C  =   ¿ifll  —   fl2,

fll  =   ¿2fl2  —   «3,

fly_l    -    flyfly    -    fly+1,

We may perform the division in such a way that

sign ( — ff„+i) = sign (á„fl,) = sign (a„_i).

Then
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| fl„+i | = I d, | | a, | + | «,+i I è 1 *» I + I flH-i | •

If we compare the decreasing sequence of integers

k = | c \,   I «i |,   I a2 \, ■ ■ ■ ,  | ap_i I = 1

with the first p Fibonacci numbers

J(P), Jit - i), Jit - 2), • • • , 7(D

for which

1   r/1 + 51/2Y    /l - 51/2\H

equation (a) makes it clear that \a,\ ^J(p-v) and in particular

so that immediately,

p = 0(log \c\) =0(log*).

In our case, ¿0 = 0 since \h'\ <k.

Now we build up t' = (ar+b)/(cr+d) stepwise, using (3.3) and (3.4). For

the first stage,

(F2(Sd*r) if dp is odd,
FJt) = ei*nwdv{

\Fl(i(S<W) if dp is even

±e(xi/24)dp   r/?2(r5á"r) }
—-{ } +0(1)
(-¿S^r)1'* lü(rs«,ir) J

(by (3.3))

(by (3.4))

-j-e(xi/24)tip

(±i'(flp-ir+ Op-i))1'2

FzlT
/     ap_ir + ¿>PA

Í2   F
flp-i-r + bp-

0(1).

We observe that the ambiguity of Lemma 4 arises from equation (3.3) and

that the correct choice depends on the parity of the powers ß\, d2,

We proceed inductively. Assume we have found

, dp.

Fi(r) =
r

(a,r + ft,)1'2

¡Fi

Ft

9.

(avT + br   \
T- \ + 0((p-v)k)

a,+iT + bv+i/■+it + br+i

(„=!,••• ,p- 1; |f | = 1);
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we can deduce the case for v — 1.

487

Fi(r)
(fl,r + a,)1'2

Í /FA / fl„T + »,   \
e(x»/24)d,   I j I gdyj-!_ j

\F2J \        a,+iT + bp+J

/             a,r + b,   \
lSd,T -Z-]
\ fl„+ir +- bv+i/

e-(4*U3)drQ I Sdrf

+ 0((p-v)k)

r

(by (3.3))

(avT + by)"2

l(-is"T

Fz

Pi

ayr + br

ar+iT + by+i

avT + by

-F
/ avT + by   \

\ ay+iT + by+i/
+ 0((p-v)k)

by (3.4). Using the relations (3.6) this becomes

Fi(r) =
r

(avr + by)1'2 /    ,  g,-!T + ¿„-A1'2

_ \ avT + by   /
IFiJ

/    a„_ir + a,_A

\        a,r + by    /

+ 0( I a,r + by I"1'2) + 0((p - v)k).

We examine the error term

a,T+ by I1'2 =
h + iz

av-h by
' a,h + byk - a„3(z) a„9?(z) I1
-1- i—-—

ayh + byk — a»3(z) 1/2

Now |3(z)| ^l/(£ + l) by hypothesis, and \a,\ ^k—v. Moreover |a„A+0„&|

tíl; for a,h+byk = 0 would imply ay/by= —k/h, but (a„ b,)=\ and (k, —h)

= 1 and k^ |aJ +v leads to a contradiction. Hence

fl,T+    by]1'2    ̂
1- (k-v)/(k+l) constant

0( | a„r + 6,1"1'2) + 0((p - v)k) = Oik) + OÜP -v)k)= 0((p - v + \)k).

■f SI

Fi(r)
r

(a,_iT + ô^i)1'2
F

LlFij

/    a„_iT + b,_i\

\        a,r + by   /
+ 0((p- v+ \)k).
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The induction may be continued down to v = l, giving finally

■fa
Fi(r)  =

r
(CT + d)1'2

A

iFiJ

/ar + b\

\CT +   d)
+ 0(k log k)    since   p = 0(log k).

This is equivalent to (3.5) and the lemma is proved.

