SIMULTANEOUS PARTITIONINGS OF TWO SETS(})

BY

G. H. M. THOMAS

1. Introduction and definitions. In [5](?) R. H. Bing introduced the
concept of partitioning a set. This concept has been applied by him and
others as a means of obtaining many notable results [1; 2:3;4;5;6;7;8; 9].
In this paper an extension of this concept to the case of two sets is considered.

We shall consider only subsets of a metric space, particularly continuous
curves and similar sets. A set M is partitionable if for each >0, there exists
a finite collection G={g,, - - -, gi} of disjoint open connected subsets of
M, such that ZLI g: is dense in M and 8(g;) <e for each 7. The mesh of G
equals max d(g;), 1=<7=k. Each g; is an element of G, written g;&G. G is
called an e-partitioning of M. If each element of G has property S, G is called
an S, e-partitioning of M. {G,-} is a decreasing sequence of S-partitionings of
M if (1) for each 7, G, is an S-partitioning of M and each element of G; is
contained in an element of Gi_; (that is, G; is a refinement of G;_1), and
(2) the limit, as ¢ increases without limit, of the mesh of G; is 0. Suppose
H and G are two partitionings of a set M, G a refinement of H. Let
hEH and let g, gs - - -, g be all the elements of G which are contained
in k. g; is called an interior element of G if g;Ch. Otherwise g; is
a border element of G. G is a core refinement of H if for each h&EH the
sum of the closures of all interior elements of G contained in % is connected
and intersects the closure of each border element of G contained in A.

Let M and N be two partitionable sets such that NCM. If G
= {g;, go, v v ,gk} is a partitioning of M such that G'= {glN, &N, - - - ,g;,N}
constitutes a partitioning of NV, then G is called a simultaneous partitioning
of M and N. If g; and g;N both have property S for each 7, G is a simultaneous
S-partitioning of M and N. If §(g;) <e for each 7, G is a simultaneous S, e-par-
titioning of M and N. {G,'} is a decreasing sequence of simultaneous core
partitionings of M and N if the following conditions are satisfied. (1) {G.}
is a decreasing sequence of S-partitionings of M, and if g&G; then gN has
property S. (2) G; is a core refinement of G;_; for each 7. (3) Let g&€G;_; and
let g1, g2 * * ', 8k Zkt1, Lht2y * * * » €ein De the elements of G; which are con-
tained in g and which intersect N where g;Cg if i<k and g;{g if > k. Then

v.1 Cl(g:N) is connected and intersects Cl(g;N) for each 7 from k+1 to
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k-+n. The question arises, what results regarding partitionings have analogies
in the case of simultaneous partitionings?

2. Preliminary results. First let us recall some facts which have been
previously established. An important one which characterizes partitionable
sets is: Theorem A. A set M is partitionable if and only if it has property S.
This means that if we wish to partition a set M into elements which them-
selves can be further partitioned, then these elements must have property S.
Thus a fundamental result (Theorem B) is that if M is a partitionable set
and € is an arbitrary positive number, then there exists an S, e-partitioning
of M. A consequence of this is that if M is partitionable, then there exists a
decreasing sequence of S-partitionings of M (Theorem C). Of course many
other results have been obtained concerning partitionings, and many applica-
tions of this concept have been found.

LeEMMA 1. Let M be a continuous curve, U an open partitionable connected
subset of M, and H,, H,, - - -, Hx a finite number of connected disjoint closed
subsets of U with property S. Then there exists a finite collection { Wy, We, « - -,
Wk} of disjoint connected open subsets of U with property S, whose sum is dense
wn U, with W; D H, for each 1.

Proof. Let G, be an S, 1-partitioning of U. Let D= %, H;. Let {p;}’
1=1,2, - -+, n, be a collection of points obtained by selecting a point from
each element of G;. Let 4y, 42, - - -, A, be n arcs in U such that 4;Dp; for
each 7, each A4, intersects exactly one component of D, and 4;4;=0if 4; and
A ; intersect different components of D. For each 7 from 1 to k, let Si(H.)
equal H; plus all the above arcs which intersect H.;.

