INVARIANTIVE THEORY OF EQUATIONS IN A
FINITE FIELD

BY
L. CARLITZ

1. Introduction. Let GF(g) denote a fixed finite field and » a fixed integer
> 1. Consider the set of transformations

(1'1) ¢:£i=¢i(nly"'ynr) (1:=1,“‘,f)

possessing an inverse; here £;, 7;&GF(g) and the ¢; are polynomials with co-
efficients €EGF(q). The totality of transformations (1.1) form a group iso-
morphic with the symmetric group on ¢" letters. If f=f(&, - - -, &) is an
arbitrary polynomial with coefficients EGF(q) and ¢f=g, then f and g are
equivalent. Two polynomials f and g are defined as equal if f(&, - - -, &)
=g(&, - - -, &) for all & It follows that there are g7 distinct polynomials.
By means of the previously defined equivalence relation they are separated
into a certain number of classes; a simple combinatorial argument shows that
the number of classes is

r4+g—1
(1.2) (q +q )
qg—1
where the symbol in (1.2) is a binomial coefficient.

The purpose of this paper is to discuss invariantive properties of the equa-
tion f(¢1, - - -, &) =0, where f is an arbitrary polynomial with coefficients in
GF(q). In particular if Ny(a) denotes the number of solutions of f=e¢, then
the numbers Ny(a) form a complete set of invariants in the following sense:
Two polynomials f and g are equivalent if and only if Ny(a)=N,(«) for all
a7#0. Moreover any invariant of f (with rational values, say) can be exhibited
as a polynomial in the Ny(a) with rational coefficients. A number of addi-
tional topics and applications are also discussed.

Dickson in [5] and subsequent papers (for references see [11]) initiated
the study of modular invariants. The transformations employed are restricted
to the group of linear transformations. By contrast we are here considering
the larger group of transformations (1.1). Thus many of the invariants in-
troduced by Dickson are no longer invariants from the viewpoint of this
paper. While we are here considering only the invariants of a single poly-
nomial, we hope to discuss subsequently the general case of systems of poly-
nomials.

It may be helpful to list the contents of the paper by sections. 1. Introduc-
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tion. 2. Notation and terminology. 3. Some preliminary results. 4. Trans-
formations. 5. Classes. 6. Characteristic invariants. 7. Reducibility. 8. Addi-
tional properties of M(f). 9. Some applications. 10. Other applications.

2. Notation and terminology. The numbers of GF(g) will be denoted by
lower case Greek letters @, 8, 7, - - -, & 7. The letters g=$" and r will have
the meaning assigned above.

By a polynomial f=f(x,, - - -, x,) will be meant a polynomial in the
indeterminates xy, - - -, %, with coefficients in GF(q); we write f
€GF|q, %1, - * -, %,]. Polynomials will in general be denoted by lower case
italics f, g, + - - ; however the polynomials constituting the transformation
(1.1) will be denoted by lower case ¢, ¢, - - -. Two polynomials f, g
€GF[q,x1, * - -, x,] areequalif and only if f(&1, - - -, &) =g(&, - - +, &) for all
£,EGF(q). Thus every polynomial f is equal to a unique reduced polynomial
in which every exponent <¢—1 (proof in [4]).

Two polynomials f, g are equivalent (f~g) if there exists a transformation
¢ of the form (1.1) such that ¢f =g. By a transformation will always be under-
stood one of the form (1.1), that is, one possessing an inverse. Equivalent
polynomials constitute a class. Classes of polynomials will be denoted by
capital italics, 4, B, C; in particular the class containing the polynomial f
may be denoted by Ay. If the transformation ¥ leaves f unaltered (that is,
Yf=f) then ¢ is an automorphism of f. Thus the totality of automorphisms of
f form a group G =G; of order »(f). If ¢f =g, then it is clear that the group of
automorphisms G,=¢"'G,¢; in particular »(f) =»(g). Thus the number of
automorphisms is the same for any polynomial of a fixed class 4 ; accordingly
we write ¥(4) for this number.

If a polynomial f is equivalent to one in s but not fewer variables, then s
will be called the rank of f. We may also call s the rank of A4, the class con-

taining f.
If a€GF(q) we define
2.1) o) =a+a?+ -+ + ar™,
so that ¢(e) is an integer (mod p). We next put
(2.2) e(a) = errit@ip
so that

(e + B) = e(a)e(B),  €(0) =1,

q | B =0),
2. of) = |
2-3) i L) {0 8 % 0),

where the summation is over all @ in GF(q). If f is an arbitrary polynomial we
define

(2'4) M(f) = Z e(f(Elv tt Er))

Elo“‘ver
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and
(2'5) N/(a) =N{f(£ly""£r) =a}7

where the N on the right denotes the number of solutions &, - - -, & of the in-
dicated equation. Similarly by the symbol

(2.6) N{fits, -+ &) = a1, - -+, falks, -+ -, &) = o}

is understood the number of solutions of the indicated system of equations.

It is clear from the definition that
2.7 2 Nia) =g

«EGF (g)

a like result holds for (2.6).

For brevity we shall sometimes speak of the point (&, - - -, &,); also
when convenient we shall write f(§) for f(&, - - -, &).

3. Some preliminary results. The following theorem is given by Dickson
[5, p. 124] and is an immediate consequence of the Lagrange interpolation
formula.

