ON LOCAL STRUCTURE OF FINITE-
DIMENSIONAL GROUPS(%)
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1. Introduction. Let G be a connected locally compact separable metriz-
able topological group of finite dimension #. When G is compact or solvable,
it is known that G is locally the direct product of an invariant compact zero-
dimensional subgroup Z of G and an invariant local Lie subgroup(?) S of G
[4; 6; 8; 10; 11](3). This same fact is probably true in general but is un-
proved. However, in a recent paper of D. Montgomery [9], a long and suc-
cessful stride has been taken in this direction. Namely, he proved that G is
locally the topological product of a compact zero-dimensional subset Z of G
and a connected locally connected invariant local subgroup S of dimension
n of G (see §2). His result does not imply that the subset Z can be selected
to be a subgroup of G.

In the present paper, Montgomery’s result just mentioned will be
strengthened for the particular case that the center of G is locally connected.
In fact, the following Local Structure Theorem is proved in the sequel.

THEOREM 1. If the center of G is locally connected, then G is locally the
semi-direct product of a compact zero-dimensional subgroup and a connected
locally connected invariant local subgroup of dimension n. In greater detail: G
contains a compact zero-dimensional subgroup Z and a connected locally con-
nected invariant local subgroup S of dimension n such that U=ZS is an open
neighborhood of the neutral element e in G and the map F:ZXS— U of the topo-
logical product space ZX.S onto U defined by

F(z,5) = 25 zEZ,s€S)

1is @ homeomor phism of Z XS onto U. Hence every element w & U is decomposed
uniquely and continuously into the product u=zs where 2&Z and s&S.

It should be emphasized that the local decomposition of G given in the
theorem is only a semi-direct product instead of a direct product. In fact,
the author is not able to prove that the subgroup Z can be selected to be
invariant.

Presented to the Society, February 23, 1952; received by the editors February 6, 1952.

(1) A major part of this work was done under Project M801 of Engineering Research In-
stitute, University of Michigan, during the summer session of 1951.

(?) Following L. Pontrjagin [10], closed subgroups and closed local subgroups will be
simply called subgroups and local subgroups.

(®) Numbers in brackets refer to the bibliography at the end of the paper.
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The proof of Theorem I given in the following sections is based on the
results of D. Montgomery and some assertions given in a previous paper [7]
of the author together with a reduction theorem (see §6) on local group ex-
tensions which was suggested by an analogous theorem of Eilenberg and
MacLane [5] on abstract group extensions.

If G does not have arbitrarily small subgroups, then it follows immedi-
ately that the center of G is locally connected and that the compact zero-
dimensional subgroup Z of G in Theorem I must be discrete. This implies
that the local subgroup S is an open neighborhood of the neutral element e
in G. Since S is locally connected, we obtain the following theorem(*) as a
corollary of Theorem I.

TuEOREM 11. If G does not have arbitrarily small subgroups, then G must be
locally connected.

2. Montgomery’s results. Throughout the present paper, G will denote a
locally compact separable metric topological group of finite dimension #. The
assertions given in this section are proved by D. Montgomery in one of his
recent works [9].

(2.1) There exists an open neighborhood V of the meutral element e in G
with compact closure such that the component R of V which contains e is locally
connected and n-dimensional and an invariant local subgroup of V [9, p. 598].

Choose an open neighborhood W of ¢ in G satisfying the following con-
ditions:

@) W is symmetric;

(ii) Wtisin V;

(iii) (W*N R CR, (W*N R C R;

(iv) «€EW and yEW2NR imply zyx!€E R.

[ (2.2) 1]" he quotient local group Q=W/R [9, p. 596] is zero-dimensional
9, p- 599].

The canonical map m: W—Q which maps each w& W onto the coset wR
MW is continuous and open and a local homomorphism of W onto Q. We
shall denote by go=m(e) the neutral element of the local group Q.

(2.3) There:exists a local cross-section of Q into W [9, p. 600]. In more de-
tail, there exists a continuous map x: M—W defined on a compact open neighbor-
hood M of qo in Q such that wx(x) =x for every element x in M. Moreover, we
may assume that x(qo) =e.

Choose S as a symmetric open connected subset of R which includes e

and is such that
SSCRNW.

(%) The author was informed by K. Iwasawa that Theorem II is also known to M.
Kuranishi. .
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Then S is an invariant connected, locally connected, locally compact n-dimen-
sional local subgroup of G. Choose a compact open neighborhood N of go in M
such that

x(N)S C W.

Call Z=x(N). Then Z is a compact zero-dimensional set in G.
(2.4) The subset U=ZS of G is an open neighborhood of e in G and the map
F:ZXS—U of the topological product space ZXS onto U defined by

. F(z, s) = zs (z€2,s€9)

is a homeomorphism of ZX.S onto U [9, p. 600].

