THE ASYMPTOTIC BEHAVIOR OF THE SOLUTIONS OF
LINEAR AND NONLINEAR DIFFERENTIAL-
DIFFERENCE EQUATIONS

BY
K. L. COOKE()

1. Introduction. We intend in this paper to discuss the solutions of linear
functional equations of the form

d
(1.1 7 u(t + 1) = a(u(t) + db(O)u(t + 1)
and nonlinear equations of the form

d
(1.2) Eu(l + 1) = a(Du(®) + b()ut + 1) + D(u(), u(t + 1)),

where

(1.3) D(u(t), w(t + 1)) = 2 bij(u@®)u(t+ 1)  (i20,520),
i+ij=2 :
where a(t), b(¢), and the b;;(t) are given real functions of the real variable ¢.
We seek to find real functions #%(¢) which satisfy (1.1) or (1.2) for >, (£6>0),
and which satisfy the boundary condition %(t) =g(¢) for £, <t <to+1, where
g(¢) is a given real continuous function. The principal aim of this paper is to
characterize such solutions for large positive values of the indepzndent
variable.
Consider, for the moment, the more general linear equation

ar 'il i d*
—u(t) + ca(t) —u(t —1t;) =0,
o ® 2 2 k() 7 ( )
where 0<#<t;< - - - <t.. As observed by Bellman [2], this equation is a
special case of the system which, in vector-matrix notation, is

d
— WD) = Ao + HDult = 1) + -+ + ADult = 1),

where % is an n-dimensional column vector and A4; is a square matrix with »
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(*) This investigation constituted part of the author’s dissertation submitted to the De-
partment of Mathematics and the Committee on Graduate Study of Stanford University in
partial fulfillment of the requirements for the degree of Doctor of Philosophy. The author
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columns. The boundary condition is # =g(¢) for 0 £t <t¢,, where g(¢) is a given
vector function. The methods to be employed below could be extended to
provide information concerning this general equation and an associated non-
linear equation. However, in order to avoid extraneous complications, the
discussion will be restricted to the first order equations (1.1) and (1.2).

Functional equations of the above type occur in several branches of
mathematical physics. For references, see Hoheisel [8], Hilb [7], and Wright
[17]. Very complete information on the solutions of equations with constant
coefficients has been obtained by Schmidt [11], Hilb [7], Titchmarsh [12],
Pitt [10], Wright [14; 15; 17; 18], and Brownell [4], but much less is known
if the coefficients are not constant. However, Bellman [2] and Wright [16]
have obtained important results concerning differential-difference equations
in which the coefficients, while not constants, have constant limits as ¢ tends
to + . In this paper, we suppose that a(¢) and b(¢) have asymptotic expan-
sions

a, as bl b2
(1.4) a(l)"’do+7+F+"'y b(t)"’bo+7+;+"',

as t—+ o, and we seek to determine the behavior of the solutions of (1.1)
and (1.2) as t—+ . This subject is suggested by the discussion of the
analogous problem for differential equations and for difference equations
carried out by various authors. See, for example, Hukuhara [9] and Trjitzin-
sky [13], where references to related papers are given.

Before beginning the detailed study of (1.1) and (1.2), we shall briefly
indicate the method to be used and the conclusions reached. Throughout this
article, the equation

(1.5) set — boe* —ag =0

is called the characteristic equation, and its roots are called the characteristic
roots. The first step in studying (1.1) or (1.2), where a(¢) and b(f) have the
asymptotic expansions (1.4), is to investigate the equation of first approxima-
tion

1.9 e+ = (do + “7) u(l) + (bo 4 b7) Wt + 1),

subject to the prescribed boundary condition. By use of the Laplace trans-
form, we may express the solution of (1.6) as a contour integral. The asymp-
totic behavior of the solution can then be determined by a familiar method.
The principal conclusions may be stated as follows.

THEOREM 1.1. There is a unique function u(t) which satisfies the equation
(1.6) above for t>t, and which satisfies the boundary condition

(1.7) u(t) = g®) (to=tst+ 1),
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where g(t) 1s an arbitrary real continuous function and a,, ai, bo, and b, are any
real constants. If a9 —exp (bo— 1), there is one particular characteristic root Ss,
which depends on ao, a1, bo, b1, and g(t), and there are constants co, ¢y, Ca, * * -
co#0, such that, given any positive integer m,

Cm

(1.8) u(t+1) = Re {t"es"(co +? + 4 —)} + O(fRe (31— m—1¢Re (s} 1)

tm
as t—+ o, where 6; is the residue of
ae”® + b1

1.9 _—_—
(1.9) s — by — aoe™*

at Sg.

Theorem 1.1 is basic in the discussion of the more general equations (1.1)
and (1.2), and is, perhaps, of some intrinsic interest. §2 of this essay is de-
voted to the proof of Theorem 1.1. In §3, we consider the nonhomogeneous
equation

110 2 1) = e B 4+ 1
(110) St )-(ao+7)u(t>+(o+7)u<z+ ) + w(i).

By applying the Laplace transform again, we are able to prove that, under
certain conditions on w(f), the solution #(f) of (1.10) which satisfies the
boundary condition (1.7) is of the form

u(t) = uo(t) + m(®),

where #,(¢) is the solution of (1.6) and (1.7), and where %;(f) may be written
in the form

ul(t + 1) =f W(tl)k(t, tl)dtl.

k(¢, t1) is defined below.

In §4, we discuss the general linear equation (1.1), where a(f) and b(¢)
have the asymptotic expansions (1.4). We note that (1.1) is of the same
form as (1.10), if w(¢) is appropriately chosen. The results of §3 therefore sug-
gest the consideration of the linear integral equation

’ ¢

(1.11) u(t + 1) = uo(t + 1) + {A(I;)u(tl) + B(tl)u(h + 1)}k(l, t;)dtl,
to

where A(t) =a(t) —ao—ay/t and B(t) =b(t) —bo—by/t. The solution of (1.11)
and (1.7) may readily be constructed by the method of successive approxima-
tions, and may be shown to be the solution of (1.1). We can then ascertain its
asymptotic character with the aid of Theorem 1.1 and the known form of
k(t, t).
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We use a similar procedure in §5 in studying (1.2). Our principal results
are as follows:

THEOREM 1.2. There is a unique function u(t) which satisfies the boundary
condition (1.7) and which satisfies the equation (1.1) for t>1,, if a(t) and b(t)
have the asymptotic expansions (1.4) as t—+ . Let S, be the characteristic root
of largest real part(?), and let 8, be the residue of (1.9) at Sy. If ao= —exp (bo—1),

(1.12) w(t) = O(fRe B1)gRe (81)1)
as t—+ o ().

