COMPLEX TAUBERIAN THEOREMS FOR POWER SERIES(?)

BY

DIETER GAIER

1. Introduction. Given a power series (%)
1.1) i) = 2 ape® = (1 — 2) 2 saz®

with radius of convergence 1, we wish to study the relations between the
sequence (s) and its associated function f(z) which may be considered as a
transformation I'(s). Direct (or Abelian) theorems conclude from the se-
quence (s) to the transformation T'(s), while Tauberian theorems infer con-
clusions from the behavior of T'(s) to the behavior of (s) under specified addi-
tional conditions (Tauberian conditions).

For the special transformation T which transforms (s) into f(2) according
to (1.1) we distinguish two types of Tauberian theorems. Tauberian theo-
rems of real character use assumptions about f(z) where 2 is on the real axis,
and have real Tauberian conditions; for example

lim f(z) =s and a, =0 implies lims, =s.

z2—1~-0 n—roo

In this paper we are concerned with Tauberian theorems of complex char-
acter in which the assumptions on f(2) are essentially complex.

One of these complex Tauberian theorems was given first by Fatou [3,
p. 389]:

THEOREM A. If the function f(2) defined by (1.1) is regular at 2=1 and
a.—0 (n— ), then Y_a, converges.
Another theorem of this type is due to M. Riesz (see, e.g. [9, p. 64]):
THEOREM B. If the function f(z) defined by (1.1) is regular in the region
. {[z|<R, R>1,
| arc (z — 1) | > 8o, 0< 6o <m/2,
and continuous in Sy (the closure of Si), then Y a. converges.

After recalling some well known facts in summability theory we shall re-
lax the assumptions on f(2) in the Theorems A and B and prove a theorem
which contains both as special cases. The condition about the behavior of

Received by the editors August 7, 1952,

(1) The results of this paper are contained in the author’s Ph.D. Thesis [4]. Numbers in
brackets refer to the bibliography at the end of the paper.

(?) We shall always let Z:_o An= Za,..
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f(z) in S; is thereby localized to a smaller region .S; in the neighborhood of
z=1 which is the smallest possible in a certain sense. In §4 other regions are
taken instead of S,.

In §§5 and 6 we assume that f(z) = ) _a,z" has a positive radius of con-
vergence and that z=1 lies on the boundary of the region of V-summability
associated with f(z). In analogy to the above theorems we infer conclusions
from the behavior of f(2) in the neighborhood of z=1 to the behavior of
V(s). In an extended sense these theorems are also complex Tauberian theo-
rems. For V the methods of Euler-Knopp, Borel, and Meyer-Kénig are taken
and thus extensions of results of Karamata, Meyer-Konig, and Obrechkoff are
obtained. ‘

2. The methods E,, B, S.. The methads of Euler-Knopp, Borel, and
Meyer-Koénig are useful for the analytic continuation of power series. As-
sume that a series »_.a, with partial sums s,= D _»_o @, is given and that the
associated power series f(z) = D_a.2" has a positive radius of convergence.

a. The method E, (Euler-Knopp) with fixed parameter p (0<p< ®) is
defined by the triangular matrix (E,) with elements

1 /n
(2.1) Cny = ( )(2"— 1)~ (n,v=20,1,2,--- ;v = n).
v

=S

The E,-transformation of the sequence s, is therefore the new sequence

1 n
Ey(n;s) = Spn Z

2 VEO(n)(zp_ s,  (m=01--+)

14
and we say that E,-lim s,=s (or Ep- Y_a,=5s) if lim,., Ey(n;s,) =s.
For our purposes another definition of the E,-transformation of the se-
quence s, is more suitable. Letting
w

(2.2) 3= ¢p(w) = ¥ = Dw

and developing f(z) into powers of w we obtain a power series

F(w) = ), anw®

which is convergent in the neighborhood of w=0. It is easy to prove that

n 4 — 92— —1- —_ PRIPRI
(2.3) Ey(n;s) = > a. where {a',' 2B = Litr) (n= 1,20 0),
x=0 ao = Qo.
Hence E,- D _a, exists if and only if Y a. converges, and E,-lim a,=0 is
necessary for the existence of E,- Y a,. (Here we use the fact that E,(n; a,41)
—0 (n— o) is equivalent to E,(n; a,)—0 (n—x).)
If the method E, is applied to Y a,z" for different values of z, one obtains
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aregion g, in the z-plane in the interior of which the power series is E,-sum-
mable to the value f(z), whereas it is certainly not summable for any z which
lies outside of ®g,. On the boundary of &g, no general statement can be
made and the situation is somewhat similar to the situation on the boundary
of the circle of convergence of a power series. ®g, can be constructed from
the singularities of f(z); we shall use that f(z) is necessarily regular in &g,
=8((2»—1)/(27*1—1)) if =1 is on the boundary of ®g, (We denote by
R(a) the region |z—a| <1—a for 0<a<1.) R, is the map of |w| <1 under
the transformation z=¢,(w).

b. Two methods of Borel are known. In the case of the “exponential
method” we let

Spx™

B(x;s) =e* (x = 0)

n!
where the sum exists for x=0 since ) .a.z" has a positive radius of con-
vergence; we say that B-lim s,=s (or B- )_a,=5s) if lim,., B(x; s,) =s.
The second method is called Borel’s “integral method” and is often more

suitable to power series. With the given series Y a. we associate the function
&(t) = D_antn/n! for t=0 and let

B'(x;s,) = foze“‘zﬁ(t)dt (= 0);

we say that B’-lim s,=s (or B’'- Za,,=s) if lim,., B/(x; s,) =s.
Concerning the relations between these two methods it is known that

(2.4) B-lim s, = s implies B’-lim s, = s,
but not conversely. However, since
(2.5) B(x; s,) = B(x; a,) + B'(x;5.),

the converse of (2.4) is true if and only if B(x; a,)—>0(x— «). The relations
(2.4% and (2.5) also imply that B-lim @,=0 is necessary for the existence of
B- ) _a..