By applying the definitions (3.2) to the result of this lemma, we find that

either one or the other of the following forms prevails for given h, k:

'  — e(T/24*)(-z+z-1)y(±ex¿(/.'+¿z-1)/*)   _|_ Q(k log   k)

/(«'
iih+iz) ! h'

) =

Uk,kiz) + 0(k log *),

Vh.k

-1/2

23/2g-xz/24*-4xz   1/3*w(g2xi(A'+iz   ')/*)  _|_ Q(fr \0g  J¡)

= Vh,kiz) + 0(k log *)

say, where \th.k\ =U*,*| =1-
It is significant that for real z—>0 + ,

1
lim    |   Uh,k(z)\   =   lim -e-xz/24*+x/24ftz|y(±gxi(V/*)e-x/*z)

i-<0 i—0 z1'2

gx/24*z

= lim —      - = oo .
z-<0      z 1/2

since/(g) is continuous and/(0) = 1. On the other hand,

23/2

Hm    I   Vhlk(z)\   =   Hm - e-«/24*-4x/3*í|co(e2xi(*'+<.-1)/*)
z-K)       Z1/2

0.

On consulting (2.2) and Lemma 2, we find that for z real, |/( + e"'i<''+""*)|

—>co when h is odd (the dominant part being G(q)), but remains bounded

when h is even. We conclude

(Uh,k

\Vh,k

In case h is odd, as z—»0+- (& fixed)

/(g) - (

#».*(«) + Oik log *),

(z) + Oik log *),

A odd,

h even.

l)*G(o) =-rw/wtfi-'/iiiify/i + ¿^(»)g«)
Z1'2 I \ m-l

- «»,/1 + ¿*.»í»»)'-í"M")} + 0(1)
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= (r«/I4*+«-'/24*(fjk>i  _  fkk)   +  „(1)  + 0(1)
2l/2

= 0(1)

according to (2.2), whence Ç\,k = eh,k as defined by (1.6).

This completes the proof of Theorem I. Our method does not give a gen-

eral expression for r)h,k; but the present statement of the theorem gives exactly

the infromation about/(g) needed to prove Theorem II.

4. Proof of Theorem II. The Farey arcs. We follow the Hardy-Ramanujan

method [2]. If/(g) = £^4(w)g", by Cauchy's theorem,

1   r  fix)
A(n) =- I    -dx

2riJo *"+1

where C is a circle in the x-plane about the origin, of radius e~T'n. If we put
y. —- a— x/n+xioV

1 r l   f(e~""/"+»'»*')
A(n) = — I--fl>'.

2 J_i   (e-»/»+«*')™

It will be convenient to distinguish between the upper (<p'èO) and lower

(<p'^0) semi-circles of C.

The Farey arcs of order N are defined as follows : For every fraction h/k

in the Farey series of order N (0^h<k^N, (h, k) = l) there corresponds an

arc (h/k-â'hik, h/k+e'h'¡t) with

, h + hi ,,       h + h2
(4.1) h/k - â'h,k =-. h/k + â'h',k = ~-

k + kl k + kz      ■

where hi/ki and ^2/^2 are the fractions adjacent to h/k in the Farey series of

order N, and the end points of the arc given by (4.1) are the "mediants"

lying between h/k and the adjacent fraction. Using the fact that (hki — khi)

= (hzk — kzh) = 1, we find

1 „ 1
(4.2) êh,k = -, êh,k = -

k(k + kl) k(k + k2)

and since the mediants are in a Farey series of order > N, we know

(        1 1       ") 1
(4.3) m;

lk(k + ki)        k(k + kz)) k(N + 1)

The integration along the upper semi-circle C (0^(p'^l) may be ex-

pressed as the sum of integrals along these Farey arcs (— û'Kk^<p^é'h'k)

where <p=<b'-h/k for 0<h<k<N and (h, k) = l.

The  lower semi-circle   (— l^cp'^O)   containing  the  fractions <f>' = h/k
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with 0 5= | — h\ <k<N may be broken up in an exactly symmetrical manner.

We suppose that the point <p' = 0/l is covered by the arc —Í/(N+Í)^<¡>'

ûl/iN+l) and (exceptionally) 0' = 1/1 by N/(N+l) ^<p'^(N+2)/(N+l),
i.e., -í/(N+l)^qb^í/(N+l).