Let G, denote the smallest subgroup of G in the algebraic sense generated
by the elements of R. The abstract group G, may be topologized so as to form
a topological group G* by taking as a basis of the open neighborhoods of the
neutral element e in G* those open subsets of R which contain e. Let 2: G*—G
denote the identity map.

(2.5) G* s a connected locally compact locally connected n-dimensional
group and h: G*—G is a one-to-one continuous homomor phism of G* onto a sub-
group H="h(G*) of G, not necessarily closed, which is dense in the neutral com-
ponent of G [9, p. 602].

3. Locally compact zero-dimensional local groups.

THEOREM 3.1. Let Q be a locally compact zero-dimensional local group(5).
If M is a given neighborhood of the neutral element qo in Q, then there exists a
compact open neighborhood N of qo in Q such that NCM and N is a (global)
group under the multiplication defined in the local group Q.

Proof(®). Let M be a given neighborhood of the neutral element ¢, in the
local group Q. Since Q is locally compact and zero-dimensional, there exists a
compact open neighborhood K of ¢ in Q such that K C M and that, for every
pair of elements x and y in K, xy and x~! are defined and depend continu-
ously on x and ¥ simultaneously.

Let x be an arbitrary element in K. Since K is open and ¢gx=xEK,
there exist an open neighborhood U, of go and an open neighborhood V of x
such that

U.V,CK.

Since K is compact, there exist a finite number of elements of K, say

(%) A local group Q is said to be zero-dimensional if, for any given neighborhood M of the
neutral element go in Q, there is an open and closed subset N of Q such that g¢= NC M. We do
not assume Q to be separable metric.

() The author is grateful to the referee for this quick proof of Theorem 3.1. The original
proof was much more complicated and was essentially the same as that of L. Pontrjagin [10,
p. 77] given to the analogous theorem for locally compact zero-dimensional global groups.
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X1, * * *, Xn, such that K is the union of the open sets V,,, - - -, V. Let us
denote by U the intersection of the open neighborhoods U, - - -, Us,.
Then U is an open neighborhood of ¢, in Q such that UKCK.

Choose an open neighborhood W of ¢ in Q such that

wWl=WwWCU.

Then we have WK CK. This implies that W" is defined and is contained in
K for every natural number n=1, 2, - - - . Let

N =Uwnr
n=1

Since every W* is an open neighborhood of ¢o contained in K, so is their
union N. Since K is compact (and hence closed), the closure Cl (N) of N is
contained in K. Now let x&Cl (N). Since xW is an open neighborhood of x,
it must contain some point y of N. Then there is a natural number m such
that yE W™, yExW implies that y =xw for some element w of W. It follows
that

x = ywl& Wntt C N.

This proves that N is a closed subset of K and hence it is compact.

It remains to show that N forms an abstract global group under the
multiplication defined in Q. For this purpose, let x and y be any pair of ele-
ments in N. Then there exist natural numbers m and # such that x& W=
and yE W™ On account of the relation W-!=W, we have

xyt € Wns C N.

This completes the proof.

NoTE. As a consequence of Theorem 3.1, we may assume that the com-
pact open neighborhood N of go chosen before the assertion (2.4) is actually
a global subgroup of the local group Q.

4. Local group extensions. For the remainder of the paper, we shall as-
sume that G is a connected locally compact separable metric topological group
and shall use all the notations given in §2. Since G is connected, it follows
from (2.5) that the image H of the one-to-one continuous homomorphism
h: G*—G is dense in G.

As in (2.1), let R denote the invariant locally connected n-dimensional
local subgroup of G. An element ¢c&R is said to be central if there is an open
neighborhood T of e in R such that tct~! is defined and is equal to ¢ for every
element tET. The totality of the central elements of the local group R is
called the center C of R. Let B denote the center of the global group G. Since
H is dense in G, it follows easily that

C=RNB
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and hence C is an abelian local subgroup of R.

Choose an open neighborhood W of e in G satisfying the conditions (i)—(iv)
of §2. Then, by (2.2), the quotient local group Q =W/R is zero-dimensional.
Let w: W—Q denote the canonical map. According to (2.3), there exists a
local cross-section of Q into W, that is to say, there is a continuous map
x: M—W defined on an open neighborhood M of the neutral element ¢ in
Q such that mx(x) =x for each x € M and that x(qo) =e.

