JACOBI SUMS AS “GROSSENCHARAKTERE”

BY
ANDRE WEIL

Let o be the ring of integers of an algebraic number-field % of degree d;
let m be an ideal in p; a complex-valued function f(a), defined and 0 for
all ideals a prime to m in o, is a “Grossencharakter” according to Hecke’s
definition if f(ab) =f(a)f(b) whenever a, b are prime to m and if there are ra-
tional integers e, and complex numbers ¢, (1 £\ =d) with the following prop-
erty: if @ is in 0 and is=1 (mod m), and if ey =a, @z, * - -, aq are the conju-
gates of @, then f((a)) = Hxai"| a| . The ideal m is called a defining ideal for
f. Two such characters are called equivalent if they coincide whenever they
are both defined; among the defining ideals of all the characters which are
equivalent to a given one, there is one which divides all the others; it is
called the conductor of that class of equivalent characters. It is easily seen
that classes of equivalent characters are in a one-to-one correspondence with
the representations of the group of idéle-classes of k into the multiplicative
group of complex numbers; Hecke has shown that one can use them in order
to build up L-series which have all the usual properties of the ordinary
L-series. Those classes of characters which are of finite order in the group of
all such classes are those which occur in the classical classfield theory and in
the ordinary L-series; they correspond to the characters of the group of idéle-
classes which take the value 1 on the connected component of the neutral
element in that group; Artin’s law of reciprocity states that they are the same
as the characters defined by the cyclic extensions of k. No such arithmetic
interpretation is known for the more general characters of Hecke, and to dis-
cover one may well be considered as one of the major tasks of modern
number-theory.

Here I shall deal with a very special case of this problem by showing that
the Jacobi sums are characters (in the sense of Hecke) of cyclotomic fields;
Jacobi sums are certain sums of roots of unity, closely related to Gaussian
sums(?). This will at the same time be a contribution to the old problem of
the determination of the argument for Jacobi sums and Gaussian sums; it
will be shown that it also contains the proof for a special case of an interest-
ing conjecture of Hasse on “zeta-functions of algebraic curves over algebraic
number-fields”.

1. Jacobi sums. Let 7 be any integer >1 and { a primitive m-th root of
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(*) For a bibliography on this subject, see my article Numbers of solutions of equations in
finite fields, Bull. Amer. Math. Soc. vol. 55 (1949) p. 497; the numbers in brackets will refer to
the bibliography at the end of that paper, which will be quoted as NF.
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unity over the field @ of rational numbers (e.g. { =e?*¥m). If ¢ is any integer
prime to m, {—{*! determines an automorphism o; of Q({) over @; the Galois
group of @(¢) over @ consists of all o; and therefore is isomorphic with the
multiplicative group of integers prime to m modulo .

Let p be any prime ideal prime to m in @Q(¢), and put g=Np;
then ¢g=1 (mod m). The m-th roots of unity {? for 0 <a <m, are all incon-
gruent to each other mod p and therefore are all the roots of the congruence
Xm=1 (mod p) in Q({). For every integer x prime to p in Q({), x(¢V/m is a
root of that congruence, and so there is one and only one m-th root of unity
xp(x) satisfying the condition

Xp(x) = xle—DIm (mOd p)'

For x=0 (mod p) we put xp(x) =0. Then x, is a multiplicative character of
order m of the field of ¢ elements consisting of the congruence classes in
Q({) mod p.