THEOREM 3.1. Let f(x1, « * -, x,) be a polynomial that takes on the values
f&, - -+, &); then we have

q q
X1 — X1 Xy

60 fln o w) = (-0 E T e B

vty X1 61 % — &

The right member of (3.1) is evidently in reduced form.

It follows at once from Theorem 3.1 that the number of distinct poly-
nomials in 7 variables is ¢¢. Another consequence of Theorem 3.1 can be
stated as follows: The residue class ring GFlg, %1, ---, x| modulo
(x!—x1, + - -, x1—x,) is a direct sum of q" fields GF(q).

THEOREM 3.2. If M(f) and Ny(a) are defined by (2.3) and (2.4), respectively,
then

(3.2) Ny(a) = q“Zﬂ) e(— o) M(Bf).

To prove (3.2) we consider the sum

(33) Zg ;e{ﬁf(£b°°',£r)_aﬁ}~

I3 PEREN

On the one hand it is evident from (2.3) that (3.3) is ¢Ny(e); on the other
hand, interchanging the order of summation, we get

§ e( — af) s EE e@Bfty, - -+, £)).

Applying (2.3) we get (3.2).
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THEOREM 3.3. In the notation of Theorem 3.2, we have

(3.4 M(xf) = 2 e(ar)Ny(a) (v € GF(g)),

a

and in particular

3.5) M(f) = 2 e(a)Ny(a).

[ 3

To prove (3.4), we multiply both members of (3.2) by e(ary) and sum:
2 e(ay)Ny(a) = ¢ Z,,: 2 e((y — B)a) M(Bf).

Now apply (2.3) to the inner sum on the right, and (3.4) follows.
THEOREM 3.4. If f~g then M(f) = M(g) and Ny(a) = Ny(e) for all a EGF(q).
Let g(§) =f(n), where

(3.6) 7= ¢i(kr, -+, &) (t=1,---,7.

Then clearly to each solution of g(£) =a corresponds a unique solution of
f(n) =a. Conversely since (3.6) has an inverse, to each solution of f() =«
corresponds a unique solution of g(¢) =a. This proves the second half of the
theorem. The first half now follows on applying (3.5).

By Theorem 3.4, M(f) and Ny(«) are class invariants; hence if fEA we
may define

3.7 M((4) = M(f), Ni(a) = Ny(a).
Note that by (2.7) we have
(3.8) 2 Na(e) = ¢

so that the numbers N4(a) are not independent. However aside from the rela-
tion (3.8) the integers N (a) can be chosen arbitrarily. More precisely we
prove

THEOREM 3.5. Given integers h(a) =0 such that

(3.9) 2 h(a) = ¢,

then there exists a polynomial f such that
(3.10) Ny(a) = h(a) for all « € GF(g).

This theorem can be thought of as a corollary of Theorem 3.1. For the num-
bers f(&1, + + +, &) in (3.1) are arbitrary quantities in GF(q) and Ny(c) de-
notes the number of terms in the right member of (3.1) such that f(&, - - -, &)
=aq, that is, #(a). The necessity of (3.9) is merely a restatement of (3.8).
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A word may be added about such equations as (3.2) and (3.4). If R(e),
S(a) are two complex-valued functions of & such that

(3.11) R(e) = ; e(aB)S(B),
then it is easily proved using (2.3) that
(3.12) Se) = ¢ ; (— aB)R(@);

conversely if we assume (3.12) then (3.11) follows. Moreover we have

(3.13) 2 SS@+ ) = ¢! ; e(aB) | R(B) |2,

where S denotes the complex conjugate of S. For a fuller discussion and gen-
eralization of these formulas see [12; 13]. Incidentally, for the special func-
tions Ny and M, (3.13) becomes

2 N(WNla+ ) = g ; e(aB) | M(B) |2,

(3.149)
> M) H (@ + 1) = q§ e(— aB)NY(B),

and in particular for a =0,

(3.15) S| Mapn| = qg NJ(B).

4. Transformations. We first prove

THEOREM 4.1. The totality of transformations (1.1) constitute a group iso-
morphic to S, the symmetric group on q" letters.

It suffices to show that every permutation of the points (&, - - -, &) can
be effected by means of a transformation (1.1). This again is a consequence
of Theorem 3.1. For consider the polynomials

q q
X — % Xy — X, .
4.1) gilmn, o, m) = (1) X ——— mGi=1,,7.
[ITRRENE 5 xl—sl Xy — &
Clearly (4.1) implies ¢i(¢1, - - -, &) =n:(¢=1, - - -, r). This evidently proves

the theorem.
THEOREM 4.2. Two polynomials f, g are equivalent if and only if
4.2) Ni(a) = N, (a) for all o« € GF(g).

REMARK. In view of (3.8) it suffices to assert (4.2) for all but one value of
.
The necessity of Theorem 4.2 has already been proved in Theorem 3.4.
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To prove the sufficiency let a be a fixed number of GF(g) and let

) ) (€)) (€)) .
f(ﬁ.l]’"'tﬁrj):g('Yl t"’t‘YrJ):a (.7=1v°°'9s)r

where s = N;(a) = N,(a). Now consider the permutation

[€)] (€)) [62] (€))

(4‘3) (Bl )"’rﬁr)'__)('yl r"’:'Yr)

as both j and « assume all permissible values. By Theorem 4.1 the permuta-
tion (4.3) can be effected by means of a certain transformation and this
transformation clearly carries f into g. The transformation is in general not
unique.

