NEW RESULTS ON POWER-ASSOCIATIVE ALGEBRAS(})

BY
LOUIS A. KOKORIS

1. Introduction. Many of the results concerning power-associative com-
mutative rings and algebras carry the restriction that the characteristic be
prime to 30 [1; 2; 3](2). We shall study the cases where the characteristic is
3 or 5 and shall show that the results are those of the general case if we make
a slight modification of the definition of power-associativity. However, our
proofs require the use of the associativity of fourth, fifth, and sixth powers,
while the results for characteristic prime to 30 use only the associativity of
fourth powers.

It is known that there exist simple commutative power-associative alge-
bras of degree two and characteristic $>5 which are not Jordan algebras
[4; 5]. We shall obtain the important property of algebras of degree two and
characteristic zero given in Theorem 6. It is hoped that this result may lead
to a proof of the conjecture that a simple power-associative commutative
algebra of degree two and characteristic zero is necessarily a Jordan algebra.

We shall assume from the outset that the system under consideration is
commutative and has characteristic not two.

2. Definitions and identities. If x2xf=x>*# for every x of ¥ and integers
o« and B, then (x+MAy)2(x+NAy)f = (x+Ay)et? for all x and y in ¥, where \ is
any integer in case ¥ is a ring, and \ is any element of the base field if % is an
algebra. The result obtained by this substitution is a polynomial » #tf \i4;
=0 1in \. Each 4; is called an attached polynomial of 9 and further lineariza-
tion yields other attached polynomials. We use these facts in the following
definitions.

DEFINITION 1. A commutative ring % will be said to be strictly power-
associative if x*xf =x>+8 for every x of % and all integers @ and § and if every
attached polynomial of ¥ is zero.

When ¥ is an algebra, Definition 1 is equivalent to

DerFrniTioN 2. A commutative algebra ¥ over a field § is called strictly
power-associative if x*xf =x=*+8 for all positive integers a and 8, and every x
of e where f is any scalar extension of §.

Let us now consider the associativity of fourth powers; that is, the
identity A (x)=x2x2— (x2x)x=0. Linearization of A(x) gives the identity

(0 A(xy)a? = 2[(xy)x]x + (2?y)x + oy
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for a ring 9 whose characteristic is greater than 3 and for an algebra % over a
field § whose characteristic is 3 and which contains more than three elements.
We also obtain

4(y2)2* + 8(w9)(a2) = 2[(92)]x + 2[(xy)z]x + 2[(xy)2]s

@ 4 2[(s)pls + 2()xly + (#P9)s + (#)y
and '

4[(2y)(sw) + (22)(y0) + (xw)(y2)]
@) = x[y(aw) + 2(wy) + w(yz)] + y[a(w) + 2(we) + w(az)]

+ z[2(yw) + y(wx) + w(xy)] + wlx(yz) + y(32) + 2(xy)]

without any restrictions on the ring o.

At this point we note that when the characteristic is prime to 30, strict
power-associativity is equivalent to power-associativity. This follows from
the fact that associativity of fourth powers implies the associativity of all
higher powers [1], and fourth power associativity is equivalent to the multi-
linear identity (3).

To show that strict power-associativity is not equivalent to power-
associativity we consider the commutative free algebra A of all polynomials
in x and y over the field §§ of three elements. Restrict % by defining all prod-
ucts to be zero except x, x2, x3, ¥, ¥2, ¥, xy, (xy)x, (xy)y, x%y, ¥, (y2x)y, x%y,
and let (y2x)y = —x%y. Computation shows that 9 is power-associative, but,
since (1) is not satisfied, is not strictly power-associative.

The assumption of the associativity of fifth powers gives the identity

2[(xy)x]a? + (22y)a? + 2(xy)a®
= aty + (2*9)x + [(#*)x]z 4 2{ [(xy)z]2} =
under the restrictions that applied to relation (1). Relation (4) yields
2[(xy)z + (y2)% + (20)y]a? + 2[2(xy)x + 2%y](%2)
+ 2[2(x2)x + x%](xy) + 2(yz)a?
(5) = {2[(=3)z + (y2)x + (22)y]x + [2(x2)x + 2%]y
+ R2(xy)x + 22yls} e + {2[(22)x]x + (a%)x + 2%}y
+ {2[(xp)x]x + (#29)x + 2%}z
and a relation which may be summarized by

(6) 2 [(mw) 2] (waws) = 20 { [(w122) w52} 25

with two factors of each summand equal to x and the remaining factors one
each to v, 2, and w.

