PRIMITIVE ROOTS IN A FINITE FIELD

BY
L. CARLITZ

1. Introduction. A number SEGF(p"), B0, is a primitive root of the
field if #=p"—1 is the smallest positive integer such that 8*=1; the number
of primitive roots is ¢(p»—1), where ¢(m) is the Euler function. Ore [6] has
introduced an analogous concept in the following manner. For each y EGF(p")
there exists a “linear” polynomial

1.1) a(x) = D arav" (ar € GF(p), am #~ 0)
r=0

with minimum m such that a(y) =0; v is said to belong to a(x). In particular
if a(x) =x?"—x, Ore calls v a primitive root. It is easy to see that the two
varieties of primitive roots are not identical; for example in the GF(24) de-
find by 64+0+1, 6 is a primitive root in the original sense but not in Ore’s
sense (since it belongs to x8+x*+x%2+4x). On the other hand it can be verified
that 62 is primitive according to Ore but belongs to the numerical exponent 5.
To avoid confusion we shall refer to ordinary primitive roots as primitive
roots of the first kind, while those satisfying Ore’s definition will be called
roots of the second kind.-Ore proved that primitive roots of the second kind
exist; indeed there are precisely ®(x"—1) EGF(p"), where & now denotes
the Euler function for GF[p, x]. The equivalent result in terms of the
existence of a normal basis (see §2) had been proved by Hensel.

It is natural to ask whether one can find a number BEGF(p™) which is
simultaneously a primitive root of both the first and second kinds. More
generally if e] p*—1 and a(x) | x?"—x, can one find a number 8 belonging to
the numerical exponent e and the linear polynomial a(x)? We shall show
that the first question is answered in the affirmative for p* sufficiently large;
the second question also admits of an affirmative answer provided p* is large
and e deg a(x) is sufficiently large. The method of proof is suggested by the
proof of Vinogradoff’s theorem that the least primitive root of a prime p is
O(pY*+e); see [5, p. 178], also [3].

In the opposite direction we show (Theorem 4) that for given p, r there
exist infinitely many irreducible polynomials P such that no polynomial of
degree =r can be a primitive root of the second kind (mod P). Finally (Theo-
rem 6) we obtain a bound for

o(e)

Ny(e, a(x)) — 1

Ny(a(#)),

Presented to the Society, February 23, 1952; received by the editors January 4, 1952.
373



374 L. CARLITZ [November

where N,(e, a(x)) is the number of polynomials of degree <7 belonging simul-
taneously to e and a(x), and N,(a(x)) is the number of polynomials of degree
<r belonging to a(x). '

2. Notation. Following Ore, we shall generalize slightly the concepts
defined above. For y EGF(pm™), let

k
2.1) a(z) = ) ax?™ (ar €EGF(p™), am = 0)
r=0
be a “linear” polynomial of minimal order k such that a(y) =0; v is said to
belongtoa(x). If A =A(x) =a¢+aix+ - - - +anx* wesay thata(x) corresponds
to A(x). Let B=B(x) be another polynomial EGF[p", x] and b(x) the cor-
responding linear polynomial; then if C=A4B and ¢(x) corresponds to C(x)
we have c¢(x) =a(b(x)) =b(a(x)). If A(x) l xm—1, then there are precisely
®(4) numbers EGF(p™*) which belong to a(x), where ®(4) now denotes
the Euler function for GF[p~, x].

If 6 belongs to the linear polynomial x?" —x, then the numbers 8,
6", - - -, 07" form a normal basis of GF(p™™) relative to GF(p*); we shall
say that @ generates the basis. There are ®(x™—1)/m such normal bases;
indeed if & =a(f), where a(x) has the same meaning as above, then a generates
a normal basis if and only if (4(x), x»—1)=1. If (4A(x), x»—1)=D(x) and
x™—1=D(x)B(x), then a=a(0) belongs to b(x), where b(x) corresponds to
B(x); in particular if x»—1=4(x)B(x), then a belongs to b(x).

3. The A-functions. We now define a set of functions Na) as follows.

Let ¢co, €1, * * *, tm-1 be m arbitrary numbers of GF(p") and let 8 generate a
normal basis of GF(p™™) relative to GF(p*). Put

(3.1) a = af + P + - - - + @p_§7" (ar € GF(p™)).
Then we define

(3.2) A@) = M(a) = §Howt - Hammienp,

where { =227/? and
t(a) = a-l—ap—l— “ 0. +ap"—l,
so that t(a) EGF(p). It follows at once that

3.3) Ma+ 8) = Ma@), N0 = 1.
There are evidently p"™ distinct A-functions; the function No(a)=1 cor-
responds to co= * * + =Cp_1=0.