THEOREM 4.3. Two polynomials f, g are equivalent if and only if

(4.4) M(8f) = M(Bg) Jor all 8 # 0.

It will suffice to show that condition (4.4) is satisfied if and only if (4.2)
is satisfied. Suppose (4.2) holds; then by (3.4) it follows that (4.4) holds. Con-
versely if (4.4) holds, then by (3.2) it follows that (4.2) holds. Hence the
theorem is proved.

THEOREM 4.4. The number of automorphisms v(A) of the class A 1s deter-
mined by

(4.5) v(4) = JT (Naa))!,

a

the product extending over all « €GF(q).
Let fEA and as in the proof of the previous theorem let

(€} [€)]

f(ﬂl""rﬁf):a (j=1v"':NJ(a))°
Clearly every automorphism of f is obtained by permutating the points

) (€2}

B 8:7) (G=1,-++, Nya))

for each a. Thus

v(f) = 1T (Ws(e)!

which is the same as (4.5).

THEOREM 4.5. The number of polynomials u(4) in the class A satisfies
(4.6) u(d)r(4) = ¢l

Let f be any polynomial €4 and let us apply to f each of the ¢’! trans-
formations of &,. Since the number of automorphisms depends only on the
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class, it is clear that f is carried into each polynomial of 4 and that each
occurs the same number of times, namely »(4). Therefore (4.6) is proved.
We next prove some theorems of a somewhat different nature. Let
¢1=¢1(%1, - - -, %,) be one of the polynomials in the transformation (1.1).
Clearly ¢; can be transformed into x; and conversely if a polynomial ¢, is
equivalent to x;, then we can find r—1 additional polynomials ¢y, - - - , @,
so that the set of 7 polynomials define a transformation. Generally given &
polynomials ¢y, - - -, ¢, then one can find r—% additional polynomials
P41, ©  , O such that ¢y, - - -, ¢, define a transformation if and only if
one can simultaneously transform ¢y, + - -, ¢ into x1, - - -, X, respectively.
Now if a polynomial ¢ is equivalent to x; then it is clear that

4.7 Nyg(a) = ¢! for all a.
Using (3.4) and (3.2) it is easily seen that (4.7) is equivalent to
(4.8) ‘ M(yp) =0 for all v # 0.
Thus when (4.8) holds we ha,ve., using (3.2),

Ny(e) = ¢M(0) + ¢ 2. e(— eB)M(v9) = ¢

B0

In the next place if we have two polynomials ¢;, ¢2 which can be simul-
taneously transformed into £, &, then it is evident that the number of solu-
tions Neq, of the system

61k, 00, &) = ay, Go(fr, 0 &) = e

is ¢"2 for all a1, as, and conversely. Now by (2.3) it is clear that
PNayay = 2, e(— sy — aBs) D e{Broa(§) + Bapa(d) |
B1.82 flv"’vfr

=g+ 2 e(— afr — asB) M(B1d1 + Bats),
B1.8s

4.9)

where in the sum on the right the combination 8;=8:=0 is excluded. If we
multiply (4.9) by e(aryi+azy:) and sum we get, again using (2.3),

(4.10) M(yipr + y262) = D e(avs + o2Y2) N ayay.

@y, o

By means of (4.9) and (4.10) we see that the condition Neg,=¢™* for all
a1, oy is equivalent to M(yi¢p1+v292) =0 (71, ¥2 not both 0). It is now evident
how to prove generally the following

THEOREM 4.6. Let 1<k=r. Let N denote the number of solutions of the
system

(4.11) ¢i(£l) AR Er) = a3 (i = 1, Tty k).
Then the condition
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(4.12) N = g—* (for all ey, + - -, i)
15 equivalent to
(4.13) M1+ -+ vide) =0 (v: not all 0).

In particular for £=r, we have the following corollary.

THEOREM 4.7. The set of polynomials ¢y, - - - , ¢, define a transformation
(1.1) if and only if
(4.14) M+ -+ v¢) =0 (vi not all 0).

We need only observe that when k=7, (4.12) becomes N=1 for all
al’ *« o e y a'.
Rank. The rank of a polynomial has been defined in §2. We now prove

THEOREM 4.8. If q| Ni(a) for all a, then f is of rank <r—1.

Proof. The non-negative integers h(a) =q 'Ny(c) satisfy 2 k() =g
Hence by Theorem 3.5 there exists a polynomial g(y, - - -, #,1) such that
Nj(a) =h(c), where the prime indicates that 7, is ignored in counting the
number of solutions. Consequently N,(a)=gk(a)=N;(a) and therefore by
Theorem 4.1 we have f~g.

THEOREM 4.9. If ¢* is the highest power of q such that q‘| Ny(a) for all a,
then f is of rank r—s.

This theorem is evidently a consequence of Theorem 4.8 since it is clear
that if f is of rank r —s then ¢*| Ny(a).