Let r be any integer =1; the really significant case is r =2, since the
quantities we shall construct are trivial for r =1, and those corresponding to
r>2 can all be expressed in terms of those belonging to r=2 and r=1. Let
a=(a,)1z,<r be a set of 7 integers a, modulo m, i.e. an element of the direct
product G~ of r groups all identical with the additive group of integers modulo
m; the characters on the group G are the functions on G” of the form {Za,
where = (u,) is also an element of G. Now write

D Ja(p) = (=1 2 xo(x1)® -+ - xp(2r)*
zit ot 5 =-10)
21, +,2zrmod p

where the x, run over complete sets of representatives of the congruence
classes modulo p in Q({) subject to the condition ) 5., x,=—1 (mod ).
For a given p, this is a function of e €G". If, for any u=(u,), we denote by
N(u) the number of distinct sets of congruence classes (x,) modulo p satisfy-
ing > 7., x,=—1 (mod p) and xp(x,) =¢* for 1=<p=<r, then we have

¢)) Ta(p) = (= 1)1 N(u)izeeve

which gives the expression of J,(p) as a function on G in terms of the char-
acters on G". By induction on 7 it is easily seen that we have

2 Jo®) = ¢t — (1 = 9]

When some but not all of the g, are 0, e.g. if @¢;11= - - - =a,=0 and none of
theay, - - -, a, is 0, then it is easy to see that J,(p) reduces to the sum Jo(p)
similarly built up from a’=(ay, - -+ -, @,); in particular, if all the a, except
a; are 0 and a;7#0, then J,(p)=xp(—1)%. If we put «,=a,/m for
1=p=r, Ju(p), except for the sign, is no other than the Jacobi sum
jlaa, + + -, ar, — D 5oy @) as defined in NF.
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For each ¢ €G", we extend the definition of J4(p) to all ideals prime to
m in @({) by the condition

(IT) Ja(ab) = Ja(a)Js(b)

which is to hold whenever a, b are two such ideals. Our main purpose is to
prove thesfollowing theorem:

THEOREM. For each a(0), the function J4(a) defined by (1) and (1I) is a
character on Q(¢) in the sense of Hecke; and m? is a defining ideal for it.

In order to prove this, we first observe that for each a there is a function
A (u) with rational integral values on the group G” such that

(3) Jo(a) = X A(u)gzoewe

for all aEG™; in fact (1) shows that this is so if a is prime; and if J,(a), J4(b)
can be so expressed by means of integral-valued functions 4 (), B(u), it
follows immediately that J,(ab) has a similar expression by means of the
- “convolution” of 4(u) and B(u).

Furthermore we have, for all a:

(4) Jo(@)Na = 1 (mod m"),

where Na is the norm of a. In fact, since m divides ¢—1, (2) shows that this
is so when a is prime; the general case follows from this at once.

If all the a, except one are 0, and e.g. a;#0, then, as we have seen,
Ja(a) = J1(a)* where Ji(a) is defined by (II) and by Ji(p) =xp(—1). If m is
odd, we have Ji(a) =1 for all a; if m is even, it is well known that Ji(a) is a
character of conductor 4 on @Q(¢) belonging to the quadratic extension
Q(¢V?) of @Q(¢). This implies that in all cases Ji((a)) =1 whenever « is an
integer in @({) such that a=1 (mod m?).

Now we need the prime ideal decomposition of J,(a); for a prime a this
has been obtained by Stickelberger [7] and is as follows. Let ¥/(x) be any
nontrivial character of the additive group of congruence classes modulo p in
@Q({); consider the Gaussian sum

g(a) = Z; x»(%) % (x)
z mod P
for any integer ¢ modulo m; then g(e)™ is an integer in @({) whose prime ideal
decomposition is given by (g(a)™) =pm™@ and by

(5) @) = X ( Lyt
S

Here (\) denotes the “fractional part” of the real number N\, defined by
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putting (\)=X— [\] where [\] is the “integral part” of A, i.e. the greatest
integer =\; the summation is over all integers ¢ prime to m modulo m. Thus
mb(a) is an element of the group-ring (with integral coefficients) of the Galois
group of Q(¢) over @; symbolic powers of elements and of ideals of Q({) are
to be understood as usual by putting e.g. a*= ] (a®)™ if » is the element
v= Y, no; of the group-ring. It is clear that we have .

