THE MATHEMATICS OF SECOND QUANTIZATION

BY
J. M. COOK

INTRODUCTION

The following is an attempt to construct a mathematical model for use in
quantum field theory.

Although few nonspecialists have had opportunity to become familiar
with the language of modern pure mathematics, quantum theory seems to
have reached a point where it must use that language if it is to find a genuine
escape from the divergence difficulties. Divergence can not be properly coped
with when convergence itself has never been rigorously defined. In the
classical analysis of real and complex numbers, results, even correct results,
can be obtained by algebraic manipulation of formal power series; but these
numbers are not just algebras, they are topological algebras, and only with
Cauchy’s introduction of the epsilon-delta treatment was mathematics pro-
vided an explicit method of separating sense from nonsense. Similarly, in the
modern analysis of infinite-dimensional algebras results can be obtained by
algebraic manipulation of formal expressions, but these results often require
topological justification.

One standard way of introducing a topology into the algebra of observ-
ables is to make them operators on a Hilbert space. This method, which does
not seem to be extensively employed in quantum electrodynamics, can be
used to construct a mathematically rigorous formalism the manipulation of
which is directly followable by one’s physical intuition. This construction
requires the exercise of two dissimilar disciplines, mathematics and physics,
so the exposition is divided into two parts upon which relative emphasis can
be adjusted to suit individual tastes. In particular, physicists can greatly
simplify the mathematics by ignoring: (1) operator-domain considerations
(as is done here in the derivation of the Yukawa-potential); (2) discussions
involving the group algebra of the symmetric group (since only the Fermi-
Dirac and Bose-Einstein cases have ever actually occurred); (3) material
depending on the simply-connected covering group of the Lorentz group
(since it is not needed to derive Maxwell’s equations). However, Part I is
empty, unmotivated mathematics without Part II; and Part II does not
exist without Part I. The two are designed to be read, not consecutively, but
in parallel. Sections are numbered accordingly.
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advice in the preparation of this paper. It is to be submitted to the Depart-
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ment of Mathematics of the University of Chicago in partial fulfillment of re-
quirements for the Ph.D. Most of the work was done under contract with the
Office of Naval Research.

PART I. MATHEMATICAL PREPARATION

1. DEFINITION 1. Let = ) m o ®@R®, where N is a given Hilbert space of
arbitrary dimension and R =RQ - - - QR s the tensor product of R with
itself n times.

(For a definition of the tensor product (direct product) see [6, Part I,
chap. II].) Let R be the one-dimensional Hilbert space of complex numbers;
and let i be the natural isomorphism R™®—0® - - - BOSGR™POD - - - of
R™ into §.

DEFINITION 2. Let A; be densely defined, closed, linear transformations on
the Hilbert spaces Oi. Then A1 Q@ - - + @A, is the densely defined, closed, linear
transformation on H1Q - - - @ Dn with domain Ds,® - - - @ D4, equal to the
set of all b in O, Q - - - @Dn such that there exists a g tin D1 ® - - - @O, with
(g, $1® - - - ®dn)=(h, AT ® - - - @A}D,) for all ¢; in Dar; in which case
(4:1® - - - ®A4)h=g.

D4 is dense in H; [8, p. 29], so the linear set generated by D ® - - -
®Dy,*isdensein H;® - - - @Pn, and (41® - - - ®4,)k is uniquely defined
when it exists. If ¢;EDy4;, then (4:1® - - - ®4,)01® - -+ QD=4 ® - - -
®A.Pn, 50 A1 + + - ®A, is densely defined. It is closed and linear by con-
tinuity and linearity of the inner product.

Now, making the conventions: (1) [4, B]|=AB—BA4A; (2Q) A™W=4Q® - - -
®A operates on R™; (3) 8(¢, j) =0 or 1 according as 15%j or 1=j; (4) A°=1;
(5) Don, A%GDQ® ... @AM =0 if n=0; (6) T  is (when it exists) the
minimal closed linear extension of the transformation T'; we define a map-
ping @ by

DEeFINITION 3. If A is a densely defined, closed, linear transformation on R,
then Q(A) is the densely defined, closed, linear transformation QA)= Z,‘,‘_o
69(27-1 AGDQ ... QAT op F.

Dzt ast1)@--@asamy® contains all ¢:1® - - - ®p, such that ¢;EDy,e, so
(2p, AD® ... @ANEm)* is densely defined and (D2, A¥DQ - - .
QANm)*k* = (38 AUIDQ . .. ®ANEM)T exists [8, p. 30].

THEOREM 1. If A is normal, vthen so is QA), and QA)*=Q(4*).

Proof. We need only prove (D, A0 ® « .. ®A4%™)” normal and
(Zf-l A¥Dg ... ®A“""’)~*=(Z?-1 AXCEDR ... @A*Em)T [3, pP.
34 and 32].

Let {E\} be A’s resolution of the identity. Then {E,,® - - - ®E,} isan
n-parameter resolution of I™ [8, p. 19], and D 7 ,A%D® ... @A
=212 NdE\,® - -+ ®E\,Cf( 2% \)AE\® - - - ®Ey, which is normal
[8, pp. 22, 45, and 47]. Therefore
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(ZA‘(‘-” ® - @ A6 u)) f( Z)\>dEx1 © ® K,

f==1 =1

Now let fED/zhyr 008, and fi=(Ei—E_)f for k=1, 2,.-..
Then fi EDer,ss0n0- 86w ™) limk-w fe=f, lmp (25, A0 -
@AM fi=[(2-N)Ex® - - - ®Fs,f, and so f E@(z‘=laa(t.x)® @A »
and (Sh, AKDE -+ - @A) = (S0 N)IEN® —- - BB

Similarly, (2_f; AV ... @A4¥EM)T = f( Zf-l N)dE,®
®E)‘”=(E?_IA5(.'.1)® Ce . ®A8(|‘,n)*)~'

CoROLLARY 1. The normal operators A and B commute if and only if Q(4)
and Q(B) commute.

COROLLARY 2. If A and B are densely defined, closed, linear transformations
such that A = B and at least one is bounded, then Q(A) = Q(B).

Proof. Let (4 —B)’ =0 be a self-adjoint extension of A —B=0 [8, p. 35].
Then Q((4 —B)’)=0 also, as follows from the proof of the theorem. Since
Q(4)—Q(B) is densely defined, we shall be done when we have proved
QA4 —-B))D4)—Q(B), i.e,, when we have proved (4—B)' ®IDARI
—BQ®I.

Let fED4@1-s@1. Then (A @I-BRI)f, $1®¢2) =(f, (4*—B*)$1@¢2)
for all ¢;®@PED4*_p*®@ Dr. But either 4 or B is bounded so (4 —B)*=A4*
—B* [8, p. 29]; and A—BC(4—B)". Therefore A*—B*=(4—B)*
2(4—B*)', and ((A®I—BQI)f, $:1®¢:)=(f, (A—B*)'$1Q¢.) for all
100 EDu—p%' ®Dr. Therefore (ARI—-BRI)f=((A—B)YQIf and f
ESD(A_B)'®1, (A B) ®I:)A ®I B®I

THEOREM 2. If A and B are bgumled linear transformations on §R,~then:
(a) Q(ad+BB)=(a(4)+B2B))", (b) 2[4, B]))=([24), &B)])", (o)
A =B implies QA)=Q(B), (d) QA)*=Q(A4*), (e) Dow)=F implies A =0.

Proof. (a) Let fEDg(auatsp), and IO@ - - - @IM OOV HOR+D . . . )f
=f,. Then lim,., fn=f and lim,., Q(ad+BB)f.=Q(ad+BB)f. But f.
E Danay+sacs) and Q(ad +BB) DaQ(4)+BQ(B). Therefore fFEDancar+s2ery
and Q(ad +BB)f = (a(4)+BX2(B))f.

(b) [2(4), 2B)IS X o®[2 0, 4260 ® ... @A%™, 375, BiGD
® --- @Ba<f.n)]= Z;’_o@ Z;'J_l ) [Aa(i.1)® cee @AM, Bs(f.n@ .
®B8(:‘,n)] = Z:_(’@ Z;»_l [Ass,1)® - QA% BiGH® . ® BéG. n)]
=2 no®>r, [4, Blp6r® . ®[A BJstim =Q([4, B]). Now proceed
as in (a).

(c) Follows from Corollary 2.

(d) Obvious.

(e) If A0, then there exists an element ¢ ER such that |]¢|] =1, A¢ #0.
Then 3ai®(1/n)$® - - - ®SES, but [|2(4) So, @ (1/m)6® - - - B4
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=>2, 1/n? dorar (ANDgR - .. @AWY ANEVPR - - . @ANim)
=%, () Gl Ad| +nn—1)] (48, #)| 9 =48] Smy 1/n= .

TueorReEM 3. If H and A are linear transformations on R such that H 1s
self-adjoint and A is densely defined and closed, then

exp (1Q(H))Q(4) exp (—iQ(H)) = Qexp (1H)A exp (—iH)).

