ON A CERTAIN CLASS OF IDEALS IN THE
L'-ALGEBRA OF A LOCALLY COMPACT
ABELIAN GROUP

BY
H. J. REITER

This note is an addition to an earlier paper [5] where all theorems and
mathematical terms used here without further reference will be found.

If Iis a closed ideal in L!(G) consisting of all functions whose Fourier
transforms vanish on a closed subgroup G’ CG, then the quotient-algebra
L(G)/Iis algebraically isomorphic and isometric with L!(G’), where G’ is the
dual group of G’ (cf. Theorem 1.3). It is the purpose of the present note to
consider another class of closed ideals in L! for which it is similarly possible
to determine explicitly the structure of the quotient-algebra L!/I, namely
those ideals I which have a denumerable co-spectrum Z; consisting of nde-
pendent elements (i.e. if x, y, - - -, z are distinct elements of Z;, then no rela-
tion x¥y’ . . . g¥=¢ subsists unless all the integers 7, j, - - -, k are zero). This
case is the opposite extreme, in comparison with the previous one. The dis-
cussion is based on Carleman’s little book [3, p. 79].

LEMMA. If the co-spectrum Zr of the closed ideal IC L' is denumerable and
if the elements of Zr are independent, then any LI is of the form

$(x) = 2 aulx, %)

zEZI
where Zzez, |a=| < w(l)
Let x1, %2, + + -, xy be any isolated points of Z; and consider the Fejér
kernels
1 _
k,n(x)=1+7{(x, %) + (x %)) 1=<n=N)

which are real, non-negative functions of x&G. We have

N 1 N

ke =14+ 2 (x ) + T()

n=1 n=1
where T(x) is a trigonometric polynomial (without constant term) whose fre-
quencies are not in Zr since Zr consists, by hypothesis, of independent ele-
ments.

Presented to the Society, September 5, 1952, under the title On a property of Fourier trans-
forms; received by the editors October 8, 1952.

(%) In connection with the proof that follows, see pp. 133-134 of Bochner’s paper [1], espe-
cially the footnote on p. 134.
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Thus, for S sufficiently small, we have, by Theorem 2.1,

N l N
0 n) [ ST ()| %4 = = T o 20
n=1 n=1
where a,, = M{$(x)(x, x.)*}.
Moreover, since S(x)? [[¥_, k.,(x) 20 and also m~1(S) [S(x)? [IX., k., (x)dx
=1 (S being sufficiently small), it follows from (%) that

N
Y an(x, %) | = |éle

n=1

— sup
2 xEG

and thus, by Kronecker’s theorem(?),
1 N
7 Zl a”nl = "4’"«'
ne=l
Since x,, %2, - + -, Xy are any isolated points of Z;, we have
> as] = 2/|éllw (x € Zt — Z1)
z

where Z; denotes the first derivative of Z;. We use now transfinite induc-
tion. Let Z{ be the derivative of order a of Z; where a is an ordinal number
of the first or second class. Consider an ordinal 8 and suppose that

() a.= M{$(x)(x, )} exists forall x € Z; — it 0= a<p);
i X[ = 2ol (x e U @& —Z}"")).
z 0S5 a<p

We shall prove that thisstill holds if “0 Sa <f3” is replaced by “0 <a =B.”
Define

8®) = $(0) — T as(x, 2 (€ U @-z")
z 0S a<p
and let I be the closed ideal of all functions f&EL?! such that f*¢§=0; de-
note by Zj its co-spectrum. We have Z,CZ}=2Z.

Suppose now that ZsCZ§ for all @, 0<a<B. If 8 is a limiting number,
we have Z8 =Nygacp Z§ and thus ZsC Z4. Otherwise consider the set Z{™' —Z5.
If this set has any points at all in common with Zg, they are isolated points of
Zs. Suppose x, is such a point; then, by Theorem 2.1, for small S,

(®) For a simple proof of Kronecker’s theorem, in the general case of an abelian group, see
[2, Satz 1].
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m=1(S) [S(x)2(x, %0) ] % dbs = ¢(x, %0) (¢ = constant)
or

m=1(S) [S(x)(x, 20) ] * ¢(x) — m~(S) [S(x)*(x, 20)] * 2. aa(x, #) = e(x, ),

the summation being extended over all x €EUogacs(Zr —2Z25") = Z; — Z§. Tak-
ing the limit by letting S shrink to {e}(*), we have

azo(xv %o) — azo(xv %0) = ¢(x, %o).

Thus ¢=0 and therefore m—1(S)S(x)2%(x, x0) EI3, i.e. x¢EZs, and we have
proved that Zz; CZ%.