CoroLLARY. If Re (S;1) <0(%), or if Re (S1) =0 and Re (8,) <0, all solutions
of (1.1) approach zero as t—4 ».

THEOREM 1.3. Consider the nonlinear equation (1.2) where a(t) and b(t)
have the asymptotic expansions (1.4) as t—+ =, and where (1.3) holds for cer-
tain real functions b;i(t). Suppose that the following conditions are satisfied:

(a) Re (S)<0;

(b) %,-(tﬂ <b;j, where the b;; are independent of t;
(€) Xirizs bijfig] converges for | 21| and |2,| sufficiently small.

Then there is a constant C, depending on the particular equation (1.2) under
consideration, such that if

(d) max l 1{0)] | =C,

oSS to+1
then the following conclusions are valid: There is a unigque function u(t) which
satisfies (1.2) for t>t, and which satisfies the boundary condition (1.7). u(t) has
the form (1.12) as t—+ « (5).

2. Proof of Theorem 1.1. Consider the equation
d ai b1
e St = (a+ 2)uo +(bo+ )ut+

in which a,, @i, bo, b1, and ¢ are all real. We shall, in this section, indicate the
method by which Theorem 1.1 may be proved. Since the proof is obtained
by standard techniques, we shall omit some of the details. In the first place,
it is clear that there is a unique real function #(¢) which satisfies (2.1) for
t>t, and which satisfies the boundary condition

2.2) u(t) = g(9) (hst=st+1),

(2) The existence of S, is proved below.

(®) The methods herein given can be extended so as to yield an asymptotic series repre-
sentation.

(*) Hayes [6] has derived a necessary and sufficient condition in order that all character-
istic roots have negative real parts.

(%) The methods herein given can be extended so as to yield an asymptotic series repre-
sentation.
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where g(t) is a given real continuous function. We shall find the Laplace
transform of this solution, and then apply a standard inversion theorem in
order to obtain a suitable representation of the solution. An examination of
the singularities of the transform will yield the asymptotic results stated in
Theorem 1.1.

First of all, it is easily shown by integrating (2.1) and then using a lemma
employed extensively by other authors—cf. Bellman [1]—that

| w(t + 1) | £ Ctlal+ibrlglal+ibal)e,

and hence that the transform

(2.3) Ufs, t) =f u(t)e*dt

to
exists and is an analytic function of s in a certain half-plane. From (2.1), we
find that U satisfies the differential equation

(se* — boe* — ao) U’ (s, to)

(2.4) d
+ [d_s (se* — boe* — ao) + a1 + b;e‘] U(s, to) = G(s, to)

within the half-plane of convergence, where
to+1

G(s, to) = — tog(to + )e—2t0 — (s — bo)e’f tg()e—tdt
(2.5) o

. to+1
+e(s+1—bo+ b)) g(H)e*tdt.
to
Before solving (2.4), we must make a few preliminary remarks, the first of
which concern the characteristic roots, the roots of

(2.6) se® — bee®* — ao = 0.

Wright [14] proved that in any vertical strip x; < Re (s) Sx,, there are but
a finite number of characteristic roots. It is also easily established that if
a7 — exp (bo—1), all the characteristic roots are simple, and that on any
vertical line Re (s) =x, either there is a single root, and it is «x, or there
are two conjugate complex roots, or there are no roots. Finally, all the roots
S are such that Re (S)=<|ao| +|bo|. Thus there is a characteristic root
S; = X,+1Y,; with the property that all the characteristic roots lie on the line
Re (s) =X,, or to the left of it.

Let x, be an arbitrary real number for which x> X;, and let s be any
complex number which is not a characteristic root. Define the function

8 —381 b
2.7 h(s) = f _menth

Ly S1— bo — ape™
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where L, is a contour of the following description. L, starts at x, and ends
at s, and Re (s;) = Re (s) all along L,. L, does not pass through any char-
acteristic root. Furthermore, if Im (s) 20, L, passes above all characteristic
roots s’ for which Re (s’)>Re (s). If Im (s) <0, L; passes below all char-
acteristic roots s’ for which Re (s’) > Re (s). The function k(s) is thus defined
and single-valued except at the characteristic roots. It is not difficult to see
that A(s) will, in general, have branch points at the characteristic roots. If s’
is any characteristic root and if &’ is the residue of A’(s) at s’,

(2.8) exp {A(s)} = (s = s)¥ 20 du(s — 5)
n=0
for s “near s".” If ' is a non-negative integer, (2.8) is valid in a circle |s—s’ l
=C, but if &' is a negative integer an expansion of the above form holds only
in an annulus 0<|s—s’| <C. If & is not an integer, exp {k(s)} has a branch
point at s’, and (2.8) is valid in an annulus 0<|s—s’ | = C, cut along the
real axis if s’ is real, but along the line joining s’ and # if s’ is not real. Also,
the expansion
e—h(s)

(2.9) —_—— = (s — s’)“"‘i ha(s — s)»

s — bo — aoe? n=0

is valid in an appropriate neighborhood of s’.

The following inequalities, which may be proved without great difficulty,
will be needed below. First, given any ¢ > X, there are constants Cy, Ce, and
p such that

(2.10) | s — b0 — aoe=| = Ci|s|, |exp h(s)| < C:2] s|?,
and
lexp {—h(s)} | = Caf s]?

for Re (s) 20. Given any real ¢, there are real numbers p and C, depending
on ¢, for which

(2.11) | exp {A(x: + dw) — h(21 + i)} | < exp {(C + Ce=) (22 — 21)}

for all x;, x2, and w such that x;>x;=¢ and |w| >p. Finally, from (2.5) we
find that

(2.12) | G(s, to) | < Ce=0-w),

for x=Re (s) =o0.
The solution of (2.4) which we require is one which approaches zero as s
tends to infinity along the positive real axis. The only such solution is

e—h(s) 8
(2. 13) U(S, lo) = ————‘—"—f G(Sl, to)e"("’dsl,
+

se* — boe® — a0V ywotio,L,
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where L, denotes any contour from -+ « 440 to s =x-+4y which lies on or to
the right of the line of abscissa x. In order to show that this solution does
approach zero as s tends to infinity along the real axis, we use the above in-
equalities. It is necessary to suppose that ¢, is sufficiently large. This is no
loss of generality, since we may successively compute the solution in the
intervals (fo, to+1), « -+, (to+m, to-+m-1), using (2.1) and (2.2), and take
as a new initial condition the functional values found for the interval
(t0+m) t0+m+l)'