If f is a quadratic form with nonvanishing discriminant (p2), then by
the familiar formulas the highest power of ¢ dividing Ny(a) is ¢*~! for r=2s
and ¢* for r=2541. Consequently by the last theorem the rank is s+1 in
either case; thus the rank <r for » = 3. In particular, then, the rank as defined
here is not to be confused with the ordinary rank of a quadratic form.

5. Classes. Theorems 4.2 and 4.3 furnish criteria for the equivalence of
two polynomials, Theorem 4.4 determines the number of automorphisms of
a class, and Theorem 4.5 determines the number of polynomials in a class.
We shall now determine the number of classes of polynomials in 7 variables.

As we saw in the proof of Theorems 4.3 and 4.4, for every polynomial f
there is a partition ¢"= »_,Ny(a) and for each a a set of s=Ny(a) points
@Y, - - -, B9 such that

%) %) .
f(Blj,-",rJ)=a G=1,---,9),

It is convenient at this point to define a category of polynomials. Two
polynomials f, g belong to the same category if the set of integers {N,(a)}
is some permutation of the set of integers {N,(a) }. Thus by Theorem 4.2
equivalent polynomials fall in the same category; in other words each cate-
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gory consists of a certain number of classes. It is clear from the definition
that the number of categories is the number of partitions

(5.1) q’=zki (kyZkez---21),

where the number of summands is at most ¢; in other words the number of
categories is the number of partitions of ¢ into at most ¢ parts. In particular
for r =1 the number of categories is the number of unrestricted partitions of ¢.

Now corresponding to each partition (5.1) we get a certain number of
classes, which can be determined as follows. Clearly it is necessary only to
count the number of permutations of the k; making due allowance for repeti-
tions. Now, changing the notation, suppose we rewrite (5.1) as

(5.2) g = e+ 2es+ 3es+ - - - (e: = 0).
Then the number of permutations in question is

!
(5.3) . (Co+ es+ et - =g

eoleiles! - - -

since the number of values that f takes on is ¢, the sum of the e¢; must also be q.
Thus the number of classes is

q!
80!81!82! AR

(5.4)

where the summation is over all e; satisfying (5.2) and e, is defined by the
second of (5.3). To evaluate (5.4) we construct the generating function

o !
(5.5) Ga) =1+ X amy —

me=1 80!81!82! LI
where the inner sum is over all e; such that
(5.6) m=-e + 2es+ 3es+ - - -, g=¢ct+e+e+---.

Now, on the other hand, consider the expansion [10, p. 60] of

(@0 + @12 + aox? + - - - )b = D Anam;

m=0
it is easily verified that
k! @ e e
Am= Z — Q¢ a1 a2 * -,

80181!62! ..

where
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eotete+- =%k ea+2+3at--=m

Comparing with (5.5) and (5.6) we see that the coefficient of x™ in G(x) is
equal to the coefficient of x™ in

= -1
Atztat+ - )=(1-a)c=3 q+m1 )xm°
m=0 q —

Thus for m=g" we see that (5.4) reduces to

(5.7) (qr ta- 1).
g—1

We have therefore proved

THEOREM 5.1. The number of classes of polynomials in r variables s de-
termined by (5.7).

‘ It may be helpful to illustrate the theorem in one or two simple cases.
For ¢=35, r=1, we have the following table.

I [s] s

11 [41] 20
111 [32] 20
IV [311] 30
A [221] 30
VI [2111] 20
VII [11111] 1

126

There are seven categories as indicated by the Roman numerals. The second
column indicates the partition defining each category, the third column the
number of classes in each category. Note that the total number of classes is

Y
126 =
4
in accord with (5.7). We remark that category I contains the constants
0, 1, 2, 3, 4, while category VII consists of the class with representative &,.
Again £ is a representative of one of the 30 classes in category V.

For a second illustration we take ¢=2, r=3. There are now 5 categories
and 9 classes.

I [8] 2 0,1

11 [71] 2 Eiboks, biboks + 1

111 [62] 2 g, £1ba + 1

1Y [53] 2 Eibofs + &1, bibols + 61+ 1
Vv [44] 1 &
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The fourth column contains representatives of the several classes.

A somewhat more instructive example is furnished by ¢=3, r =2. There
are now 12 categories and 55 classes. However we shall not take the space to
exhibit the table.

We can refine Theorem 5.1 somewhat by determining the number of
classes of rank s, 0 <s=<r. The result is contained in

THEOREM 5.2, Let 1 Ss=r. The number of classes of rank s is determined by

(Y,

To prove this result we need only observe that the classes of rank =s may
also be obtained by means of the polynomials in s variables; moreover each
class will be counted only once. Hence (5.8) follows at once.

We remark that the second example above also illustrates Theorem 5.2.
Indeed it also illustrates the following

THEOREM 5.3. All the classes in a fixed category have the same rank.

This theorem follows immediately from Theorem 4.9 and the definition of
category. We have also

THEOREM 5.4. The number of categories of rank s is equal to the number of
partitions of ¢° into at most q parts with greatest common divisor not divisible by q.

6. Characteristic invariants. Following Dickson [5; 6], we define the fol-
lowing functions

1 B=4A4 ’

where A and B denote classes. The I, are called characteristic invariants.
It is to be understood that the values 0, 1 taken on by these functions lie in
the complex field. The following properties are immediate consequences of
(6.1):
14 (4 = B),
( ) ALlB 'AB { O ( A » B),
(6.3) S Ia=1
A

If #(4) is any function of 4 (with values in the complex field), then we
have the representation

(6.4) h(A4) = 3 k(B)Is(4).
B

Moreover the representation (6.4) is unique as follows from (6.2).
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The 14 can be expressed in terms of a single invariant J now to be defined.