Proof. exp (GQH))= D 2o® exp (2 n, HNUEDQ ... ® Hm)™)
=2 wo® [I0-1 exp GHPGV® - - - QHMNW)= 3> (@& [}, exp (GH)D
® - - - ® exp (1H)*m™, so

(7N exp (iQ(H)) = Y @ exp (iH)™.
n=0

We are dealing with automorphisms of %R, R™, and §F, so
exp (IQ(H))QA) exp (—iQH))= Xao®exp GH)™ (D1, ANV - - -
®A%Em)~ exp (—iH)™ = Z:-oGB(Z;'-l exp ((H)MANDQ - .. @AW
exp (—iH)™) = 2 7.,0( 25, exp (H)AYWV exp (—iH)® - - -
®exp ((H)A™ exp (—iH)) = 2 2 o@(2 71 (exp (iH)A exp (—¢H))*d'V
® - - - ®(exp (iH)A exp (—iH))%m)” =Q(exp (iH)A4 exp (—iH)).

2. To every permutation 7, in the symmetric group I, of degree #, there
corresponds a unitary operator U, on ™ uniquely defined as the bounded
linear extension of the operation U1 ® * - - Q¥u="¥x1y® * + + @Yxy ON
decomposable tensors. The #!-dimensional ring G, generated by {U,} is
isomorphic with the group algebra [9, §14] of IL,.

To every ¢ in i there corresponds the linear transformation (¢ ®) on §
uniquely defined as the bounded linear extension of the operation (¢ ®)i¥1
® - - QYn=1p@Y1® - - - @Y, Then [(@®)] =|l¢|l, and ($®)* is the
bounded linear extension of (@®)*W1® - - - Q¥Yn={W1, P)W:® - - - QY
(where (¢ ®)*a=0 for aERD).

Let G be a function which assigns to every =0, 1, 2, - - - an operator
G, in G,. Then

DEFINITION 4. wg and wg* map R into the set of all densely defined, closed,
linear transformations on F by we(®) =(DmoDG.)@®), wd* ()
=(@®)*( 20 ®GCH) .

we(¢p) is closed because (D o o®G,) is closed and (¢®) is bounded.
If fE€EDyorem@en and gEDuge, then ((@®)*(2aeo®GHf, 2
=(f, (Lm0 ®Ga) (@ ®)g), 50 we(#) S (¢ ®)*( 2 nmo®G¥))* is densely defined
and we*($) =((®)*( Xm0 ®GH) ™ = (($®)*( Lo ®Ga¥))** exists [8, p.
30], and equals (( X0 ®GH)*(¢®)**)* by [8, p. 29]. Therefore

(8) we(®)" = we@),  wa(9)” = we(d).

01wa($1) +awe(ds) and afwe*($:) +afwe*(¢2) are densely defined linear
transformations such that (ouwe($1)+awe(pe)) =weloapi+asps) and
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(afwd®($1) Faftwd* () =we*(ap1+asps).

THEOREM 4. If A is self-adjoint, then exp (—iQ(A))wg(qS).exp (292(4))
=wg(exp (—14)9) and exp (—1Q2(4))ws*(P) exp (1Q(4)) =we*(exp (—i4)d).

Proof.
exp (—iQ(4))we(¢) exp (1Q(4))

= (i @ exp (—iA)(n)) wa(9) ( i @ exp (iA)(n))

n=0 n=0

-(Zec)(Sew (~i4)") (6 ) (Z o)

n=0 n=0 n=0
- ( > e Gn) (exp (—id)$®)

= wg(exp (—i4)¢)
by (7). The second expression follows by taking adjoints.

THEOREM 5. If A is a densely defined, closed, linear transformation on R,
and $EDa, YEDar, then [QUA), we(d)] and [Q(A4), we* ()] are densely de-
fined, linear tran‘fformations on § such that ([QA4), we(®)])” =we(4¢) and
([2(4), @) )™= —we*(4*).

Proof. Let fu€iR™NDiawy,wewns ¥iEDar. Then [Q(4), wo(d)]fa
EiRe+Y, and ([Q(4), we(®) Ifn W1® + + + OYnt1) =(fa [we*(), 2A*)]it1
®  BYu)=(n [@®)% QAN(Ze®CH® -+ OYus)
=(fa (A3 ®)*( Lo ®CHWI® -+ - OYnt1) = (fa, 0" (AR Y1 ® - - - OYny1)
=(we(AD)fn ¥1® * -+ ®Yns1), s0 [Q(4), wa(®) Ifs=wa(Ad)fa

If fE€EDiawy,uqey then f=2 2, fo with fu€IR®NDiawy,ewn, and
[2(4), we(@)]f= 2 amo[UA4), we(@®)]fa= a0 we(Ad)fa=we(4A¢)f and so
[Q(4), we(d) ] Cwe(49).

Since [Q(4), we(¢)] has a closed linear extension we(4¢), it has a closure
([2(4), we(@)])” Cwe(dd). Now let fEDugus, f= Dummo frr [rEIR™.
[2(4), we(p)] is densely defined on jR™, and there exists g;.CiR™
NDiacay,ugen such that lim.e gin=fx. wa(Ad) is bounded on each ™,
50 limi.e wo(AP)gin=wa(dd)fa, ie, limi. ([24), we(49)]) gin
=we(A¢)fa. But ([24), we(@)])” is closed, so faEDqow,wew]) and
([24), w6(@®)]) fa=wa(4¢)fs. Now limm.w Do fa=f and limm.,
([204), w6@)]) Xro fo=limpee Do waldd)fo=we(dd)f, so f
EfD(&A)).wgwm and ([2(4), we(®)])"f=we(A¢)f. Therefore ([2(4),we(9)])
=wg(A49).

To prove the second expression, let fo EiR™NDiac4),wg*wi1, ¥iEDar. Then
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[2(4), w¢tW)]f-€iR"D, and ([2(4), w*@)]fa H1® - -+ O¥u1)=(fa
[we®), QAN WL® - - - OYns) =(fa, (Xie0®Ga) [¥'®), UAH 1® - - -
®¢n—1)=(fm (E:-oGBGn)(—A*'P@)i%@ c @Yn) =(fa —we(A®) Y1

®@Yn_1) = (—we*(AY)fa, W1® - - - @Yu_1), and as before [Q(4),

(¢)]f = —wd(A*Y)fn. The remalnder of the proof is identical with that
of the preceding case.

3. From the general theory of group algebras [9, §§14, 15] we know that
the center of G, is generated by a set of orthogonal projections {P,} indexed
by the characters 7 of II,, such that P,=(1/x!) Zren» 7(r)Ur. The cor-
responding resolution of the identity I™ = > ,P, of R™ gives the central
decomposition of G, into factors P,G, of type I, where m=m(r) is the di-
mensionality of that irreducible representation of II, belonging to 7. Each
P, can be further decomposed into orthogonal minimal projections P,
=Y ™, P, ;(by means of Young symmetrizers). The only 7 such that m(r) =1,
i.e., such that P, is itself minimal, are the alternating character a, (a.(7) =1
or —1 according as 7 is even or odd) and the identity character s,(s.(7) =1
for all 7). These two characters are the only ones which are homomorphisms
of II,, and are the only ones which we shall investigate further. P,, is the
projection of ™ on its subspace of anti-symmetric tensors, P,, is the projec-
tion of R™ on its subspace of symmetric tensors.

To treat the anti-symmetric case first, we restrict all our operators to the
subspace A= (D 2o P.,)F and define wg and we* by picking G to be that
particular function 4 which assigns to every non-negative integer #n the
operator nY2P,. in G.. Thus wi($)=(D mo®nY?P,,)(¢®), and wi*($)
=((p®)*( X o®nl?P,,))V? considered as linear transformations of 9. %
reduces Q(4), so the discussions in §§1 and 2 apply unchanged.

For any orthonormal basis {¢.~} of N, we define an orthonormal basis
{(@F¢r - - - )a} of A, where n;=0 or 1 and D .; n;< o, by (¢¥¢ - - - )a
=j((22s m)N)VPesn1® + -+ @102 ® - - - ®$2®¢s® - - . (The ele-
ment ¢; appears #; times in the tensor product.) Extend the definition of
(¢7'p2 - + - )a so that it is zero if #n,>1, or n, <0 for any k.

By direct computation it is seen that

ﬂk+l

wa<¢k><¢’:‘-~ a=(-1) "‘"*(¢1 : ay
PIACHICIHEE “Ja=(-1) "“"(¢ . ¢k )

Therefore w4(¢) is a bounded linear transformation on A such that
lwa@|l =ll¢]l and walap+8¢) =awa(®) +Bwa®).

DEFINITION 5. If Y1, Y2 ER, then yups* is the bounded lmear operator on R
defined by (Y1s*)p= (9, ¥2)¢1.

LEMMA 1. ws(@)wi*@) = UY*), wif@)wa(d) = (b, Y)I—Q(gy*).
Proof. By (9) it is obvious that wa(¢1)ws*(P1) = L(P:16:*) and wa(P1)w*(P2)

)



228 J. M. COOK |March

= Q(P1¢s*). Therefore, since we can assume ¢ =ad,, ¥ =B191+B:02, the first
assertion follows by linearity.

Similarly, wi*(¢)wa(@) =I1—Qp:1pr*), wi(@wa(d2) =—Qd1*), and
the second assertion also follows by linearity.

Define [4, B];=AB+BA. Then:

OTHEOREM 6. [wa(®), W) ]+ = (@, V), [0a($), wa@) ]+ = [0i*(@), W) ]+

Proof. Use Lemma 1 on the first expression and (9) on the others.

THEOREM 7. If {¢:} is an orthonormal basis of R, then the set {wi(¢s)}
1s trreducible on Y.

Proof. Let E be a projection such that Ewa(¢;) =wa(¢;)E for all 2. Then
we must prove E=0 or I [8, p. 33].