From (2.13) we can immediately obtain a representation of the solution
u(t) of (2.1), using the inversion theorem stated in Doetsch [5, p. 107]. It is
necessary to prove only that, if L is the vertical line from x —70 to x4z,

fwwuma
L

is uniformly convergent in the interval T<t=<T, for any T'>¢{,+1 and any
finite T,> T, provided x is sufficiently large. This may be accomplished by
integrating by parts and using the inequalities given above. Thus we find
that

1
(2.14) u(t) = —~.f e*U(s, to)ds >t + 1).
271 L

The formula (2.13) may be used to continue U(s, ¢y) analytically into
the whole s-plane, cut along the lines of discontinuity of exp k(s), if we re-
quire L, to be a contour of the same type as L;. Let s’ be any characteristic
root, let &’ be the residue of #’(s) at s/, and suppose that &’ is not a negative
integer. Then by integrating by parts #» times and using (2.8) and (2.9), we
find from (2.13) that

e—ae—h(a) n—1

Us, to) = —————— 2_ (= 1)iG'(s, to) H j11(s)

s — bo — a0 .
(_ l)ne—ce—h(a)

(2.15) + ——_f ’G(")(sly to)H(s1)dsy

s — by — age?

+ Jaei(s — s)¥1 Y ha(s — )™
n=0
This equation is valid in an annulus 0<|s—s’| £C, or in an annulus cut
along a certain line segment, according to the value of &. In this formula
Hy(s)=exp h(s) and H,yi(s) is an indefinite integral of H.(s) for =
=0, 1, 2, - - - . Also, each Hj(s) has an expansion

© dk(S — sl)k
. H, = — §N)¥'+i N
(2.16) 6 = =) L e T e TR L))
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valid in an appropriate neighborhood of s’. J, is defined by

'y

(2.17) I = J,.(s’, lo) = (—1)"f G(")(Sl, to)H,.(sl)dsl,

+00+10

where the path is of the same type as L,. This integral converges if #n+Re (8")
> —1, according to (2.16), as does the integral in (2.15).

A formula similar to (2.15) holds for s near §’. s/, J,, &, and the k; must be
replaced by their conjugates, and the functions H(s) must be replaced by
functions H;*(s) with expansions

- di(s — §)*
HX(s) = (s — §)¥+i - -
) =(-¥) g(al+k+1)...(5'+k+]‘)

near §'.

We now let S;=X,+1Y, denote the characteristic root of largest real part
at which U has a singularity. We shall define certain functions whose trans-
forms comprise the “principal part” of U at S; and S;. Let 8; be the residue
of h'(s) at S.. We shall first suppose that 8, is not an integer, and shall con-
sider two cases.

Case 1. Re (8;)> —1, 8; not an integer. Let any positive integer # be
chosen such that #+Re (8;) >1. Let » denote the greatest integer less than
Re (8;). Define

t&z—iesu
. () = ——— 20;7=0,1,---, 1),
(2.18) (¥ Tt 1—7) tz0;j=0,1 v+ 1)
0 0=t
(2.19) rit) = (or—igSat _ uz G=v+2,---,v+n+2).
T+ 1—3)

All the functions 7;(¢) are defined as zero for —1=<¢<0. Define

r+n+2
(2.20) ) = 2 ki)
=0
and define R(s) to be the transform of 7(¢). The transform will converge for
Re (s) > X, and it is well known that
r+n+2
(2.21) R(s) = (s — S3)~*1 X hj(s — S,)7 + entire function.

J=0

This equation provides a continuation of R(s) into the whole s-plane, cut
along certain lines. Also, if R.(s) denotes the transform of #(¢), R.(s) is given
by an expression of the form of (2.21), but with S, 82, ko, k1, - - - replaced by
their conjugates. Finally, define
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0 0=t<1),
(2.22) fG—1) =ft — 1, t) == Jar(t — 1) — T.#(t — 1) (1 <t<ty,
u(t) — Jur(t — 1) — T7(t — 1) (to S 0).
The Laplace transform of this function exists for sufficiently large x, and is
(2.23) F(S) = F(S, lo) =f f(t - l)e‘udt
0
(2.24) = U(s, to) — Jne*R(s) — Tne*R(s).

(2.24) may be taken as the definition of F(s, #;) over the whole s-plane, cut
along the lines of discontinuity of U.

Case 2. Re (8;) < —1, §; not an integer. In this case we define 7;(¢) by (2.19)
for j=0,1, - - -, n, and take the sums in (2.20) and (2.21) from j=0 to j ==,
but otherwise the discussion is unaltered.

We shall now apply a slightly extended form of a theorem stated in
Doetsch [5, p. 269, Satz 4]. We note the following facts:

(a) F(s, to) is analytic for Re (s)>X; and for Re (s) =X,, Im (s5)> Y.
As Re (s)— X, from the right, F(s, t,) possesses boundary values, denoted by
F(X:+1y, to) or F(X2+1y), in the sense that the function F(s, o) completed
in the half-plane Re (s)=X. by these values is a continuous function.
F(X:41y) is n times differentiable with respect to y, and the nth derivative
is continuous for all y. This may be deduced from the expansions (2.15) and
(2.21).

(b) The integral

z+iw

f et*U(s, to)ds (x> Xa3 t > 1)
Xotiw

approaches zero as Iw]—)oo. This follows from (2.13) and the inequalities

(2.10), (2.11), and (2.12).

(¢) U(X:+1y) and its first n—1 derivatives with respect to ¥ approach
zero as Iyl — o, The proof of this fact is obtained by computing the deriva-
tives of U(s, ¢o) and utilizing the following facts.

di
S0 = g (s),

dsi
where
C
T T = 19 2’ ’
| (X2 + iy) | < {| X2+ iy N )
Cc (G =0,

and
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. di O]
L Y
ds?

se* — boe® — ao

where
[ (X2 + iy) | = ¢ G=1,2,--)
; z = ——. = N N o e o .
i 2 Y l X2 + tyl J
From (a), (b), and (c), we may deduce, as in Doetsch, that
.in ex,: © dn
(2.25) fe—1) =— f e“v{ F(X: + iy)} dy
2r 1 J dy

for t>1,41. Finally, we observe that the integrals

-1 an» © da»
f ety {— U(X;+ iy)} dy and f ety {—— U(X: + iy)} dy,
— dy" " dy"
where 7 is a fixed number greater than Y,, are uniformly convergent for ¢
=T (T'>0). This is readily proved. Consequently, we find, by arguing as in
Doetsch, that
lim treX2t[u(l) — Jor(t — 1) — T 7@ — 1)] = 0.
=0
This result is valid for any positive integer n for which n+Re (6;) >1, pro-
vided 9, is not an integer. Using the definitions of 7(¢), we obtain the asymp-
totic formula (1.8) of Theorem 1.1.