According to the condition (iv) of §2, for each x& M and each yEW?NR,
x(x)yx(x)~! is in R. Hence the correspondence

y = aa(y) = x(x)yx(2)™*
defines a local automorphism a, of the local group R. The correspondence
a:M — A(R)

of M into the group A(R) of local automorphisms of R defined by a(x) =a,
for each x& M will be called a collective character. Obviously, a depends on
the local cross-section x : M—W. Let x’: M’— W be another local cross-section
of Q into W and let x&€ MM M’. Since mx(x) =x=mx’(x), it follows that the
element p(x) =x’(x)x(x)~! is in R. Hence

a; (y) = X' (@)yx' (%)™ = p(x)az(y)p(x)",

that is to say, a, and aj differ only by an inner local automorphism of R.
Hereafter, we shall choose a local cross-section x: M—W of Q into W and call
it our basic local cross-section. The collective character a: M—A4 (R) determined
by x will be called our basic collective character. Since the center C of R is
contained in the center B of G, a, operates trivially on C.

A local group extension of the local group R by the local group Q is a triple
(E, ¢, ¥) where E is a local group, ¢ is an open continuous local homo-
morphism of E onto Q, and ¢ is an open continuous local isomorphism of R
onto the kernel of ¢ [7, §14].

A local cross-section of a local group extension (E, ¢, ¥) of R by Q is a
continuous map #: M—E defined on an open neighborhood M of ¢o in Q in
such a way that ¢u(x) =x for each x& M and that u(g,) is the neutral ele-
ment e, of E. A local group extension (E, ¢, ¥) is said to be fibered [2] if it
has a local cross-section; it is said to be inessential [3] if it has a local cross-
section # which is a local homomorphism of Q into E.

Let (E, ¢, ¥) be a fibered local group extension of R by Q. Choose a local
cross-section u: M—E of (E, ¢, ). Take an open neighborhood M, of g, in
M and an open neighborhood R, of e such that, for each x&E M, and each
y EROr

¥ (w(2)d (y)u(2)™)

is a well-defined element of R. (E, ¢, ¢) is said to be corresponding to our basic
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collective character a if the local cross-section #: M—E and the open neighbor-
hood M, and R, can be so chosen that

Y (u(2)Y (y)u(2)™) = a.(y)

for each x& M, and each yER,. Such a local cross-section #: M—E will be
called admissible.

Let ¢ denote the identity local isomorphism of R onto the kernel of
m: W—Q. Then, as shown above, (W, m, 1) is a fibered local group extension
of R by Q corresponding to our basic collective character a with our basic
local cross-section x:M—W as an admissible local cross-section of Q into
W. Hereafter, we shall call (W, m, ) our basic local group extension of R by
Q. The purpose of these elaborations is to see whether or not (W, w, ) is
inessential.

5. Equivalence classes of the extensions. Let us consider the set Q
of all fibered local group extensions of R by Q corresponding to our basic
collective character a. Any two of such extensions (Ej, ¢1, ¢¥1) and (Ea, ¢z, ¥2)
are said to be equivalent if there exists an open continuous local isomorphism

o:E, = E;

such that there are an open neighborhood E{ of the neutral element e, in E,
and an open neighborhood R’ of ¢ in R such that

a¥1(y) = ¥a(y), $20(3) = ¢1(2)

for each y&R’ and each zEE{. If u;: M1—E, is an admissible local cross-
section of (Ei, ¢1, ¥1), then the continuous map u.: M—E, defined by u,(x)
=cuy(x) for each x& M, =u7'(E{)C M, is clearly an admissible local cross-
section of (Ez, ¢, ¥2).

This equivalence relation divides the local group extensions € into dis-
joint equivalence classes. Our main concern in the sequel is to enumerate
these equivalence classes. In the next section, we shall reduce the enumera-
tion of these equivalence classes to that of the equivalence classes of the cen-
tral fibered local group extensions of the abelian local group C, the center of
R, by the local group Q. For the convenience of the reader, we shall recall in
the rest of the section the necessary definitions about central local group
extensions of C by Q.

As in §4, a local group extension of the abelian local group C by the local
group Q is a triple (B, &, ) where B is a local group, £ is an open continuous
local homomorphism of B onto @, and 7 is an open continuous local iso-
morphism of C onto the kernel of £. A local cross-section of (B, &, n) is a con-
tinuous map v: N—B defined on an open neighborhood N of g¢ in Q in such a
way that £v(x) =x for each x €N and that v(qo) is the neutral element b, of
B. Fibered and inessential extensions of C by Q are defined verbally as in §4.

Let (B, & 7) be a fibered local group extension of C by Q. Choose a local
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cross-section v: N—B of (B, £, 7). Take an open neighborhood N, of go in NV
and an open neighborhood C, of ¢ in C such that, for each xEN, and each
ZE CO)

¢a(2) = 1 (v(x)n(z)v(2)7)

is a well-defined element of C. (B, &, 7) is said to be central if Ny and Co can
be so chosen that ¢,(2) =z for each x & Ny and each z2& C,. It follows from the
commutativity of C that the above notion of central extensions does not de-
pend on the choice of the local cross-section v: N—B.