Let S (H:) = {x|xES.(H:) and p(x, bdy U)=1}. There exists a positive
number d, such that p(Si(H;), S{ (H;)) >d. if 25j. About each point of .S{ (H)
there exists an open connected set with property S containing p of diameter
less than min (1, d1/3). The closure of each such set thus is contained in U. A
finite number of these sets cover S{ (H;). Let TY (H;) equal the sum of their
closures. Let T\(H,;)=T{ (H;)+ Si(H;). Do this for each 7 from 1 to k. Then
each T(H;) is a closed connected partitionable subset of U and T1(H;) - T1(H;)
=0 if 7547.

Let G; be an S, 1/2-partitioning of U which is a refinement of G;. Let
Dy= Y %.. Ti(H.). Proceed in a manner exactly similar to that described in
the above two paragraphs with only the added condition that each new arc
must be contained in an element of G;. Thus sets T2(H;), 1=1, 2, - - -, k are
obtained which are each closed partitionable connected subjects of U and such
that To(H,) - To(H ;) =0 if 755,

Proceed similarly to obtain sets T.(H;), 1=1,2,---,k;n=3,4,- .-,
using S-partitionings G, of mesh less than 1/27=1, Define W;= D ., Tn(H.)
for each 4. All the conclusions are clearly satisfied except possibly that each
W has property S. To prove this, recall Wi= > v, To(H,). Topa(H:) is
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obtained from T,(H;) by adding a finite number of arcs, each of diameter
less than 1/2—2 and a finite number of connected sets with property S each
of diameter less than 1/(27~2%). Hence any point in T,(H;) can be joined
to T.(H;) by a connected set in Tny1(H;) of diameter less than 1/(273).
Given €>0 take ¢/3. Since Z,‘:’.l 1/2»=1, there exists a positive integer N
such that each point of W; can be joined to Tx(H;) by a connected set in W;
of diameter less than €/3. Since Tx(H;) has property S it is the sum of a finite
number of connected sets each of diameter less than ¢/3,say C;, Cy, - + -, Cp.
Let C! equal C; plus all points of W; which can be joined to it by a connected
set of diameter less than ¢/3 which lies in W;. Then the diameter of C/ is
less than e and D g, C! = W, thus proving that W; has property S.

LEMMA 2. Let U be an open partitionable connected subset of a continuous
curve M, and V a closed partitionable connected subset of U. Let H and K be
two sets in U such that p(H, K)>0. Then H and K can be expanded into larger
closed subsets of U, H', and K', such that p(H'’, K') >0,and H', K', H'V,K'V
all have property S.

Proof. Let p(H, K) =¢>0. Let G (G’) be an S, €¢/6-partitioning of U (V).
Let H’ equal H plus the closures (relative to U) of all elements of G whose
closures intersect H. Define K’ similarly. Let H"' equal H’ plus the closures
(relative to V) of all elements of G’ whose closures intersect H’. Define K’/
similarly. Then p(H", K'’)>0and H”, K", H”V, and K"’V all have property
S.

THEOREM 1. Let U be an open connected partitionable subset of a continuous
curve M, V a closed partitionable subset of U, and H and K two subsets of U
such that p(H, K)>0. Then there exists a collection { Wi, Ws, - - -, Wa} of
open disjoint connected subsets of U with property S whose sum is dense in U,
such that no W intersects both H and K but each W ; intersects either H or K, and
such that each W;V is either void or an open connected subset of V with property
S, and Y iy WV is dense in V.

Proof. We may clearly suppose that H and K are closed subsets of U.
It is also no loss in generality to assume that (H+K) intersects each com-
ponent of V. To prove this, let C be a component of ¥ which contains no
point of (H+K). Then there exists an arc 4 in U intersecting C and one of
the sets H and K but lying at a positive distance from the other set. A may
be added to the set which it intersects. This procedure may be repeated until
each component of V contains a point of (H+K). Also by Lemma 2 we may
assume that H and K are closed subsets of U such that that H, K, HV, and
KV all have property S. Let {Hi}, 1=1,2,---,mn, {K;}, 1=1,2,:--,
m,{A;}, 1=1,2,--.,7, {B;},i=1, 2, - - +,s, be the components of H, K,
HV,and KV respectively.