It is still necessary to consider the case in which &, is an integer. If 8, is a
non-negative integer, we may obtain equation (1.8) by abandoning the above
method and using the residue theorem. If §; is a negative integer, equations
(2.13) and (2.14) are still valid, but instead of (2.15) we have

U(S, to) = Je"(s - 52)—82’—1 log (S b Sz)i h,-(s bl Sz)i + i Cj(S bt Sz)i,

7=0 =0
whete J is the residue of G(s) exp (4(s)) at S;. By defining
0 (1<),
ri(t) = ) ~
(—1)eti(g — 1) 192t tz1
for j=0,1, - - -, n+4+1—gq, where ¢g= — §,, and proceeding as before, we again

find that equation (1.8) holds. This completes the proof of Theorem 1.1.
3. The nonhomogeneous equation. In this section, we shall consider the
equation

5y ° 1) = % B+ 1
RN )—(ao+7)u(t>+(o+7)u(z+ )+ ()
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where w(¢) is a given continuous function, subject to the boundary conditjon
(3.2) u(t) = g(t) hSt=t+1).

The principal results relating to equation (3.1) are stated in Theorem 3.1
at the end of this section. They form a necessary preliminary to the discus-
sions in §§4 and 5.

We first observe that there is clearly a unique solution of (3.1) and (3.2).
Let us apply the Laplace transform formally to (3.1), as in §2 of this paper,
solve the resulting differential equation, and employ the customary inver-
sion. The function

3.3) u(t) = uo(t) + ua(?)
is thus suggested as a possible solution of (3.1), where %,(¢) is the solution of
the homogeneous equation discussed in the preceding section and where

e tae—h(o)

() = — — _
( 2rid L set — bee® — ao

. {f e"““(f tlw(tl)e'""dt1> ds;} ds.
+00+10, Lg to

Before showing that (3.3) actually gives the desired solution, we observe
that, if w(t) is continuous for ¢ >¢y and if

3.4)

f t,w(tl)e“‘ tdt,
t

is absolutely convergent for Re (s) > X, the integrals

f eh(u)( f tlw(tl)e‘"“dh> dsy,
+eo+10 ¢

0

) s
f tl'w(tl) (f e"(")e—""dsl) dh
to +o0+10

exist for x=Re (s) > X}, and are equal. This follows from standard theorems
on interchange of order. Moreover,

and

0 eirv
f ; —~dy
—w X1y — by — ape =

is uniformly convergent in every finite interval 7, £7 <7,, where 7,>0 [ra< 0],
and boundedly convergent for 7>0 [r <0], provided x> X;. We can also show
that
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etae—h(a) F]
(3.5) f ————-————( f e"(")e“"“dsl) ds = 0,
L § — by — ape? +ooti0

if 4>t=t,—1, by integrating the inner integral by parts and shifting the
contour L arbitrarily far to the right. It therefore follows from standard
theorems that

— 2rim(t 4 1)

eue—h(c) )
=f ————{f llw(tl)(f e’“")e"l‘ldsl) dtl} ds
L §— by — ae* to Lg
etse—h(:) ©
= f —_— {f e"“‘) (f tlw(tl)e"‘l‘ldtl)dsl} dS
3.6) L §— by — ae? Ls 10
© etae—h(:)
= f 11‘10(!1) {f ——'———‘—(f e"(")e‘"‘ldsl)ds} dt,
t L §— bo— ae* Ly
t etoe—h(ci
= f tl'ZU(tl) {f ————(f e"(")e"‘l“dsl)ds} dty,
t L §— bo— aee? Lq

where each integral exists for £ >, and x> X;. The path L is the straight line
from x—7o to x+ix.

We shall now prove that the functlon u(t) defined by (3.3) is the unique
solution of (3.1) and (3.2). In order to prove that %(t) satisfies the boundary
condition, we must demonstrate that #;(¢) =0 for £, =<t =<t¢,+1. This follows,
for to=t<tp+1, from the third equation of (3.6) by shifting L to the right.
u1(to+1) may be defined to be zero.

It must still be proved that »(¢+41) is a solution of (3.1) for £>¢,. Since
uo(¢) is a solution of the homogeneous equation discussed in §2, it will be
enough to show that %;(¢) is a particular solution of (3.1). It seems to be
difficult to do this directly. Instead, we adopt the following device. Let

RO = w40 = ao [ s — o [
(37) to to 1

t t t l t
— b f wi(ty + 1)dty — by f wmh D) f w(ty)dty.
¢ to

0 to h

t

1

We shall now show that I;(¢) is identically zero for ¢>¢,. The required result
will then follow by differentiation. For convenience, define

tl etoe—h(:)
(3.8) ki 4) = — — ———(f e"‘"’e“"‘ldsl) ds
Le

2riJ L s — by — age*

for ¢ and t; greater than {,—1. As shown above, k(¢, t;) is independent of x as
long as x> X3, and k(¢, t) =0 for £, >¢=¢,— 1. By bounded convergence of the
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integral, k(¢, ¢1) is a continuous function of ¢ and ¢; as long as ¢ >4 =¢,—1, and
therefore #,(¢) is continuous. From (3.6),

(3.9 wm(+1) = f ‘w(h) k(z, t)dt,.