The region ®3 of Borel-summability of the power series ) a,z" is defined
analogously to ®g, in a, and is the same for both methods B and B’. If z=1
lies on the boundary of &z, then f(2) is necessarily regular in p=8(1/2).

c. The succession of the methods E, and B is continued in a certain sense
by the method of Meyer-Konig [10, p. 272]). This method depends on a
parameter a(0 <a <1) and is defined by the matrix (S.) with elements

cm=(1—a)"“(n+y)a" (myr=0,1,--+).
n

The S,.-transformation of the sequence s,
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Sa(n;s) = (1 — a)"“Z(n T y) a’s, (n=0,1,--+)
n

exists if and only if 5,=0@"a) for v— and all fixed =0, 1, - - - ; one
then says that (S.) is applicable to the sequence s,. This obviously implies the
regularity of f(z) in |z| <a, and the regularity of f(2) in |z| <a is sufficient
for the applicability of (S.) to the sequence s,.

Later we use an alternative definition of the S,-transformation. Assume
that (S,) is applicable to the sequence s, so that f(3) is regular in |z] <a;
assume in addition that f(3) is regular at z=a. Letting

a

(2.6) z=—1—-(1-—a)w

and developing f(z) into powers of w we obtain a power series

F(w) = >, anw"

which is convergent in the neighborhood of w=0. One finds that

an = Sa(n; av+l) (”’ =12, )1
2.7 S(n's)—ia' where 1-a a
. e = a0 = a0 + 1 Sa(0; @11).
—a

Hence S.- 2_a. exists if and only if >_a. converges, and Su-lim a,=0 is
necessary for the existence of Sa- ) a,.

In the application to power series the situation here is slightly more com-
plicated than in a and b. The region of S.-summability has not been in-
vestigated in full but it is known that the regularity of f(z) in Rs,
=R(1/(2—a)) is necessary for the existence of S 2 a. (again assuming
the regularity of f(z) at z=0a).

3. On two theorems of Fatou and M. Riesz. The starting point for our
investigations on the circle of convergence of the power series

3.1) () = 2 aua® (lim sup | a,.ll/" = 1)

is the Theorems A and B of the introduction. Szész showed [1, pp. 485-486]

that in Theorem B the region S; can be replaced by another region which has

a finite number of corners on |z| =1 instead of one as in the case of Si(%).

We show in Theorem 1 that the assumptions on f(z) can be localized com-

pletely to a neighborhood of z=1 if the condition ¢,—0 (r— =) is added.
Let S, be the region

(3) Such a region can be expressed by ﬂ;‘{z,~Sl} with Iz‘l =1 (x=1,2,---,mn).
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|z—1l<60, 6 > 0,
| arc (z — 1) | > 6,, 0<6 <m/2.

THEOREM 1. Let (3.1) be regular and bounded in S, and a,—0 (n—> ).
Then Y an,=sif A- D a,=s, t.e. if lim,.1_o f(3) =s.

REMARKS. a. Theorem 1 contains the Theorems A and B and also Szé4sz’s
extension of Theorem B. The conditions ¢,—0 (r—«) and A4- Ea,.=s are
both necessary for ) a,=s, together they are sufficient for D a,=s if f(2)
fulfills the above conditions.

b. Let K=/(ei%, e~i%) be a closed subarc of ‘L§| =1 within Iz—ll < do.
Under the assumptions of Theorem 1 the series ) _a.z"* converges for z=1
and Theorem A assures its convergence for every other z on K. We extend
Theorem 1 by proving the uniform convergence of (3.1) on K.

Sz = S2(80, 00): {

THEOREM 2. Under the assumptions of Theorem 1 the series (3.1) converges
uniformly on K.

Fic. 1

Proof. By a theorem on bounded functions (see for example [13, p. 65])
one obtains first that f(z) is continuous in .5 where S =S:(8y, 6;) for every
01, 61 with 0<6, <8, and 0, <0, <w/2. We may assume that lim f(z) =0 for
2—1 in S; and that 8, is chosen such that

(3.2) | f(z) | < e (x cos 6,)/8

for 2ES; and a given €>0. Draw the path C=C;+C; as indicated in Fig. 1.
(C,is the part of Cin |z| <1)
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To prove the uniform convergence of Y a.e™* for |¢| <¢q, take first all
¢ with |¢| S<¢1=(1/2) arc 2. If g.(¢p) are the arithmetic means of s.(¢p)