Let the classes be ordered A4;, 4s, - - -, A, in any convenient manner, where
w is given by (5.7). Now define the function J(4) by means of
(6.5) J;) =1 (i=1,---, w).
Then we have the easily verified formula

J(X) — J(4))
(6.6) nx) =11 :

—
i J(As) — J(4))
where X denotes an arbitrary class. Thus I, is a polynomial in J.
The exact values taken on by J in (6.5) are not essential; it is necessary

only that they be distinct. With the particular choice in (6.5) we can rewrite
(6.6) as follows

1 -1
Lu(X) = (= 1) ——("’ ) I UX) - J4,).

(w - 1)! 1 — 1 =i
We have proved

THEOREM 6.1. The characteristic invariant I+ can be expressed as a poly-
nomial in J by means of (6.6).

Next, referring to (6.4), we get

THEOREM 6.2. Any function H(A) with values in the complex field can be
exhibited as a polynomial in J of degree <w.

We shall now show that J(4) can be expressed as a linear combination of
Na(a), a #0. Consider the sum
(6.7) F(4) = X cala(a);
a0
we seek a set of rational numbers ¢, such that the numbers F(4) are distinct.

We shall again suppose that the classes have been numbered 4,4, - - -, 4.
Then by Theorem 4.2 we can find a set of rational numbers {c},} such that

Fi(4y) = Fy(4;), where Fy(4) = 3 caNa(a).

a0

If Fi(4,) = F1(43), we pick a set {c%} such that
Fy(Ay)  Fa(dy), where Fy(4) = 3 calNa(a);

a0
then we can choose k so that if Fio= F;+kF,, then Fi2(A4,) # F12(42), F12(41)
# F1s(A3) are all distinct. If now Fip(4,) = F12(A4), we pick a set {cﬁ} such
that F3(A4:) # Fi(44), and proceed as before. Eventually we shall arrive at a
set {ca} such that the function (6.7) has the asserted property, that is, the
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numbers F(A) are distinct. Comparing with the proof of Theorem 6.2 we
infer the following fundamental property of the function N4(a).

THEOREM 6.3. Any function H(A) with values in the rational field can be
exhibited as a polynomial in Na(o), a0, with rational coefficients and of de-
gree <w.

Alternatively H(A) can be expressed as a polynomial in M(84), but the
coefficients need not be rational.

In view of Theorem 6.3, the set of invariants N4(c), a0, may be called
a fundamental set. The same remark applies to the set M(B4), B=0.

7. Reducibility. A polynomial f(§&, - - -, &) is reducible if it is equivalent
to a sum
(7°1) g(")b Y 773) + h(’7¢+1v Tt ﬂr)y

where g and % are each of rank =1; otherwise it is srreducible. A class is re=-
ducible if it consists of reducible polynomials.
To derive a criterion for irreducibility note that the definition implies

(7.2) Ny@) = 22 NyB)Nuly)

Bt+r=a

which is equivalent to
(7.3) M(xvf) = Mo(vg) Mr—s(vh) (v = 0),

where M,(g) = 2 ¢,.---.t, €(2(§)).
We recall that by (3.4)

(7.4) m(y) = M(xf) = 22 e(er)N(a),

a

where the notation m(y) indicates that f is fixed. When v =0 we have
m(0) = M(0) = 2_ Ny(e) = ¢~

Put p=e?*/» and let Z denote the field R(p), where R is the rational field.
Thus m(vy) is an algebraic integer in Z. Since, by (2.2), e(ay) is some power of p
for all it follows that

m(y) = m(0) = 0 (mod 1 — p).

In other words m(y) is divisible by the prime ideal p=(1—p). Thus (7.3)
implies the following sufficient condition for irreducibility.

THEOREM 7.1. If m(vy) £0(p?) for at least one value of vy, then f is irreducible.

It is now easy to exhibit irreducible polynomials. Consider the poly-
nomial



418 L. CARLITZ [November

(7-3) f=—Eh g
We shall compute
(7.6) ) = M) = T -8 (=€),

It is clear from (7.5) that
1 (- -+, &) =(0,---,0)),

{0 (G-, &) =(0,---,0).
Thus (7.6) becomes
(7.7 m(l) = (¢" — 1) + o™
since (g) = (p") =p*@=D, it is evident that (7.7) implies m (1) #0(p?) provided
p{n. This proves

THEOREM 7.2. The polynomial (1.5) is irreducible provided p}n.

The same argument proves the following more general result.

THEOREM 7.3. Let f be a polynomial such that f=0 has N, solutions and
f=1 has N solutions where No+N,=gq". Then if (g, N1) =1 and p{n it follows
that f is irreducible.

Returning to (7.3) and making use of Theorem 3.5 we can state a neces-
sary and sufficient condition for reducibility.