Now if g(#, ¢2) is any function that is continuous in ¢, and ¢, for t =4 > = ¢,
it is easy to see that

¢ t
(3.10) f dt Q(tl, tz)dtz =f dtzf q(tl, lz)dll.
to to
By using this equation and (3.9) we can show that
t 1 e(t—l)ae—h(n)
u(h)dt, = — —
f,o (t)dh 2rid 1 s(s — bo — aee™®)

. { f e"(")( f lz'lt)(tz)e—“"dtz) dsl} ds.
Le to

Formulas for the other integrals appearing in (3.7) may be deduced directly
from (3.4). Combining these results yields the equation

etoe—h(s) ®
2wl (¢ - h(a1) f tow(t "‘”’dt)d }d
mil,(2) = f {fe ( . 2w(l2)e 2 ) ds1p ds
L f e
t
. {f e"('l)(f lz‘ll!(tz)e"‘""dtz) dsl} ds
Lg t

- 21I"t.f ‘W(tl)dtl (t = to)-

0

(3.11)

We now integrate the integral over L by parts, use Doetsch [5, p. 107, Theo-
rem 5], and change the order of integration, obtaining

t ehe—h(o)
2ril, = W(t2)dt2 f ( f e"‘")h’(sl)e“l"ds1> ds
Lg

§

. t
(3.12) + d f lz'll)(tz)dtzf e )’ (s)e~h(®)
to to L

( f e"(")e"l,"dsl) ds.
Ly

We now let I»(¢, £2) denote the integral over L appearing in the second term
above. Using integration by parts, we find that
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I2 = — —1— e'l‘ {i (e"h(')f eh(ﬂ)hl(sl)e—ﬂt?dsl)} ds
toJ L ds Ly
= t_lf etisg—h(e) (f eh(u)e—utzdsl> ds.
b J 1, Ly

By using this result in the second term of (3.12), then using (3.10), and finally
interchanging the order of integration, we find that I;(¢) =0 for £>¢,, as we set
out to prove. Therefore %(¢) is the solution of (3.1) and (3.2).

The results of this section are summarized in the theorem below.

THEOREM 3.1. If w(t) is continuous for t>t, and if

f tﬂl)(tx) e~hdt,
t

s absolutely convergent for Re (s) > X, the unique function which satisfies (3.1)
for t>ty and which satisfies (3.2) for to<t=<ty+1 is

u(t) = uo(t) + wi(?).

Here u(t) is the function discussed in §2, and for t>1,

t

w(t + 1) = f w(t) k(t, 1),

where k(t, t,) 1s defined by (3.8).

4. The general linear equation. We now come to the proof of the principal
results of this article as stated in Theorems 1.2 and 1.3. We shall construct a
function «(t) which, for t>¢,, satisfies the equation

d
“.1) % u(t + 1) = a@®)u(t) + b()ut + 1),
where a(f) and b(¢) have asymptotic expansions
4.2) e ~a+ 42y 1) ~ b+ 2+ 2 4
' O PR ’ T T e ’

as t—+ «, and which satisfies the condition
(4.3) u(t) = g(?)

for to=t=<ty+1. It is clear that such a function exists, and is unique. Since
equation (4.1) may be written in the form of equation (3.1), where w(¢)

=A@)u(t)+B@¢)u(t+1) and

: a; ag b: b3
(4.4 A(t)~F+F+..., B(;)NF.*.F.I....,
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the results of the preceding section suggest the consideration of the integral
equation

(4.5) u(t+1) = u(t+ 1) +f t {A@)u(t) + Bt)uts + 1)} k(t, tr)dh.

uo(¢) and k(¢, t;) are defined above.

We shall construct the unique solution of (4.5) by the method of succes-
sive approximations, and deduce Theorem 1.2 from the results. Before we
can do this, however, we must obtain some further information concerning
k(¢, t1). This will be done by a method similar to that employed in §2. First we
observe that the Laplace transform

(4.6) K(S, ll) = f“k(t, tl)e"”dt = fwk(l, 11)8—'tdt
0 ¢

exists for Re (s) > X}, and by (3.8) and an extended form of Cauchy’s Integral
Formula,

tle—h(s) s
4.7 K(s, t)) = — —————————f eheVeg—atids,
s — bo — @™ yeorio,Ly

(4.7) provides an analytic continuation of K(s, #;) into the whole s-plane, cut
along various lines. Let s’ be any characteristic root, let 8’ be the residue of
K (s) at s’, and define

'I

(48) J,.(t;) = .],.(S', tl) = tlnf H,.(sl)e‘"‘ldsl.

+00+140

Exactly as in §2, we find that for any s in a certain annulus 0<|s—s'| £C,
cut along the line of discontinuity of KX, if any,

K(s, t) ehlgmstr m i1
- = > Hys)h
h s — bo — ape™? j1
t:e“"(') [
4.9 + ——-—f H,(s1)e~4ds,
s — by — age*J o

+ Ja(t)(s — $)F1 2 k(s — ),
j=0

provided & is not a negative integer. In the cut annulus 0<|s—3§’ |=C, a
similar formula is valid; the H,(s) must be replaced by related functions and
s’, Ja, &, and the k; must be replaced by their conjugates. The path of integra-
tion in (4.9) is the line joining s’ and s.

As in §2, the cases in which &’ is an integer will be treated separately later.

Let S; be the characteristic root of largest real part, and let 8, be the
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residue of #'(s) at S;. We shall show later that K(s, #,) has a singularity at S;
for every value of ¢, save possibly for a sequence of values of ¢ with sole limit
point at infinity. Moreover, whether the singularity is a pole or a branch
point depends only on 8;. For the time being, we assume this to be so. We re-
mark that the possibility of the exceptional values of ¢, is of no importance in
characterizing k(¢, 1), since we have noted previously that & is a continuous
function.

We now define auxiliary functions as in §2.

Case 1. Re (6:)> —1, §; not an integer. Let any positive integer n be
chosen such that z+Re (6;) > 1, and let » be the integer such that Re (6;) —1
=<v<Re (8,). Define functions r,(¢, S1) (=0, 1, - - -, v+n-+2) as in equations
(2.18) and (2.19), but with S, replaced by S; and 8. by §;. Define 7(¢, S;) by
an equation analogous to (2.20), and let R(s, S;) be the transform of (¢, Sy),
and R.(s, S;) the transform of #(¢, S;). We obtain an analogue of equation
(2.21). Finally, define

— Ta(t)r(t, S1) — T (t)7(2, S1) 0=t<ty
(4. 10) f(t, tl) = {_ k(t, tl)

1

— Ta()r(t, S1) — Ta(t)?(t, S1) (L Z 4o, ¢ 2 o)

and define F(s, #) to be the transform of f(¢, ;). We see that for t, =1,
K(S, tl)

1

(4.11)  F(s, t) = — — Ja(t)R(s, S1) — Ta(t)Re(s, S).

Case 2. Re (8;) £ —1, 8, not an integer. Our procedure is similar, and we
_omit the details.
The procedure of §2 yields, in place of equation (2.25),

in exlt ) dn
(4.12) f@, ) = — f eity {— F(X: + iy, tl)} dy,
2r * J dy
where the boundary values of F(s, #;) are denoted by F(X;+4y, t1). This
formula holds for all ¢ > ¢,.
At this point, we must alter the procedure of §2. Our next step is to
prove the following lemma.