It follows, by Theorem 2.1, that M {q>,;(x) (x, x)*} exists for all xE2Z§
—Z5*1, Since ¢(x) =dp(x) + Dz a2(x, ®) (*EUogacs(Zr —Z5)), it results that
limg. e m~1(S)S(x)2*[dp(x)(x, x)*] =a. exists for all xEZf—Z4". Thus (i)
holds with 0 Sa <f instead of 0 <a <p.

Once the existence of a, is established, we may show in the same way as
before(%) that

Slolsdel.  (s€ U @-z")
z 0Sas<p

which completes the induction.

Take now 3=, where B is the first ordinal number such that Zf = ¢¥.
Then the co-spectrum of Ig, is empty and hence, by Wiener’s theorem,
ds, =0 almost everywhere, i.e. we may write

‘l’(x) = Z a,(x, x)' Z la”l < o,
€2, £z,
and the lemma is proved.

REMARK. For groups G such that the dual group G satisfies the first
axiom of countability, the proof may be given by means of the familiar
diagonal process, avoiding transfinite induction, as follows: by Lemma 2.1.1
and the diagonal process, there is a subsequence (#,), r=1, such that
lim, ., m71(S4,)Sh,(x) 2 [¢(x) (x, x)* | =a. exists for all *EZ;. The convergence
of X, |a,| (xE€Zr) is then immediately established, as before. Since ¢(x)
— >z a.(x, x) (xEZ;) is orthogonal to an ideal whose co-spectrum is in Z;
and cannot have isolated points, it follows that this difference vanishes al-
most everywhere.

(® In part IT of [5] the notation should be changed soas to avoid an appeal to countability.
The existence of the limit of the first term is part (i) of the hypothesis of the induction; the
existence of the limit of the second term may be shown by means of the absolute convergence of
the series.

(*) It should be observed, though, that we must now take the limit, as S——»{e } , in equation
(k).
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If X is a locally compact Hausdorff space, denote by C(X) the Banach
algebra of all complex-valued continuous functions ¢(x) on X which “vanish
at infinity,” with norm ||¢(x)|| =max.,cx |c(x)| and the usual (point-wise)
multiplication. We shall be concerned here with the case where X =Z;, with
the topology induced by that of G.

We are now ready to prove the following:

If the co-spectrum Zr of the closed 1deal I C L* is denumerable and the elements
of Zr are independent, then the quotient-algebra L'/I is algebraically isomorphic
and isometric with the Banach algebra C(Z;) defined above.

Define a homomorphic mapping of L! into C(Zr) by making correspond
to each fEL! the function f(x), x&EZ;. The kernel of this homomorphism
consists of all those functions in L! whose Fourier transforms vanish on Zj;
it coincides with I (this follows from Theorem 2.2 (cf. also Theorem 2 in [4]),
or directly from the lemma proved above).

By the “distance theorem” we have for any f&L! which is not in I

dist {f, I} = 1/min [|¢]].

where ¢ ranges over all functions satisfying

ff(x)<[)’(x)dx =1¢ LI
By the lemma proved above, we have

o(x) = 2 au(x, ), 2 las| < .

xEZ, zEZI

By Kronecker’s theorem

loll= 22 |a.].

zEZ,
Now the smallest value that ) ez, |a.| can have, under the condition
Z a'zf(x) = 11
€2,

is just 1/max,egz, |f(x)|, since

2 |aa] max [f(x)] 2 1.
€2, 2E2Z;
Thus dist {f, I} =max.cz |f(x)].

Hence the quotient-algebra L/I is isomorphic and isometric with the
image of L! in C(Z;) under the homomorphism defined above. To prove
that this image is C(Z) itself it suffices to show that it is a dense subset
of C(Z;); this will imply the desired result since L!/I is a complete space
and the isomorphism is isometric (cf. the end of the proof of Theorem 1.3).

The fact that the Fourier transforms f(x), x €Z;, are dense in C(Z;) fol-
lows from theorems proved by M. H. Stone (cf. [6, Theorem 5, Corollary 2,
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and Theorem 12, Corollary 1, and the remark at the end of §6])(¥). This
completes the proof.

As a consequence of the result just proved, we have: if Z s any closed
denumerable subset of G consisting of independent elements, and if c(x) s any
complex-valued function defined and continuous on Z and “vanishing at in-
finity” in case Z is not compact, then there is a function fSL'(G) such that the
Fourier transform f(x) coincides with c(x) for all x in Z.
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(®) The author is obliged to Professor G. W. Mackey for pointing out the use of Stone’s
theorem in this connection; the original procedure was based on an adaptation of the methods
used in [5] for analytic functions of Fourier transforms.