1 _, cô"^fierirln+1

(4.4)                          Ain) =-ZI ,     l+.
2 *.*J-^M (i"""4"*

tt¡ n+irikf k+vi<j>\

d<t>
hf Ä+7T10

)'

where the summation runs over all h, k such that 0iS|/z| ^k^N, (h, k) = \

but h+ky^O. The choice of N is at our disposal.

In (4.4) we put

A(n)   =  _ £ e~*i(hlk)n    I fíerUhlk)—irzlk\e(Tzlk)n¿<j)i

2  h.k '-fu

Then,  by  (4.3),   \$(z)\ <il(iV+l) ^l/(k + l), satisfying the hypothesis of

Theorem I. Accordingly we use the representations (1.4) for/(g).

1
A(n) = — £tf ■iri(h/ k) n

2
ih.k

/*** g*znlk)_. g-xz/244+xz-1/24í,y( + g»-¡('''+¿2   ')/*)   + dT   > d<¡>

-Vu               lz1/2 '    )

(4.5) + — £2e-"w*)"(23'2)^,,

/*"*.*          (1 , -, m)gTznlkJ-e-xz/24*-4xz   '/3 k^f^wUh'+iz   ') / k\   _j_ ß^ '   \ dfy

= {{£1+£2|,

say, where \6{f)\ <Cik log k (♦"•!, 2); and £i implies summation over h, k

with h odd, 0SS [ Aj ̂ k^N, (h, k) = l, h+ky^O; and £2 implies summation

over corresponding h, k with h even.

The rational points appearing in ^2 are of the type for which f(q) is

bounded on radial approach, hence the associated contributions to A (re) are

smaller than those appearing in J^i. For the estimation of ^2 it is advan-

tageous to choose A7= [re1'2], so that 9î(z) =k/n;

k/n k/n k
(4.6) ^(z-1) =-—->—-— > — •

k2/n2 + k24>2      k2/n2 + 1/N2      2

Referring to the definition (1.1) we observe that if 01(g) = £„_0 B(m) qm for

\q\ <1, then B(m)^0 for all m, and
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CO

(4.7) |  co^íAM-iz"1)/*) |   ^   £ 5(w)e-(2x/i:)SR(z-1)m  <  ^(e-x).

Then

i £21 <£2(23'2)

/0"hh                                /e-(x/24*)ÍR(z)-(4x/3í:)SR(z-1) \

"  e<*"'*>«<'> ^-———-«(/-*) + d* log kid*.
-0'^                    i              ik/n)112 )

The path length dn'tk+#n¡t<2/kiN+l) <2/kn"2, by   (4.3). Using (4.6)
and (4.7),

(4.8) I £21 < C £2 -—Jj—j- + * loS 4  < CnW lo^ n-
h.k    kn112 Hk/n)112 )

With this result, (4.5) becomes

'*»»   e('r2/*>(n-1/24)+xz~1/24*1 /* "'"*
^l(w) = — £ie"-'ii''"b)''e/i,j: I

2 J _tf'fc_

+ — £ie-,rí(''/í:)"íA.*;

[g(xz/i:)(rl-l/24) + xz_1/24i{^;j;gxi(A'+iz-1)/i\   _   jj    _j_   g(xz/ fc) »^(*) 1

^ -tf'A.lk

+ 0(«1'2 log re)

1       t 1
= — {Si + Sz} + Oin1'2 log n), say.

Again (4.6) affords an estimation of S2, for

oo

!   girz-ilUk^rt-Ji-çTHh' + i*-1)!^   ~   1)  I    ̂    y^ I  Aim)  I   e-(^/A)ÏR(i~l)(m-l/24)

00

< £ ! Aim) | e-(W2)(m-i/24) < C2>

Also | 0^1 <Cik log *, so (as in (4.8))

\Sz\ < C£x -[---h Cik log ¿1 < Ore1'2 log re.