Let G, be an S, 1-partitioning of V. Let {p,-}, 1=1,2, - -, n, bea col-
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lection of points obtained by selecting a point from each element of G;. Let
{Zi}, 1=1, 2, - - -, m, be a collection of arcs in V such that Z; contains p;
for each 7, each Z; intersects exactly one component of (HV+KV), and
Z:Z;=0 if Z; and Z; intersect different components of (HV+KV). Let
Al (or B! or H! or K!) equal 4; (or B; or H; or K;) plus all the arcs Z;
which intersect 4; (or B;or H;or K;). Let H'= > +., H! and K’'= > 7, K!.

Let G{ be an S, 1-partitioning of U. Let {q.-}, 1=1, 2, - .- -, m, be the
set of points obtained by selecting a point from each of the elements of
G{ which does not intersect V. Join ¢; to some component of (H'+K’) by
an arc entirely in U— V except possibly for an end point if this is possible.
If not, join ¢; to V by an arc intersecting V at only one point, say ¥, and
then join y by an arc in V to some component of (D 4., A/ + 2 i, B!).
This can be done in such a way that we have a finite family of arcs
Ny, Ny, - -+, Ny, such that N; contains g¢; for each 7, each N; intersects
exactly one component of (H’+K’) and at most one component of ( Y 5., 4!
+ > 5.1 B!), and such that N;N;=0 if N; and N; intersect different com-
ponents of (H'+K’) or different components of (> j.; A!+ D> 4., B!).
For each ¢ from 1 to 7 let S1(4;) equal A/ plus the intersection of V with all
the above arcs which intersect 4/. Similarly define S;(B;) for each ¢ from 1 to
s. For each ¢ from 1 to n (m) let Si(H;) (Si(K:)) equal H! (K!) plus all the
above arcs which intersect H! (K/).

Let Ei={x|x€(Xi1 Si(4)+ i1 Su(By) and p(x, bdy U)z1}.
This is a compact set. Let {D;}, 1=1, 2, - - -, r+s, be the components of
(X5e1 Si(4)+ D05y Si(By). Let dy be a positive number such that
p(EiD;, D;)>d, if ©5£j. Around each point p of E, there exists an open con-
nected subset of V containing p with property S, of diameter less than
min (1/2, d1/3). The closure of each such set thus lies in V. A finite number
of such sets cover E;. Let T1(4.) equal Si(4;) plus the closures of all these
finite number of sets which intersect S;(4;), for each 7 from 1 to r. Define
T1(B;) similarly for each 7 from 1 to s. Then each T,(4;) and each T:(B;) is
a connected partitionable closed subset of V, and no two of these sets inter-
sect.

Let Fi={x|x€(XL, SH)+ 2T, Su(K)) and p(x, bdy U)z1}.
Again F; is compact. Let {D{ }, 1=1, 2, - - -, n+m, be the components of
(Xn, Si(H)+ D", Si(K))). Let d{ be a positivé number such that
p(FiD!, D})>d{ if 1j. About each point p of F; there exists an open parti-
tionable connected subset of U containing p of diameter less than
min (1/2, d{/3), whose closure lies in U and does not intersect
V(i1 Ti(4) + > i1 Th(B5)). A finite number of such sets cover F,. For
each 7 from 1 to n let T1(H;) equal S;(H;) plus the closures of all these finite
number of sets which intersect S;(H), plus all components of (Y i_; Ti(4;)
+ D51 Ti(By)) which intersect S;(H,). Define Ty(K;) similarly for each ¢
from 1 to m. Note that each T3(H;) and each T(K;) is a closed connected
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partitionable subset of U and no two of these sets intersect.

Let G; be an S, 1/2-partitioning of V which is a refinement of G;. Proceed
in exactly the same manner as in the second paragraph of this proof to obtain
sets T{ (4,),7=1,2, - - -, r, T{ (By),1=1,2, - - -, s, T{ (Hy),2=1,2, + - -, m,
and TY (K,), 1=1, 2, - - -, m, with only the added restriction that each arc
concerned must be contained in some element of G; and hence be of diameter
less than 1.

Let G{ be an S, 1/2-partitioning of U which is a refinement of G{. Pro-
ceed in a manner similar to that described in the third paragraph of this proof
to obtain sets S2(4:), S2(B:), So(H;), S2(K;), with only the added condition
that if M is one of the arcs concerned then M;V is contained in the closure
of some element of G; and M,;— V is contained in some element of GY.