(6) 0(a)o: = 0(ta),  6(a)(co + o_1) = 6(a) + 6(— a) = 2 o¢

where ¢ is again prime to m.
We now borrow from NF (p. 501) the classical and easily proved relation

% Ju®) = Np-iglar) - - - g(a»g(— Za)

which holds whenever the «, are not all 0 and shows incidentally that J,(a)
depends symmetrically upon the r+1 integers ay, - + -, a,, — 2.a, (a fact
which we do not need here). This gives at once, at first for a prime ideal p
and then for an arbitrary a, the prime ideal decomposition of J,(a):

(8) (Ja(@)) = av@ (a # (0))
where w(a) is the element of the group-ring defined by

w(a) = iO(a,,) +o<— E a,,) - Z,: ot

) = pz:;o(a,,) — o( E—a,,)
" [z ]

The last expression, where [ | denotes the integral part, shows that the co-
efficients of the o; in w(a) are integers =0 and <r—1.

At the same time we have g(0) = —1 and, for ¢ #0, Ig(a)] 2=g; this last
relation (cf. NF p. 501) may be considered as the special case r=1 of (7) if
one takes into account the value J,(p) =xp(—1)® of J4(p) for r=1 and the
obvious relation g(a) =xy(—1)°(—a). This gives, again at first for a prime
ideal and then in general:

(10) | 7.@a) |2 = Nas—?
if exactly s of the 741 integers a,, 9, a,are 50 (mod m) and s =1; moreover,

when that is so, all the conjugates of J,(a) have that same absolute value since
they are given by
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(11) Ja(@)7t = Jwa(a)

which is an obvious consequence of (3).
All this applies to the case where a is a principal ideal («). In that case we
put, whenever the @, are not all 0:

(12) e(a) = Jo((a)a—@,

Then, by (8), e(e) is a unit in Q(¢). The conjugate imaginary to any ele-
ment B8 of @({) is f7-1, and more generally the conjugate imaginary to (¢
is B°-¢, so that |B”| 2=fot+o~t: using (6) and (9), one finds at once that all
conjugates of a“® have the absolute value N(a)®=2/2 where s is as above.
As the field Q(¢) is purely imaginary, there is no distinction to be made be-
tween the norms of the number a and of the principal ideal (o). Therefore,
by (10), e(e) and all its conjugates have the absolute value 1. By a classical
theorem of Kronecker, thisimplies thate(a) is a root of unity and hence of the
form =+ {*; but we shall not need this. If all but one of the q, are 0, and e.g.
a1#0, then, by (9), w(a) =0 and e(a) = J,,((«)).
Now take a=1 (mod m"). By (4) and (12) this implies that

Ja((a)) =€(a) (mod m")
if we put €(0) =1. For any # EG", put
E(u) = m" ), e(a){=%we,

If we use (6), (9), (11), and (12), we see at once that e(a)?*=¢(fa) for any ¢
prime to m; this implies that the E(%) are invariant by all automorphisms
g, and are therefore in @. At the same time, using (3), we get

E(w) = 4@w) + m~ 3 (o) = Jo(@)) 720,

which, by the above congruences, shows that the E(x) are integers and
therefore rational integers. Finally we have

Zujl E(u)|? = m"za:I e(a) |2

(the “Parseval relation” for the group G7). As all e(a) have the absolute
value 1, the right-hand side is 1; as the E(u) are integers, they are all 0
except one of them which is +1; if that one is E(v), we have therefore
e(a) = E(v){ %% for all a. Taking ¢ =(0), we get E(v) =1. Taking one a, equal
to 1 and all others equal to 0, we get {%=J((a)) for all p. But we have seen
that =1 (mod m?) implies J1((a)) =1; so we have proved that if »=2 and
a=1 (mod m) the units e(a) are all equal to 1, or in other words

Jol(@) = a=@

whenever the a, are not all 0. This shows that J,(a) is a “Gréssencharakter”
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with the defining ideal mr.

