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Introduction. A general problem in the theory of abstract Riemann sur-
faces is to construct a function which minimizes the value of a given func-
tional m defined on a class F of functions on a given Riemann surface R.
The minimizing function is, at each point of the surface, a new functional of
F and m. We shall give, by two typical examples, a method for constructing
such functionals.

For F, we shall first take the class { P} of analytic functions with the
expansion

1 o
P=p+ip=—+ 2z
1

in a fixed parameter disc ]zl =1 and with a single-valued real part p on R.
For the quantity m to be minimized, we take

my(p) = 2nhkay + f pdp.
8

Here A is a real parameter belonging to the interval (—1, 1), a; stands for
Re (ax), and B is the (ideal) boundary of R. The integral along 3 is defined as
the limit of integrals along boundaries of exhausting domains. We shall
prove that there exists in {P} a unique function P, called the principal
function,

1 ]
Pr=p+ ip = -+ > o,
2 1

which minimizes m, for a fixed k. This function is a linear combination of
P_, and P;. The minimum of m,) can be expressed solely in terms of «_y; and
ayx. For any p, the deviation of m, from this minimum is equal to the Dirichlet
integral of p —pa. The coefficient oy is minimized by oy and maximized by
a_y, for functions with [spdp <0. The P-span

op = OQ_1x — 1k

is equal, up to a constant factor, to the minimum of fgpdp. This minimum is
attained for po=(p1+p_1)/2. All functions p with [spdp <0 coincide if and
only if the P-span vanishes. The function p_;—p; is bounded and minimizes
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the Dirichlet integral among (normalized) single-valued harmonic functions
on R. The minimum is, up to a constant factor, the reciprocal of the P-span.

For a second class, we shall consider the subclass {Q} of {P} defined by
the additional property that the period of the imaginary part § vanishes along
every cycle dividing R into disjoint parts. In this class, there is again a
unique principal function Q) which minimizes m\(q). The properties attributed
above to P, are shared by Q, when ay;, and the Q-span gg =a_i; —au;, are taken
with respect to {Q}. On planar surfaces, the functions Q are single-valued,
and Q; and Q_; (for k=1) map R onto the vertical and horizontal slit domains.
The Q-span coincides with the span introduced by Schiffer for multiply-
connected plane domains [14].

The problems of maximizing «, of minimizing [g¢dg, and of finding the
connection between these extrema were introduced by de Possel [6],
Grunsky [2], and Schiffer [14] respectively. These authors gave the solution
for plane domains. The contributions of the present paper to these problems
are: (1) By the choice of my as a combination of a; and [¢dg, the three prob-
lems are unified and solved simultaneously. (2) The solution is given also for
the more general class {P}, that is, without assumptions on the imaginary
part. (3) The problems are formulated and solved for arbitrary Riemann
surfaces.

These results have applications to the classification theory of Riemann
surfaces. With notations introduced in §4, the following relations will be
proved:

Oug C Opep = Oup = Sp,
Okp C Ogep = Okp = Sq,

Owg = Oap C Oup,
and, for planar surfaces,

Oup C Oupp = Osp = Ogr = Soq.

These relations include those established by Ahlfors-Beurling [1], Lehto
[3], Lokki [4], Parreau [5], Royden [7], and Virtanen [15], using primarily
the method of extremal length and Dirichlet’s principle.

- The extremal method suggested in the present paper can also be used in
the investigation of bounded schlicht functions and functions with a single-
valued modulus. It leads, in a natural way, to relations concerning the
capacity of a boundary component of an arbitrary Riemann surface [13].
Furthermore, it yields a general operator L [12], applicable in the linear
operator method [10]; there the quantity m to be minimized by the principal
function characterizes its boundary behavior. A survey of the above methods
with applications is presented in [11].