THEOREM 7.4. The polynomial f is reducible if and only if there exist sets of
non-negative integers mi(c), mq(a) satisfying

my) = X elay)m(a) ; e(By)ma(y) (v % 0),

(7.8)
2Zme) =¢, D mB) =g 1=s<r).
a B8

Alternatively, we may get a similar criterion by means of (7.2) and
Theorem 3.5. We state

THEOREM 7.5. Using the notation of the last theorem, f is reducible if and
only if

(7.9) Ni(a) = Z mi(B)ma(y).
ft+y=a
In proving these theorems it is only necessary to observe that, by Theo-
rem 3.5, the condition Y m(a)=¢* implies the existence of a polynomial
g(&, - - -, &) such that N (a) =mi(a), where in counting the number of
solutions only the first s unknowns are considered.
Theorem 7.5 may be compared with Theorem 4.9.
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Repeated application of (7.1) evidently leads to a decomposition
(7'10) ngl + tte + 8 (go = gi(fu, Tty Sir,'))v

where 7;21, Zr¢=r; no two of the g’s have any common unknowns. More-
over each g is irreducible and of rank =1. A natural question is whether the
decomposition (7.10) is unique, that is, whether a second decomposition into
irreducible components f~#h+ - - - +h, implies s=¢t and (possibly after
renumbering) k;~g; for =1, - - - | 5. Some restriction on the g; is necessary
since we may obviously add and subtract constants; we may for example
assume that f and all the g; vanish at (0, - - -, 0). It is also necessary to take
into account such equivalences as &+g(&, - - -, &)~E. We hope to discuss
the question of unique decomposition on a later occasion.

8. Additional properties of M(f). It is an immediate consequence of (2.4)
that

(8.1) ; M) = ; wA)M(4) = 0,

where u(4) is the number of polynomials in the class 4. We have also

(8.2) Z/:’ M(f) = ¢" 7,

where the summation in (8.2) is restricted to all f without constant term.
To prove (8.2) it is necessary to examine only the terms of first degree in f:

feobit bkt

"Summing over «; it follows from (2.3) that £;=0 so that the left member of
(8.2) reduces to the number of f without constant term.
In the next place consider

(8.3) gHMmP=§Mmmeh

We have
;WWHZZZwmﬁm.

E on S

Examining the terms of first degree as in the proof of (8.2), we see that the
innermost sum vanishes unless £, =7;. Thus the multiple sum reduces to

221 =gy
&
This proves

(8.4) ;l M| = g,

so that on the average | M(f)| is ¢"'*. Indeed (8.4) implies a bit more. Let N be
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the number of polynomials f such that
(8.5) M(f) =z ngtrtor2 (n>0,e>0).
Then by (8.4) and (8.5), ¢’¥ = Ny?%q™te, so that

qq'
(8.6) N<-—
7°q*
This proves the following theorem:
THEOREM 8.1. Let €>0, n>0. If N is the number of polynomials for which
(8.5) holds, then N satisfies (8.6).

In other words, if ¢ is large and » fixed, then for “almost all” polynomials
we have

(8.7) M(f) = O(g‘r+7),

where O has its usual meaning. However (8.7) need not hold for some f. To
take a trivial example, if f=constant then | M(f)| =¢". Again for the special
polynomial (7.5) we have seen that

M) =q¢ -1+,

which contradicts (8.7). Other examples of this sort are easily constructed.
On the other hand for certain polynomials not only (8.7) but the stronger
result

(8.8) M(f) = 0(g"™®)

can be asserted. For example (8.8) holds (in more precise form) when f is an
ordinary quadratic form.

One or two additional examples may be mentioned. For example, for the
polynomial f=§ - - - £ we have

M(f) = E 2 e(Eida - - &),

LS L 31

The inner sum vanishes unless Ez -« + £,=0. This will happen ¢—1—(¢g—1)1
times. It follows that

Mf)=qg'=@-D)=(@F—-Dgt+---,
so that M(f) is of order ¢—!. Then for >3, (8.7) is not satisfied. A similar

example is furnished by f=§ - - - £. In this instance we have
2 2
M= 2 X1+ 2 et k)
(8.9) Eg- - Er=0 £ B2+ b0 &

=gl = (- DY+ (g— DS,
where .S is the Gauss sum [2, §3]
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(8.10) S = e(£?), [S] = g2
3

It follows from (8.9) and (8.10) that M(f) is of order ¢"—V/2. Somewhat similar
results can be obtained for

f=# & (e 2 0).

It should be remarked that while M(f) is a class invariant it is not an in-

variant of a category. For example, if g=$>2 and r=1, consider the cate-

gory containing the polynomial £2. The partition defining the category

(compare the example following Theorem 5.1) is evidently [2 - - - 21]. Now
define f(£) as follows:
f(0) =0, f@2s) = f2s — 1) =25 — 1 1=ss=@p-1/2.

Then we have

) (p—zl)ﬂ 1 — pr? p—1
M{f)=1+2 pP 1 =142 = ,
! =1 1—p? pt+1

from which it is evident that
(8.11) M(f) = o(1) (p— =).

On the other hand, by (8.10), | M(£2)| =g

Incidentally (8.11) furnishes an example of a polynomial with M (f)—0
but M(f) #0. The restriction g=2p is not essential and other examples of the
same kind can easily be constructed.