Ewa(¢:)ws*(p:) = (wa(p)wi*(@)E and Ewi*(piwa(d:) =wi*(pwal(d:)E.
But, by Lemma 1, wa(d:)wi*(¢:) = Qdip*) the projection of A on the sub-
space spanned by basis elements of the form (@793 - - - )4 with n;=1; and
wH(P)wa(p:) =I— Q(p*) the projection of A on the subspace spanned by
such basis elements with #;=0. The set of all these projections generates
the maximal abelian algebra of all normal operators for which every
(p71p32 - - - )4 is an eigenvector. But, by (9), the only such subspace invari-
ant under all wa(¢;), wa*(¢;) is either 0 or A.

4. To treat the symmetric case, we restrict all our operators to the subspace
S=(2 2 ®P,,)F and define wg and we* by picking G to be that particular
function S which assigns to every non-negative integer 7 the operator
ni?P,, in Ga. Thus w,(¢) =(2aee®nY?P,,) (¢ ®) and 0X($) = (¢ ®)*( 2o
®n'2P,,)) considered as linear transformations of &. & reduces 2(4) so
the discussions in §§1 and 2 apply unchanged.

For any orthonormal basis {qS,-} of i, we define an orthonormal basis
{(¢g"¢% - - - )s} of ©, where n=0,1,2, - - - and D ;n: <, by

n1  n2

(P12 - )s

[(Dim) \12
=I(m> Py ® - @1 Q¢:Q - Q2@ ¢s® -+ .
(Each ¢; appears #; times in the tensor product.)

For any subset 9 of R, let [] be the closed linear manifold which it
generates; and for any closed linear manifold I of R, let P, be the projec-
tion on that manifold. Then

LemMa 2. Doty =Dosr=Dacrm®  If f=Danny (@767 - - - )
EDu,war then wi(b)f = Danmng... (miF1)VHSTST - - - ¢, and wX(¢:)f

= Zamﬂa"- ”illz(¢:|¢’2” e ¢?‘-1 e )
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Proof. By a straightforward manipulation of the definitions it can
be seen that (@@L - - - )u=(nt1)I2GTGY - - M- .), and
wX(P:) (DTDs - - - )a=nl2PPPR - - - 7! - - ), (making the convention
(@793 « + + )e=0 if n;<0). Therefore, since w,(¢:;) and w*(¢:;) are closed,
fEDu,40 if and only if D (ni+1)|ctam, - - - |2< o, in which case w,(¢:)f
= S tuynyeo (s DUGISE - - - G1 ---),; and fE€Duey if and only if
> il Cngny - - - l’< w, in which case w*@:)f= D Qnyny...n:V2(PTPN - - -
HE

Since > (m14+1)| dtngny---| 2=|Ifl|24+ 2o7,] @tayn,.--| 2, it is easily seen (let ¢,
=(1/||¢|Dp) that if ¢ is any element of R then [w,(¢)f]|2=||w*(®)f]|?
HISFIA% s0 Duer =Dy Further, since (RPren)) 205 - - - ).
=mV2(PTPY - - - )e=ws(P1) (TP - - - )s, the only remaining assertion is
obvious.

Let V,, be the bounded linear extension of the transformation
Ve (dhd5 « + - )o=(¢7" 95 - - - ), of &. Then V}, is the bounded linear ex-
tension of the transformation V3(¢tes - - - )e= (7 '¢5 - « - )s. V4, is an
isometry of the range of (R(P,))V2 The polar decomposition [8, p. 53]
Ws(p1) = Vo (UPs ) +1)V2, (1) = V5,(UPs))Y? of wi(d1) and w*(¢1),
and therefore of w,(¢), w*(¢p) for arbitrary ¢, follows immediately from the
preceding lemma.

For this symmetric case we can supplement Theorem 5 by the statement:
[Q(4), w,(@)] is closed if and only if A =0 and ¢=0; [Q(4), w*@)] if and
only if 4 =0 and y =0.

Proof. Assume that [Q(4), w,(¢)] is closed, i.e., that Diowy,w.en
=D.,,44- Then ¢ must be an eigenvector of 4 since otherwise, by Lemma 2,
Do, (agy is not contained in D, . If Ad=A¢ with A0, then for g= > o,
®(1/n"Yg]|)9® - - - ®¢ (n¢’s) we have [[gl|2= T,(1/7) <o [[w,(4¢)g]?
=[Ml12 ey (1) /m3 < w0, [|(A)e]|2=[N? 251 1/n= . So gEDu,un
but g&Dawy2Diew),v,)- This contradiction implies 4¢=0. But then
S =Du,16) = D124y, 0,1 = Dacay, 50 4 =0 by the proof of Theorem 2(e).
Also @w,@):@, SO ¢=0.

The second assertion is proved similarly, and both converses are obvious.

LEMMA 3. w,()wX*(0) and wX)w, (@) are densely defined linear operators
with closures (w,(Y)wf)) =QWd*), (WrP)w(@)) =@, V)I+QW*), o
which the first is equal if and only if Y5£0 or ¢ =0, the second if and only if
d=NJ.

Proof. w,(¥)w*(p) and wX@)w.(¢p) are obviously densely defined
linear operators. Since the lemma is trivial when ¢ =0, we may assume
that {¢.~} is an orthonormal basis of ® such that ¢ =¢i, ¥ =01p1+aps.
Then @ ()wd(@) @198 - - )=, () GF765 - - - o= cma(@Te - - - )
tFaa(ni(ne+1))V2(ST 793 - - - )i =QWd*) (B7% - - - )s SO w(P)wF(d) and
Q(Y¢p*) agree on an orthonormal basis of each €W =(0® - - - @OBI™
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@O0® - - -)&. Since they are both bounded when restricted to &™), they
must agree all over &®, Now let f= D o faEDu,ru’rr f2ES™. Then
WX@)f = 2o ($)fn and w,(P)0X (@) = Dm0 @) F(D)fn= Dmmo QWS*)fn
=QWd*)f, so fEDaws" and w.(Y)ws*(@)f = QW¥d*)f, w.()wk (@) SQYe*).

Since w,(¥)w.*(¢) has the closed linear extension Q(yY¢*), it has a closure
(@:)ed(9)” SAYe*). If FE€EDawsh, f=liMmew 2o far AES™, then
Sy FrEDwpraton~ a0d liMn @ W0HB) iy fo=2Wé*)f, so
EDw,mwon~ and (@@ @) f=QWd*)f. (ws@)wk @) =QWe*).

If =0, then Du,wya,')=Da, ") #S=Daw=Days", 50 w:;W)w* (@) is
not closed. Conversely, if 0, then w,(Y)w*(¢) =I|¢” Ve (QP)
+I)Y2%,+(¢p) is the product of an isometry, of a transformation with a
bounded inverse, and of a closed transformation in that order. Therefore, as
can be seen from the definition of a closed operator, it is closed.

The discussion of w*(¥)w,(¢) is similar. As before, assume {q&.-} an ortho-
normal basis of R, ¢ =¢1, and Y =11+ asps. Then w*Y)w,(d) (@Tdz - - - ).
=0 W) (i + DV - - - Da=af(n+1) (@167 - - - )t (nit1)n) '
A(@TTIeR T - )e=afI(@TRY ¢ ¢ - )e Tt (i UbitT) + i Upid)) (BT'PE - - s
= (¢, ¢0)* + Uprai*dr* + ¢1aid;)) (P13 - - - )o = (($,¥) ] + Q(P¥ ™))
(PTP3 - -+ )y 50 WFW)w(¢p) and (¢, ¥) I+ Q(PyY*) agree on an orthonormal
basis. Therefore, as in the previous case, w¥*)w,(¢) C (¢, ¥) I+ QY *) and
(@*Y) (@o(9)) ™ = (&, ¥) T+ QY ¥).

Now assume ¢ =N. If ¢ =0 then w*{Y)w.(¢) is closed, so assume H¢“ =1.
Then  w*W)w.(d) =Nk (P)w, (¢) =N*1V*(QPiy)) 2V (Q(Pray) + V2
=N*=UQ(Pg) + D2V EV(QUPsy) +I)2 =N*-1(Q(Py4)) +1I), which is closed.

Conversely assume ¢ € [¢]. Then ¢ 0 and, since ¢ =0 implies Da,*y)w,@)
=D, Z S =Do=D.nr+2s’ = Diw,*wrw,n~ 1-€., implies w*(Y)w,(¢) not
closed, we may also assume ¥ 0. Now we need only construct a g in
Diwrwronpr~ such that g&Da wyosr. Let ¢'=¢—((, ¥)/|[¥]|D¥ and 0
=(1/||¢"[)¢’. Then ($¥*)do=0 and, if we let g=00 > o, (1/n)$e® - - -
®o, then QY *)g=0, gE Doy =D.nir+awr’ = Dw, wra,en~. But ¢ =PBebo
+B1, with 8070, s0 w,($)g=06 D ;D (1/2(n+1)12) {$Q¢:® - - - @0

+¢o®p® - - - ®po+ - -+ } (o appears n times in each tensor product)
=0® Z:—1®[(1/n(”+1)1/2) {60(”+1)¢'o® e ®¢'o}+lﬁn+1], Where the
tensor product ¢o® - - - @@y of ¢y with itself n+1 times is orthogonal to

Yupr in ROV, Therefore [|w,(¢)gl|2=]B0]2 Xommr {((n+1)/n2)+|¥nsi]|?}
2 |Bo|2 2w i(1/n) =0, g Dau,) 2o, yvs®-

THEOREM 8. The brackets [wi(9), w¥)], [wX(#), wX®@)], lwX(@), w:¥)]
are densely defined, linear transformations with the closures ([ws(e), W) ])

=0, ([w*@), 0*@) )™ =0, ([w¥@), (V) ])” =W, )1 to which they are equal
if and only if p=y¢ =0.