Let T denote the set of all central fibered local group extensions of C by
Q. An equivalence relation can be defined between the extensions in I' just
as for the extensions in © given at the beginning of the present section. This
equivalence relation divides the central extensions I' into disjoint equivalence
classes.

6. The reduction theorem. We shall denote by Qf the set of all equivalence
classes of the fibered local group extensions © of R by Q corresponding to our
basic collective character a. Similarly, I'f will denote the set of all equivalence
classes of the central fibered local group extensions of the abelian local group
C by Q. The reduction theorem reduces the enumeration of Qf to that of I'%,
It can be simply stated as follows(?).

THEOREM 6.1. Qf and T'* have the same cardinal number.

Proof. The proof depends on a construction of a product of local group
extensions, analogous to the one used in abstract group extensions by R.
Baer [1] and others.

Let = (W, =, v) be our basic local group extension of R by Q and let
B =(B, £ 1) be an arbitrarily given central fibered local group extension of C
by Q. In the direct product W X B of the local groups W and B [10, p. 85] con-
sider the local subgroup E* of all pairs (w, b) with 7 (w) =£(b) and define a local
homomorphism ¢* of E* onto Q by taking

¢*(w, b) = m(w) = £(b), (w, b) € E*

It is easily seen that ¢* is open and continuous. Let Ej denote the invariant
local subgroup of E* consisting of all pairs (1(c), 7(c)~?) for c&C. Let

E# = E*/E;

(?) The proof of the Reduction Theorem 6.1 actually handles a situation more general than
implied by the standing hypotheses. More precisely, let R and Q be any given local groups
such that the center C of R is abelian. Let a: M—A4(R) be a given collective character in R
and b the collective character in C induced by a by means of b =az| C. Let @ denote the set
of all fibered local group extensions of R by Q corresponding to a and T denote the set of all
fibered local group extensions of C by Q corresponding to b. If @f and T¥ denote the sets of
equivalence classes, then Theorem 6.1 is true for this general case.
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denote the quotient local group of E* over Ei [10, p. 85]. Since ¢* maps
E} into the neutral element g, of Q, it induces an open continuous local homo-
morphism ¢f of Ef onto Q. Let p denote the canonical map of the local
group E* onto the quotient local group Ef; then p is an open continuous
local homomorphism of E* onto Ef. Define a local homomorphism ¢f of R
into Ef by taking

¥ (y) = p((3), bo)

for every element ¥ in a sufficiently small open neighborhood of the neutral
element e in R, where by denotes the neutral element in B. It is easily verified
that ¢ is an open continuous local isomorphism of R onto the kernel of ¢*.
Thus we obtain a local group extension

& = (B, o, W)
of R by Q called the product of ® and B, in notation:
=W/

Let x: M—W be our basic local cross-section of (W, m, ) and v: M(—B
be a local cross-section of (B, £, 7). Choose a sufficiently small open neighbor-
hood M? of gy in Q and define a continuous map «*: M*—Ef by taking

uh(x) = p(x(x), v(x))
for every element x in M*. From this definition it follows immediately that
otut(x) = ¢fp(x(x), v(x)) = ¢*(x(#), v(x)) = mx(x) = »

for each x& M*. Hence u' is a local cross-section of (Ef, ¢f, ¢f). This proves
that @* is a fibered local group extension of R by Q. Moreover, we have

Y [ud ()9 (y)ud (2) 2] = Y1 [p(x(), 9(%))p(«(y), bo) p(x(%), v(x))~!]
= Y 1p(x (%) yx (%) 7Y, v(x)bov(2)~") = YF1p(a.(y), bo)
= YiWYha.(y) = a.(y)
whenever x& Mf and yER are sufficiently near the neutral elements. This
proves that G is corresponding to our basis collective character a and that
uf: M*—E? is an admissible local cross-section of Gf.
Therefore, our product construction gives a map k:I'—Q defined by the

correspondence B—WRB. We are going to show that x maps equivalent
extensions in I' into equivalent extensions in Q. Indeed, let

B1 = (By, &1, m), By = (By, &2 12)

denote any two equivalent extensions in I'. Then, by definition, there is an
open continuous local isomorphism

O':Bl = Bz
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such that there are an open neighborhood B{ of the neutral element b, in By
and an open neighborhood C’ of the neutral element e in C such that

om(y) = n(y), bo(z) = &Li(2)
for each y& ('’ and each zE B/ . Let us denote by

= (Esvh-Bos (i=1,2)

the product extensions in Q constructed as above. Then an open continuous
local isomorphism
] ]
7. Ey = E,
can be defined by taking

mp1(w, 2) = pa(w, o(2))

for each p1(w, 2) in a sufficiently small open neighborhood E{ of the neutral
element e, in E}, where p;: Ef—Ef ({=1, 2) denote the canonical maps. It is
easily verified that :

(y) = Vi), der(s) = Bi(2)

for each 2E€E{ and each ¥ in a sufficiently small open neighborhood R’ of e
in R. This proves that @ and &} are equivalent. Hence the map k maps
equivalent extensions in I' into equivalent extensions in Q.