1. The class { P}. Let R be an arbitrary open Riemann surface. Consider
the class { P} of analytic functions with the expansion
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1 0
(1) P=p+ip=—+ 2 oz
2 1

in a fixed parameter disc D: Izl =1 and with a single-valued real part p on
R. Here k is a fixed positive integer. The functions P are supposed to be free
from singularities other than z=0. Write

1 0
2 Pr=p+ ih = pry + D o
1

and set onx =Re (a”c).

THEOREM 1. I'n the class { P}, there is a uniquely determined principal func-
tion P\ which minimizes

3) m(p) = \-2rkaes + f »d5.
2]

This minimizing function has the following properties:
1°. The deviation of my from the minimum 1is given by the Dirichlet integral,
that 1s,

4) m\(p) = ma(pr) + D(p — p).

2°. The minimum for any \ in the interval (—1, 1) can be written in terms
of aw and a_y;, and has the value

(5) m(py) = 27k [(1 + N2 — (1 — N)2a_gx).
3°. The function P\ is a linear combination of Py and P_; as follows:
142 1—2
(6) Px= P1+_2—P_1.

Proof. Suppose first that R is bounded by a finite set 3 of closed analytic
Jordan curves. In the class {p}, consisting of the real parts of functions { P},
there are two particular functions p; and p_; determined by the conditions

(7 p1 = const. on S,

dp_1
(8) ™

= 0 ong,
where /9% is the normal derivative. These functions can be constructed by
well known methods (for example [10]). Let

14+ 1—2
5 P1+——2‘“P—1.

9) nH=
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For any p on R, we have, writing p—pr=h,

ma(p) = 2mhkoy + f 22 f ndh + f hdpy + D(h).
[ B B

Here
1 — a2 1 — 2\
fp)\df)\ = fp—ldﬁl + Pldf—l = fp_ldfl - ?1dﬁ_1
8 4 ] 4 8

1 — 1 —

=~ [ estpi = pudpa = == [ pstp + paipn
1 — a2

= 4 Im fP_1dP1,

where the transfer from 8 to a: Iz[ =1 is justified by Green’s formula. It fol-
lows, by (2), that

(10) [ #ap = 2wkt = W)k = o
s .
Furthermore,
. 1= . 1=
fpxdh = —fp_ldh =——1Im fP_ldH = k(1 — N)(ax — o),
8 2 B 2 a
and similarly,
14+ 14+
f hipy = —1;— f hip, = ——-|2;—Im f HAP, = k(1 + N)(one — ).
B B a
Adding these expressions, and making use of the formula

1+ 1—

2317

o\ = o1k,

we have the important relation
(11) m\(p) = 27 wk[(1 + N?aw — (1 — N2a_w] + D(p — p).

The theorem then follows for the case of a region with analytic boundary.
For A=1, —1 we find in particular

2rkoy + fpdﬁ = 2rkay, — 2wkay +fﬁdﬁ = — 2rko_y,
B 8

and consequently

(12) air S ay S a1
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for functions p with [spd$ =<0.

Now let R be an arbitrary open Riemann surface of finite or infinite
genus and let {R,.} be an exhaustion of R, where R, is bounded by a finite
set B, of closed analytic Jordan curves. Suppose that

1 )
Py, = "'; + E O’
z r=1
is the minimizing function for R,. It follows, by (11), for =N that
Dx(pran — Drv) = maw(prn) — man(pan),

where the Dirichlet integral Dy is taken over Ry, and where my is (3) for
Ry. Since the Dirichlet integral of p), over R,— Ry is non-negative, we have

(13) Danlhrn = DrnlPrn,s
BN Bn
and
N (Prn) = Man(Prn).
Hence, by (11),
Dy(prn — paw) < 270k [(1 + N)2(oanr — asve) — (1 — N)2(a_1ar — a_1vs) .

Now we make use of our assumption I)\| =1. It implies, by (13) and (10),
that [s,padPra is nonpositive. Therefore, the relations (12) can be applied:

Uik = C_INE, Q_1nk = QINE-
It follows that
(14) Dn(pan — prv) = k(1 4+ N (v — ouvk).