But, as we have mentioned, the characters J,(a) for > 2 can be expressed
in terms of those for r=1 and 2; in fact, using (7), once easily gets the
relations

Jar, a0, (@) = Jop(@) T gg, - --,a,(a) Na
if a1+a;=0 (mod m), and
Jay, - a,(0) = Jar+as(0)T ay,05(0) T oy 403,05, - -.a,(0)

if ay+as #£0 (mod m). As m? is a defining ideal for » =1 and for r =2 it follows
by induction on r that it is also a defining ideal for all 7.

It seems doubtful whether m? is ever the true conductor of the characters
Ja(n). For m =4, one finds that the conductor is 4; when m is an odd prime
one finds that the conductor is either (1—¢) or (1—¢)?; actually it is the
latter in the numerical examples which I have examined. A general investiga-
tion of this question might lead to results of some interest.

2. Hasse’s conjecture. Consider the plane algebraic curve

(111) Ve =X + 6

where e, f are integers such that 2<e=f and v, & are nonzero elements of a
field & of characteristic prime to ef. Let m be the L.C.M. of ¢ and f, and let
¢ be a primitive m-th root of unity in the algebraic closure of k. Then the
Galois group of k({) over k consists of the automorphisms {—{*t where ¢ runs
over a subgroup H of the multiplicative group of integers prime to # modulo
m. If (x, ¥) is a generic point of the curve (III) over &, the normal field gen-
erated by k(x, y) and its conjugates over Ko=Fk(x/, y°) is K =k({, x, ¥), and
its Galois group I' consists of the automorphisms

& %, 9) — (£ ¢z, £0y)

with t€H, u=0 (mod m/f), v=0 (mod m/e), u and v as well as ¢ being taken
modulo m; these automorphisms will be denoted respectively by (¢, «, v).
The subfield k(x, ¥) of K corresponds to the subgroup G of I' consisting of
the automorphisms (1, #, ») in T'; this is isomorphic to a subgroup of the
group denoted by G2 in §1. It is an elementary exercise to determine all the
irreducible representations of the group I and in particular to determine the
decomposition into irreducible representations of the permutation group
T'/G (i.e. of the group T acting on the cosets of G in I'). One finds that the
latter is the sum of irreducible representations D,,;, each taken with coeffi-
cient 1; here a is an integer modulo f, b an integer modulo e, and one must
take one representative for each set of pairs (fa, tb) ;. g. Furthermore one finds
that the monomial representation of I' induced by the character g ieutte)/m
of G contains the representation D, with the coefficient 1 and does not
contain any representation D, not equivalent to Dy p.
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Assume first that & is a finite field with ¢ elements; for that case the zeta-
function of the curve (III) has been determined in NF; it can be written as

Z(U) = q La,b(U)

where the pair (@, b) runs over a complete set of representatives for the sets
of pairs (ta, tb):cn, a being an integer modulo f and b an integer modulo e,
and where the L, ,(U) are as follows. If one and only one of the numbers
af~1, be~!, and af1+be~'is =0 (mod 1), we have L,,;,(U) =1; for a=b=0, we
have

1

A— )1 —qU)

Finally, when af™!, be~1, and af'+be! are all 20 (mod 1), let m, be the
smallest integer such that ao=meaf~! and bo=mobe~! are integers; m, is a
divisor of m. Let d be the degree over k of the field &' =k({™/™). Let w be a
generator of the multiplicative group of nonzero elements in &’ such that

Lo,o(U) =

¢mime = qp(ad—1)/mo,

let x be the character of that multiplicative group determined by
x(w) =e*imimo, Then we have

Loy(U) = 1+ x[(v18)%(=8)»] U,
where j is the Jacobi sum in &’ defined by
i= 22 x(®)%x(y)".

z4y+1=0
z,y in &k’

This suggests that the L, »(U) are no other than the Artin L-functions belong-
ing to the representations D, s, which is indeed the case. In order to verify it,
one need only remark that those L-functions, in view of the results stated
above, must respectively be the G.C.D.’s of Z(U) and of the L-functions of
the field &(¢, x, ¥) over k({, »/, ¥¢); the latter, being abelian L-functions, are
easily determined (the case y = —1, § =1 has been treated by Davenport and
Hasse in [5], and the general case is quite similar).