While M(f) is not an invariant of a category the functions u(f) and »(f)
are invariants. If we use the fuller notation

(8.12) [ki'ks - - k'] (By> k> > k2162 1)

for the partition defining a category K, then (5.3) furnishes the number of

classes in K. Consequently the total number of polynomials in the category is
g! g'!

coler! - - - el (B - (kD)o

(8.13)

THEOREM 8.2. The number of polynomaials in the category defined by the
partition (8.12) is given by (8.13).

9. Some applications. Consider a polynomial f that has the property:
9.1) Ny(a) =1 for all a # 0.
If we put Ny(0) =1, then (9.1) implies
9.2) h+(@—-Di=g.
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Hence by (3.4)
(9.3) MQOf) = lo+ 12 e(ey).

a0
It is convenient at this point to define a function
(9.4) k(a) = {q_"ll
Then (9.3) becomes

9.5) M(xf) = lo + Lk(y)
and using (9.2) this yields

0
— g
Conversely, given (9.6), then (3.2) implies

9.6) e = {,

Ni(a) = ¢7'M(0) + ¢ 'M(1) D e(— ay)
70

I

g+ (g = DE(e)
- {
IV

in other words f satisfies (9.1). This proves

[November

(@ =0),
(a # 0).

(v=0),
(v = 0).

(@ =0),
(a = 0);

THEOREM 9.1. A polynomsial f satisfies (9.1) if and only if it satisfies (9.6).

Condition (9.1) is satisfied when f is a quadratic form in r =2s variables
with discriminant §5£0 and ¢ odd. Let y(a) =0, +1, —1 according as a=0,

square, or nonsquare of GF(q). Then as is familiar

9.7 Ni(a) = > + ¢ k(a)¥((—1)%9)
so that
(9.8) I= g1 — ¢ Y((—1)%).

Thus in this case (9.6) becomes
M(vf) = ¢¥((—1)%)
When r =251, then in place of (9.7) we have
0.9 V(@) = g* + g¥((—1)*a).

This suggests consideration of polynomials f having the property

(9.10) Ny(a) = lo + W(a).

(v = 0).
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Summing over a we get ly=g¢"1. Application of (3.4) yields

(9.11) M(xf) = W(v)S (v = 0),
where S is the Gauss sum defined by (8.10). Conversely if (9.11) holds, then
(3.2) implies

Ny(o) = g1+ ¢ US 3 e(— aB)¥(B)

B0
= ¢!+ USH(— @) = ¢ + W(a).
This proves

THEOREM 9.2. A polynomial satisfies Ny(a) =g '+W(c), where | is inde-
pendent of o if and only if 1t satisfies (9.11).

If f satisfies (9.1), » =25, and [ is defined by (9.8), then, by Theorem 7, f
is equivalent to a quadratic form in 2s variables with discriminant é. In the

same way if f satisfies (9.10) with r=2s+41 and
(9.12) I= g¥((—1)%),

then f is equivalent to a quadratic form in 2s+1 variables with the dis-
criminant §. We may state

THEOREM 9.3. A necessary and sufficient condition that a polynomial be
equivalent to @ quadratic form of discriminant & is furnished by (9.1) and (9.8)
when r=2s, and by (9.10) and (9.12) when r=2s+1.

We may mention an example of a different kind that alse falls under
(9.1). The writer has proved the following result [1, Theorem 4]. Given the
equation

(9. 13) Z a"H £?;j= o (a'. ;é O),
i=1 J=1

where

(9‘14) (aiu"' ,a's'r.') =1 (i-—' l,"‘ ,S)

and the 7; are arbitrary integers 21. Then the number of solutions &;; of
(9.13) is

©0.15) o+ ) [T @ = alg — VD),
=1

where r =74 - - - 4, and k() is defined in (9.4). To compare (9.15) with

(9.1) we note first that 7 has the same meaning in both cases. Thus we have
lO = qr—l + q—l(q —_ I)W, = qr—l — q—lW’

where W stands for the product in (9.15).



424 L. CARLITZ [November

The result (9.15) is particularly simple when all r;=2. We then find that
the number of solutions of

(9.16) wfim' + -+ akin = a ((as, b)) = 1)
is
(9 17) qZO'—l + q"*lk(a).

Comparing (9.17) with (9.7) it follows at once by Theorem 7 that the poly-
nomial in the left member of (9.16) is equivalent to an ordinary quadratic
form with Y((—1)%8) = +1.

Returning to the general case (9.13), we observe that (9.15) is inde-
pendent of the coefficients a; and the exponents a;;. Consequently Theorem
4.1 implies the following

THEOREM 9.4. The polynomials

(9.18) > al&] (a; % 0),
i=1 =1

where the a:; satisfy (9.14) and the r; are fixed, are all equivalent. In particular

when all r;=2, the polynomials (9.18) are equivalent to a quadratic form with

Y((—1)9)=+1. 4
By Theorem 4.9, the rank of (9.18) is r —s—+1 provided all ;> 1.
Another example that falls under (9.1) depends upon the following result

of Fine and ‘Niven [8]: Let A denote the determinant |£;;| of order s in
the s? letters £;;. Then the number of solutions of the equation A=« is given by

019 M@ = ¢+ k@ {1 - L TTa - )
qg— 1z
By Theorem 4.8 the rank of A is s(s+1)/2.
It may be of interest to remark that if a polynomial satisfies