= ZLO a,e”?, then
L5 e [ 100

2mi oy a 2t

1
n+1

n perd
+f ez s

n
> aveirs

y=1

5. =
sn¢)—dn(¢) —n-l-l

r=1

= Er_(m I Ar(.l)('ﬁ) + Ar(.z)(fﬁ) I

Estimation of AL: For v=1,2, - - -
fz,' f(z)dz < w cos 6 f dr
€
1 Az 8 0 l 1 + reir Iv+l

T cos b, [ dr T
<e f = —-¢,
8 0 (1 + T COS 01)”'“ 8v

and similarly for the other parts of C;. Hence

(3.3) lA?@H<%;1 (n=1,2,--),

uniformly for |¢| <é..
Estimation of A®: Evaluating first the finite sum occurring in the expres-
sion for 42 we obtain

g™t — (n + 1)zein® 4 nei¢(n+D)
42) = oo [ g ZE A R
. Cy

zn+l(z — 8“’) 2

In this integral we have first
f(2)dz
and we shall prove that also

(3.4) nfc M = o(n),

(s — €%)?

= o(n),

always uniformly for |¢| =< ¢;. Assume for the moment that (3.4) is true. Then
n
(3.5) | A,(.z)(qS) l < TW-e (n > n1),

uniformly for |¢| <¢;, and therefore Isn(¢)—¢r,.(¢)| <e/2 for n>mn; and
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|¢| <41 Using now the fact [15, pp. 94-95] that o.(¢) converges uniformly
to f(e*#) for |¢| =d¢1, we get

| 52(@) = (&) S | 528) = 0a(@) | +] 0a(8) = S| <&

for n>n, and all ¢ in |¢| =<¢,. Since for ¢ with ¢, = |¢| =< ¢ the uniform con-
vergence of »_a.ei® follows from an extension of Theorem A due to M. Riesz
[15, p. 90], the proof of Theorem 2 is completed provided (3.4) is true.

For the proof of (3.4) we apply a method of M. Riesz [15], choosing the
numbers b =b1(¢) and by =ba(¢) such that H(z) = H(z,) =0 for

1
H(z) = H(z, ¢) = m+ by + bz,

One finds that b,(¢) and b:(¢) are bounded for |¢>| =<¢@:. Therefore using (3.3)
and ¢,—0 (n— ) we obtain

f(2)H(z)dz =f f(2)dz " bxf f(2)dz f(z)dz
C c

+ b

Cs P . zn(z — ei¢)2 Zm c zn—l
d d
I LN OF
a Pid ¢ zn—l
f(2)dz
- [ TS,
¢, 3"(z — €'%)?
so that it remains now to show that
H(z)d:
(3.6) lim M =0,
n—o Ca F4d

uniformly for |¢| <¢:. But by Theorem A the series ) a,3" converges for 2
and z; and therefore uniformly on C; so that

J(2)H(2)dz

Cs 3"

=D a 2~ *H(z)dz

C2
which is a matrix transformation of the zero-sequence a,. We have to show
3.7 lim ¢,, = 0 v=0,1,.--, fixed),
(3.8) limsup 2. | cw| < oo,

n—rc0 13

uniformly for |¢| <¢1, where

Cy = Cnv(¢) =f z""‘H(z, ¢)dZ.
Cs
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Integrating twice by parts we get for v=n—1, y>£n—2

1 2"t 9H(z)| = 1 32H(z)
- - f gl dzg .
v—n+1Ww—-—n+2 03 |, v—n+2J¢, 022

Since H(z) =H(z, ¢) is regular in the finite z-plane except for z=e¢¢ where
l¢| =¢,, we can replace the path C, by the arc: ld)l Zarc 2 of the unit circle.
For z on this arc the function H(z) and its first and second derivatives with
respect to 2z are bounded, uniformly for |¢| <@, by a constant L, say.
Therefore

Cny =

24 27
"o—nt ) —n+2)

uniformly for |¢| =¢1, which proves (3.7). But obviously ¢,,n—1 and ¢,,n_s
are uniformly bounded for |¢| =d¢1, by a constant L,, say, so that

2 4+ 27
w| S 2L + L
;Ic ? lV#n—%#n—? (V— n+ 1)(" —n+ 2)

< 2Ly + 2Ly(2 + 2)

En—1;v#n—2),

|cw| = L

which proves (3.8) and therefore completes the proof of Theorems 1 and 2.
4. Weaker assumptions on f(z). Until now our assumptions on f(z) con-
cerned its behavior in the regions S; and S;, whose boundaries have an
osculation of first order with |z| =1 at z=1. The question arises what can
be said in the case that S; and S, are substituted by the regions .S3 and S,
whose boundaries have an osculation of second order with Iz[ =1latz=1:

yﬂ<& R>1 {h—ﬂ<%,%>o
l2] <14 cp?, co>0 |2] <1+ cod? co>0

.

4:

5 (z = I z| AN
In the neighborhood of z2=1 the boundaries of S; and S; behave like a circle
which touches |z| =1 exteriorly at z=1.

First we remark that ¢ 4s impossible to substitute S, by S; in Theorem B
or Se by Siin Theorem 1. For there exist power series which define a function
f(2) regular in S; and continuous in .S; and which are not even V-summable
for z=1 [5, p. 331]; by V we denote in this paragraph any of the methods
E, (0<p< =), B, Sq (0<a<1). We shall show, however, that the following
modifications of Theorems B and 1 are true.