Let E,= {xGC(Zt 1 Se(40)+ Zt 1 S2(B)) and p(x, bdy U)>1/2}
Let {X;}, i=1, 2,--+, r+s, be the components of (DX j; Sa(A4:)
+ D751 Su(BY). Let d; be a positive number such that d,<p(X;, X; E») if
157%j. Let ne=min (1/4, d»/3). About each point p of E, there exists an open
connected partitionable subset of V of diameter less than %, containing p. A
finite number of these sets cover E.. Let T3(4;) equal Sa(4;) plus the closures
of all these finite number of sets which intersect S3(4;), for each 7 from 1 tor.
Define T3(B;) similarly for each 7 from 1 to s.

Let {Yi}, i=1, 2, - - -, n+m, be the components of (ZLI So(H;)
+ D7, Si(K,)) and let df be a positive number such that df <p(Y;, ¥; F2)
if i j where Fa= {x|x &€ ( 2ty Sa(H:) + 2omy Se(K:)) and p(x, bdy U) 21/2}.
Let n¢ =min (1/4, d4 /3). About each point p of F. there exists an open con-
nected partitionable subset of U which contains p and is of diameter less
than %/, whose closure lies in U and does not intersect V—(ZZ,I T2(A))
+ > 3.1 To(B,)). A finite number of these sets cover Fz. For each ¢ from 1 to #,
let To(H;) equal S:(H;) plus the closures of all these finite number of sets
which intersect Sy(H;) plus all components of (2 5.1 T2(4:)+ D 3-1 T2(B.))
which intersect Sy(H;). Define T2(K;) similarly for each 7 from 1 to m.

Thus we obtain sets T3(4.), 1=1, 2, .. -,r, To(By), t=1, 2, -+ -,5,
T.(H;), i=1, 2, - - -, n, To(K;), 1=1, 2, - - -, m, all of which are closed
partitionable connected subsets of U. Moreover each T5(4;) is a component
of (ZI_I T:(A,)+ Zi_l To(B;)) as is each T(B;). Also each T(H;) is a com-
ponent of ( X 1.y To(H)+ Dy To(K;)), as is each To(K,).

This procedure is repeated using S-partitionings G3, Gy, + + *,Gs ,G{, * + +,
each G; (or G!) being a refinement of G;_; (or Gj_,), and each G; (or G/) being
of mesh less than 1/2¢-1, Define R;= Z,_l T{(H,), 1=1, 2, -+, n, S;
= Z}:l Ti(Ki)y 'L=1’ 2, .- y m, Qt Ej-l T(A,), i=1, 2,7, L,
=2 i TiB),i=1,2,- - -,

Then the sets R; and S; are each open subsets of U since each point of
R; for example is an interior point of some T,(H;). Also each of these sets is
connected and their sum Y is dense in U and has property S for the same
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reasons that each W; in Lemma 1 has property S. Each R; and each S;is a
component of ¥ and hence has property S also. Similarly each Q; and each
L;is an open connected subset of V with property S. Also ( D_j-, Qi+ 2 51 L)
is dense in V and actually X 5.1 Qi=(2 -y R)Vand D i Li=(D m, S)V
so that each Q; (L;) is a closed subset of some R; (S;).

By Lemma 1, there exist sets Wy, Wy, -« -, W,, r2r, in > % 1 R;such
that WiV =0Q;for 1<i<rand W;V=0if i>r, D L, W;is densein » 1., R;
and each W; is an open connected subset of U with property S. Similarly
there exist sets W1, = * ©, Wiptsy 125, such that W, ;- V=L, for 175
and W, s V=0 if 1>s5, D L, W, is dense in D gu, S; and each W, is
an open connected subset of U with property S.

3. The fundamental theorems.

THEOREM 2. Let M be a compact partitionable set and N a closed partition-

able subset. Then for every €>0 there exists a simultaneous S, e-partitioning of
M and N.

Proof. It may easily be shown that it is sufficient to prove the theorem for
the case when M and N are both connected (and hence continuous curves).

Given €>0 take ¢/4. Pick a finite set of points, {p,-}, 1=1,2,.--,mn,
such that if pE M then D(p, p:) <e€/4 for some 7. Define 4;= {xIxEM and
D(x, p;) <e¢/4}, and B;= {xIxEM and D(x, pi)ge/Z}. Then the sets A4;
and B; are at positive distance apart for each . In particular p(4,, B;) >0.
By Theorem 1 there exist disjoint open connected subsets of M, say
Vi, Vs, + + +, Va, such that no V;intersects both 4; and B, but each V; inter-
sects (A;+Bi1), Jom, Viis dense in M and has property S, each V.N is
either void or an open connected subset of N with property Sand Y ., ViN
is dense in N. Clearly if V;4,70, §(V;) <e. Let X; (Y1) be the sum of those
V; which intersect 4, (By).