Thus the map «:I'—Q induces a map «*:T'*—Qf of the equivalence classes.
The theorem is proved if we have shown that «f maps I'f onto @f in a one-to-
one fashion. This follows from the two auxiliary lemmas in the following
sections.

7. The first auxiliary lemma.

LEMMA 7.1. Every extenston in Q is equivalent with an extension of the form
BWRB with some B in T.

Proof. As in §6, let B = (W, m, 1) denote our basic extension and x:M—W
denote our basic local cross-section of €. Choose an open neighborhood
M, of go in Q and an open neighborhood R, of the neutral element e in R so
small that the following relations (i)—(iv) are true. For every x& M, and
yER,, we have
@ x(®) yx(2)7! = as(y),
where a denotes our basic collective character. Since mx(x) =x for each xE M
and M, is sufficiently small, we may define a continuous map

f My X My— R

of the topological product space My X M, into R by taking
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(ii) S(x1, 22) = x(21)x(w2) (x(#122))

for any pair of elements x; and %, in M,. The associativity on the multiplica-
tion in W as well as the relations (i) and (ii) imply that

(iif) f(®1, 22)f (%122, %3) = @,(f(%2, %3))f(%1, %a%s)
for xi, %2, x3 in M, and
(iv) a”xazz(y) = f(xl’ x2)a=‘1¢z(y)f(x1v %)~

for %y, 2 in My and y in R,.

Now let €=(E, ¢, ) be an arbitrary local group extension of R by Q in
Q and #: M«—E be an admissible cross-section of €. Choose an open neigh-
borhood M of gpin Q and an open neighborhood R, of e in R so small that the
following relations (v)—(viii) are defined and true. For every x&EM; and
yER,;, we have
v) v w(2) (p)u(2)™) = au(y).

Since ¢u(x) =x for each x& My and M, is sufficiently small, we may define

a continuous map
&M X M,—R

of the topological product space M;X M; into R by taking

(vi) g(21, 22) = Y (w(w1)u(w2) (w(21%2)) ")

for every pair of elements x; and x; in M. The relations of (v) and (vi) and
the associativity of the multiplication in E imply that

(vii) g2(x1, %2)g(®1%2, %3) = @z, (g(x2, %3))g(%1, %2%3)

for x1, %9, x3 in M; and

(viii) 02,0z(y) = g(%1, %2)0z2(y)g(%1, %2)71

for x;, x2 in My and y in R;.

If MoC Mo\ M;and Ry =R\ R, are sufficiently small open neighborhoods
of the neutral elements, then one can easily derive the following relation by
means of the formulas (iv) and (viii):
g(x1, x2)f(21, %)y (g( w1, %2)f( w1, %)™ 7!

= g(x1, %2) [f(m1, #2) 719 (21, %2) ]g (21, 22)71
-1 -1 -1
= g(x1, x2) [azlzzaz:azl (y)]g(xlv %z)
-1 -1 -1
= azlafzazxzzazlzzazxazl(y) =Y
for every pair of elements x;, x; in M and every ¥ in R,. This implies that

g(%1, %2)f (%1, x2)~!is an element in the center C of the local group R and hence
we may define a continuous map
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aM: X My—C
of the topological product space M, X M, into C by taking
d(x1, %2) = g(®1, %2)f(%1, #2)7"
for each pair of elements in M. It follows directly from (ii) and (vi) that
d(x, go) = d(go, x) = d(go, qo) = €
for every x in M,. Since a. operates trivially on the center C of R, one can
easily verify by means of (iii) and (vii) that
(ix) d(%1, x2)d(21%2, x5) = d(%9, x3)d(%1, X2%s)
for X1, X2, X3 in M,.

By means of the continuous map d, we are going to construct a local
group extension B = {B, £, n} of C by Q as follows. The space of B is the
topological product space Q X C. The multiplication in B is defined by

(xl. yl)(xz, yz) = (xlx2r ylyzd(xly xz))

whenever x;, x,€Q and y;, y2& C are sufficiently near the neutral elements.
One observes that (ix) implies that this multiplication is associative and
hence it is easily verified that B is a local group. The local homomorphism
£:B—(Q is defined by

&=, 9) = %, (%, ¥) € B.

Since £ is the projection of Q X C onto Q, it is open and continuous. The kernel
By of £ is the set of all pairs (g, ¥) for all y&C. The open continuous local
isomorphism 7:C—B, of C onto B, is defined by

72(y) = (g0, ¥), yEC.