THEOREM 3. If (3.1) s regular in Sy and continuous in Sy, then D _a, con-
verges provided that V- a, exists(%).

This is a V—K-Theorem (“K” standing for “convergence”) under com-
plex Tauberian conditions.

(9 Theorem 3 and its proof also hold if “continuous in S;” is replaced by “bounded in S;.”
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Proof. The assumptions on f(z) imply a,=0(1/2'?) [5, p. 327], which is
a Tauberian condition for V-summability.
We now prove the localization of Theorem 3.

THEOREM 4. Let (3.1) be regular and bounded in Si, and a,—0 (n— ).
Then Y an=sif V-2 a.=s().
Proof. It is sufficient to show

n+[ennl/2]
4.1) lim Y a =0 for any positive zero-sequence e,
n—o y=n
because this is a Tauberian condition for V-summability. (For E, and B see
for example [6, p. 312]; for S, see [4, p. 36].) To prove (4.1) we construct a
path similar to the one in Fig. 1, except that the part (27, 1, 2{) of C; is sub-
stituted by a segment of I z] =142 (0<c1<co); the parts (2,, 27 ) and (21, 2/ )
remain rectilinear as in Fig. 1. Then with k= [¢,n!2] we have

Yoo EfIE0+ [ oS a).

y=n

As proved in [5], fe,f(2)dz/z+'=0(1/v"?) (v—), and the second integral
equals

M=)z f f(z)dz

Cy 3 "(z -1 o, 3" (z — 1) .

Both of these integrals tend to zero for #— «, which is shown in the same
way as (3.4) for ¢ =0. Hence

nt+k ntk | 1
> a = o( > ——) +0(1) = O([e,,n”z]-——) 4+ 0(1) = o(1) (n— =),
y=n yon V2 nt/2
which proves (4.1) and therefore Theorem 4.

5. Tauberian theorems asserting E,- and S,-summability. Consider now
a power series

(5.1) f(2) = X aqz"

with positive radius of convergence on the boundary of its region of E,- and
Se-summability. We investigate the question from what assumptions about
f(2) in the neighborhood of z=1 we can derive the summability of Y a, by
means of the methods E, and S,. The following assumptions will be frequently
used:

(®) Comparing Theorem 4 with Theorem 1 it is noted that the assumptions on f(z) are
relaxed in Theorem 4; but since V-2 an=s implies 4- Y a.=s if lim sup |a.|'=1, the as-
sumptions on Za,. are strengthened.
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27 — 1
* f(z) is regular in Rg, = R(——-—) for p > 0;

2+l 1

(**)  f(2) is regular in | z] < aand in Rs, = 5‘?( ) for0<a< 1.

As to the necessity of these assumptions for the E,- and S.-summability of
Za,, see §2, a and c.
Corresponding to Theorem 1 we have

THEOREM 5. Assume that (5.1) fulfills the condition (*) [or (**)] and is
regular and bounded in S, furthermore E,-lim a,=0 [or S.-lim a,=0]. Then
Epd an=slor Sa-d_a.=s] if lim, 1o f(3) =s. '

Proof. We restrict ourselves to the proof of the case of E,-summability.
According to §2, a the question is whether the series »_a. w" representing
F(w) =f(¢,(w)) with ¢,(w)=w/(27—(2?—1)w) converges for w=1. We shall
show that for F(w) = Y a,/ w" all the assumptions of Theorem 1 are fulfilled.

(a) The image of the region S, in the z-plane under w=¢, !(z) is a region
in the w-plane whose boundary has an exterior osculation of order one with
le =1 at w=1. Hence F(w) (which by (*) is regular in |w| <1) is regular
and bounded in some region .S, in the w-plane.

(b) We have a —0 (n— ) since E,-lim a,=0 (§2, a).

(c) Finally lim y.1_o F(w)=lim,.1¢ f(2) =s.

Hence, by Theorem 1, Za,{ =s, i.e. E,- Za,.=s.

If f(2) is regular at the point z=1 on the boundary of the region of sum-
mability, Theorem 5 yields analogues to Theorem A of the introduction.

The proof of Theorem 5 is based upon the following idea. Suppose that
certain assumptions on F(w)= Y a, w" allow one to draw conclusions about
> a.,and we “transform” these assumptions on f(z) by z=¢,(w). Then from
the “transformed” assumptions on f(z) we can conclude to »_a,/ and there-
fore to Ep- Y an, since E,- D_a, behaves like Y .a,. Following are two more
examples of this general principle.

THEOREM 6. Assume that (5.1) fulfills the condition (*) [or (**)] and is
continuous in K, [or Rs.]. Then C.Ep Y an [or CSa- D aa] exists for every
e>0.

REMARK. The case where f(2) is regular in ]zl <1 and continuous in
Rz, [or 85,] was treated by Meyer-Konig [11, p. 352]. He proved that then
E,Ce D a, [or S.Ce- Y a,] exists for e=1, 2, - - - . These results are con-
tained in Theorem 6, for since the matrices (E,) and (C.) are Hausdorff
matrices, (C.E,) = (E,C.); on the other hand it is proved that for e=1, 2, - - -
the methods C.S, and S,C. are equivalent [12, p. 450].

Proof of Theorem 6. We restrict ourselves to the case of E,-summability.
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The assumptions on f(z) imply that F(w) = D_a,/ w" is regular in le <1 and
continuous in |w| =<1 whence by a known result of M. Riesz [15, pp. 94—
95] we obtain that Ce D a, exists for every €>0, i.e. C.E,- )_a, exists for
every €>0.