LeEMMA 4.1. If 8, 7s not an integer, if n is any positive integer for which
n+Re (8:) > 1, and if ti> 1y, there are positive numbers C and C,, which do not
depend on t, or t, such that | Ja(S1, ) | < CiRe G0)—Crg—Xat1

Ja(S1, t) is defined by (4.8) above. We suppose first that Re (8;) 0. If
N is the positive integer such that N<n+Re (8;) SN-+1, integration by
parts yields
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anN_1 5
Jo(S1, tl) =4 f H,._N_l(sl)e‘““dsl.
+o0+10
Clearly the path may be deformed into the line from + o 47¥; to S;. If
Re (3;) is not an integer, | Hony_1(x1+iY1)| <C|#14+4Y1|¢, as may be de-
duced from (2.10) and the definition of H;(s), and the result follows at once.
If Re (6,) is an integer, (2.16) implies that |H,._N_1(x1+i Y1)| =< C for x; near
X1. If we split the integral into two parts, in one of which this bound may
be employed, the stated result follows easily.
If Re (8;) >0, we have, instead,

S1 dN—n+l
—(N—n+1)
Jn(Sh ll) = tl " f

{ch(u) } e "uds,,
footio dsVmHL

since the first N —# derivatives of exp {h(s)} approach zero as s approaches
S;. We can now complete the proof just as before.

We shall also need the following result: If n,> Y120, there is a constant
C, depending on 7, but not on 7, such that

—n2 ey

e X1+ 1y — by — apeX1—iv

o ey
+[ _ gyl sc
e X1+ iy — by — age X1 4

for any >0, or for any 7 <0. To prove this, it is clearly enough to consider

-2 ei‘ry © ei‘ry
Is(7) =f dy+f dy.
— y 2 y

By integration by parts, we see that each of these integrals is uniformly con-
vergent if 7 is bounded away from zero, and approaches zero as 7— . It will
therefore suffice to show that I3(7) is bounded as r—+40 and as 7——0.
Suppose that 7>0, and consider the integral of e?/z over the contour in the
z-plane which follows the imaginary axis from —R: to 4+ Ri, except for an
indentation on the semicircle Iz] =71, Re (2) =0, then follows the horizontal
straight segment from R: to —o+Rs, then the vertical segment to —o— Rz,
and finally the horizontal segment back to — Rs. Since the value of this inte-
gral is zero, the stated result follows upon letting R—- « and then letting
g— o,
We shall now obtain a bound on I f, t1)| , using (4.12). Define

(4.13)

B dn»
Ii(e, B) =f ity {dy"F(Xl + iy, tl)} dy.

First we shall show that, given ¢>0, we may choose 7 =7:(¢) and 7. =1n2(¢),
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with 0<7; < V;<7,, such that |I4(m, 112)| <ette~X11 and ]I4(—n2, —m)]
<efye~X1% for all £>1¢,=1¢,. It will be enough to consider I4(m, 72), and to re-
strict ourselves to the case in which Re (8;) > —1 and §; is not an integer.
What we must prove is that for y in some fixed interval about Y3,

" n —-X14

(4.14) < Che Y,

F(X1 + iy, 11)

yﬂ
where C does not depend on ¢y, ¢, 1, or y. By (4.9) and (4.11),
(4.15) F(s, t1) = V.(s, t1) + Qn(s, t1) — Ta(t)Rc(s, S1) — Ja(t)) - entire function

in the vicinity of S;, where

e h() n i1 » 3
Vals, t) = ———— | e~°1 E H;(s)ty + & H,(s))e*ttds, |,

s — bp — ape® =1 S

and

Qn(sy t1) = Jau(t)(s — S~ 30 hy(s — Sy)i.
J=v+n+3

Since n+Re (8:) > 1, and since R,(s, S1) is analytic near S;, Lemma 4.1 shows
that the contribution of the last two terms in (4.15) satisfies (4.14). The term
arising from Q is bounded as required by choice of ». Finally, V, may be
handled by a calculation using the series representations (2.8), (2.9), and
(2.16).

Next we shall prove that |I4(—171, 771)| SCH e X1 if 0<n, <Y, where
C depends on 7, but not on ¢, 4, or . It will be enough to show that the
derivative in the integrand is so bounded for |y| <m. Since the boundary
functions of K, R, and R, exist separately over this range, we see from
Lemma 4.1 that we need only consider the nth derivative of — K(X,+1y, t1)/t1.
From equation (4.7) we obtain

a {_ K(s, n)} _a <£> f gho0g-stts,
ds" I ds®\ ¢ Ls

cenE (D) ()

p=1 I‘ ds"_“ =0 d.\‘”—l_'

(4.16)

where {(s) =s—b—aoe*. Since all the functions of s in (4.16) are bounded for
s=Xi+4y, | y| <m, the desired result is clear.

Finally we shall prove that if 7.> V120, there is a constant C, depending
on 73 but not on ¢, #;; or ¢y, such that
n—le—X 181

(4.17) | I(— o, —n2) + Li(ns, )| < Ch

for t># =t To do this, we first consider
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L= f_"g“’/{d” K(X, + iy, tl)}d +f {d" K(X, 4+ 1y, tl)} y
—o0 dy n2 —ll

The nth derivative of K(s, t,) /t1 is given by equation (4.16). The portion of
Is due to the term for which u=n, v=n—1, has the desired bound by virtue
of (4.13). For the other terms, we proceed in a manner analogous to that used
in §2 to prove that U(X,+%y) and its first # — 1 derivatives approach zero as
Iyl — 0. The proof of (4.17) may then be completed with the aid of Lemma
4.1.

By combining the above results, we find that, given ¢>0,

X1ty

+t , f0rl>t1;lo,

| (=, )| s C@iTe "
where C(e) does not depend on &, ¢, or #. This inequality, in combination
with (4.12), provides a useful bound on f(¢, {;). By proceeding somewhat as in
§2, we can obtain a similar result in case §, is an integer. We omit the details.
The final conclusions are summarized in the theorem which follows.

THEOREM 4.1. Let S, be the characteristic root of largest real part and let
0 =20, be the residue of h'(s) at Si.
(1) If & is a non-negative integer,

k(t, t
(4.18) S HBB) e, ) + £, 1)
1
where
31
(4.19) It = f Yp———
+o00+10
C Cs
(4.20) r(t, S1) = tﬁgsxt(co + n + -+ t—‘)’
(4.21) |f(;, 11)| < Cer(t-t) (x < Xy).