It will be necessary to use an identity derived from the equality x4x? = xx.
This identity is obtained with the same restrictions that apply to (1) and

(4)
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may be written as

(7 Z { [(xlxz)xa]x4} (x5%5) = Z ({ [(xlxg)xs]x4} *5) X¢

with three factors of each summand equal to x and the remaining factors one
each to ¥, 2, and w.

3. Conditions for the associativity of powers. Albert has shown [1] that
the associativity of fourth powers implies the associativity of all higher
powers in a commutative ring whose characteristic is prime to 30. Further-
more he has given examples of commutative rings of characteristic 3 and of
characteristic 5 which satisfy x2x2 =x3%¢ but with not all higher powers associa-
tive. The additional conditions which must be imposed on rings of character-
istic 3 or 5 are given in the following two theorems.

THEOREM 1. Let A be a commutative algebra over a field § whose character-
istic is 3, § have more than three elements, and x?x?=x3x, x3x? =x*x for every x
in N. Then N is power-associative.

For proof we first observe that the hypotheses imply (2), (4), and (5).
Now let y=x*1 and z=x"*"1! in (2) for k=2, 3 and obtain, after using
K xk=xMo for Nu <nm, x4t =x""3x3 =x""2x2 Next replace y in (4) by x**
and then have 2x"3x3 =x"—4x4+4x"1x. Thus x" 22 =x""1x.

The equality x"—x*=x""1x clearly holds for »=1, 2, 3, 4. Assume it for
v=1,2,-:+,k Then take y=x*2 z=x""G¢+D jn (5) so that 2x"3x3
= =2 ck—2 | pn—(+Dxk+1 We use the hypothesis of the induction and then
have x»—*+Dx*+D) = xn—ly a5 desired.

The proof depends on the fact that when U is a commutative algebra
over a field § of more than three elements, x3%x2 = x% implies (4) which in turn
implies (5). For rings we assume (4) and obtain the following result.

COROLLARY. Let U be a commutative ring whose characteristic is 3 and let
x2x2=x% and (4) hold. Then % is power-associative.

THEOREM 2. Let U be a commutative ring whose characteristic is 5 and let
x22=x%x and x*x2=x5x. Then A is power-associative.

Replace the variables in (3) by powers of x with positive exponents «, 3,
v, 6 and obtain
4[xn—(et®) gats | gn—(aty) oty | G+ gB+7]

=3 [xn—axa + 2" BB + VTR + xn—(a+ﬁ+“l)xa+ﬁ+'y]

whenever x*x#=x*# for N\+u<n=a+B4+v+6.

The values a=fB=v=1 in (8) give

9 27292 = 4xnly 4 3x73485,

(8)

Let #=35 so that 2x%x2=4x* 1+ 3x%x2, x3x2=x%, and thus the associativity of
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fourth powers implies the associativity of fifth powers in a commutative ring
whose characteristic is 5. If we set #=26 in (9), 2x%x?=4x5x+3x%?2, and our
hypothesis on sixth powers implies the associativity of all sixth powers. We
now have x*x#*=x** for N\ d+u<n, n=<7.

The substitution =2, 3=v=1 in (8) yields

(10) nixt = xn3gd + 207 %x% 4 3xmlx,
and the result of setting a=3, 8=y=11s
(11) 27 0xb = xnixt 4 4anixd 4 3xn 242 4 a1l

Since we have assumed the associativity of sixth powers we may take a4+
=6. We use the values a=f=vy=2 and a=3, §=2, y=1 to obtain x5«
=4xm x4+ 2x7 22 = 3 0x5 - 3xn 4wt + 2x3x3 +4x" 22 +4x"1x. Then use
(11) and (10) to successively eliminate x*%x5 and x"—%x* from the last expres-
sion and have x"3x3 =x""1x. Relation (9) implies x"2x2=x""1x.