The local group extension B constructed above has an obvious local
cross-section v:Q—B defined by

o(x) = (=, e), x € Q.

When x&Q and yEC are sufficiently near the neutral elements, we always
have

7 o(2)n(y)o(x) 2] = 77 [(, €)(g0, ) (%, &)72] = n72[(x, y)(=, €)7]
=q! [(90: y)(xr e)(x, e)—l] = "l—l(qor 3’) =Y.

Hence B=(B, &, 1) is a central fibered local group extension of C by Q; in
other words, 8 is in I'. Now let

& = (EohYH) =WRD

denote the product extension of W and B constructed in the proof of Theorem
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6.1. We are going to show that the given extension § is equivalent with G*.
As shown in §6, &f has an admissible local cross-section uf: M*—E*f de-
fined on an open neighborhood M*C M, of g, in Q by

ut(x) = p(x(x), v())

for each x& M*. Choose an open neighborhood E; of the neutral element 2,
in E so small that all the expressions involved in the following construction
are well-defined. First, define a continuous map B:E,—R by taking, for
each 2EE,,

B(z) = ¥~ [s(ug(2))1].
Next, define a continuous map ¢:E—E* by taking, for each sEE,,
o(z) = YB(2)ut¢(2).

Obviously, o maps an open neighborhood of 2, in E topologically onto an open
neighborhood of the neutral element zf in Ef. To prove that o is an open
continuous local isomorphism of E onto Ef, it needs only to be shown that ¢
is locally homomorphic

Let 2z, 2, be any two elements of E near the neutral element 2,. Call

1= ¢(21), x2=¢(22), y1=p6(=), 2= B(2).

Then, for each ¢=1, 2, we have

o(z:i) = P (y)ut(x:) = p(U(ys), bo)p(x(%:), (%)) = p(yix(:), v(x:)).

Hence we obtain

0(21)0(22) = p(yix(%1) yax(%2), v(21)0(%2)) = p(318a,(y2)x(%1)x(%2), v(21)0(2)).

On the other hand, we have

é(2122) = ¢(21)9(22) = %125,
B(z122) = ¥ [m1za(w(2122)) 7] = ¥ [ (30) w()¥ () w(2) (w(21%5)) 7]
= ¥ [P (¥ (a=(y) W (g(21, 22))] = 3182,(32)g (21, ).
Hence we obtain
o(z122) = VHB(z122)utd(2122) = p[y1002,(32)8(x1, %) x(%1%2), V(%109 ]
= p[y10:,(y2)d(%1, 22)f (%1, 2)x(2:1%2), v(%1%0) ]
= ply104,(y2)f (%1, 2)x(%1%5), d(1, 22)0(1%5) ]
= p[y1az(y2)x(x1)x(%2), v(x1)v(22) | = o (21)0(22).

This proves that ¢ is locally homomorphic and hence an open continuous local
isomorphism of E onto Ef.

Now let yER and zEE be given elements sufficiently near the neutral
elements. Then we have
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¥ (y) = VBY(n)ued(y) = Y (y)ut(q) = ¥#(y),
dto(z) = ¢f [WIB(2)utd(2)] = 5 [B(2)xd(2), 16(3)]
= p*[B(2)x9(2), v6(2)] = Ev(2) = &(2).

This proves that & and Gf = B®®PB are equivalent and hence the proof of the
lemma is complete.
8. The second auxiliary lemma.

LeEmMA 8.1. Two extensions B, and Be in T' are equivalent if and only if
BRVB, and WRB: are equivalent.

Proof. Let B, = (B, &, 1:) and choose a local cross-section v;: M;—B; for
each =1, 2. Take a sufficiently small open neighborhood M,C MiN\M, of
¢o in Q and define continuous maps

diiMy X My—C ('L= 1, 2)
of the topological product space MyX M, into the center C of R by taking

) di(t, 22) = 77 (@i(@)0:(%2) (0i(3122)) )

for every pair of elements x; and x, in M,. It follows from the associativity
of the multiplication in B; that

(ii) di(%1, %2)di(%1%5, %3) = di(%3, 23)di(%1, %2%3)
for x1, x2, x3 in M.
As in §6, W= (W, =, 1) will denote our basic extension of R by Q with our
basic local cross-section x: M—W. We may assume M C M. Let
# LS B
Ci=W Q® B: = (Ei, ¢, ¥1) (i=1,2)

denote the product extensions as constructed in §6 and

f #
ui:My— E; (i=1,2)

the local cross-sections defined by

w(®) = pilx(x), v:(x) (=12

for each x & My, where p;: Ef—E! denotes the canonical map of Ef onto Ef
as in §6. Then, when M, is sufficiently small, we have

W [kl (w00 ]

(i) = i ) x () (x(ame)) " i) va() (0a(10)) ']

= ll/:_lﬁi[f (%1, %2), nidi(%1, %) ] = di(®1, %2)f (%1, %)
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for every pair of elements x; and x; in M,, where f: My X My—R is the con-
tinuous map defined by (ii) of §7.