Let V, be an arbitrary component of ¥;. Then V,4,=0. Consider V,4,
and V,B,. If VN is not void these two sets satisfy the conditions of Theorem 1
for Hand K with U= V,and V= V,N and so we can apply the theorem again.
If V,N =0, it can be S, e-partitioned (Theorem 4, p. 1104 of [5]). The procedure
can be repeated until the components of ¥; are exhausted. This gives us a
simultaneous S-partitioning G of ¥; and Y1N. Let X, equal the sum of all
elements of G which are of diameter less than e. Let Y, equal the sum of the
remaining elements of G. Proceeding similarly we obtain sets X3, V3, - - -,
X1, Va1 Then the components of (V,_1+ D -1 X,) are the elements of a
simultaneous S, e-partitioning of M and N.

The following results may be obtained in the same manner and will be
used several times.

THEOREM 3. Let M and N be two continuous curves such that NCM and
let U be an open partitionable connected subset of M such that UN 1is connected
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and partitionable. Then for every €>0 there exists a sitmultaneous S, e-partition-
ing of U and UN.

THEOREM 4. Let M be a compact partitionable set and N a closed partition-
able subset. Then there exists a sequence {G.} of simultaneous S-partitionings of
M and N such that G; is a refinement of G;_1 of mesh less than 1/1.

4. Remarks and examples. Theorem 2 would follow immediately (using
Lemma 1) from Theorem B if for every S, e-partitioning G of M and every
element g of G which intersects IV, g N had property S. However this is not the
case. Very simple examples can be found where G is an S-partitioning of M,
gEG, and gN does not have property S. These and other examples show that
it is not possible to prove Theorem 2 by working with M only or with N only
at first, but rather the sets NV and M must be considered simultaneously as
was done. These examples can easily be constructed and so are not included.

A COUNTER EXAMPLE. One might wonder if the restriction that N must
be contained in M could be removed. That is, consider the following theorem.

FALSE STATEMENT D. Let M and N be two arbitrary continuous curves, €
an arbitrary positive number, and U an open connected partitionable subset of
(M+N) such that UM and UN are both connected and partitionable. Then

there exists an S, e-partitioning G = { g1, 82y 0t 0, gk} of U such that { &M },
1=1,2,---,k and {g;N}, 1=1, 2, - - -, k, are S-partitionings of UM and
UN respectively.

It can easily be shown that a consequence of this theorem is that if p is
an arbitrary point of (M+N) and € an arbitrary positive number, there
exists an open connected set U such that p& U, 6(U) <e, and UM and UN
are both connected and partitionable. However consider a straight line L
in euclidean 3-space and points p and p; on L. Let p, be the mid-point of
[, p1] and in general p; be the mid-point of [p, pi1]. Consider a sequence
{q;} of points defined as follows. Points ¢i, ¢, * - -, gs¢ are the points,
Dek, Dor—3r Dokt2r Por—1, Dekts, Dokt1, respectively, with k=1. The points ¢; to
¢z are the points pex, Pek—s, Pek+2, Pek—1, Per+d, Pek+1, respectively, with k=2,
and so on. Let {Ai} be a sequence of arcs such that (1) the end points of 4;
are ¢; and ¢i41, (2) each pair of these arcs are disjoint except possibly for a
common end point, and (3) p(x, [, gi+1]) <1/2'if xEA;. Let N=p+ > i, A,
and let M = [p, p1]. Then there do not exist arbitrarily small open subsets U
of (M+N) containing p such that UM and UN are both connected. The
proof is omitted. This shows that Theorem D is indeed a false theorem and
thus that the results of this paper are not valid for two arbitrary continuous
curves.

5. Some additional theorems.

THEOREM 5. Let p be an arbitrary point of a compact partitionable set M
and let N be a closed partitionable subset of M and let € be an arbitrary positive
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number. Then there exists in M an open partitionable connected set U such that
pEU, §(U)<e, and UN 1s either void or connected and partitionable.