Thus, the class { pm} for n= N is a normal family in Ry. Since R,—R, a
subsequence, say {px,.}, tends to a function p, in R,

H = lim py,.

n—wo
By the minimum property of pr, in R,,
Mrn(Prn) S Man(Print1)) = Mrni1) (Drn1))-
This yields

lim m)\u(P)\n) < inf mh(?) = mk(?’«):
where inf m(p) is (3) for the class {p} on R. In fact, every p on R is an
admissible function on R,, which implies that m,(prs) Sma(p). Thus the
first inequality is established. On the other hand,
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mx(p)\) = lim M)\,.(ﬁ)‘) = lim lim m)‘,,(j)m) =< lim m)‘m(jzx,,.).

n— o0 n—0 m—o m—
Therefore,

(15) min m)\(p) = mx(P)‘) = lim M)‘n(?)‘n).

For any p =p\+h and any real ¢,
m\(pr + €h) = m\(p»)

+ e{eD(h) + I:)\'Zwk(ak — k) + f (P)\d}; + hdﬁ)\)]} .
8 ‘
The minimum property of p) implies that
(16) N 27k(ar — onr) + f (prdh + hdpy) = 0,
8

for otherwise ma(pr+ eh) —ma(pr) would change its sign with e for sufficiently
small | e] . Setting e=1, we have equation (4):
m\(p) = m(pr) + D(p — ).

The uniqueness of p, now follows. Let py and p¥’ be two minimizing func-
tions. Then

m(pr) = ma(px) + D(pr — p1') = ma(p)

and

D(pr — ) = 0.

Thus, since py —pi’ =0 at 2=0, we have py =p)’. In particular, the original
sequence P, converges.

By (11) applied to R, and by (15), equation (5) follows for R. Similarly,
the equation (9), defining the approximating functions p», on R,, continues
to hold for the limit function on R. The theorem is thus proved for an arbitrary
R.

2. Other extremal properties of the principal function p.. In order to
apply Theorem 1, we combine (4) and (5) to obtain the fundamental formula

(17) m(p) = 27'rk[(1 + N2 — (1 = N?a_u] + D(p — p).
We define the P-span op by
op = a_1x — Q.

THEOREM 2. P, minimizes and P_; maximizes an among functions P with
Jpdp =<0, that is,
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(18) aiy S o = a1k

The boundary integral for px has the nonpositive value
(19) fpxdﬁ)‘ = 2717k(\? — 1)op < 0.
B

In particular,

f?ldﬁl = fﬁ—ldf-l =0,
B B

(20) f podpo = min ( j:, pdﬁ) = — 27'rkop £ 0
8

where po=2"(p1+p-1).
The function p_1— p1 is bounded on R.

Proof. (18) follows from (17) for A=1, —1. For p =p, (17) gives (19) and
(20). In R,—D, we have I p_l,.l = maxa ] p_l,.l . In fact, if p_y, is continued
harmonically on the “double” surface formed by symmetrizing R,—D with
respect to f3,, it assumes identical values on the two copies of a; the inequality
follows from the maximum principle. In view of the uniform convergences
of p_i1n, this implies that | p_1| < maxe | p_ll in R—D.

Similarly, |pia| Smaxa |pia| in R.—D. In fact, if | pia| =const.=c, on
B. were >max, lPlnl , then [pl,.] <¢y in R,— D and 9$,,/9n would not change
its sign on B,. Since P;,>const., this derivative cannot vanish on the whole
B, contrary to the condition f5dp1.=0. It follows that | p1| Smaxa |#4] in
R—D. Boundedness of p_; and p; on R— D implies that of p_;—p; on R.