Now we take for k an algebraic number-field. If p is a prime ideal in &,
prime to efyd, the equation (III), reduced modulo p, defines a curve over the
finite field with ¢=Np elements; if we call Z,(U) the zeta-function of that
curve, Hasse defines the zeta-function of the curve (III) over & as

Z(s) = I1 Zo(Np),
)

and he conjectured that this is a meromorphic function satisfying a functional
equation of the usual type. Now consider the group I' and its representations.
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When we reduce everything modulo p, the group H is replaced by the sub-
group H, of H generated by ¢; I is replaced by the subgroup I'y consisting of
the elements of IT' of the form (¢, %, v) with tEH,; and D,,; splits up as fol-
lows on T'g. If m, is again the smallest integer such that ao=meaf~! and
bo=mobe"! are integers, and if Hj is the subgroup of H consisting of the
elements of H which are =1 (mod m,), Da,s splits up on I'y into the sum of
the representations Dy, of I'y where ¢ runs over a set of representatives
for the cosets of HyH} in H. Now, to D,,; and p, we attach the product
Pq . p(U) of the L-functions L, (U) of the curve (III) reduced modulo p
when ¢ runs over a set of representatives for the cosets of H,H{; and we in-
troduce the function

ab(s) HPabv(Np )

It is clear that L4 u(s) =1 when one and only one of the numbers af~?, be~?,
af~'+be ! is an integer, and that

Lo,o(s) = x(8)Er(s — 1)Qo,0(s)*

where {;(s) is the Dedekind zeta-function of the field & and Q,,o(s) is the
product of those factors in the infinite product for {(s){x(s —1) which pertain
to the prime ideals dividing efyd. Let now a, b be such that af~}, be~!, af 1+ be!
are all $#0 (mod 1); define m,, ao, b as above; put {o=e? im0 and
E=(y~18)%(—0)». For each prime ideal P prime to efyd in the field k({o), let
xs(x) be the character modulo P in k({o) defined by taking

xp(x) = xWB=DIm(P)

for all integers x in k(o). Then, after some calculations which we will omit,
one finds for .(,,5(s) the expression

Las(s) = II(1 — X9 an. 0o [Nk tor1@ e BING )

where the product is taken over all prime ideals P prime to efyd in k({o); NV
denotes the absolute norm, and Nig,9¢, the relative norm over @Q({o) of
ideals in k($o); as to Ja,b,(0), it is the character we have introduced and
studied in §1.

Classfield theory shows that xg(£) is a character in k({) belonging to the
cyclic extension k({o, £1/™) of k({o). The infinite product for .L4,5(s) is there-
fore no other, except possibly for a finite number of factors, than that for the
reciprocal of the Hecke L-function defined on the field k(o) by the “Grossen-
charakter”

X(B) = x8(E)T a0, 0[N ko1 c0yB -

The missing factors, whose product we shall denote by Qa,(s), are those per-
taining to the prime ideals dividing efyé which do not divide the conductor
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of that character. As the above character is of absolute value NBYV2, we write
our result as follows:

Lao(s) = Ha,b<s - %)_lQa,b(s)_‘,

where H, (s) is the Hecke L-function defined by means of the character
X(B) NP2,

These results imply that Z(s) is a meromorphic function and that
Z(2—s)Z(s)~! can be expressed as a product of a finite number of “elemen-
tary” factors (including of course gamma functions) which could easily be
written explicitly. Thus we have verified Hasse's conjecture in the case of
the curve (III). For e=2 and f=3 or 4, (III) defines an elliptic curve with a
complex multiplication; it would be of considerable interest to investigate
more general elliptic curves with a complex multiplication from the same
point of view.
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