1 i**"w e<-*z,knn~ll2i)+TZ~ll24h

Ain) = — £i<rHww*«¡r.js I      '   -¿0 + 0(re1/2 log n)
2 J_í\, z1'2

(4.9)

= — £ie-"(A/ft)neA.)iA,)i + Ofre1'2 log re).
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5. Evaluation of an integral. Before evaluating the integrals appear-

ing in (4.9) we extend the path of integration so as to symmetrize. Since

l/k(k+ki)<l/kN

J'â"hk /»l/*(*+*2> /. 1/iJV ~-l/fc(*+*l> fllkN (,1/kN

,       =j =j 'i 'i =j +£l+£2-

-i>A,A •/ -l/k<.k+kl) *J -1/kN J -llkN " l/k(k+kz) J —1/kN

The errors £¿ introduced by including these symmetrizing pieces are neg-

ligible:

■ 1/fcJV        g(xz/t)(n-l/24)+xz_,/24*

l/k(k+ki)

£¿1=1 - d<b

< I-1 max <-
\kN      k(k + ki)J    .     I z1'2 )

Here 9î(z) =k/n and

k/n k/n
m(z~1) =-<-< *.

k2/n2 + k2<p2       k2/n2 + l/(k + ki)2

(5.1) | £¿ | < — (¿2/re2 + l/(k + ¿¿)V4 < —— Ü = 1, 2).
kN knllA

Complete the substitution z=k/n — kùp, and, making use of (5.1), write

(5.2) Ih,k = — j -g(xz/*)(»-i/24)+xz-'/24í!¿2 _|_ 0(k-1n~1'4).

kiJk/n-i/N       Z1'2

Close the path of integration by including the smaller arc of the circle Y

through z — k/n±i/N and tangent to the imaginary axis at the origin of the

z-plane. We shall show this introduces a negligible error. If z = u+iv, the

circle r is given by

u2 + v2 = aku,        2 > ak = k/n + n/(N2k) > \/k.

On the whole circle,

re 1
fô(z-iï =-, - — < k.

u2 + v2       ak

And on the smaller arc, 3î(z) ^k/n. Hence on the upper half of the smaller

arc (let s = arc length on T) :

(5.3)

i /•*/»+•/* i Ci rz=
_   I _g(x/*)z(n-l/24) + xz_1/24í;¿2     < _   I

ki J0 z1'2 k «A_o

Q      n z=k/n+HN

I z I-1'**

< Car1»"1'8.

The lower half of the smaller arc of Y is treated in the same way. Combining
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(5.2) and (5.3) we have

1 c   i
Ih.k  - —   I       -■ e(-/*)(n-l/24) + xz-1/24t& _|_ 0(k~l),

kiJr z1'2

the linear path of the integration used in (5.2) being replaced by the larger

arc of the circle Y. To integrate, put t = Trz~1/(2ik). Then 9î(i) = (T/2ik)^(z~1)

= ir/(24kak)=ck.

2tt/ 7T V'2    1    /"*+ia>
Ih.k = — (-)     —; I r»'V+«'«<ft + o^-1),

£ \24Av       2-!riJCk-i00

where a = tt2/(24k2) (re-1/24).

Using the Hankel integral formula:

1        /• cj+too » Ca,l/2')2m 2

triligt+alttt m V -i-Í- = -sinh 2a1'2.

2TTiJcle-ia¡ omW(m + 3/2)       (ira)1'2

Then

2ir/   T  X1'2 1 e2al/2_  g-2«l/»

/*.* = — ( — )-+ 0(k~1)
k \2ikJ      (to)1'2 2(to)

(5.4)
g(x/*)((l/6)(»-l/24))l/2

=-h 0(k-1).
(k(n - 1/24))1'2

With this, (4.9) becomes

g(x/fc)((l/6)(n-l/24))l/2

A(n) = £ f-*m*l*).yhk.
(5.5) (*,j*)-i,o<nnS*Sir,(M-*)«N 2(¿(re — 1/24))1'2

+ Oire1'2 log re).

(On summation over h, k the error terms 0(k_1) in (5.4) give an error of

0(N)=0(n1'2).)

For k > 1, put

(5.6) X(¿)=— £ í-'W«-«»,».
2     (A,2fc)=l,-Jfc<A<fc

in agreement with the statement of Theorem II. For k = l,

1 1
X(l) = — e-""€i,i = — (-I)""1.