Consider now the class of analytic functions f+4f on R which have the
development

f4+if=2bz, Re() =1,
1

in D with a single-valued real part on R. Set

1

(21) Jot ifo = — (Py — Py).
op
THEOREM 3. The function fo gives to D(f) the minimum
(22) min D(f) = D(fo) = 2nk/ap.
Proof. Write
f= LA & with ax = a_ 1.

op
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Then, by (17), for A=1, —1,

D(p — p1) — D(p — p-1) = 2rkop.
Therefore,

27

k
+ D(f — fo).

ap

1
D(f) = z D(p — p) =

We add the following remark:
For all functions p with [pdp=0 (for example p and p_y),

D(p — po) = 27'mkep = const.
This follows from (17) for A=0.

THEOREM 4. For an arbitrary given Riemann surface R, the following prop-
erties are equivalent:

(@) The P-span vanishes.

(b) There are no functions P with [pdp <O on R.

(c) All functions P with [pdp <0 are identical.

Proof. By (17),
(23) D(p — po) = fﬁdﬁ + 27 'rkop.

Hence, (a) implies (b) and (c). Conversely, (a) follows from (b) or (c) by
Theorem 2.

3. The class {Q}. So far we have dealt with single-valued functions p
without making any assumptions on the imaginary part. Consider now the
subclass {Q} of {P} determined by the requirement that the period of the
imaginary part ¢ of Q vanishes along every cycle dividing R into two parts.

We note first the following simple statement:

Every open Riemann surface R can be exhausted by compact sub-domains
R,, bounded by analytic Jordan curves, each of which divides R into disjoint
parts.

In fact, let first {R,.} be any exhaustion on R, such that the complement
R—R, consists of a finite number of noncompact domains S,;. In S,;, it is
always possible to find a doubly connected domain D,; separating the com-
mon boundary part of R, and S,; from the common boundary part of R and
Sni. Map-D,; conformally onto an annulus D,;. Take in D,; a circle B,;. The
corresponding curves f3,; (# fixed) on R are analytic Jordan curves bounding
a subdomain R,DR, and each dividing R into disjoint parts. By enlarge-
ment in the same way of any R,, which contains R,, we form R,.;. The se-
quence {R,} is the desired exhaustion.

THEOREM 5. In {Q}, there is a unique principal function Q\ which mini-
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mizes m\(q). Theorems 1-4 remain valid when P and Py are replaced by Q and Q.
The coefficients any, have to be taken with respect to {Q} and the P-span replaced
by the Q-span oq=0a_1x—ous.

Proof. If the boundary B of R consists of a finite number of analytic
Jordan curves v;, replace p; in (7) by the function ¢; determined by

(24) ¢1 = const. on v;.

Write g_1=p_;. The above proofs will then be valid with g and ¢, substituted
for p and p) respectively. If R is arbitrary, let {R,,} be an exhaustion, R,
being bounded by a finite number of analytic Jordan curves each of which
divides R into disjoint parts. A function of the class {Q} in R or in R,y
then satisfies [dg=0 along each boundary curve of R, and the proof of
Theorem 1 will hold verbatim.

In Theorems 2—4, replace op by oq, and f, fo by g, go, respectively, the
latter being subclasses of the former, satisfying [dg= fdg,=0 along dividing
cycles. Theorem 5 then follows.

Theorem 3§ is illustrated by its application to planar surfaces (genus=0).
The functions Q are now single-valued analytic functions and the function
Q-1 — Q1 is bounded. Select k£=1. Since, as is well known, Q; and Q_; map R
onto vertical and horizontal slit domains, oq is the span of R (Schiffer [14]).
Denote by 4 the complementary area in a schlicht mapping of R by a func-
tion Q.

THEOREM 6. For a planar surface R, we have the following extremal proper-
ties:
1°. The vertical slit mapping Q1 gives the minimum

(25) min (2roy — A) = 2way,.
The horizontal slit mapping Q—, gives the maximum
(26) max (2ra; + 4) = 2ro_y,1.
2°. The function Qo gives to A the maximum
27 max f qdg = f qodgo = 27 lwayq.
-8 -8
3°. The function Go=(1/0q) (Q-1— Q1) gives to the area D(G) the minimum
. 2wk
(28) min D(G) = D(G,) =
9Q

among all single-valued analytic functions

G= Z bz, Re (b)) = 1.
1
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THEOREM 7. For planar Riemann surfaces, the following conditions are
equivalent:

(a) The Q-span vanishes.