Clearly x*—x*=x" for v=1, 2, 3. Assume the equality forv=1,2, - - -, &
and thenleta =k—1, 3=+ =11in (8). This substitution gives 3x»*x* 4 4xn—2x?
= 3xn—(k—Dyk—1f pn—ly 4 3xn—(k+Dyxk+1 By the induction hypothesis x»— ¢+ yk+1
=x" and this completes the proof.

4. Decomposition relative to an idempotent. In a commutative strictly
power-associative ring % with an idempotent e we have relation (1). Let y=e
in (1) to obtain a result which, when written in terms of right multiplications,
is

(12) 2R* — 3R2+ R, = R(R, — I)(2R, — I) = 0.

As in the general case [2] the relation (12) implies the decomposition of A
into the supplementary sum % =%.(1) +%.(1/2) +%.(0). We may then obtain
the following theorem giving multiplicative relations between the modules
A.(\) for rings with characteristic 3 or 5. The statement is that of the general
case [2] and, since much of the proof is the same, we shall prove only the
parts for which the general proof does not hold.

THEOREM 3. The modules N.(1) and NA.(0) in a commutative strictly power-
associative ring U are zero or orthogonal subrings of . They are related to
N.(1/2) by the inclusion relations

Ae(1/2)A(1/2) C A(1) + AL(0),
(13) A(1AL(1/2) S A(1/2) + A(0),
A(0)A(1/2) S A(1/2) + A(1).

We first consider the case where U has characteristic 3. The values z=w
=e¢, xe=Nx, ye=puy in (3) give a relation which may be written as

(14)  (29)[2R: + 2N+ 2u — YR, + (N + 24" + A + u — 8\)I] = O.
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The substitution x =e, ze =\z, ye=uy in (5) results in a relation which, after
writing x for gz, is

(#9)[2R2 + (N + 2 — DRo + 2\ + 24" — X — u — 2)R,
+ O+ 2 N I - - - o] =0

When A=y =1, (14) and (15) become (xy) [2R2—2I] = (xy) [2R3+2R?—4I|
=0. By (19), R®=R, so (xy)[RZ—1I]=(xy)[R?+R,+I]=0. Consequently
(xy) [Re—1I]=0 and %,(1) is a subring of A. The values A\=u=0in (15) yield
(xy) [2R2—2R%—2R,] =0=(xy)R? and therefore A,(0) is a subring of . Next
let A\=0, u=11in (14) and (15) to obtain (xy) [2RZ—2R,] = (xy) [2RE— R,+4I]
=0. It follows that (xy) [R.4+I]=0, (xy) [R24+R.] =0 and, since (xy) [RZ—R,]
=0, (xy)R.=0. Thus (xy)I=0; that is, ¥.(1) and %.(0) are orthogonal.

Let % have characteristic 5. It is only necessary to show the orthogonality
of A.(1) and A,(0). To this end set w=x=e, ye=7y, 2¢=0 in (7) and so obtain
(xy) [2R:4+R:—R,] =0 where we have replaced z by x. By (12), 2R=R?+R,
so (xy)R2=0, (xy)R.=0. If A\=0, u=1 in (14), (xy)[2R2—2R,+3I]=0 and
consequently xy =0 as desired.

5. On certain mappings and their properties. The purpose of the next
part of our work is to show that the results of [3] on certain mappings hold
for rings and algebras of characteristic 3 or 5. The statements of the results are
exactly those given for rings or algebras with characteristic prime to 30, ex-
cept that we shall be working with strictly power-associative systems. How-
ever, some of the proofs given in [3] are not valid when the characteristic is
3 or 5, and we shall concern ourselves with furnishing proofs in these cases.
Furthermore, we shall adopt the notations of [3].

Much of our work will depend on the mappings So(x1), Si2(%1), T1(x0),
and Tij(x,) defined in [3] and relations (5), (6), (7), and (8) of [3]. Of these
relations the first of (5), the first of (6), and all of (8) must be shown for a
ring whose characteristic is 3. Also, (7) must be proved when the character-
istic is 5.