Then from (5.5),

X(ÀV)e(T/ k) ((1/8) (»-l/24))l/2

(5.7) A(n)=     £- +O(re1'2logre).
o<Kr.1'2 (*(» - 1/24))1'2
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This completes the proof of Theorem II. It should be noted that we can

actually take fewer terms of the finite sum than indicated by the upper

limit [re1'2] in (5.7) without increasing the order of the error term, since in fact

the last term is 0(X([re1/2])/re3'4) =0(n~1/4). It can be shown that the number

of terms taken may be reduced to [re1/2/log re].

6. Precision of the formula. While the order of magnitude of the error

term in (5.7) is small compared with that of the principal term, we were sur-

prised to find even better agreement than expected between exact values of

A (re) and estimates computed from the asymptotic formula. For re = 100 we

take [re1'2] =10 terms:

-18 532.888

16.476
-4.085

.970
-.402

.411
-.390

.323
-.240
-.381

-18 520.206

The true value is

4(100) = - 18 520.

It is noted that after the first four terms, the error remains less than 0.5.

For re = 200, we take [re1'2] = 14 terms:

-2~660'l75.054

g" 165.981 .
5.895

-2.587
-1-822
-1.079

0.000
- .227

.281
- .458

.000

.039

.184

_.000
-2 660 007.847
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The exact value is

4(200) = - 2 660 008.

(Six terms are sufficient to give A (200) to the nearest integer.)

Table I: Ain)

495

o
i
2
3
4
5
6
7
8
9

10
11
12

13
14
15
16
17
18
19
20
21
22
23
24
25
26
27
28
29
30
31
32
33

1
1

-2

3
-3

3
-5

7
-6

6
-10

12
-11

13
-17

20
-21

21
-27

34
-33

36
-46

51
-53

58
-68

78
-82

89
-104

118
-123

131

34
35
36
37
38
39
40
41
42
43
44
45
46
47
48
49
50
51
52
53
54
55
56
57
58
59
60
61
62
63
64
65
66
67

-154

171
-179

197
-221

245
-262

279
-314

349
-369

398
-446

486
-515

557
-614

671
-715

767
-845

920
-977

1046
-1148

1244
-1321

1421
-1544

1667
-1778

1898
-2060

2225

68
69
70
71
72
73
74
75
76
77
78
79
80
81
82
83
84
85
86
87
88
89
90
91
92
93
94
95
96
97
98
99

100

-2361

2525
-2736

2937
-3121

3333
-3592

3856
-4097

4367
-4696

5034
-5340

5683
-6105

6521
-6916

7365
-7882

8409
-8919

9473
-10123

10795
-11429

12133
-12952

13775
-14580

15466
-16468

17503
-18520

Table I gives the true values of A (re) for » ^ 100. These were computed

by a recursion formula arising from the identity

(6.1) /(<?) = II(i -<?rHi + 4£
(_\\mqm(%m+l

l + g"

)/2\

From the pentagonal number theorem



496 LEILA A. DRAGONETTE [May

£ (-i)T(3r+1,/2£^Wg'

r=—co v=0

« co

=   1  +  4£   (-l)™Ç'»(3».+l)/2^(_1)XçmX

m=l X-0

00

= £7(w)g",
n=0

say, whence

A(n) = y(n) - £(-l)r Wre-ri3r - 1) j + A (n-r(3r + 1)J 1.

The coefficients 7 (re) are small and can be computed readily.

If desired, A in) may be computed directly from tabulated partition num-

bers p(n) [2]. By (6.1),

CO CO CO

£ A(v)q' = £ p(r)q' £ y(m)q">,
v=0 r=»0 m=0

whence
n

A(n) = £/>(r)y(re - r).
r=0

This equation was used to check Table I and to compute the isolated case

4(200).
For the application of the asymptotic formula for A (re), Table II gives

values of \(k) for ¿ = 1, 2, • • -, 14, computed from (1.6) and (5.6).

7. Analogues to main theorems. With virtually no changes in the argu-

ment, analogues to Theorems I and II can be proved for the other mock theta

functions of third order. This is indicated by restating the auxiliary lemmas

and main theorems for the other cases(3). We make full use of the identities

(1.2) and the transformation formulas (3.2), (3.3).