If in Theorem 6 the continuity of f(2) for z—1 is sufficiently strong,
we can derive the E,- [or S,-] summability of >_a,.

THEOREM 7. Assume that f(2) fulfills the condition (*) [or (**)] and that
(5.2) f(z) = s+ o((1 = 2)7) (n>0),

uniformly for z—1 in Rz, [or Rs,]. Then Ey-D an=s [or Se- D an=s] if
E,lim a,=0 [or Se-lim a,=0].

The last condition is certainly fulfilled under the stronger assumption that
f(2) is continuous in R, [or R5.], since this means that F(w) is continuous
in |w| =1, so that a,/ —»0 i.e. Ey-lim a,=0 [or Se-lim a,=0].

Proof. For the function F(w)= > a/w" we have

F(w) = f(¢p(w)) = s + o((1 = ¢p(w))") = s+ o((1 —w))  (1>0),

uniformly for w—1 in |w| <1 since 1—¢,(w)=(27/(2?—(2?—1)w))(1 —w)
~(1—w) for w—1; furthermore a,;, —0 since E,-lim a¢,=0. Hence by a known
theorem [17, p. 220] the series Y a. converges, i.e. E,- ) a, exists, and its
value is s. The proof for the S.-case is similar.

Assuming that there exists an analogue to Theorem 7 for B-summability
(see Theorem 7’, §6) we obtain the following

COROLLARY. Let f(z) = > aqz" be regular in |z| <1 and
f(2) = s+ o((1 —2)7) (n>0),

uniformly for z—1 in Rz, [or 8, or Rs,]. Then E,- D an=s [or B-D_an=s
or Sa- D an=5s].

For the proof one notes that E,-lim ¢,=0 [or S,-lim a,=0] since a, —0
is implied by the boundedness of f(z) in Rk, [or fs,]. We shall prove in
Theorem 9 that B-lim a,=01s a consequence of the boundedness of f(z) in ! 5.

The above corollary has some relationship to a theorem which Hardy and
Littlewood have stated without proof [7, p. 53]:

Let f(z)= D _anz be regular in ]z| <1 and f(z)=s+o((1—2)") (n>0),
uniformly for z—1 in some circle touching Izl =1 interiorly at z2=1. Then
B-Y a.=s.

Obviously this result and the corollary overlap, i.e. neither one is included
in the other(%).

We can combine the above corollary with Theorem 3:

() For a series )_a, with lim sup |as|V*=1 we have E,—»B—S,.
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Let 81 and 8 be two circular regions whose bounding circles touch |z| =1 at
z2=1 exteriorly and interiorly, respectively. Assume that f(z) = D_anz" is regular
in 81, continuous in R and strongly continuous for z—1 in R (i.e., f(z) =s
+o((1—2)") (9>0), uniformly for z—1 in ;). Then D a,=s.

For the proof note that & is one of the regions of the set R¢,, 85, Rs,.

6. Tauberian theorems asserting B-summability. In this last section we
shall deal with a power series

6.1 @ = X ar

with positive radius of convergence, for which z=1 lies on the boundary of its

(0 <& <&
| 6o <6 <7/2
lo <p <12

FiG. 2

region of B-summability. This implies the regularity of f(2) in 5. The sec-
tion will be divided into three parts. In part A we prove the analogue to
Theorem 1, deriving the B-summability of Y a, from assumptions on f(z) in
the neighborhood of z=1. Also given are sufficient conditions on f(z) which
imply B-lim ¢,=0. Part B contains a necessary and sufficient condition for
the existence of B- Y a, and analogues to Theorems 6 and 7 are derived.
Finally in part C a theorem of Obrechkoff is discussed.
Parrt A.

THEOREM 8. Let (6.1) be regular and bounded in S,, and B-lim a,=0.
Then B-Y a,=s if lim,.;_ f(3) =s.

Proof. Since z=1 lies on the boundary of the region of B’-summability,
B’- Y a.2" exists for 0<z<1, and we have for these values of 2
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® a(t2)™ 1 p°
f(z) = B’- Z 2™ =f e—cz aq(12) dt = _f etzp(t)dt
0 n! M4 0

- 1
= G+ [ Temwd = ¢+ D16 (s“=—;—1>,

where we let Y(t) =e~'¢(t) =e~* D _a. (¢*/n!) =B(t; a,) for t=0. The integral
I(¢) exists for {>0 and has the limit s for {—0, so that by a Tauberian
theorem for Laplace-integrals (see for example [6, p. 164]) it is sufficient to
show that [=}(t)d! is a slowly oscillating function. We shall show that

zte(z)z
(6.2) lim Y()dt =0
T— z
for any positive function e(x) tending to zero as x— . For (6.2) implies that
I(0) =s, i.e. that B’- Y_a,=s, which is equivalent to B- Y _a,=s since B-lim a,
=0.