These relations are obtained in a straightforward manner from the
identities of §2, so there is no need to give details. The substitution x =% =2,
y=91, 2=321, W=y in (6), where ay is in A,(\), gives the following pair of
relations when the characteristic is 3.

51/2(21y1) = 51/2(21)51/2()’1) + 51/2(}’1)51/2(21),
So(z1y1) = 2Sy2(21)So(y1) + 2S1/2(31)Se(21).

A corresponding pair of relations is obtained by setting x =%, y =1y,, 2=2,, and
w=1w; in (6). These are

Ty2(z090) = T1j2(20) Try2(y0) + Tr2(30) T1r2(50),
T1(z0y0) = 2T 1/2(20) Tl(yo) + 2T /2(y0) T1(20).

(15)

(16)

(17)
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It is necessary to set x=u, y=7%,, 3=3, W =2 in both (6) and (7) to ob-
tain the remaining relations for both characteristics 3 and 5. We write these
as

(18) Sye(31) Ty2(z0) = Ty2(20)Sy2(y1),
[wi/2T1(20) |31 = 2w1/9S12(y1) T1(20),
[w1/9S0(y1) |20 = 2w1/9T1/2(20)So(31).

Relations (16) to (19) now hold for any characteristic prime to 2.

We may remark that Lemmas 1 and 2 of [3] now follow without change.

6. Development of the essential machinery. In this section we shall
derive the machinery needed to obtain the major results of [3] in our cases.
Some of the relations we shall derive are used in [3] but our cases will require
a more complete development of this theory.

If A is a strictly power-associative ring we have relation (1). Let # be an
idempotent in % and let y=w in (1). It then follows as in [3] that

(19)

2
(20) x12S12(w1) = %1727 1/2(wo), Zye = w1 + wo,

and that the quantities of %,(1/2) are nilpotent if « is a principal idempotent.
We now proceed to obtain other relations for later use. Consider yy, in
A.(1/2) and g, in A,(0). Define products by
Yugo = by + by, by2 = yy2Ty2(g0), b1 = yy2T1(go);
bi280 = cy2 + ¢y, cyz = by2Ty2(go), ¢ = by2T1(go);
2
(21) Yz = w1 + Wy,
yl/zbl/z = 21 + 30,
Yyecy2 = S1+ So.
Then y=z=y, and x=g, in (2) yields 27,g5+4(y1280)2= (3712800

+2[(91/280)¥1/2 180+ 2 [(31/280) g0 ]y1/2+ (31/288) y1/2 from which we obtain three
identities by considering components. We use (17) to write the component in

A.(1/2) as
(22) y12T12(g0)Sy2(b1) = yyaSye(er).

The above substitution gives (22) only for characteristic prime to 6. When %
has characteristic 3 it is necessary to make the substitution x =go, y =2=1y,
w=u in (6) to obtain (22). The relation (19) is used to simplify the %,(0) and
A.(1) components and we then have

(23) Zwog: + 4(bf/z)o + 2[y1250(81) Jgo = (wogo)go + 22080 + 450 + 6y1/250(c1),

(24) 4(b2)u + 3by = A(yyacy)t,
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where (b%/,)0 is the component of 82/, in %.(0).
It will be frequently useful to have identities obtained by making the sub-
stitutions x =y =1y1/5, 2=go, w=u and x=y =1y, 3=g5, w=u. These are

(25) 220 + y1250(b1) = wogo
and
(26) 4s0 + 4}’1/250(61) = Wofo-

Finally we obtain a relation which is crucial in proving two of our most
important theorems. Let x =y, y=2=g, in (5) to obtain 4[(y1/280)g0 1%
+2(311220) Y12 + 8 [ (311280) 112 ] (911280) +4 (33 280) (V11280) + 208028 = 4 { [ (9111280)
Y12y} go+4{ [ (3112203112 )go } 312+ 4 { [ (11280) g0 1312 } 312+ 2[ (11288 Yus2 ) 112
+2[(53280) 3112 )80+2(53280) g0 +2 [ (33 /220) g0 |71/2. Then compute the component
of this expression in %,(1/2), apply the transformation S;/(b;)T1(ge) to it,
use (17) to (22), (25), (26) and write the result as

b: + 2(c1z1)b1 + 8[y1/2T1/2(go) T'1/2(wo) T'1(go) ]Cl
+ 2[yy2Ty2[y1250(81) [ T1(0) Jex
= 2(wic1)e1 + 4(b1s1)b1 + 4[}’1/2T1/2 [y1/250(bl)]T1/2(g0) T1(go) ]bl
+ 4[yy2Ty2[yyaSe(e1) | T1(go) 101
This completes our set of relations.