The\’s are evidently characters of the additive group of GF(p*). Note that
for A=\,

pmm (e = 0)
.4 aB) =
(3.4) BEGFEW)M B) {0 (@ 0);



1952] PRIMITIVE ROOTS IN A FINITE FIELD 375

also that for a &G F(p*), the sum

(3.5) - {P ’ (a=0)

bE GF (p™) 0 (d # O).

Next let 8y, + - -, B-EGF(p™) and be linearly independent relative to
GF(p"™). The numbers

B=20p1+ -+ b (b: €EGF(p™))

define a module M, of rank r. We now state without proof some lemmas
which can be obtained by standard arguments.

LEMMA 1. For A#%\o, a EGF(p™™),

(3.6) 2 Nep) =

{ nr (a € Mn_,)
ﬂEMr 0

(a e M:n—r)r
where M,,_, is a certain module of rank m —r.
In the next place we have
pm (a=0)
. o= 1
3.7 Z)\: () 0 (a 5 0),

where the summation is over all p»™ N\’s.
Suppose now that as in §2, x»—1=A4(x)B(x) and a(x) corresponds to
A(x). We consider the set of functions N such that

(3.8) Ma(r)) = No(7)-
LEMMA 2. The number of N's satisfying (3.8) is p™*, where k =deg A(x).
LEMMA 3. If \ runs through the p** solutions of (3.8), then the sum
nk (6() = 0)
3.9 AB) = {
3-9) ; ( 0 5(B) # 0).

In the next place if x(a) denotes a multiplicative character for GF(p™™),
we put

(3.10) r=1\, x) = Z Ma)x(a).

Then by a familiar argument, if X%y, XX,
| 7]t = 2 Ma — B)x(@)x(8)

a,f#0

= Zﬂ‘, M(e — DB)x(e) = 2 x(e) § M(e — 1)B).

Since by (3.4) the inner sum vanishes unless @ =1, we have
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(3.11) l ‘rl = pnmi? (N 7 No, X 7 X0).

In addition it is evident that

(3.12) (Ao, x) = 0 (x # x0),

(3.13) ™\, x0) = — 1 N #Z M)
4. The main theorem. Let p'"”—l =¢f and consider the function

(4.1) w@ == 2 >,

f dle d x*=x0

where the inner sum is restricted to the df characters such that x% =x,. Now
it is clear that

f B°=1)
e = { (8 = 1),
so that for d| e
1 o (B¢ = 1)
7 22O {o (e1% = 1).

Hence if B¢>1 it follows that w(B8) =0. If 8 belongs to the exponent e, then
d =1 is the only value of d that need be considered in (4.1) and we see that
w(B) =1. Finally if 8 belongs to the exponent e¢/s, s>1, then (4.1) becomes

w(B) = 2. u(@d = 0.

dls
This proves
LEMMA 4. If B belongs to the exponent e, then w(B) =1; for all other 8, w(B) =0.
In the next place we put x»—1=A4(x)B(x) and define
1 w(D)

“ =13 % Tol 3

where the inner sum is restricted to the N’s such that A(k(y)) =\o(v), where
h(x) is the linear polynomial corresponding to H(x) =D(x)B(x). We shall
prove

LeEMMA 5. If B belongs to the linear polynomial a(x), then Q(B)=1; for all
other 3, Q(B)=0.

In the first place it follows from Lemma 3 that for D| 4,

1 {1 (k(B) = 0)
0

D8] o5 M) = (k@) = 0),

ZMﬂ) (| B| = pnaesB),
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where k(x) corresponds to K(x) =A4 (x)/D(x). Hence if a(8) #0 the inner sum
in the right member of (4.2) vanishes for all D and therefore Q2(8)=0. If 8
belongs to a(x) then D=1 is the only value of D that need be considered
and it follows that Q(B8) =1. Finally if 8 belongs to a linear polynomial that
corresponds to 4 (x)/S(x), S(x)#1, it is clear that (4.2) becomes
@) = 2 wD) = 0.
D|S

This completes the proof of the lemma.