(Using Lemma 3 on the third expression, the proof is an easy repetition
of methods already used several times.)
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TuEOREM 9. If {$:} is an orthonormal basis of R, then the set {w,($:)} is
irreducible on ©.

Proof. Assume E to be a projection such that Ew,(¢;) Cw,(¢:)E for all 7 [8,
pp. 32-33]. Then EwX(¢:) CwX*(¢:)E also, and Ew,(¢:)wX(d:) Cw.(d:)w*(¢:)E.
But w,(p:)ws*(p:) = Ud:ip*) = Q(P,) by Lemma 3, and projections arising
from the spectral decompositions of the QP(;4,) generate the maximal abelian
algebra of all normal operators for which every (¢1'¢7’ - - - ), is an eigenvector.
Therefore ES is spanned by some subset of these eigenvectors. But, by
Lemma 2, the only such subspace invariant under all w,(¢;), w*(¢,) is either
0 or & itself.

DEFINITION 6.

p(9) = i([w:(d) — @) D7/22% (@) = ([0i(@) + wX(®)])™/2"12.

This definition implies that the operators have closures, a fact contained
in the following theorem:

THEOREM 10. p(¢) and q(¢) are self-adjoint.

Proof. Since ¢(¢) =p(—1¢), we need only consider p(¢). Further, since
p(o) =”¢]|p(¢1), where l|¢1|| =1, we can assume that ¢ =¢; an element of the
orthonormal basis {¢;} of R. Du,wp =D, 61 = Ditw,@n—ov,*wp1 is dense in
S, so (i[w.(p1) —w*(P1)])* exists and (3[w,(¢1) —w*(@1) ])* = —i[w.(B1)
—w} (1) |*2 —iwX(p1) —wi(p1) ] = —ifwF(B1) — wi(@1)] =i [w.(b1) —wi*(1) ],
i.e. 1[w,(¢1) —w*(#1)] is symmetric [8, p. 34], and hence has a closure; so
p(¢) and g(d) exist.

i([ws (1) —w*(@1)])” is self-adjoint if and only if its deficiency indices are
(0, 0) [8, p. 38]. Since it is real [8, p. 40] on the orthonormal basis
{'i"l(qSi" 2 .. .),}, its deficiency indices have the form (m, m), and we need
only prove that the single deficiency space D~ is zero-dimensional, where
®- is the set of all g in & which are orthogonal to (i[w.(¢1) —w*(¢1)]
~iD)Ditoyep—oi@ol:  BUt I D gmmg...(@PGL - - ), =gED~, then 0
=(g, (i) —wX (@) ]| —iD(eTe7 - - - ))=(g i(m+1)V2(e7 g5 - - - ),
e I W% A W AN YR () YL
7Y% +4gs, n,,... (making the convention g_1,ny.n;.... =0). Therefore we have the
recurrence formula (7141)Y2g, i 1,nge-- =gnying.- - +72gn1— 1,04, ... In particu-
lar, Zo,ng,+ s =g1,ng, 00

If for some ns, n3 « - - we have go,n,,...#0, let g=(1/go,n,,-..)g. Then
Zo.ng,-+- =Z1mg,---.=1. But, from the recurrence formula, g._1,4,...21,
Zayns,--- 21 implies  Zapriing oo = Fnpingerr F12 280 1img, - ) /(011122 (1
+n%) /(n1+1)V221. Hence, Zkng....=1for all =0, 1, 2, - - -, contradict-
ing Ilgll < o, Therefore go,ny,... =g1,ny,-..- =0 for all ng, n;, - - - . But this im-
plies, by another easy induction using the recurrence formula, that gu,,a,,.-.
=0 for all #ny, ny, - « -, and so g=0, D—=0.
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THEOREM 11. The brackets [9($), q¥) ], [a(¢), pW)], and [p(8), p(¥)] are
densely defined, linear operators with the closures ([q(d), ¢q@¥)])™ =(¥, ¢)

— (¢, ¥)1/2, ([a@@), 2@ )™ =i(W, $)— (&, ¥))1/2, ([p(@), )] = (¥, &)
— (¢, ¥))I/2 to which they are equal 1f and only if ¢ =y =0.

Proof. Since p(¢) =q(ip), we need only consider the bracket [g(¢), ¢(¥)].

Let gEDyw.aw1- Then ((¢7¢5 - - -)e [96), @) ]e)=([(w:.(¥)
FwX@))/2%,  (wi(@)Fwk(@))/212](@Te5 - - - ) 2)=((1/2)(®, ¥)—,
) (P1d3 - - - Do 8)=(@192 - - - )sy (1/2)(, &)= (8, ¥))g), so

l9(#), 9] S (W, ¢) — (&, ¥))I/2.

Lemma 4. If A is a self-adjoint operator on R and $EDa, then i([2(4),
@) )" =p(ide) and i([Q(4), ¢(@)])” =q(144).

Proof. 5([Q(4), ¢(6)]) " 2:[Q(4), (w.(¢) +w*(9))/2"/2] Dgo(144) by Theo-
rem 5, where ¢o(i4¢) is ¢(14¢) restricted to the domain of all Y ;. ®f, in &
such that jf,EDaq) forn=0,1, 2, - - - and only a finite number of the f, are
nonzero. But (go(44))” =g(i4¢) so i([2(4), ¢(#)])” 2q(149).

Therefore g(iA$)*2 —i([2(4), ¢(#)]) *2—i[g(¢)* Q4)*]=—i[q(s),
Q4)], qGAd) =¢(i4$)*2—i([g(@#), A]D =i([24), @], a(i4e)
=i([Q(4), ¢(®)])".

PART 1I. PHYSICAL INTERPRETATION

1. The elements f of §, normalized to [|f]| =1, will represent states of a
many-particle system in such a way that (0@ - - ®0SI™ S0P - - - )f, f)
is the probability that f consists of # particles, where (0 - - ®0HI™
@0 - - - ) is the projection of § onto {R™. (See [3, p. 637].)

If f,EIR™ and 4 is self-adjoint, then ((A4)fz, f2)=((AQI® - - - &I
4+ - FI® - - - QI®A) fa, fa) is the expectation value in the n-particle
state f, as given in the standard theory, of that n-particle observable which
corresponds to the single-particle observable 4. Since 2(A4) leaves each
iR invariant, (QA)S, f) = Dm0 (R(A)fs, f») is the corresponding expecta-
tion value in the generalized state f where the total number of particles may
not be definitely known.

In particular, if I is the identity operator on & and f&Daq), then Q(I)
= 2w o®nI™ and (D, f)= 2o n((0O - - - ®ODI™SOS - - -)f, f)
is the expectation of the total number of particles in the system when the
system is in the state f.

Similarly, if P is a projection on R onto itself corresponding to the property
P of the original one-particle system [7, Chap. III, §5], then (2(P)f, f) is the
expectation number of particles in the system §§ having the property P since:
Let {¢{°} be an orthonormal basis of the subspace PR of % and {¢{®} an
orthonormal basis of its orthogonal complement (I —P)R. Then elements of
the form P& RYPQ - - - Y, s;=00r 1, ki=1,2, - - - ;2=0,1,2, -+ -,
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form an orthonormal basis of § such that Q(P)pﬁ(") - @YE —I(Pn//{’l‘))
® ¢(8:) ® ‘p(-!n) + Ill/(-h) ® (P‘p(?)) ® ®¢(8n) + I‘p(.h) .
® (P ‘P(s")) = Zt-l (531.111(") YL = m1¢("‘)® . tﬁ(’"), where m

= Z;‘_l 8= D a.1 sk is the number of the ¢ which are in PR. Thus, the
eigenvalues of Q(P) are the non-negative integers m (occupation numbers of
P3x), and the corresponding eigenvectors ¢ such that Q(P)y =my are those
states of § representing a system in which exactly m of the particles have the
property P. For example, if P = Py (projection on the one-dimensional sub-
space [¢] of 9 spanned by ¢), then the eigenvalues of Q(Py) are the occupa-
tion numbers of the state ¢ and (Q(Prs)f, f) is the expectation number of
particles having the property that they are in the state ¢.

If the above case, since its eigenvectors span the whole Hilbert space §,
it is obvious that Q(P) is self-adjoint. Theorem 1 makes the more general
statement that if 4 is an observable, then so is 2(4).

Since any self-adjoint 4 = /AdE, is approximated by sums of the form
> Ni(En;y,—Ea,) and Q is linear (Theorem 2), Q(4) is, in some unspecified
sense, approximated by sums of the form Y NQ(Ex;,,—E»x,) where
Q(Ex,,,— E»,) is that operator which gives the expectation number of particles
having the property that their value in 4 is certainly between \; and Ay,
i.e., the eigenvalues of Q(E,,,,—E),;) are occupation numbers of the subspace
(Ex; 4, — Er)® of R. We write, symbolically, Q(4) = /AdQ(E,), without trying
to indicate the exact type of convergence involved. At any rate, for a dense
set of states f we have (2(A)f, f) = Ad(Q(E\)S, f) so, very roughly speaking, to
find the expectation value of Q2(4) we take each eigenvalue N of 4, multiply
by the probable number of particles in that eigenstate, and sum over all
eigenstates.