Lemma 5. Let q = peTihlk and let p—>1~. Then for fixed h and k with (h, k) = l,

«Kg) = 0(1) (* odd),

*(?) = o(i) (h odd),

v(q) = 0(1) (h + k odd),

«(g) = 0(1) (h odd).

(3) Once/ and w are known, x aid P are accessible from relations (1.2b, c). They are of

slightly different type from the five other functions, inasmuch as their asymptotic representa-

tion in exponential form at the "worst" singular points exp (Trih/k) does not have the same

form for all k, as is the case for <¡>, \¡/, v, a in Theorem III.
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Table II: X(*)

X(l) = (-l)»-'y

X(2)=      cos(| + |).

X(3)=      cos(|-A)x

/ n       1 \ fin      7 \

X(5)=      cos (| + |)x-cos (|).

(n      19\ /5«     37\
X(6)=      cos(---j. + Cos(- + -).

/ »       1 \ /3m     3 \ /5«      3 \
X(7) = -cOS(y + n). + cos(_-n)T + coS(vy-_)7r

X(8)=      cosív- + -jx + cosív- + -jx + coS(---j.-cos(v---j.

(*      7\ /5m     2\ /7»     2\
X(9; =      cos I —— — 17T — cos I-—- I *■ — cos ( — + — 1 t

\9      27/ \9      27/ \9      27/

(n      3\ /3m      1 \ /7m      l \ /9m , 27\
X(10)= -cos (- + -).-cos(- + -)x-coS(v- + Tj,r + cos(vï5 + -j.

/»      9\ /in      1 \ /5m     3\ /7m      7 \
X(ll)=      Cosivïï + -j. + cos(n--). + cos(vïï--jx + cos{vïï + -j.

/9«      3 \
+ cosvïï^r

/»       37 "v /5m      19 \ /7«      91 \ /11m      35 \
X(12) =      cos I-) T — cos (-1-1 IT + cos I- I X + cos ( —- — --— 1 X

\12     144/ \12     144/ \12     144/ V 12      144/

In       1\ /in      6\ /5n\ fin      2\
x(13) = - cos vB + Yi) * +cos \TÏ + Ti) * -cos vis ; * *cos vi5 - is/*

/9«      6\ /ll»      2\

+ COSVÏ3 + i3)^COS(r3- + Ï3)X

/ n     23\ /3m      1 \ /5»     15\ /9m      1 \
X(14) =       cos (-1-■ I x — cos (-1-) ir + cos I-h -r ) ^ — COS I 77 — — I IT

V14     56/ \14     56/ \14     56/ \14     56/

/ll«     15\ /13m      9\
+ C0S(l4-^'r-C0S(iT-W,r

Consequently, by (1.2), under the hypotheses of Lemma 5,

<t>iq) - fi-q) = 0(1) (Ä odd, * even),

(7.2) fiq) + fi-q)¡2 = 0(1) (* even, k odd),

viq) - Gziq) = 0(1) (A odd, k odd),
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(7.2)
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gi'Mg) + Gz(qll2)/2 = 0(1) (A/2 odd, k odd),

g1/2co(g) - Gz(q1/2)/2 = 0(1) (A/2 even, k odd),

where G2(g) is defined below as a product of ordinary theta functions.

Lemma 6. 1/ G2(g) = q~1'4e2(0, g) ]Q£i (l+g2r) area if o¡h.k is given by (2.10),

(7.3)   G2(e"V>+iz»k) =-SA,te^'3*+ir2"l'2«{l + ¿ <*.*(»)«-<-'**>»)■

(2z)1'2 I        m=i )

where 5h,k=o)2,ik/u>li,,k o,nd  £cA,i(?re)xm is a certain convergent series \x\ <1.