We now prove (6.2). Denote by C= >_¢., C; the path as indicated in
Fig. 2, and let If(z)/zl <M for z on C. (Let f(1)=s; the points 2z, and z;
should be chosen such that f(z) is regular on C— (), thereafter they are fixed.)
Then for t>0

B(t; a,) = y(f) = — -‘Z(
(6.3)

Ko 1)

¢ zn+l nl

16 5+ @/ O
21rz f n! s 21rzf (tiodz,

zte(z)z z+e(z)z
f Y(H)dt = —f f —t(l—llz)d dt
z Cr+--

= —. [I(2) + - -+ + L))
271

so that

Divide C,; into its four rectilinear segments. Then we have for instance

i0
f1+81°‘ 1 f( ) e—t—1/2) g,
1

2

M
<M e‘””dy =-—
at

since for z on (1, 1+6,¢e%) we have R(1—1/2) _2_0'] l—zl for a constant o >0.
With similar estimations for the other parts of C; we obtain

(6.4) fc'@ e~ t1-lady = 0(%) (t— o).

and hence
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I(x) = fzﬂmz.O(%) dt = 0(%) ce(x)x = 0(1) (x> ).

T

For the estimation of I3(x) and I3(x) note that for instance on C; we have
R(A1—-1/2)= TI zz—z| for a constant 7 >0, so that by similar computations as
in the case of I;(x) we obtain [Ig(x)| + ] Is(x)| =0(1) (x— ). For zon Cy we
have R(1—1/2) =1 >0, so that

1@

cy 2

e—t(l—l/z)dz

1
< 2rMetn = 0(7) (t— ),

whence by the same reasoning as above I4(x) =0(1) (x— ).
Finally we estimate I(x) and Ig(x).

zte(z)z g z+e(z)z 2
Ia(%) =f ]Q ~t(1-1/2) Jzdt =f f '&e—l(l—llz)d,dz
z o] Csy 2z

- 2 z
M e—z(l—llz)dz — f(Z)
Cy 8 — 1 Cy 3 — 1

e 7 (1+e(2)) (l—llz)dz,

and similarly for Is(x). Hence it is sufficient to show that

(6.5) lim Q)

2o Joprey 1 — 2

e *U-1ady = (,

For this purpose we choose the constants by, b, b3, bs such that

b1 bz bs b4
__l__ - + —.e—1/2) _|_ — . e2(1—1/2) + — . e30-1/2)

zH(z) =
@ 1—3 3z 3 z 4

vanishes at 2;, 22, 23, 24+ Then we get

f zH(2)f(z)e—=0-12)dz
Ca+Ce

=f L(Z)_ e—z(1-1/2)dy + bl ‘@e—z(l—l/z)dz + [
Cy+Ce

1—32 c 2
(6.6) + b‘f f_(i)e—(z—s)(x—uz)dz
c 3

f f(2)
— b e
C1+C3+Ci+Cs %

1@

- 1,4f e~ (a3 (1—1/2)Jy.
C1+Cs+Cy+C- 3

Using (6.4) and the corresponding estimations for the paths C;, Cs, and G,

e—z(l—llz)dz —_
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[}
we see that the last four terms in (6.6) tend to zero for x— «, while B-lim a,
=0 implies by (6.3) that the second to fifth terms tend to zero for x— .
Hence it remains to show that

6.7) lim z2H(2)f(z)e—*0-12dz = 0.
z—® Ca+Cs

Now the function f(2) has the representation
1 0
10 =— [ “erotar (s € fa),
0

where the Laplace-integral converges also at the regular points 21, 2, 23, 24
(see [16, pp. 18-19](")) and therefore uniformly on C;+4Cs by a familiar
Abelian theorem on Laplace-integrals. The integral in (6.7) becomes there-
fore

f f H)e 01019 dadt = f 0 H(z)et 0-1ndzdy
0 C3+Cs 0 Ca+Cp

which is an integral-transformation of the function ¥(¢) which tends to zero
for t— . This transform tends to zero for x— « if for any fixed #, £,>0

to ©
(6.8) lim | c(x,#)|dt =0 and limsup | c(x, 1) | dt < oo,
Z—>0 t Famdd 0
where
o(x, 1) = f H(z)ett—»(-1ingy (t=0,x20).
C2+Ce

Finally the relations (6.8) are proved in the same manner as (3.7) and (3.8)
in §3, first integrating twice by parts and then estimating c(x, ¢). This con-
cludes the proof of Theorem 8.

It should be noted that Theorem 8 combines twe theorems analogous to
the Theorems A and B of the introduction. We mention the following case.

COROLLARY. Assume that z=1 lies on the boundary of the region of B-sum-
mability of f(2) = D_a.z" and that f(z) is regular at 2=1. Then B- > a. exists if
B-lim a,=0.

Sometimes it is useful to have “B-lim a,=0” substituted by an assump-
tion on f(2).

(") This theorem of M. Riesz states: In J(w) = f: e~twg(8)dt let [rp(t)dt=o0(e=) (c>0) (x— )
so that J(w) is regular for R(w) >c. If J(w) is regular at wo with R(wo) =c, then [, : e~twog(t)dt
converges. Here we put w=1/z, c=1,and wo=1; the assumption e~ [¢(t)dt—0 (x— =) is clearly
fulfilled since B-lim a,=0 and therefore ¢(f) =o(e*) (t— «).
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THEOREM 9. Let f(3) = D _a.z" be regular in Izl <r(r>0) and in K and
assume that f(z) belongs to the class H* of the circle 8, t.e. that

+r 1 1
(6.9) f f<7+Re'”) dd = K for0<R<—2--
Then B-lim a,=0.
Proof. Again we have
2miB(x; a,) = 1 —=(1-1/2)dy C=Ci+---+C).
c 3

o

¥
]
]
[}
|
\
1
*

FiG6. 3

Given an €>0, we choose C; and C; so short that

f O g <&
catcyl 2 3
Then we have

f @ e—z(l—l/t)dzl éf '@ |dz| < hd (x = 0).