The heuristic discussion in the preceding paragraph will not be further
rigorized because we can always use 2(4) in place of /AdQ(E)). However, in
order to show how the mathematical formalism of this paper fits onto a phys-
ical theory it will be convenient, at times, to translate that formalism into
the conventional terminology of standard works on the subject. For example
we can derive the formula Hy,y,...= 2_ihwi(Ne+1/2) of [10, p. 34, (6.22)]
except that the infinite null-point energy never appears. The single-particle
energy operator H is here H=c(m?%?*+ p?)'2, where m is the mass of the
particle, ¢ is the velocity of light, and p= — 1AV = (p1, P2, $3). Now, diagonaliz-
ing the maximal-abelian algebra generated by the three operators pi, ps, ps, we
get p= [AdE,, where the resolution { E5} of the identity consists of the set of
all multiplications by characteristic functions defined on the diag-
onalizing measure space (which is here just momentum space). Hence
H = [c(m**+A2)V2:dE,, and Q(H) = [c(m?*c?+22)V2dQ(E)). (We actually have
rigorous equality here because the approximating sums on the right con-
verge weakly to Q(H) as can be seen from Lebesgue’s bounded convergence
theorem.) This corresponds exactly to the formula > i/wiNi (where mo-
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mentum space has been artificially discretified by making ordinary space
compact) since p=#hk, hwi=c(m?+p?)Y?; and N, gives the number of
particles in the momentum eigenstate k just as does dQ(Epz).

The photon case is like that of the scalar mesons, except that the mass m
is zero and that we must sum over two polarization states. Again an expres-
sion is obtained which is exactly analogous to formula (16.45), p. 117 of [10],
without the infinite null-point energy > hc[ k[ .

Similarly, the total momentum G of the field (if by “momentum of the
field” we mean the sum of the momenta of the particles associated with the
field) is given by G = Q(p) = [AdQ(E,,), which corresponds to formula (6.28)
of [10] (or (16.45) for photons).

Theorem 2 describes the algebraic properties of . Its extension to Lie
algebras of unbounded operators would bring in mathematical complications
which can be avoided in most cases by the use of Theorem 1. For example:
Theorem 2 shows that the bounded operators A and B commute if and only
if their images Q(4) and Q(B) commute, whereas Theorem 1 (Corollary 1)
shows that this is also true if 4 and B are normal. Thus, in the previous dis-
cussion, p and H=c(m??+p?)2 commute, so G=2(p) and Q(H) do also
and, as was to have been expected on physical grounds, the total momentum of
the field is a constant of its motion. Similarly, since the identity commutes
with everything, so does Q(I) with every @(4). Physically this means that
any observable relating to “particle-like” aspects of the field may be meas-
ured with a simultaneous determination of the total number of particles of
the field (given by Q(I)). That this is not true of observables relating to
“wave-like” aspects of the field will be seen when the field-variables are de-
fined.

If the observable F(¢) is a suitably differentiable function of the time ¢,
and H is the energy, it is customary to define another observable F(t)
=(i/h)[H, F(t)]+(8/3t)F(¢t) which has the property that (d/dt)(F(t)é(t),
o)) = (F@t)p(t), #(t)). By a purely formal manipulation using Theorem 2 we
have (i/k) [QH), QF®))]40/0)QF®)=Q((/k) [H, F(t)]+©@/0t)F(®),
i.e.,, QF(@))=Q(F()); although this formula is true rigorously only if the
proper restrictions are placed on F(f) and H.

In the above discussions we have several times assumed that Q(H) is
the total energy of the system. This is permissable when no foreign particles
(fields) are present. Interaction forces are ignored and each element of the
field moves along its trajectory according to the one-parameter group of
unitary operators exp (— (¢/%)¢tH) exactly as though it were the only particle
present. Hence we have by formula (7): exp (—(@G/A)tQEH))= D mo
@ (exp (—(¢/B)tH))™.

H is the single-particle Hamiltonian (operating on ). If 4 operates on
R, let A;=exp ((¢/h)tH)A exp (—(i/B)tH); if T operates on §, let T,
=exp ((/W)tQH))T exp (—(¢/h)tQH)). This time-dependence gives us
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the observables in the interaction representation. By Theorem 3 we have
Q4)e=UA,). "

2. The we(¢) and wg*(¢p) of Definition 4 are creation and annihilation
operators respectively, though much too generally defined until G is further
specified.

Commutation relations involving € and w with themselves and with each
other are given in Theorems 2, 5, 6, and 8. They will be needed later on in
application of the formalism to actual physical situations.

If for ¢ in Rk we define a time-dependence by ¢:=exp (— (¢/%)tH)¢, then
Theorem 4 says that we(¢):=we(¢p—;) and wg*(P):=ws*(d—:). More generally
let exp (i74), where A4 is self-adjoint and 7 is real, be any [8, p. 69] continuous
one-parameter group of automorphisms of . Then {, by its construction,
goes to D m @ exp(itA)™F, and an operator T on § goes to T, = D =,
@exp (7rd)WT Y 2 @exp (—irA)™, For example if R is :(Es), the set of
all square-integrable functions ¢(xo, ¥, 20) on Euclidean 3-space, then the
one-parameter group exp (4x(1/7)(d/9dx,)) is that generated by translations
@z(X0, Yo, 20) =@ (X0, —%, Yo, 20) of Es.

In connection with such one-parameter groups it is customary to define
a derivative by (8/9,)B,=14([B,, A])” if B operates on R. If T operates on §
then, by (7), the corresponding infinitesimal generator is #7Q(4), and
(0/97)T.=14([T., 2A)])". In particular, by Theorems 4 and 5, we have
(0/0n)we(@) = —we((3/07)9), (8/9T)we*(¢) = —wd*((8/d7)¢$), and by Lemma 4

(10) (9/9n)p(¢) = — p((8/9n)6,  (8/07)q(¢) = — q((8/07)).

3. Every observation of a system of # identical particles is invariant under
permutation of those particles, i.e., 4 = U;'4 U, for the corresponding oper-
ator 4. So all such observables must belong to the centralizer G, of G,. The
central decomposition of G, decomposes G, into direct factors P,G;, and
reduces R™ to a direct sum of non-interacting subspaces P,R™ of wave-
functions which have inequivalent symmetry properties depending on .
Each P, R™ can be further reduced into the direct sum of noninteracting
subspaces P, ™, 1=1, 2, - - -, m(7), of wave-functions having equivalent
symmetry properties.

Such discussions of the group algebra G, are omittable in view of the
present state of physical theory. All particles so far discovered have either
obeyed Fermi-Dirac statistics and belonged to the subspace P,R™, or
obeyed Bose-Einstein statistics and belonged to P, R™. We shall consider
the Fermi-Dirac case first.

The superscripts #; in the elements (¢7' - : - ¢z -« - )4 of the ortho-
normal basis of ¥ are occupation numbers, as can be seen from the fact
that  Q(Prer) ($1'd2" « « + Ja=nu(di'dZ’ - - - )a and QI (ST - - - )a
=( D) (¢"p> - - - )a where ny equals one or zero according as the state
1 is occupied or not and D _; #; is the total number of particles in the system.
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If the ¢, are all eigenvectors of the Hamiltonian, H¢,, =\.¢., then we get
the formulas Q(H)ws*(@m) =ws*(@n) (UH) —An), UH)w,(bn) =w4s(dn)(QUH)
+X\n) of [10, p. 166] by use of Theorem 5.

When we substitute elements ¢; of {¢.~} into Lemma 1 in place of ¢ and
¥, we get formula (20.20) on p. 164 of [10]. It follows that if the system is in
the state fE, then the expectation number of particles in the state
¢i is |l @5 since [w#@flP= (@alddw@If, f)=(QpdM]f, f)
=(QPwf, ).

Theorem 6 is a similar generalization of the standard anti-commutation
relations [10, p. 165, (20.23) ]. The time-dependent anti-commutator brackets
are then, by Theorem 4: [wi(®):, wi*(W)w]+=(exp (((¢—1)/ih)H)¢, Y)I,
[wa(@)s, @a() e ]+ =0, Wi (@), wa* W) ]+ =0.

Q(A4) is usually expressed in terms of creation and annihilation operators
as i wa(e:) (Ad;, di)wa*(e;) (see [3, pp. 634 and 629]). The formal identity
of the two expressions in the Fermi-Dirac and Bose-Einstein cases can be
seen as follows: Let 4 be any self-adjoint operator on R with pure point
spectrum, i.e., such that there exists a set of eigenvectors {¢;}, A¥:=As,
which are also an orthonormal basis of . Then, using =" to mean “formally
identical,” we have Q(4) = Q( D AiPpa) = 2 MUPw,) = Do dwe(W)we* W)
by Lemmas 1 or 3 according as G is 4 or S. Therefore Q(4) = >_; (A¥:, ¥:)
we)wd* () = 2.5 (A, YilWe(Wwd (:) = 205 (A, ¥)wa( 2oaWs, $n)bn)
0@ (XomWi, Dn)bm) = Dimn (A¥i, ¥)Ws 60) (Wi, Dm)*we(n)0e*(Bm)
= me (4 Z‘ (Dmy ¥V, ZJ’ (@ny ¥V )wa(Pn)we*(dm) = Emm (Adm, dn)
wa(Pn)wd*(@m). So QA) = 3; we(d:) (Ads d)wd*(@)).