Proof. (a) If p&(M —N) the proof is left to the reader. (b) Suppose
pEN. Given ¢, take ¢/2. By Theorem 2 there exists a simultaneous S, e/2-
partitioning G of M and N. If p belongs to an element of G, that element
serves as the set U. Otherwise let {g.-}, 1=1, 2, - - -, k, be the elements of
G such that pECI (g,). Let V be the interior of Y 5., Cl (gi). If VN is con-
nected we are done. If not VNV has a finite number of components and we may
apply Lemma 1.

THEOREM 6. Let M be a compact partitionable set, N a closed partitionable
subset, p an arbitrary point of M, and 6 and € any two positive numbers such
that 6 <e. Then there exists an open set U such that U and UN both have prop-
erty S and ACU and p(U, B) >0, where A = {xl xEM and D(x, p) <8/2} and
B= {xIxEM and D(x, p)2€/2}. (If B is void omit the conclusion p(U, B)
>0.)

Proof. If B=0, let U= M. Otherwise let y=(e—d)/2. Let G be a simul-
taneous S-partitioning of M and N of mesh less than /3. Let U equal the
interior of the sum of the closures of all elements of G whose closures inter-
sect A. This set is of the required type. U clearly has property S. UN also
has property S because it is the sum of sets gV where §4 0, plus a subset of
the limit points of this sum. The other conclusions of Theorem 6 are clearly
satisfied.

THEOREM 7. Let M be a compact partitionable set and N a closed partition-
able subset of M. Then there exists a decreasing sequence {G,-} of stmultaneous
S-partitionings of M and N such that if g and h are two elements of G; for which
gN=0, kN#0, and p(gN, hN) >0, then p(g, k) >0.

Proof. We prove the theorem by showing that if partitionings Gy, Gy, - « -,
G._1 have been chosen so that the conclusions of Theorem 7 are satisfied for
them, then G, can be chosen of the required type.

Let H be any simultaneous S, 1/z-partitioning of M and N which is a
refinement of G,_;. Let {hg}, t=1, 2, - - -, k, be the elements of H which
intersect N and {hi}, 1=k+1, - - -, k414, be the remaining elements. Con-
sider hy. If p(hy, h;) =0 only if (a) 2>k or (b) 1<k and p(lN, h;N)=0, pass
on to k.. However if, for some 1 <k, p(h, h;) =0 but p(mlN, h;N) >0, let &, be
one such #; for which p(A N, k;N) is a minimum. Consider a simultaneous
S-partitioning H' of M and N which is a refinement of H of mesh less than
(1/4) -p(lN, knN). For each 7 from 1 to k let 2/ equal the interior of the sum
of the closures of all elements of H’ whose closures intersect 2;N and let
{h{ }, i=k+1, - - -, B+, be the remaining elements of H’. Then if :Zk,
p(k{, k!)>0 unless p(k{ N, h{ N)=0.



1953] SIMULTANEOUS PARTITIONINGS OF TWO SETS 77

Now omitting #{ and considering only the remaining elements of H’’
= {h,-’ },i= 1,2, - - -, k4t treat ¢ in a similar manner to the way in which
hy was treated. After at most k—1 steps a partitioning is obtained which
satisfies the conditions on G,.

In fact this theorem may be strengthened so that if § equals the mini-
mum of p(g, k) whereg and & vary over all elements of G; which intersect N
and are such that p(gN, AN) >0, then the diameter of g’ is less than 6/H
where H is an arbitrary positive integer, and g’ is an arbitrary element of
G; which does not intersect V.

THEOREM 8 (CORE PARTITIONINGS). Let M be a compact partitionable set
and N a closed partitionable subset. Then there exists a decreasing sequence of
simultaneous core partitionings {Gi} of M and N.

Proof. Let G; be a simultaneous .S, 1-partitioning of M and N, let g&G;
and let G/ be the partitioning of g consisting of the single element g. If
gN =0, it has previously been shown [7 and 8, Theorem 3, p. 1119] that
there exists a core refinement of G/ of mesh less than 1/2. Thus suppose
gN#0.