(2) If 6 s a negative integer,

k(t, ¢ -
(4.22) - ¢ = J(t)r(t, S1) + J(t)#(t, S1) + f(¢, &)
1
where
C Csyn_
(4.23) r(t, S1) = t‘es“(co et _,::,._‘_: )

and where
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1 Ci
(4.24) J) = — f hgrtids = f~b-1gSin (co o= ‘),
™

tl-—s—l

the integral being taken around a small circle surrounding S,. Also, given €>0,
there exists C(e) such that

n—1

(4.25) |7, 0) | < t‘t—” eX1=[C(e) + ety]

for >t =t and any positive integer n for which n+Re (8,) > 1.
(3) If d is not an integer, the results are as 1n (2), except that J(t,) = J.(S1, t)
s defined by (4.8) and

Cr+n+2
frtnt2

c
tseslt(co+71+....|. ) if Re(d) > —1,

(4.26) r(t,S) =

Cl Cn
t‘esl‘<Co+7+~--+t—n) if Re(d) = — 1.

The above theorem was derived under the assumption that K(s, £) has
a singularity at S, for every value of ¢, save possibly for a sequence of values
of ¢, with sole limit point at infinity. We shall now prove that this is true. We
first observe from the above discussion that a necessary and sufficient condi-
tion in order that K(s, #;) should have a singularity at S; and S, for a fixed
b, is that J(#;) #0. Let us now consider the function

S1
Is(Sl, tl) =f H,.(a)e“"ldcr,
+

0+10

which, for the moment, we regard as a function of the complex variable -
Since the integral is uniformly convergent for Re (4) bounded away from zero,
I is an analytic function of ¢ for Re (#;) >0. Consequently Ig, as a function
of the real variable #;, can be zero only for a sequence of values of >0 with
sole limit point at infinity, unless it is identically zero. If 8, is an integer, the
same argument may be applied to the corresponding integral in the definition
of J. Thus in order to complete the proof we need only show that the appro-
priate integral cannot be zero for all £,>0. Let us suppose that §, is not an
integer and that I¢(S;, #1) =0 for all £,>0. Then, regarding ¢, as a complex
variable,

— ey = f H.(x + i¥V)e=1dx
x

is zero for Re (#;) >0. Let
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&) = f °°<i>(ac)e"“1dx
0

where
Re {H.(z + iV} if x> X,
0 if 0<2x< X

If I¢ is identically zero, then ®(4,) is zero for Re (#) >0. But ®(¢4,) is the trans-
form of ¢(x). It follows from Doetsch [5, p. 135, Theorem 2], that ¢(x) is
identically zero. This is a contradiction. Hence I is not identically zero. A
similar argument may be used if §; is an integer. The proof of Theorem 4.1 is
therefore complete.

We can now prove Theorem 1.2. We shall construct a solution of the
integral equation (4.5), using the classical method of successive approxima-
tions. Define

Um1() = uo(t) = g(¥) G=t=th+1,m=0,12,---),

4.27) Umr(t + 1) = uo(t + 1)

8 = {

+ | (AW un(t) + Bt)un(ts + 1)} k@, t)ds

t>tsm=0,1,2,.-:).

#o(f) is the solution of the equation of first approximation. Note that the
boundary condition (4.3) is satisfied by each iterate.
According to the results of §2,

(4.28) | wo(t + 1) | < CiRe (ngXat < g,fRe (Br)gXnt
for t=t,—1. We shall now prove by induction that for ¢>¢,
(4.29) | 4m(t + 1) | < SaRe GoeXut,

from which it will follow, since u,(f) =uo(¢f) for £, <t=<ty+1, that there is a
constant o, such that

(4.30) | 4m(t) | S SerastRe eXnt

for t=1,. As just observed, (4.29) is true for m =0, and hence so is (4.30). We
suppose that they have been proved for m=0, 1, - - -, p, and attempt to
prove (4.29) for m=p+1. By substituting for k(¢, ;) in (4.27), using (4.18) or
(4.22), and by observing from (4.4) that

(4.31) [4Q) | g%, | B@) | gt—Bz,

we obtain
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t
| st + 1) | S | wolt + 1) | + 24| 7, S1) | f I || wa(t) | dis
to

+ 2B (4, Sy) | f ttfllf(tl) || wp(ts + 1) | dty

(4.32) ‘
+A | G S]] upt) | dt

to

t

+ Bf a1 ) || walts + 1) | dta.
to

Each term in (4.32) may be shown to be bounded by a;t®@veX1t by using the

following inequalities:

(4.33) [ 7(t, S1) | < CiRe GueXrt ¢>1),
(4.34) | J(t1) | < CtiC—Re Gvg—X1n1 (t1 > ).

The first comes from Theorem 4.1 and the second from Lemma 4.1 and
Theorem 4.1. In treating the last two integrals in (4.32) when §; is not an
integer, or when §; is a negative integer, we use the bound (4.25), with
e=1/10Aa,, and the fact that n+Re (86;)>1. Thus (4.29) and (4.30) are
proved. ,

The successive approximations defined by (4.27) obviously converge to
g(¢) for ty=t=ty+1. We shall now prove that they converge for t>¢+1 by
proving that the series

0

(4.35) 2 {tmart+ 1) — un(t + 1)}

m=0
converges for t>¢,. We can prove by induction, in much the same way (4.29)
was established, that

as (¢t — to)"

(4.36) | thmia(t + 1) — um(t + 1) | £7Re G0g=X1t < 10 :
m.

for t>t,, m=0, 1, 2, - - - . a3 is a constant which does not depend on m.
(4.36) shows immediately that (4.35) is uniformly convergent in any finite
interval in which ¢>¢,. Thus the sequence uo(t+1), u:(t+1), - - -, of ap-
proximations converges uniformly in every finite interval to a certain func-
tion #(¢+1).

It is clear that #(¢41) is continuous for ¢>¢,, and, by (4.30), that

(4.37) v ] u(t) | < CfRe G1gX1t,

By reason of the definitions (4.27) and the uniformity of convergence, u(¢)
satisfies the boundary condition (4.3) and for £>4, it satisfies the integral
equation (4.5). Finally, because of (4.37), the integral
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fwtl{A(tl)“(tl) + B(t)u(t, + 1) }e‘"‘dtl

0

is absolutely convergent for Re (s)>X;. We can therefore prove that u(¢)
satisfies the differential-difference equation (4.1) for ¢>¢, by retracing the
discussion in §3. This completes the proof of Theorem 1.2.