Cy+Cy 2 Co+Cel 2 3
Furthermore
1) e 2(-1adg| = O(e™) < = (x = xy),
c; 2 3
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since for z on C; we have R(1 —1/2) 29 >0. Finally we estimate

(6.10) I(x) = {@ e~2(-12)dg,
¢ 2

Let x be fixed for the moment and put 2(8) =1/24+Re®, {(0)=1/24(1/2)e?,
24=2(c). Then limg_12 f(2(0)) exists for almost all § in (—m, +m) and repre-
sents there a Lebesgue-integrable function f({(6)) such that

6.11 +T| 9 8))| d6—0 for R—»—
(6.1 I CORFEOIE ot R
(see for example [18, p. 162]). Therefore in

te f(2(0)) — f(£(6))
I(x) h f—a Z(B)

+(f zx*‘f za)f(—Z)e—w-l’”dz
24 22 5

the first and third terms tend to zero as R—1/2, while the second term tends

to
f & e—z(l—-l/;’)dg-,
§

for R—1/2, the integral being taken as Lebesgue-integral over the arc:
(22, 1, 21) of |§'—1/2| =1/2. Substituting w=1/¢—1, we get therefore
+wg
I(x) = f¥(w)evsdw

—wp

e =11/ d5(f)

e—=(1-11:0) d5(9) +f+a f(i(é";))
. 2

where w is purely imaginary and f*(w) is Lebesgue-integrable on the finite
section (—wy, +w,) of the imaginary axis. By the Riemann-Lebesgue theorem,

[ I(x)| < ¢/3 (x 2 x2),

which completes the proof of Theorem 9.

It is a well known fact that a power series f(z) = D_anz* with radius of
convergence 1 is B-summable at z=1 if f(2) is regular at z=1. If we combine
Theorems 8 and 9 we obtain the following sharper result:

A power series f(z) = Y a.z" with radius of convergence 1 is B-summable
at z2=1 1f f(2) is regular and bounded in S, and lim,.1_o f(2) exists.

The result of the author [5, p. 331] mentioned previously in §3 shows
furthermore that herein the region S, cannot be replaced by a region whose
boundary has an osculation of second order with |z| =1 at z=1.

Part B. We give first a necessary and sufficient condition for B-sum-
mability.
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THEOREM 10. Let f(z) = D a.z" be regular in |z| <r (r>0) and in Kg and
assume that f(z) belongs to the class H' of the circle 8, i.e. that (6.9) is fulfilled.
Then B- Y a.=s if and only if

. 1 p,+ sin «xt 1
(6.12) lim — f _)dl=s
20 T J _; t 144t

for every fixed >0, the integral being taken as Lebesgue-integral.

REMARK. Karamata has proved this theorem in the case r=1 and under
the assumption that f(z) is bounded in 8z [8, pp. 156-157], but his method is
not applicable under the more general assumptions of Theorem 10.

Proof. We have

cn .. = _& —x(1-1/2) Jy —
2riB(x; s,) = fcl+-~+c4 A1—2) e dz = I,(x) + + I,(x),

where C= D _+_; C; is again the path of Fig. 3. As in the proof to Theorem 9
one finds that for a given ¢>0

(6.13) | L(x) | + | Is(x) | + | Tn(x) | < ¢/2 (x 2 »).

Consider the auxiliary function

H(x) =f Le‘(“”’)dz.
c

y 2(1—2)
On the segments (24, 21) and (2, 23) of C; we have R(1 —1/2) <0 and therefore
@ e
I syl <« — >0
<f=4+fz,)Z(1—2) ) 1578 (=20

if only |24—2| <3=23(e), and since on the remaining part of C, the estima-
tion R(1—1/2) < —7 <0 holds,

(6.14) | H(x) | < ¢/4 (x = ).
We now estimate

f(Z) [e—z(l—-l/z) —_ ez(l—-l/:)

Ii=) = 1 -2z

:'dz + H(x) = I(x) + H(x)

c, 2

by a method similar to the one used in the proof of Theorem 9. The bracketed
term is regular for all 25#0 and therefore I(x) can be treated as I(x) in (6.10).

Hence
f(g‘) 6"”(1—1/(’) — e”(l—l/i’)
- f [ ]w
e 1—-¢

the integral being taken as Lebesgue-integral along the arc: (2, 1, z1) of
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|§—1/2| =1/2. Letting {=1/(1+414t)(¢ real), we get

I()_z.f”' sinxtf( 1 )dt
VER) . T 1+a)

where 2,=1/(14++T). By the Riemann-Lebesgue theorem,

619 -1

and hence from (6.13)—(6.15) it follows that for x = max (x;, ¥, x3)

. ST sin xt 1
2miB(x; 5.) — sz f - )dt < g,
—r t 141

which proves Theorem 10.
We prove now the analogues to Theorems 6 and 7 in the case of B-sum-
mability.