The necessity of the lemma is already proved in §6. It remains to show
the sufficiency of the lemma. Hence we assume that Gf and G are equivalent;
that is to say, there exists an open continuous local isomorphism

T:Ei ] E:

such that there are an open neighborhood E{ of the neutral element ef in
Ef and an open neighborhood R’ of ¢ in R such that

(y) = Va3, duo(a) = 1(2)

for each yER' and each z€ E{. When M, is small enough, we may define a
continuous map

b:Mo—>R
of M, into R by taking

(iv) b(x) = ya " [rua(x) (un(2)) "]

for each x& M,. Since the local cross-sections u{ and u! are admissible, we
have

) w(WA(y) = Yias(3)u(x),

(vi) A(EWA(Y) = Vas(9)ua(®),

for each x& My and yER' provided that M, and R’ are chosen sufficiently
small. On applying 7 to the equation (v) we find

(vid) Yab()us(e)aly) = Via=(3)pab(x)ua(z)
for each x& M, and yER’. It follows easily from (vi) and (vii) that
(viii) ' b(x)a.(y) = a.(y)b(x)

for each x& M, and y&E R’ provided that M, and R’ are chosen sufficiently
small. Since a,(R’) is a neighborhood of the neutral element e in R, (viii)
implies that b(x) is a central element of R and hence b(M,) CC.

According to (iii) for =1, we have

uf(xl)uf(xz) = ¢f[d1(x1, x2) f(%1, xz)]u:(xlxz)

for each pair of elements x, and x, in M,. Applying = to this equation and using
the fact that b(xy) is in C and that #J is an admissible local cross-section, we
obtain
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Wb Wab (s) () n(w2) = valda(ma, 2)f (1, 03) 2D (ee) a0,

But, according to (iii) for 1=2,

u:(xl)u:(xz) = ¢:[dz(x1, x2) f(1, x2)]“:(x1x2),
hence, we obtain
(ix) di(%1, %2)b(x122) = b(21)0(25)d2(1, %2)

for each pair of elements x; and x; in M,.

Choose an open neighborhood B{ of the neutral element b; in B; so small
that all the expressions involved in the following construction are well-defined.
First, define a continuous map (3:B{ —C by taking

B) = m [s(mE() ]
for each 2E By . Next, let us define a continuous mapping ¢: B —B; by taking
o(2) = 2B(2)nb&1(2)v2£1(2)

for each z&B{. Obviously, ¢ maps an open neighborhood of b, in B; topo-
logically onto an open neighborhood of the neutral element b, in Bs. To prove
that o is an open continuous local isomorphism of B; onto Bs, it needs only to
be shown that ¢ is locally homomorphic.

Let 2, 2; be any two elements of B; near the neutral element ;. Call

2= 5i(z1), we=H(z), y1=0(), y2=B(z).
Then, for each 1=1, 2, we have
o(3:) = 12B(z:)n:bEr(z:)vekr(z:) = ma[yib(w:) Joa().
Hence we obtain
o(21)0(22) = n2[10(21) Joa(21)me[y26(22) Jva(22) = 2 [y1920(21)6(22) Jua(1)(x2).
On the other hand, we have
£1(2122) = E1(21)Ea(22) = 2125,
Bzz) = n1 [zza(u(x122)) " ] = 11 [na(p0)a(x)m(ye)os(ae) (va(m120)) " ]
= m [n(m(yn(@)n(@) @:(ne) " | = yiyadi(a, o).
Hence, using (ix) and (i), we obtain
0(2132) = 2P (2132)n2051(2122)v281(3122) = ma[y192d1(%1, %2)b(%125) Jva(w1%2)
= n2[y1920(21)0(x2) Jnoda(®1, %2)02(x1%2) = n2[y1926(21)6(x2) Jv2(%1) ()
= 0(21)0(22).

This proves that ¢ is locally homomorphic and hence an open continuous local
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isomorphism of B; onto Ba.
Now let yEC and 3EB; be given elements sufficiently near the neutral
elements. Then we have

on1(y) = n2Bm1(9)nbEmi(y)vbrima(y) = n2(y),
£20(2) = E2[n:B(2)nbE1(2)0ea(2) ] = &1(2).

This proves that B; and B; are equivalent and hence the proof of the lemma
is complete.

Thus, we have completely proved our reduction theorem 6.1.