The linear transformation formulae for the functions are given by

Theorem III. Let (h, k) = 1, and hh'= — \ (mod k). For all complex z such

that |3(Z)|gl/(A + l),

(7.4) 0(e"(A+<«)/*)

(#)

,1/2

g-TZ¡2tk+iz   '/24*J)/' -(- gTi(h'+iz~l-)lk\

+ 0(k log k)      (k even),
-1/2   (*)
2    »)*,*

,1/2

_ g-i-z/244-irz   ll3kvÇ + grUh'+iz'1) I ky

(*>

+ 0(A log A)

2(T^e_,r'I'24*+'rz~1'24V(±eTi('''+"~1)'*)

+ 0(Alog A)J

(A odd);

(For given h and A, /Ae process outlined in Lemma 4 will determine explicitly

which form prevails, the value of the roots of unity 4¿, r¡^k or af¡k, and re-

solve the ambiguity of sign in the argument of the mock theta functions in the

right member. In particular (7.8) gives this information in case erVllh is a boundary

point for which any particular function is unbounded on radial approach.)

(7.5) ^(e«<*+«>/*) =

2^
g-TzlUk+rz'1 ¡Zik^i^gTUh'+iz'1) Ik\

+ 0(k log A)      (A even),

Vh.k

(2s) 1/2

e-Tzl2ik-Tz~1l3kvi^.gTHh'+iz~1)lk\

+ 0(k log A)

<7h,k

,1/2

g-Tzl2ik+Tz-ll2ikJ,f _|_ gxi(h'+iz-l)lk\

+ 0(AlogA)J

(A odd);
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(7..6)   „(««<*+«)/*) =

«A,*

(2z)

Vh.k

1/2

gTZ¡3k+TZ~l/24*¿/-|- gri{h+iz~l)/k\

+ 0(k log A)      (A + A e»ere),

'    e7r2/3*-T2~1/3fc,,C + girt(A+iz~1)/*)

2l/2

1/2   <■<)
/■      <Th,k

+ 0(k log A)

gTzl3k+rz~¡ WkJ,?-^ gjri(A'+ii_1) / k\

+ 0(k log A)

(A+- kodd);

2s1'2

(7.7) co(e"<A+i*>'*) =

g2T2/3*+ir2_1/12)i//'e2Ti(A'+iî_1)/*)

+ 0(A log k)      (A CTß»)
(«)

'/A./t

,1/2

e2»-2/3*-2irz~1/3*ù,/'-)-exi(A'+ii_1)/*)

+ 0(AlogA)    (AoflX);

wAere (€*,&| =|i/A,jt| = [o"a.&| =1 in each case, and in particular,

<*)
„    ,        «A,* = «*-*,* (A eoere),

(7.8) w
«M = — e*-t,t    (A eue«),

«A,A   —   Oh,k

M A/2
«A,ft   —   (— I)       Oh/z,k

(A + A eaere),

(A even).

iSee definitions (1.6) awd (7.3) for en,k and Sh.k-)

The coefficients of the power series representations of the functions are

given by:

Theorem IV. Let Miq) be one of the functions <p, yj/, v, co. Then if Miq)
= £¿<">(«)g»,

e(W*)((l/6)(n-l/24))l/!

A »>(») = £       \»)(A) —- + 0(re>'2 log re),
0<*S»''*,2|fc (A(re - 1/24))1'2

XW(A) = — £ «-"<*/»>•«»_*,*;
2     —Ä;<A<Ä;,(A,2Jfc) = l

g(ir/*)t(l/6)(n-l/24))lft

^(*)(„) = £ X»>(») —- + 0(«>'2 log re),
0<tSn»«.(t.2)-l 2(A(« — 1/24))1'2

X^(A) =
1

£ {-*-*«»/*>»«Jk_*ti};
-4<A<4,(A,fc)=1.2|A
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g(Wfc)((l/6)(n+l/3))l/2

¿ <"(»)= £ X("HA)--———-— +Oíre1'2 log«),
o<tán"2.ct.2)-i (2 ¿(re + 1/3))1,i

1 ^
\M(k) = — £        *--*«*>•«»,»;

2 -K*<*,(A,ll)-l

g(T/*)((l/3)(n+2/3))l/2

¿ (->(„) = £ X<»>(A) ————-—- + Oí«1'2 log «),
o<táni'2,(*,2)-i (A(re + 2/3))1'2

X<»)(A)=— £ *-*«<*'*>"(-1)«%,j,*-
2    -«;<*<£,(A,fc)->l,2|A

The proof of Theorem IV is virtually the same as that of Theorem II.
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