Let H be a simultaneous S, 1/2-partitioning of g and gN. Let T be a con-
nected set in g such that N30, T intersects every element of H, and
p(M—g, T)>0. If TN is not a connected set in gN which intersects each
element & of H for which kN0, a set .S may be obtained from T by adding
a finite number of dendrons in g/N chosen in such a way that SN is a con-
nected set in gV which intersects each element & of H for which AN =0.
Note that p(M —g, S)=06>0.

Let H’ be a simultaneous S-partitioning of g and g N which is a refinement
of H of mesh less than §/3 and which satisfies the following condition. If
KEH', N0, and p(k’, S)=0, then p(k’N, S)=0 also. To show that H’
exists we may consider an arbitrary simultaneous S-partitioning K of g and
gN which is a refinement of H of mesh less than §/3. If there exists an element
k of K such that kN0, p(k, S)=0, and p(kN, S) =y>0, it is merely neces-.
sary to consider a simultaneous S-partitioning of 2 and kN of mesh less than
v/3. If this procedure is repeated for all elements of K similar to &, then the
collection of all sets thus obtained plus all the unchanged elements of K
constitutes a partitioning satisfying the conditions on H’.

Let C equal the sum of the closures of all elements of H’ whose closures
intersect S, say C= D 4., Cl (h!) and let D= Y ., Cl (k! N). Then C and
D are both connected sets in g. C is connected because for each ¢ from 1 to
k, k! has a limit point in S. D is connected because for each 7 from 1 to k
for which 2! N0, k! N has a limit point in SN.

Consider the border elements ky, ks, + * + , hn of H which are contained in
g. Consider an arbitrary component K of ( Z —C. Thus K will be con-
tained in some element of H. If KN =0, leave K alone. If KN##0, KN hasa
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finite number of components, X;, X,, + + -+, X, and K may be partitioned
into open disjoint connected partitionable subsets W;, Ws, - - -, W, such
that W;DX; for each 4 (Lemma 1). Treat each component of (>, k) —C
in this manner. Let {R.-}, 1=1,2,---,r, and {S.-}, 1=1,2,---,5s, be the
sets thus obtained which have a boundary point in common with bdy g,
where R;N=0 and S;N is nonvoid and connected. These sets plus all the sets
obtained by the same process whose closures lie in g, plus all elements of H’
which are contained in (C+(g— D_i, k:)), constitute a simultaneous S, 1/2-
partitioning G of g and gN. The border elements of G are {Ry, - - -, R,
Sy, - -+, S,} and all the remaining elements are interior elements (border
and interior elements with respect to Gi).

Suppose E equals the sum of the closures of all the interior elements of G,
defined above, say E= Y 4., Cl (g;) and let F= Y ., Cl (g;N). Then E and
F are both connected, as we shall now prove. Suppose E is not connected.
Let E’ be a component of E which does not intersect C. Suppose E’ contains an
element g’ of G which is contained in a border element % of H. If g N=0, g’
is a component of 2— C and hence g’ has a limit point in C, since % is con-
nected. If g’ N0, ¢’N is a component of (k—C)N and hence has a limit
point in CN because AN is connected. In each case E’ intersects C, contrary
to assumption. E’ cannot contain an element of H’ which is contained in an
interior element & of H for in this case E’ would contain % and hence again
intersect C, a contradiction. Hence E is connected. We may proceed in
exactly the same manner to prove that F is connected. The same arguments
show that if g’ is an arbitrary border element of G, then E contains a limit
point of g’ and F contains a limit point of g’ N unless the latter set is void.

Once G has been defined, this shows how the other elements of G; may be
treated. By dealing with each of them in the same manner, we obtain a simul-
taneous S, 1/2-partitioning Gz of M and N of the required type. The method
is general and so the proof is complete.

6. Unanswered questions. Consider the following two theorems which
may possibly be true, and if so, might lead to further results.

CoNJECTURE E. Let M and N be two continuous curves such that NCM, Ua
connected, uniformly locally connected (ulc), open subset of M such that UN is
ulc and connected, and € an arbitrary positive number. Then there exists a simul-
taneous e-partitioning G of U and UN, such that if gEG then g and gN both are
ulc.

This is a stronger result than Theorem 2 since for subsets of a compact
metric space ulc implies property S but not conversely.

CoNJECTURE F. Let M and N be two continuous curves such that NC M,
and € an arbitrary positive number. Then there exists a simultaneous S, e-parti-
tioning G of M and N such that if g&=G then gN=Cl (gN). .
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