5. The nonlinear equation. We shall now discuss the nonlinear equation

5.1) dit“(t + 1) = a(u(d) + b(Ou(t + 1) + D), u(t + 1),

under the conditions stated in Theorem 1.3. We wish to examine the be-
havior, as t—+ «, of a function #%(#) which satisfies (5.1) for ¢>¢, and which
satisfies

(5.2) u(t) = g(t)

for ty <t =<te+1. Since (5.1) may be written in the form of equation (3.1), with
w(t) =A)u(t) +B(@)u(+1)+D(u(t), u(t+1)) and

12 asg b2 bs
(5.3) A(’)"-‘?*‘F-I-"', B(t)"’t—z'i'F-i-"‘,
as — =, the results of §3 suggest the consideration of the integral equation

W+ 1) =+ 0+ [ {A@u0) + B+ 1
4 D(u(ty), u(ts + 1)) } k(t, t1)dts.

We shall now construct a solution of (5.4) by the method of successive
approximations. Define

u,,,+1(t) = uo(t) = g(t) (to Sttt + 1; m = O: 11 2v ctt ):
t

5.5 Ut + 1) = wo(t + 1) + |  {A@)un(t) + BE)Un(ts + 1)

+ D(un(ts), um(ts + 1)} (¢, t1)dts
¢E>t;m=0,1,2,---).

(5.4)

As in §4, our first aim is to establish a uniform bound on the iterates. We shall
prove by induction that

(56) | m(t + 1) | S TautRe GoeXrt
for t>to, m=09 1) 29 tt 0y and that
(5.7) I um(t) I é 7a1a2tR° G1)eXat

for t=t,, m=0, 1, 2, - - - . @ and a3 are the constants in equations (4.29)
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and (4.30). The proof is just like the corresponding proof in §4 except that
we must establish a suitable bound on |D,,| = | D(u,(t), us(t+1)) | . (5.6) and
(5.7) certainly hold for m=0. Assume that they hold for m=0, 1, - - -, p.
Then, from the definition of D, -

(5.8) | D] £ X bij(TasastRe (0eX1t)i(7q fRe (1)gX1t)d,

+i22
We wish, first of all, to show that this series converges for ¢=¢,, provided
max | £(9) I
p<t<to+l
is sufficiently small. Now from equation (2.5) and the definition of J(Ss, ¢o)

we see that I J(Sz, to)| =< C, where C can be made as small as desired by taking
max | g(t)l sufficiently small. Furthermore, by re-examining §2, we see that

[ 7t = 1, o) | = t—meXete(t),

where the maximum of |e(t)| for t = ¢y is small if max | g(t)| is small. It follows
that in equation (4.29) «; is as small as desired if max g(t)[ is sufficiently
small.

It follows that the series (5.8) is convergent for all £=¢, if max | g(t)| is
small enough. In fact,

(5.9) ID,,] < asas(fRe (B0eX1t)3)2

for t=ty, where a5 is small if max lg(t)l is small. Using (5.9) and the fact that
o5 may be taken as small as is required, we can complete the inductive proof
of (5.6) and (5.7) just as in §4.

We show next that (5.5) defines a convergent sequence. The method is
the same as that used in the preceding section. We shall first prove by induc-
tion that for t>¢y, m=0, 1, 2, - - -,

14a1a;n tm
(5.10) | mr(t + 1) — wm(t + 1) | 7R GO X1t < —
m!
for a certain constant ag. (5.10) is certainly true for m =0. Suppose that it
has been proved for m=0, 1, 2, - - -, p—1. We consider the quantity

| Dy — Dps| = | D(wy(2), (¢ + 1)) — D(tp1(8), tpa(t + 1)) |.

Note that because of the uniform bound on the approximations just estab-
lished, the series D, and D,; converge absolutely for t=¢,, provided
max |g(f)| is sufficiently small. Now by the mean value theorem and the
inequalities (5.6) and (5.7), we see that

| Dy — Dy | < CtRe 0eXntf | 4 (8 — wp y(8) | + | (8 + 1) — st + 1) | }.
By the assumption that (5.10) holds for m=p—1,
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p—1
14Ca 04
| D, — Dp—ll < fRe (BU)+2p-2pX1t,

(b= 1)!

The induction may now be completed as before.

Just as in §4, the inequality (5.10) shows that the sequence of approxima-
tions #o(t+1), ui(t+1), - - - converges to a limit function u(¢+1) for £>4,,
and the convergence is uniform in any finite interval in which ¢>¢,. u(t+1)
is continuous for ¢>¢,, satisfies (5.4) for £>1,, satisfies (5.2), and

(5.11) | w(t 4+ 1) | S TayRe GveX1e,

Finally, (5.11) enables us to prove, by the method used in proving (5.9), that
| D(u(t), u(t + 1)) | < C(tRe GeX1ty3r2,

Consequently the integral

[ ala@u + Beun + 1) + Dwie), ue + 1) }ersdn
to
is absolutely convergent for Re (s) >X;. We can therefore prove that u(t)
satisfies equation (5.1) for £>¢, by retracing the steps of §3.

Next we shall prove that the function #%(¢) constructed above by successive
approximations is the unique solution of (5.1) and (5.2). Suppose that »(¢)
is another solution, and that v(¢) =u(t) for t,<t=<Ty (Tv=ty+1), but that v
and % are not equal in any larger interval. From (5.11), |u(t)| <C for ty <t
<To+1, where C; is as small as desired if max |g(¢)| is sufficiently small.
Since u(¢) and v(¢) are continuous, there is an ¢, 0 <e <1, such that Iv(t)| <2G;
for tySt<To+e Hence D(u(t), u(t+1)) and D(v(t), v(¢+1)) are absolutely
convergent for (=<t=<Toy—1-+¢ and |D(u(t), u(t+1))—D(v(2), v(t+l))|
§C2| u(t+1) —v(t+1)| for ty<t=<Ty—1+e Now from equation (5.1) we see
that 4 and v are both solutions of the integral equation

t

u(t+1) =glto+ 1) + | {alt)ut) + d(t)u(ts + 1)

to

+ D(u(t), u(ty + 1)) }dty.

Consequently
t

6.12) [ue+ D=0+ 0] S [ a1~ o6+ D] dn
To—1
for To—1=t<To—1+e But |u(t)—ov(t)| <4C, for To<t;<To+e It fol-
lows from iteration in (5.12) that () =v(¢) for Ty=<t=<T,+e. This contra-
dicts our original assumption. Therefore the solution %(¢) is unique.

The proof of Theorem 1.3 is now complete.
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