Combining Lemmas 4 and 5 it is evident that w(B) 2(8) vanishes unless 8
simultaneously belongs to the numerical exponent e and the polynomial
a(x). Hence the number of such @’s is given by

(4.3) N, a(x) = 22 «(B)(B).
BE GF (™)
By (4.1), (4.2), (3.10) the right member of (4.3)
1 d D
o paRaS SR SR DRI W)

fIBl dle @ Dpia |D| xTexo  ADB

Now for A =Xo, x =X0 We get

1 ¢(e) ®(4) #(e)®(4)
4.5 am o) = 22
9 8] e Tal &7~ 07 T
The remaining part of (4.4)
1 2(d 2(D
=1y KD > D b ppl |0 0]
4.6) fIBl 4. 4 bpu |D|

< pmm2) wi(d) 20 wi(D),

dle DlA

by Lemma 2 and (3.15), (3.12), (3.13). Hence substituting from (4.4),
(4.5), (4.6) in (4.3) we have

(4.7) N(e, a(x)) — ?—(-ej%f@ = prm%(e)A(4),

where

3e) = 2 u¥d),  A4) = X2 ux(D).

dle DlA
It therefore follows that
e)d(4
4.8) N(e, o)) = ﬂ%il+owwwwn (prm ),

where we have used
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5(m) = O(m9),  A(M) = O(| M|9).

The first of these is familiar, the second can be proved in a similar way.

For the applications (4.7) and (4.8) are of interest mainly when the
product ¢(e) - ®(4) is not too small; roughly the product should be larger
than p**m/2, Now it is well known that

4.9 m/é(m) = O(m*);
the analogous estimate
(4.10) M/2() = 0o(| M9

is easily proved. If therefore elA| > penm where ¢>3/2, it follows from (4.9)

and (4.10) that
?(_.e;# g C(e)pnm(c—l—e),

where C(e) is a positive number depending only on e. Comparison with (4.8)
now shows that N0.
We now state

THEOREM 1. Let pm—1=c¢f, xm—1=A(x)B(x); le¢ N=N(e, a(x)) denote
the number of B's in GF(p™™) which simultaneously belong to e, a(x). Then N
satisfies (4.7) and (4.8). In particular if e]A| >pem ¢>3/2, then N>0 for
p™ sufficiently large; indeed

N~ ¢(e)@(4)/p™™
For example, the theorem applies when
e= (" —-1/*—1, A=(@="—-1/(x-1).
If e=p"m—1, A(x) =xm—1, we get as an immediate corollary:

THEOREM 2. Let N’ denote the number of B's that are simultaneously primi-
tive roots of the first and second kind; then

_ 8 — Da(m — 1)
an

It follows, therefore, that N’ >0 if p»™ exceeds a certain numerical bound.
Whether there are any exceptions for small values of p™™ is not known.
When the condition on e| 4| in Theorem 1 is not satisfied we have -

THEOREM 3. If, with the notation of Theorem 1, elA[ =0(prm@I2t9)  then
N —_ O(pnm(l/2+e))‘

5. Some other results. It will now be convenient to use the concrete
representation GF[p", x]/P(x) for the GF(p*™), where P(x) is an irreducible

NI

+ O(pnm(llﬂ-e)).
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polynomial EGF[p~, x] of degree m. Thus the results of §4 can be expressed
in terms of polynomials (mod P(x)). Davenport [3] showed that for large p,
one can always find primitive roots of the first degree. It does not seem
possible to carry over the proof for the type of problem considered in this
paper, even if we allow the required polynomial to be of degree <m/2, say.
The difficulty appears for example in the problem of primitive roots of the
second kind of a given degree. It would suffice to have a nontrivial estimate
for

(5.1) Se=58MN= 2 M4) (N % M),

deg A<y

where the summation is over all 4 (including 0) of degree <r, and A(4) is
defined in accord with the definition of A(e) in §3. It follows from (5.1) that

(5.2)  |S. 2= > M4 — B) = pm >, N4) = p™S,.

deg A<r, deg B<r deg A<r

Thus S, =0 or p. We have also, using (3.9),

2S= 2 2 M4) =
A deg A<r A

Hence for pn=n X's we have S,(\) =p™, for the remaining functions S,(\) =0.

However this information apparently does not suffice for the problem men-

tioned above. We shall instead prove the following result in the opposite

direction (compare [3, Theorem 2]).

THEOREM 4. For given p», r20, there exist infinitely many irreducible
PEGF[pn, x] such that a(R)=0 (mod P) for all REGF[p~, x], deg M <r,
where a(x) corresponds to A(x) =(xm—1)/(x—1), m =deg P.

It follows that no polynomial R of degree <r can be a primitive root of
the second kind (mod P).