Presumably this formula can be extended to hold for any self-adjoint
transformation by passing to some kind of limit on both sides, and to an
arbitrary transformation by writing it as the sum of its real and imaginary
parts and using linearity. We shall not try to justify these manipulations. The
form ©(A4) should be sufficient for all physical applications.

4. A system obeys Bose-Einstein statistics if and only if its wave-function
is contained in the subspace & of symmetric tensors of §. The superscripts
ni in the elements of the orthonormal basis (¢7'¢5' - - - ), of & are occupation
numbers: Q(Pry,) (9702 « -+ * )s=nr(dpT'dZ - - - ), so the non-negative integer
nx gives the number of particles in the system which are in the state ¢s.

Lemma 3 is a formal generalization of formula (6.18) [10, p. 33] since:
Replace Euclidean space, E; by the 3-dimensional torus; i.e., impose a
periodicity condition [10, p. 26]. Then momentum space becomes discrete to
consist of the orthonormal basis {qbk} of 2:(E;). In the terminology of [10]:
=05 (Pr), ' =ws(dr); and arar =w*(Pr)ws(Pr) = I+ AP rdpr*) =1+ Ny, and
a0 =w,(Pr)ws* (Pr) = Udrdr*) = Np.

If the system is in the state fE &, then the expectation number of particles
in the state $€R(|] =1) is [lwX(@)f]|* since [JwX(@)]|*= (wi(@)w*(@)f, 1)
= (™S, f) = (UP)f, f)-
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If w, and w* are taken as functions of an orthonormal basis of &, then
Theorem 8 becomes the standard commutation relations for creation and
annihilation operators [10, p. 34, (6.19)]. The corresponding time-dependent
commutator brackets are [w,(¢)s, w.(¥)sr]” =0, [w*(®): w*W)s] =0, and
[wX(@) ey w.W) ] =(exp (((t—2)/ik)H)Y, ¢$)I as follows from Theorems 4
and 8. By using these commutation relations it will be possible to carry
through the physical theory without having recourse to the singular Dirac
d-function and Jordan-Pauli invariant D-function.

The creation and annihilation operators are not normal, so they do not
represent observable quantities. However they can, by Definition 6, be used
to construct quantities p(¢) and g(¢) which are, by Theorem 10, observables.

It is customary, in the quantum theory of wave fields, to assign to every
point x of Euclidean 3-space an operator ¢(x) representing the value of the
field and an operator p(x) representing the corresponding Hamiltonian-
conjugate momentum at that point. It has been generally recognized, how-
ever, that this is an artifice which does not correspond to physical reality (see
[4, Chap. III, §1; 1, §2; 2]). The only way a field strength can be measured,
and therefore the only way a meaning can be given to the concept, is by in-
troducing a test-body into the field. This test-body will always have a finite
nonzero volume. It will never be just a point. In other words it will always be
an element of a Hilbert space, never an element of Euclidean 3-space; and
the field strengths measured will always be averages over a certain volume,
never values at a point. Even if the test-body is a single electron and, instead
of giving it a nonzero diameter we have assumed the point-model which
seems to lie at the basis of quantum mechanics, we are still not allowed to
use that point itself in any of our calculations. Only a certain probability
distribution appears, again an element of Hilbert space.

In the present formalism, the operators are defined to depend directly on
weighted distributions. The second quantization mapping ¢ takes R into a
set of operators on &; but elements ¢ of R, as opposed to those of &, need not
be interpreted as the wave-functions of particles. For example, that field
which is felt by a small spherical volume of radius e?/mc? is given by the
operator g(¢) where ¢ is a function defined to equal one on the volume in
question and zero outside of it. More generally, if ¢ is any real square-
integrable function, then it represents that field which is felt by the cor-
responding mass-distribution; or, alternatively, it can be interpreted as a
probability-distribution and used in calculating expectation values. Square-
integrability, the condition that puts ¢ in R, is not necessary, but is very
convenient and sufficiently weak to include the physically interesting cases.

The distribution may be defined, not only on Euclidean 3-space, but on
any measure space X such that R =8,(X). Thus Fourier transforms are auto-
matically taken care of and momentum space is handled exactly as is ordinary
space.
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If the ¢ and ¢ of Theorem 11 are elements of an orthonormal basis { ¢.-}
of R, then ([g(6s), p(¢5)])” =48} and ([g(¢:), ¢(8:)])” = ([p(¢2), p(#:)])” =0;
which are the standard commutation relations [10, p. 27, (5.4)]. Correspond-
ing commutation relations for the time-dependent operators [10, p. 20,
(4.12)] are, by Theorems 4 and 11:

[(g@)e gW)e D™ = (1/2)((exp (¢ — )/iR)H)Y, )
— (exp (¢ — 0)/in)H)o, ¥))I,
(lg@@®)e p@)e D™ = (i/2)((exp (¢t = £)/iR) H)¥, &)
+ (exp (¢ — 0)/in) H)¢, ¥))I,
([6(®)e p@)e D™ = (1/2)((exp (¢t — £)/iW)H)¥,9 )
— (exp (¢ = 9)/ik) H), ¥))1.

If we wish to examine the effects of the field taken over two bounded sub-
sets .S and S’ of Euclidean 3-space, situated at times ¢ and ¢’ respectively, then
we use the time-independent characteristic functions ¢ =x, and Y =x,. If S
and S’ are outside of each other’s light-cones, then (exp ((¢—¢)/tk)H)Y, ¢)
=0 since H must be constructed so as to prohibit exp ((¢/7%)H) from propa-
gating a disturbance faster than light and therefore exp ((¢—¢')/th)H)Y,
considered as a function on Euclidean 3-space, is zero on the set S. Therefore,
by (11), the operators commute and we get the usual result that measure-
ments of the field quantities may be taken over mutually space-like regions
of space-time without uncertainty restrictions. (See [1].)

Although these results may seem, at first glance, to have been obtained
by methods rather different from those normally employed, this is not the
case. There is a complete analogy which can be verified at each step, and the
Jordan-Pauli D-function can, if we are willing to accept the customary re-
laxation of rigor, be derived directly from (11).

Rather than discuss this analogy more thoroughly, it will be of greater
interest to take the following actual application from meson theory and work
it through using the commutation relations and the general mathematical
structure which has been developed in the preceding pages.

Ascalar mesonobeys the positive-definite Hamiltonian H = ¢c(m2c?4- h2k?)'/?,
where m is its mass and k= —1V. (See [10, §6].) Therefore the energy of the
meson field is given by Q(H). Now suppose that a foreign mass-distribution,
represented by the real square-integrable function p, is introduced into the
field; and that this fixed mass-distribution has the property that it can react
with the field by absorbing and emitting mesons from and into it. Then an
interaction term must be added to Q(H) in order properly to describe this
altered system. Let 5(¢) = p(H'?¢) and §(¢) =g(H''?$) [10, p. 34, (6.20)].
Then if pEDr?NDy-12, the desired interaction term is %G (o) [10, p. 38,
(7.5)], and the total energy of the field is W= Q(H)+ %3 (p). In order to study

11)
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this expression, define a unitary transformation U=exp (shp(H %)) of &.

Now there is some computing to be done which would be tedious to tackle
in full rigor; so, this being just an illustration of the theory, not a part of it,
we will again use the symbol = to mean formal equality and will use the
identity

(12) [exp (4), B] = ([4, B] + (1/2)[4, [4, B]]) exp (4)

which is formally true for any 4, B such that [4, [4, [4, B]]]=0. Then
[—inp(H%), hG(p)]=—h||H |2 (by Theorem 11), so [U-%, #3(p)]
= —af|H%|2U-* (by (12)), and U-%G(p) U= hg(p) — h?|H'p||2I. Also
[—inp(H %), QH)]=—1G(p) (by Theorem 5), [—iip(H %), —ig(p)]
= Y| H='p||*I (as above); so [U~, Q(H)] = (—4g(p) +(#/2)|| H || U~ (by
(12)), and U-'Q(H) U= Q(H) — kg (o) + (5%/2)||H%|[2I. Therefore U-'WU
= Q(H) — (4/2)|| H-"p||2I.

Since U-'WU has the same spectrum as W, this means that the entire
effect of the foreign distribution p has been to lower the energy of the system
by an amount (h*/Z)“H—lpH?.

H is diagonal on momentum space, so (#%/2)||H-p||2= (#%/2)(H-%, p)
= (12/2)[[[(pt(k)pt(k)*/c?*(m2c2+ h2k?))dk.dk.dks, where pf(k) is the Fourier
transform of p(x). Let V(x) = (1/27)3[[[ —exp (ik- x) /c2(m?*c* i+ k?)dk dk.dk;
= —exp (—mc|x|/k)/4mc?| x| [10, p. 43-44, (7.14-15)]. Then —#2/c*(m*c?
+ #%k?) is the Fourier transform V(k) of V(x), so we can write (%2/ 2)||H‘1p”2
=—(1/2)[[[V(k)pt(k)pt(k)*dkidksdks. But multiplication on momentum
space becomes convolution on ordinary space, so (%?%/ 2)”H‘1p”2 "
=—(1/2)[[[(V *p)” t(k)pt(k)*dkidk.dks. Finally, the Fourier transform is a
unitary operation so (%%/2)||H-%||2= — (1/2) [/ (V*0)(x)p(x)*dx1dxsdxs
and the entire expression can be written U 'WU=QH)+(1/2)
JIV(x—y)p(x)e(y)d’xd*y 1.