(920) f(ﬂEl» tt 77&‘) = n‘f(fl) Sty Er) ((S, q — 1) = 1))

then it also satisfies (9.1). The condition (9.20) is a kind of homogeneity
condition and in view of (s, g—1) =1 might seem to imply linearity; however
even when s=1 this is not necessarily the case.
Now assuming (9.20), we have for y =0,
M) = 2 e(rfl -, 8)
'e' ’

I

= Zf e(f(’YEh tT 'er))

EITRERS

= Z)E e(ft, -+, &) = M),

T
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so that M(yf) = M(f) for all ¥5#0. Consequently by Theorem 9.1, f satisfies
® 1%imilarly if a polynomial satisfies
(9.21) faky, - mE) = nf(Ey - - &) ((sy9—1)=2),
then if ¢(B8) = +1, we have
M@Bf) = M(v°f) = M(f)

as above, while if ¢(8) = —1, M(By*f) = M(Bf). Thus it follows from (3.2) that

q"((qg — 1)/2)(M(f) + M(Bf)) = ¢N4(0) W(B) = —1).
If in addition we assume N;(0) =¢"!, then (9.11) holds. This proves

THEOREM 9.5. If a polynomial satisfies (9.20), then it also satisfies (9.1).
If a polynomial satisfies (9.21) and in addition Ny (0) =g, then it satisfies
(9.11).

10. Other applications. If Ny(«) is known and f~g, then N,(a) is also
known. Theoretically this should enable us to determine Ny(«) for a variety
of polynomials derived from a few standard ones. In practice however it does
not seem easy to construct interesting examples.

Let g(&, - - -, &) denote a polynomial that never takes on the value 0,
and consider the set of equations
(10.1) Ns = gs—-—l(Ely ttty Ea-—-l)Es (S = 1, crey, f),
where go=1. Clearly (10.1) defines a transformation (1.1). Hence applying
(10.1) to the quadratic form, Q(m, * - -, #.), we infer that the number of
solutions of
(10'2) Q(El) gl(El)E?: Tty gr—l(&» Sty ET—I)ET) = a

is given by (9.7) or (9.9) according as s=2r or 2r+1. When the hypothesis
2,70 is weakened it may still be possible to find the number of solutions of
(10.2); however we shall not discuss that problem at present. The transforma-
tion (10.1) may also be applied to the other results of §9.

In view of (10.2) one is led to consider such equations as

(10.3) s + aogi(E)E + - + auga(Er, -+ E)E = a

where as above the g, never vanish. If we specialize further, we can de-
termine the number of solutions in simple form. For example consider the
special case

(10-4) Ql(ily oty fza) + g(El, oty E23)Q2(7Il9 crty 7]21) = a,

where @i, Q2 denote quadratic forms and g does not vanish. Clearly the num-
ber of solutions of (10.4) is
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(10.5) DD 3L

B+r=a A1(H)=8 g(5)Q2(n)=7

Since g(&1, - - -, &) #0 for any choice of &;, a glance at (9.7) shows that the
innermost sum is precisely the number of solutions of Qy(n) =v. Thus (10.5)
becomes

2 2 2 1= Neue
(10.6) pry=a @1(O)=8 Qm=7r e
= it 4 gt k(@)Y ((—1)H1,5,),
where 8y, d; are the discriminants of Qi, Qs, respectively. We now state

THEOREM 10.1. The number of solutions of (10.4) s determined by (10.6).
Moreover the left member of (10.4) is equivalent to a quadratic form in 2s+2¢
variables of discriminant 6,0,.

The second part of the theorem is of course a consequence of Theorem
4.1. Once again, as in §9, we have determined the number of solutions of
a certain problem and then inferred equivalence. It is not difficult to general-
ize (10.4) considerably; also one may consider the case in which the quad-
ratic form contains an odd number of variables.

Even when Ny(a) is not known for all e, application of a transformation
to f may lead to interesting results. For example, it follows from a result of
Hua and Vandiver [9, Theorem 2] that the number of solutions of

(10.7) abi + o+ ook =0,
where (e;, €;) =1, is ¢1. Consequently applying (10.1) it follows that the
number of solutions of
o1 ez o ey er
aé + 22341 (El)£2 + -+ argr—l(gly Tty Er—-l)gr =0

is also g+
A similar remark applies to a number of other special results. For example
the equation [3, Theorem 7]

(10.8) Oy, - -+, &) =9* (kz1,p#2)

may be cited. The number of solutions of (10.8) is ¢" for r even or r odd and
k odd, while for r =2s5+1, k even the number of solutions is

> + ¢*(g — DY((—1)%).
The same therefore is true of

Q(Eh STty Er) = ’7"8(51» tt Er)

and more generally of
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Q(sl; 8152, Tty gr—lsr) = nkg(Eh T Er)r

where the g's have the same meaning as above. More elaborate examples of
this kind can easily be constructed. In particular this applies to the de-
terminantal equation A =« cited at the end of §9 as well as a recent paper by
0. B. Faircloth [7] concerning the number of solutions of the equation

abl ot =a
Returning to (10.1) we may remark that the equation
(10.9) Ns = E: + hc—l(sly Tty Ss—l) (S = ly f f)‘,

where ho=0 and Ay, - - -, h,; are arbitrary polynomials, also defines a trans-
formation. Thus (10.9) can be used in place of (10.1) in some of the above
results.
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