(b) R is rigid, that is, schlicht mappings of R are linearly dependent. In
particular, Q_1=0.

(c) R can not be conformally mapped (by Q) onto a surface with [qdg<O0.

(d) 4 =0 in every schlicht mapping of R.

{ }Both theorems are immediate applications of Theorems 2—4 for functions
Qf.

REMARK. For planar surfaces, the class {q} for which [3gdg=<0 is a gen-
eralization of schlicht functions. We have, therefore, obtained for arbitrary
Riemann surfaces results for functions which play for these surfaces the same
role as the generalized schlicht functions play for planar surfaces. The author
had stimulating discussions with Professor Schiffer on this subject.

4. Classification of Riemann surfaces. We conclude with an application
to the classification of Riemann surfaces. The following abbreviations (cf.
[9]) for certain properties of functions will be used:

H harmonic single-valued nonconstant,

K H with an imaginary part having no periods along dividing cycles,

A analytic single-valued nonconstant,

W meromorphic nonconstant,

S schlicht single-valued nonconstant,

B bounded,

D with a finite Dirichlet integral,

E omitting a set of values of positive area.

By a combination of letters, we denote classes of functions with the cor-
responding combination of properties. Let Of be the class of Riemann sur-
faces with an F-removable boundary (cf. [8]), that is, with no functions belong-
ing to a given class F. We shall compare these classes mutually and with the
classes Sp and Sy, defined by vanishing span:

Sp the P-span vanishes,

Sq the Q-span vanishes.
THEOREM 8. For single-valued harmonic functions,
(29) Oug C Onp = Oup = Sp.

Proof. The last equality is given by (22). Suppose now Sp>0. Then p_,;
— pr1#const. and belongs to HBD.

The first two relations were found, by other methods, by Royden [7],
the relation OgpCOpgp also by Virtanen [15]. The last relation is new, ex-
pressing the fact that there exist functions HD if and only if the P-span is
positive.
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It follows from Theorem 8 that the vanishing of the P-span is a con-
formally invariant property of the surface, i.e. independent of the location
and order of the pole of the functions {P}.

THEOREM 9. For single-valued harmonic functions whose conjugates have no
pertods along dividing cycles,

(30) Oke C Oxep = Okp = Seq.

Proof. The relations are obtained by a proof analogous to that of Theorem
8.

THEOREM 10. For planar surfaces,
(31) Oap C Oaep = O4ap = Ogeg = Sq.

Proof. Since, for planar surfaces, K =4, the first two relations and the
equality Oap=3Sq are included in Theorem 9 and written here for the sake
of completeness. The last equality is given by (27) for Q and by Schiffer’s
result on the univalency of Q_1+ Q.

The relations Q43 CO4p =0gg were first proved by Ahlfors and Beurling
[1] using the theory of extremal length. The last equality is due to Lehto [3].

We turn now back to arbitrary Riemann surfaces.

THEOREM 11. For analytic functions,
(32) Owe = Oap C Oup.

Proof. Suppose that a function of class WE maps R onto a surface R’.
Then, on the projection R of R’ on the complex z-plane, the function 2& WE.
By Theorem 10, there is a function of class 4B on R, hence on R’ and finally
on R. The opposite inequality is trivial and the first equality follows. An
analogous reasoning shows that the existence of a function of class 4D on R
implies the existence of a function of class AB on R.

Royden [7] was the first to remark on the generality of the inclusion
04COuap for arbitrary surfaces, while Parreau [5] announced an inde-
pendent proof. Later, also Lokki [4] proved it. The obvious extension of the
relation Owg =045 to arbitrary surfaces seems to be new.
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