Thus, the interaction energy appears as a screened Coulomb potential
V(x) = —exp (-—mcl xl /h) /41r02| x| of the mass-distribution p with respect to
itself. The meson field acts as an attracting force which the nucleons exert on
each other.

This derivation is analogous to the one originally given by Yukawa, yet
that which in Yukawa's treatment corresponds to our Q(H) is really quite
another thing. The fact that both methods will agree rests essentially on
the following formal coincidence.

Assume that all elements of the orthonormal basis {¢:} of % are eigen-
vectors of the Hamiltonian H, He¢; =\, N;i>0. Then, since the energy of a
classical harmonic oscillator is (1/2)(p2+N2%q?), write 2. (1/2)(B(¢:)?
+\7G(¢:)? for the total energy of the field [10, p. 33, (6.14)] instead of
Q(H). Then, manipulating this expression in a purely formal fashion, we
get 2 (1/2)(B(6)2+Nq(6)) = 22 (1/2)(pN*$:)*+Ng((\ 1) V.)?)
= 22 A/2)(p(8:)24g(8:)D) = 205 (Ni/2) ((5/242) (wa(:) — i ($:))) 2 £ ((1/22)
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(@(@:) FoF @)D = 200 N/4)(— (0u($e) — ¥ ($)? + (@i(b:) +w0*($:))?)
= 275 (A/4) 20, (@)w¥ (@) + 20X (@)we($) = 2: (\/4) (4R(e:*) +-2(b10:) I)
(by Lemma 3)= 3 ; N(QPua)+1/2D =3 QNPua)+ 2 A\/2)I
=Q( 22 NPa)+ 2o N/ I=QH)+ 2 (\i/2) 1.

The highly divergent Y.; (\;/2) is the well known infinite null-point
energy. Ignoring this infinite term, as is customary, we get QH)
= 3. (1/2)(3(¢:)2+Ng(¢:)?) (an expression not needed in the present formal-
ism).

That relativistic invariance can be a built-in feature of the theory is illus-
trated by the following treatment of the electromagnetic field.

Before discussing the field itself it will be necessary to describe the in-
variant wave-equation obeyed by a single photon. Like the Dirac electron, the
photon will be a four-component vector function ¢(x, v, 2) =(¢1(x, ¥, 2),
b2(x, v, 2), ds(x, ¥, 2), pa(x, ¥, 2)) defined on Euclidean 3-space E;. R will be
the set of all such complex-valued vector functions ¥ which are square-
integrable: Y =¢,: @ ¢, DP; Pds with ¢; in :(E;). However, the Dirac wave-
function is a spinor transforming as a (1/2)-integral representation of the
Lorentz group, whereas the four components of the photon wave-function will
transform directly under the Lorentz group itself. In order to express this
fact we write i as the tensor product R =2:(E;) ® R4, where & is a four-
dimensional Hilbert space; then if p1, ps, ps, p4 is an orthonormal basis of s,
any ¢ in 22(E;) ® 84 can be written uniquely as ¢ =¢1®p1+¢:®@p2+¢d:®ps
+¢1®p4, giving us the isomorphism with ¢; Bd: Pd; D¢ in the previous repre-
sentation R =L2(E;) DL(E;) DL(E;) DR(E;). Time-dependence is given by
the Hamiltonian H=ckQ®I, where k= (Ei+FR+E)12, k,=—1k(0/9x), ky,
= —¢h(3/0dy), k.= —1%k(3/0z). Now we can describe the action of the Lorentz
group on R=2L(E;) ® R4+ by stating that it transforms the basis elements
p1, P2, P3, ps of R4 contragrediently to x, y, 2, ¢, and that it transforms the
time-dependent element exp (— (ict/h)k)¢ of L:(E;) as a scalar function of
space-time, i.e., if x, y, 3, ct goes to x’, ¥, &/, ¢t’ under the Lorentz trans-
formation, then ¢'(x’, %', 2/, c¢t’)=¢(x, ¥, 2, ct). The equation of motion
(1/¢)(8/0t)p(x, v, 2, ct) =((0%/0x%) +(0%/0y*) +(8%/92%)) /% (x, ¥, , ct) is ob-
viously Lorentz-invariant. (Inversions of the time-axis are excluded.)

In order to show how 8, determines polarization states, we write it as
Ri=RK:QR* where R: and K* are two-dimensional Hilbert spaces. The
simply-connected covering group of the proper Lorentz group is the set SL(2)
of all unimodular linear transformations on spin-space & (see [9, §20, p. 78]).
Let 91, 72 be an orthonormal basis of &, and 7.*, 75* one of &*; then 7:®7n5,
72 @, 11 ®7:*, 7:®n:* is an orthonormal basis of 8:® f:* and any element
p of & can be written p =c1n1 ®1*+c12m Q0¥ +c21m2 @9 +C22m2 @ no* (as in
[9, p. 79, (20.4)]). Then p1=(1/212) (1 @ ns*+n: ®n:*), p2= — (5/24%) (1, @7s*
—n2®71%), p3=(1/2")(m@F —12@n5")~, pa=(1/2"2)(m@n*+71:@ns*) is
also an orthonormal basis of .
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Every proper Lorentz transformation 8 is represented by some transforma-
tion a(f) in SL(2). (This representation is two-valued, but it makes no dif-
ference which value we choose.) Let @(f) be the transformation on ®4* such
that the elements of its matrix with respect to the basis #;*, 55* are the com-
plex-conjugates of those of a(f) with respect to 71, 72. Then the mapping
0—a(0) ®a() is (by [9, p. 78]) our original representation on R4: (a(f)
®a(0) (x1p1+X2p2+X3p3+X4ps) =%ip1+X02+x0s+xlps where x24x2+x%—x2
=x?+x7+xZ—x. The spin-matrices

oo (9 Noo(® -, (1 O
: 1t 07"\« 07" \0 -1

correspond to infinitesimal rotations of E; about the x, y, and z axes respec-
tively. The p; are eigenvectors of these infinitesimal rotations:

0: ® &zPI = + P1 Oy ® &ﬂpl = - py 7, ® 5’:91 = — Py
(13) 0z @ Gzp2 = — py oy ® ayp2 = + po, 0: Q@ G.p2 = — pa,
0: @ Gops = — p3, 0y, @Gyps= —p3, 0. @ Fp3= + p3,

O’x®&zp4 = +P4, °'u®a'up4= +P4y 0’,®6’zp4 = +p4.

Therefore, a photon ¢ traveling in the 2-direction and polarized in the x-direc-
tion (i.e., Yy =¢ ®p; where ¢, as a function on momentum space, is zero out-
side of a small volume about the positive z-axis) belongs to the eigenvalue
+1 of I®(0.®d,) and —1 of I®(c,®a7,) just as expected on physical
grounds. There are two more polarization states still unaccounted for but
these will be automatically eliminated by the requirement of relativistic in-
variance and a restriction of the wave-functions to a certain subspace P of i
later required by the Lorentz condition (d/9x)A4.+(d/9y)A,+(8/9.)A.
+(1/¢)(0/9t)® =0 on the as yet undefined four-potential field operators
Az Ay, A, D

The inner product on R=2,(E;) ® & is invariant under rotations of E;
(since they correspond to the unitary transformations in SL(2)) but is not
invariant under the Lorentz group. To form expectation values we need an
operator ¢’ on &, defined by ¢'p;=p; for 1=1, 2, 3, ¢’ps= —ps. Then I®g’
maps a covariant element Y1 =¢,®p. D3P p, of R (i.e., ¥ transforms con-
tragrediently to x, ¥, 2, ¢f under the Lorentz group) into a contragredient
element Yy =IQ@¢ Yt =01 DP.Dp:D —¢.. (We shall always denote covariant
elements with the dagger and contravariant elements without.) g’ is obviously
relativistically invariant. Explicity it can be written ¢'=(1/2)(/®—0.®d.
—0y®0,—0,87,) (by (13)) and invariance is once more easily recognized
from the fact that o, oy, 0, I transform like the covariant components of
a world-vector.

In order to get the subspace Pt of all those covariant wave-functions in
R which represent photons, we need to impose on Yy1=¢,D¢.DPd; D4 the
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conditions (9/9x)p1+(0/0y)p2+(8/92)ps— (1/¢)(9/dt)ps=0. Since ((9/9x),
(8/0y), (0/02), — (1/c)(9/8t)) is contravariant and (¢1, P2, b3, P4) is covariant,
this condition is invariant. On momentum space it is equivalent to

(14) ko1 + kyde + kups + kés = 0.

If Y obeys (14) at time (=0, it will obey it for all times since
exp(— (5/h)tH)Yt =exp (— (3/ k)tck)p1Dexp (— (3/ h)tck)p:Dexp (— (i/h)ick)ps
@Dexp (— (¢/h)tck)dps. BT, the set of all such ¢ 1, is a closed linear manifold in
R since it is the set of all square-integrable vector functions (¢1(k), ¢o(k),
¢3(k), ¢s(k)) perpendicular at each point k of momentum space to the given
vector (ks, ky, k., k) also depending on k.

To every photon is assigned a contravariant wave-function ¢ and a co-
variant wave-function ¢ 1. I ®g’ is a self-adjoint, unitary transformation of %
which is an isomorphism of the subspace P of all contravariant wave-functions
with the subspace BT of all covariant wave-functions. It permutes correspond-
ing elements: IQ¢' y=y¢1, IQq¢' yt=y.