To prove the theorem, we note first that the condition a(R) =0 is equiva-
lent to the existence of a polynomial U such that

(5.3) U™ — U = R (mod P).

It is possible to make use of some known results [2, §11] concerning the con-
gruence (5.3); however it is perhaps simpler to give a direct proof of the fol-
lowing theorem.

THEOREM 5. Put P=x"+cix™ 14+ - « « +cp, ¢; EGF(p™). Then a necessary
and sufficient condition that

o(R) = R+ R™+ - - + R™™™ =0 (mod P)
for all R of degree <r is furnished by
(5.4) plm; =0 (1 =s=7pls).
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Let # be an additional indeterminate; then we have

P(w) = 11 (4 — ™) (mod P(x)),

8=0

from which it follows on differentiating that

P(u) P(u) — P(x™)
P'(u) = Z _—= Z —_
. % — x" 8 U — x¥
m m—1 ur — x,.p,.,
r=1 8=0 u — xP™
m m—1
=D D Cms(w A U 4 - gD
r=1 s=0

m r

20 2 emotila(a)

r=1 i=1

=3 w1 ena(e) (mod P(x)).

te=1 r=1i

On the other hand since
P'(u) = mum™14 (m — Deyu™ 2+ - -+ + cmy,

comparison of coefficients leads to the following set of congruences:

m = a(1),
(m — 1)¢; = cia(1) + a(x),
(5.5) (m — 2)c2 = c2a(1) + cra(x) + a(x?),

(m — r)er = cea(l) + crr0(x) + - - - + a(an).
If we now assume
(5.6) e(l) =a(x) = - = a(2") =0 (mod P),

then (5.4) holds. Indeed pl m follows from the first congruence, while the re-
mainder of (5.4) is true since nothing is asserted when p]s. Conversely if
(5.4) holds, then (5.6) as is clear from (5.5) and the fact that a(x?) =a?(x");
consequently a(R)=0 for all R, deg R=r. This completes the proof of
Theorem 5.

Returning to the proof of Theorem 4 it is now necessary only to show the
existence of irreducibles of degree m for which (5.4) holds. Put

1
P*(x) = x"‘P(—) =14cax+ -+ cmx™
x
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Then by Artin’s refinement [1, p. 246] of Kornblum’s theorem [4] we can
assert the existence of irreducibles P* of sufficiently high degree such that

P*(x) = G(x) (mod x7),

where G(x) is an arbitrary polynomial subject only to x{G(x). In particular
then the conditions (5.4) can be satisfied. Theorem 4 now follows immedi-
ately.

Returning to the problem mentioned at the beginning of this section, the
following result may be of some interest.

THEOREM 6. Let N,(e, a(x)) denote the number of polynomials A of degree
<r which simultaneously belong to e and a(x) (mod P); let N,(a(x)) denote the
number that belong to a(x). Then

(e)
$.7) Ni(e, a(x)) = 1 Ni(a(x)) + O(prmt/2t9),

Indeed as in §4, we have

Nie a(x) = 2 w(R)AR)

( 5. 8) dele<r (d) (D)

© ®

TITBI% @ 2 o] e ™
where
Tr()‘) X) = Z )‘(R)X(R)~
deg R<r

Similarly

1 D
(5.9 No(a(#) = KD s o,

[B] 52 D] io»

where 7,(\) = D _degr<r M(R).
Now for As=X\o, x#x0, R0,

MRXR)T(N, %) = 22 MR — U)x(R)x(U)

deg U<m

; MR(1 = U)x(0),

so that
Tr(xy X)T(i) i) = ; i(U) E )‘(R(l - U))'

deg R<r

Therefore by (3.6) and (3.11)
(5.10) I 7r(x, X) I § P“mlz ()‘ #~ A0: X # XO)-
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It is also easy to show in the same way that

(5.1 S x(®)| 5 e (x = x0).
deg R<r
Now using (5.8) and (5.9), we have
No(e, a(x)) — p”Lm(e_).’T N.(a(x))
1 w(D)

SHOSED 5 (= w0 - )|

=f|B| ae @ b |D| B0\ T,
1 #*(d) w*(D) ( )
= ™\, x) | + 1
f|B|aZ|e d Dzl::‘-IDI o ZI 2
= O(an(1/2+e))
by (5.10) and (5.11). This completes the proof of (5.7).

In the same way we can prove a theorem like Theorem 6 in which the poly-
nomials belonging to e and a(x) are primary of degree r.
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