9. The trivial local group extension in Q. There is a #rivial local group
extension €,=(Ey, ¢, ¥o) in € which will be constructed as follows. The
space E, is the topological product space Q XR of Q and R. The multiplica-
tion in E, is defined

(21, 31) (%2, y2) = (%152, y10,(y2))

whenever x;, x:&Q and 1, ¥:ER are sufficiently near the neutral elements.
One verifies easily that this multiplication is associative and makes E, a local
group. The local homomorphism ¢: Eq—Q is defined by

¢0(x! y) =X, (x) 3’) G EO'

Since ¢, is the projection of QX R onto Q, it is open and continuous. The
kernel R, of ¢, is the set of all pairs (g, y) for all yER. The open continuous
local isomorphism ¥yt R—R, of R onto R, is defined by

Yo(3) = (g0, ¥, y € R.

The local group extension €, constructed above has an obvious local
cross-section #y:Q—E, defined by

uo(x) = (a, e, x Q.

When x€(Q and yER are sufficiently near the neutral elements, we always
have

Vo [uo(@)o(9)ue(x) "] = o [(x, €)(g0, 9) (% &) ] = o [, () o]
= Yo (g0, 2:(3)) (%, &) (%, &) ] = ¥ [Waaa(9)] = a.(3).

Hence €y=(Eo, ¢o, ¥o) is a fibered local group extension of R by Q cor-
responding to our basic collective character a, that is, € is in Q with #%,:Q
—E, as an admissible local cross-section.

It follows from the definitions of the multiplication in E, and the local
cross-section uo:Q—E, that u, is locally homomorphic. This implies that
Co=(Eo, ¢o, Yo) is inessential. Hereafter, €, will be called the trivial local
group extension in Q.

10. The local structure theorems. Throughout this last section of the
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paper, we shall assume one more condition than in the previous sections,
namely, that the center C of the locally connected local group R will be as-
sumed to be locally connected and hence an abelian local Lie group. Then C
is either discrete or is locally isomorphic with a finite-dimensional vector
group. Under this new assumption, we are able to strengthen Montgomery’s
results as follows.

According to Theorem 3.1, the quotient local group Q=W/R in (2.2) is
locally isomorphic with a compact zero-dimensional global topological group
Qo. It follows from the assertions proved in a previous paper [7] of the author,
namely, the assertions (7.5), (9.1), (12.2), (12.3), and (14.3) in [7], that
equivalence classes I'f of the central fibered local group extensions of C by Q
are in a one-to-one correspondence with the elements of a subgroup of the
two-dimensional Cech cohomology group of Qo with coefficients in a finite-
dimensional vector group. Since Qy is zero-dimensional, this cohomology
group contains only a single element. This implies T' consists of only one
equivalence class. Then it follows from our reduction theorem (6.1) that Qf
contains only one equivalence class and hence our trivial local group exten-
sion &y = (Ey, ¢o, ¥o) of R by Q constructed in §9 is equivalent with our basic
extension W= (W, w, v).

Therefore, there exists an open continuous local isomorphism o: Eq~ W of
E, onto W such that

o(y) = uy),  70(z) = ¢o(2)

for every yE R and 2& E, sufficiently near the neutral elements. Let #¢: Q—E,
be the obvious local cross-section of €, constructed in §9. Then we may
choose a sufficiently small neighborhood M, of ¢o in Q and define a local
cross-section

xo:Mo— W CG

of W by taking xo(x) =cue(x) for each x & M,. Since both %, and ¢ are locally
homomorphic, so is xo. Thus, we have proved the following assertion which
is a strengthened form of (2.3).

(10.1) There exists a locally homomorphic local cross-section of Q into W.
In more detail, there exists a continuous map xo: Mo— W defined on a compact
open neighborhood M, of qo in Q such that xo(qo) =e, wXxo(x) =x for each xS M,,
and xo(x1x2) =xo(x1)X0(x2) for every pair of elements x, and x5 in My sufficiently
near qy.

According to Theorem 3.1, we can choose M, in such a way that M,
becomes a compact open global subgroup of the local group Q and that x,
becomes an open continuous isomorphism of the global group M, into the
global group G.

As in §2, choose S as a symmetric open connected subset of R which in-
cludes e and is such that
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SSCRNW.

Then S s an invariant connected, locally connected, locally compact n-dimen-
sional local subgroup of G. Choose a compact open subgroup N of the compact
zero-dimensional group M, such that

xo(N)S C W.

Call Z=xo(N). Then Z is a compact zero-dimensional subgroup of G. With
this new Z, the assertion (2.4) still holds. Hence we have strengthened Mont-
gomery’s result (2.4) with additional information that, if C is locally con-
nected, then Z may be assumed to be a subgroup of G.

Now let us assume that the center B of the group G is a Lie group. Accord-
ing to §4, we have

C=RNB.

As a local subgroup of a Lie group B, Cis a local Lie group. Hence Theorem 1
of the introduction is now an obvious consequence of the above information.
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