If 4 is any normal operator on R, we define its expectation value in the
state ¥ to be (4y, ¢¥1). This value is real for all ¢ if and only if A=A4+,
where At=(I®¢)A*(IQ®¢'), as follows from (4Ay, ¥1)=, A1)1)
=(4A1Y, ¥1)*. So we define the observables in this theory to be those oper-
ators 4 such that 4 =A41. In particular, any operator on R of the form
A=B®I, where B is a self-adjoint operator on L;(E;), is an observable:
BQ®I=(B®I)t. For example, the probability that a photon will be found in
a region D of Euclidean 3-space is given by Pp®I, where Pp is that projec-
tion operating on ¥,(E;) as multiplication by the characteristic function of D.

Any photon ¥ can be written ¢ =y x+yv+¢ir+¢.: in such a way that the
four components ¥u, ¥Yv, ¥, Y are, as vector-valued functions on mo-
mentum space, at every point orthogonal to each other; ¥z and Yy are orthog-
onal at k to k and represent horizontal and vertical polarization, y; is parallel
to k and represents longitudinal polarization, and ¢.. is orthogonal to 3-space
and represents scalar polarization. But the condition (14) (applied to con-
travariant elements) means 0-@u(k)—+0-@v(k)+kpir(k) —kp.:(k)=0 for
every k, where the ¢, for r=H, V, k, ¢t are complex-valued functions such
that ¢,(k) =e.(k)o.(k), the e, (k) being the new orthonormal basis at k.
Therefore ¢ir(k) =¢.:(k). Consequently the longitudinal and scalar com-
ponents of the photon tend to cancel each other out of expectation values.
For example, the energy of ¥ is given by (HY, ¥1) = (ck®Ip1Dp: Dps D,
0100: DD D — ) =c(kdp1Dkp: DlPpsDlds, ¢1DP:DPs® —s) =c(kdn, éu)
+c(kdv, dv)+c(kdr, dr) —c(kder, Per) =c(kdpn, du)+c(kpy, pv) = (HWYu+yv),
Wr+¥v)1). The longitudinal and scalar components make no contribution.
The same is true of momentum and any function of the momentum operators.
Only the horizontal and vertical polarization states remain, and these have
the desired spin properties as already noted.
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Formation of expectation values by (4¢, ¥1) instead of by (4¢, ¥) does
not change the fundamental postulates or methods of quantum mechanics as
given in [7]. In any fixed Lorentz frame this new method of forming expecta-
tion values can be reformulated so as to be equivalent to the old one. Only in
passing from one frame to another does the full mechanism of the new method
come into play in a manner which is not equivalent to the old.

Now that the single-photon theory has been taken care of, we can apply
the previously discussed method of second-quantization to obtain an electro-
magnetic field theory.

As the relativistically invariant metric on & we take the self-adjoint
unitary transformation g= D . ,®(I®g’)™ (g for S. N. Gupta, whose paper
Theory of longitudinal photons in quantum electrodynamics, Proceedings of the
Physical Society, vol. A63 (1950), p. 681, suggested this indefinite metric
and the consequent elimination of longitudinal and scalar photons). The
expectation value of any observable T on &, in the state f, is given by (T¥, f1)
where f{=gf. If Tt =¢T*g, then we require Tt=T as before. In particular,
any operator of the form Q(4) with 4t=4 is an observable since (2(4))%
=Q(A1) by (7) and Theorems 3 and 1. Longitudinal and scalar polarization
states again cancel each other out as above.

We must redefine the field operators p and ¢ in the obvious way: P(y)
= (/293 ([,(0) —*W¥N])™, QW) =1/2"3)([0.@)+e*@H ], YER, in
order to get relativistic invariance and real expectation values. The indicated
closures exist because [8, p. 30] the adjoints are densely defined. The com-
mutation relations ([Q(), QW)])2=(1/2)((¥, ¥1) =@, ¥, ([QW),
PN =@/20(@, ¢D+@, NI, ([PW), PEHD™ =1/2)(, ¥1)
— @, ¥'1))I are proven exactly as in Theorem 11, and are unchanged except
that the standard inner product (f- g) is replaced by the relativistic one (f-gt).

Because of the relations Q(@®p:) =q(@®p;:), i=1, 2, 3, Q(P®ps)
= —1p(¢p ®ps) we can still use the results of Part I and define the covariant
four-potential operators of the electromagnetic field by A4 .(¢)=hq(H V¢
®pi), 1=1, 2, 3, B(¢p) = —ihp(H % ®ps) where ¢ ER(Es) is in the domain
of k~1and %? and H=ck®I is the Hamiltonian. 2Q(H~"%p ®p) is a real-linear
function of p, so these quantities transform correctly under the Lorentz
group. The four-potential operators are observables because (4;(¢))t
=ghq(H '’ ®p:)*g =ghq(H*¢ @p:)g =hq(I®¢'H ¢ ®p;) (by (7) and
Theorem 4) =#g(H ¢ ®¢'p:) =Ai(¢), and (B(#)) t =g(—shp(H'/*d ®p4)) *g
=ghp(H ¢ @pa)g=1hp(I Q¢ H’p ®ps) = thp(H '’ ®¢'ps) = ihp(H %
® —p4) =P(). - B

By Theorem 11, ([4:(¢), 4:(¢") )™ = — ([8(8), D($)]) ™ = (82/2)(((1/ck)$’,
¢) — (¢, (1/ck)¢’))I and all of the cross-commutators are zero. But ¢ and ¢’
will be distributions on E; with respect to which field-strength averages are
computed, so they are both real-valued functions on E;. Then (1/¢k)¢’ is
also a real-valued function on E; and the inner product ((1/ck)¢’, ¢)
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= (¢, (1/ck)@’) is real. Therefore, in all cases with which we will be concerned :
(15)  ([4(9), 45D~ = ([4:(9), 2N~ = ([2(¢), ()]~ =0,
ii=1,23.

In order to derive Maxwell's equations for the case in which there are
no charges present to interact with the field, let the energy be given by the
operator Q(H). Then the four-potential satisfies the Lorentz condition
V-A—(1/c)(0/0t)®=0 because by (10) and Lemma 4 we have (V-4
~(1/)(3/36)®)(¢) = ((V- A)(¢) — (6/ch)([QUH), 2@)])7) =(4:1(—(9/9%)$)
+A42(—(0/0y)¢)+A4:(—(3/02)p)) —(1/ch)P(ickp) = (Q(k((—1/(ck)"*p) ®p1)
+ Q(ky((—1/(ck)'*¢) ® p2) + Q(ko(( — 2/ (ck)2) @ ps) + Q(R(( — 2/ (ck)"/*))
®ps)) . But if ¥v=¢100:P:0sEP and Y =k.0' Dk’ Dk D',
then ), Y1) =(d1, k') + (b2, k') + (s, k') —(bs, k¢')=(kpr+kypo
+Eps—kds, &) = [[[(Rapr(K) + kypo(k) + kps(k) — kps(K))p (k) *dk.dk,dk.
= [[[0¢’(k)*dk.dk,dk, by (14) (applied to P instead of P1). So ¥, ¥'1) =0.
Therefore, if f is any element of & representing a collection of photons (ele-
ments of PB) and fo=IORIVP - .- HIMHOG - - - )f, we have ((V- A
—(1/¢)(3/06)2)($)f, 1) =1lim. ((V- A—(1/¢)(8/9)®)(d)f, fu 1) =lim.(f, (1/2)"/?
(wF @) Fws @' 1))fx1) (lettingd’=— (4/(ck)V/*)piny’) =1ima(1/2)V*((fuw* @' )f» 1)
+ (W' 1) fr, f1))=lim, (1/2)Y2(040)=0. The expectation values of
(v-A—(1/¢)(9/0t)®)(¢p) are always zero when the particles are photons.

Further: (%4 ,)(¢) = (V24 ;($) — (i/ch) ([QH), (/ch) ([UH), 4;8) ] 7))
=(4,(v'¢) — (1/c*n?)i([UH), Ai(ickd)])")” =(A,(—(1/B)k*p) —(1/c*h)4;
(—c%?¢p)) =0. Similarly ([J2®)(¢) =0.

It is easily seen that if a photon is horizontally polarized (as previously
defined), then the corresponding electric vector is horizontal also and the
magnetic vector is vertical—both perpendicular to the direction of motion
of the photon.

Planck’s relation E=hy, where E is the energy of a single photon and »
the frequency of the induced field, also follows directly.

Since Q(A4) and ¢(¢) do not in general commute, we are usually unable
to determine, simultaneously, particle-like and wave-like quantities. This
was to have been expected since the particle and wave concepts represent
complementary (in the sense of Bohr) aspects of reality. For example,
number-of-photons N (a particle-like quantity) and frequency » (a wave-like
quantity) must obey an uncertainty relation dN-dy=1. A spectroscope tries
to determine the intensity (number-of-photons) of that light having a certain
color (frequency). These two observables do not commute, so there is a
natural broadening of all spectral lines. The same effect prohibits high fidelity
radio transmission on a narrow broadcast band. The particle-like observables
Q(A) are reduced by each R, whereas the wavelike observables E(¢) and
H(¢) are not—every reaction of the field upon a measuring instrument is
accomplished by the annihilation and creation of photons.
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