€
< Z (x g xs)y

THEOREM 6. Assume that (6.1) is continuous in Rp. Then C.B- a,
exists for every e>0.

REMARK. Since C.B and BC. are equivalent methods [2, p. 45], Theorem
6’ contains the result of Karamata [8, p. 157] who proved the BC.-sum-
mability of D a, under the assumption that f(z) is regular in |z| <1 and
continuous in ®5.

Proof. For z in 5 we have f(z) = (1/2) [y ¢ t/*¢(¢)dt, and by a theorem of
Riesz [16, p. 20] the integral is C.-summable for z=1, i.e. C.B'- > a,=s,
provided that

—T

(6.16) lim

g X*

f "5 — ie()dt = 0.

But by Theorem 9 we have B-lim a,=0, i.e. ¢(t) =¢(f) e, where (t)—0
(t— ). It is easily shown that the integral transformation with the generat-
ing function ¢(x, t) =e*~2x—*(x —t)* (0 <t=x, ¢>0) transforms every function
tending to zero for {— o into one tending to zero for x— «, so that (6.16)
holds. Now the relation B(x; s.) =B(x; a.)+B’'(x; s.) implies C.B(x; sn)
=CB(x; a,)+C.B'(x; s.), and the last two terms tend to zero and to s re-
spectively. This proves Theorem 6’.
If the continuity of f(2) for 2—1 in 85 is sufficiently strong, we obtain

THEOREM 7'. Assume that (6.1) belongs to the class H* of the circle &, 1.e.
that (6.9) s fulfilled,

f@) = s+ o((1 - 2)7) (n>0),
uniformly for z—1 in Rp. Then B- Za,.=s.
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Proof. Without loss of generality we may assume s=0, so that for the
limit function f({) existing almost everywhere on |§‘—1 /2[ =1/2 we have
lF©)] =|fQ/(1+it))| <A|¢t|" for |t| <ty where 4 >0 is a constant. Given
an €>0, we may choose 7<t, in (6.12) so small that [gt"'dt <emw/2A4. (If
(6.12) holds for some 7>0 it holds for all 7>0 by the Riemann-Lebesgue
theorem.) For this 7 we obtain

1 o+ sin 1 24 T dt

— f S ( - )dtl E— | —<e
T J_; t 144t w Jo 17

for all x=0, so that (6.12) is fulfilled.

Part C. This section is concluded with the discussion of a theorem of
Obrechkoff [14, p. 1813].

Suppose we have given a power series f(g) = _ a2 with positive radius
of convergence. Let 2=1 be a singular point of f(z) lying in the interior of
L where L is a rectilinear part of the Borel-polygon associated with f(z)(2).
Assume that the singularity of f(z) at z2=1 is such that in the region S
= S2(d0, 00) the function f(2) is regular and | l—zl ‘[ f(z)| is bounded for some
8(0<é<).

The theorem of Obrechkoff states that under these assumptions the series
Y a.7 is B-summable for every regular point zo=Re®® in the interior of L.

Obrechkoft’s proof of this theorem is valid only under restricted condi-
tions. If the circle K: Iz—zo/2| =Ri(R1>Ry/2) is drawn and 4;=14a;e%
and A;=14a.e~% are the two points lying on K with Iarc (z—l)l =0, his
proof depends on the fact that a; and a, tend to zero if R, approaches Ry/2.
This, however, is true if and only if the circle |z—zo/ 2| < R,/2 is contained
in the region larc (z— 1)| >0y, i.e. if and only if

(6.17) [ arc Zol + 6y < 7/2.

Therefore the theorem of Obrechkoff remains valigl if either z, is close enough
to z=1, or if #, may be chosen small enough such that (6.17) holds. (Note
that arc (20—1) = +7/2 since z=1 is in the interior of L; therefore |arc zol
<w/2.)

But if (6.17) holds, the region lz—zo/ 2| < Ry/2 is contained in the region
|arc (z—1)| >8,. Therefore

R,

¥4
°<7 (0<38<1),

limsup |z — 1| f(z) | < M for z—1 in 1=

whilst f(z) remains bounded for the other part of lz—zo/2| <Ry/2; this is
because 2, is an interior point of L and therefore z=1 is the only singularity
of f(2) on [z—zo/ 2] =Ro/2. Theorem 9 assures now that B-lim a@,% =0 and
hence by Theorem 8 or its corollary the existence of B- ) a.z" follows. This

(®)By “interior of L” we mean that z=1 is not a corner of the Borel-polygon.
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is a new proof of Obrechkoff’s theorem in its modified form.
Added January 28, 1953. It has been investigated by Garten and Kara-
mata [Math. Zeit. vol. 40 (1936) pp. 756-759 and vol. 45 (1939) pp. 635-641 ]

under what conditions on a,

(6.18) B— Y a, = simplies B— Y a,=s
(ao = Qo + ayy, &p = QApt1y n=11 27 e )‘

Their restrictions on the series [a,=o0(n*) (n—w», k fixed) and a,=o(e")
(n— o, p<1/3), respectively] are such that the associated function f(z)
= D a,2" is necessarily regular in lzl < 1. It should be noted that if f(2) does
not fulfill this condition, Theorem 9 may be applicable, since B-lim a,+1=0
is necessary and sufficient for the validity of (6.18) (see [6, p. 183]).
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