7. Decomposition relative to a set of idempotents. The decomposition of
a ring relative to a set of pairwise orthogonal idempotents depends on

(27)

LeMMA 1. Let u and v be orthogonal idempotents of a power-associative ring
A. Then (au)v= (av)u for every a of .

For proof write A=A, (1)+A.(1/2)+A.(0), a=a1+ais+ao, and ay
=b;+b1.. Using these relations it is seen by direct computation that 2RZR,
=R,R,, 2R,R,R,=R,R,, and 2R,R2=3R,R,—2R,R, and, by the symmetry of
u and v, 2R?R, =2R,R,, 2R,R,R,=R,R, and 2R,R?>=3R,R,—2R,R,. We also
have R,R,R.,R,=RR’ and, using the preceding relations, 4R,(R,R.R,)
=2R’R,=R.R,, 4R2R?=2R,R}=3R,R,—2R,R,. Thus R,R,=3R.R,—2R,R.,
2R,R,=2R.R, as desired.

The proof of Lemma 1 also implies

LEMMA 2. Let u and v be orthogonal idempotents. Then (au)v= (av)u is
contained in the intersection of W.,(1/2) and A,(1/2) for every a of ¥.

The remainder of the work in [3] is now valid without change for the case
when the characteristic is 5. When the characteristic is 3, the material in [3]
from Lemma 4 to Lemma 10 holds, and there is no need for us to repeat those
results here.
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8. Simple algebras. If A is a commutative power-associative algebra with
unity quantity e=#-4v where » and v are orthogonal idempotents, we may
write A=A+ A +A> where A=A, (1) =U(0), A=A (1/2) =A(1/2), Az
=%, (0) =%, (1) and make corresponding changes in the subscripts of the ele-
ments of %A and transformations S, T, as in [3]. It is known(®) that % =u§
+ Oy, Ao =9F+ G, where @ =@, 4. is a nilalgebra. Also, xy =ae-+g¢ for every
x and y of Az, where ¢ isin § and gisin @.

We are now in a position to prove Theorem 3 of [3] for algebras of char-
acteristic 3. The result may then be stated as

THEOREM 4. Every simple commutative strictly power-associative algebra of
characteristic not two is either an algebra of degree one or two with a unity quan-
tity or is a Jordan algebra.

Since the decomposition relative to an idempotent and relations (16) to
(19) have been shown for algebras of characteristic 5, the proof of [3] is now
valid for these algebras. When the characteristic is 3 it is necessary only
to provide a proof for the following important lemma.

LEMMA 3. Let y125:(x1) be in &, for every x1 of N; and y12 of io. Then
Y12 T1(x2) 45 in O for every x» of Ay and y1s of s.

Suppose the lemma were not true. Since y1,71(v) =0, we may then assume
that there exist a y1; and a g, such that y1,T3(gs) is not in ®,. Asin [3] we may
take y12T1(g2) =%. Then with b, =« and with appropriate changes in subscripts
to fit the notations of this section, relation (27) becomes

u + 2¢121 + 2[y1/2T12(g2) T19(ws) T1(g2) ]Cl
= 2(wic)er + 51+ y12T 2 [y1252(c1) | T1(go).

We shall arrive at a contradiction by showing that % is in ©.
From (26) and the hypothesis of the lemma, s, is in ®, and it follows that
sy is in ®&;. Using b, =# in (22) we obtain

(29) y12T/2(g2) = 2¥12512(c1).

This implies ¢, is in ®;. For if c;=yu-+¢/ with ¢/ in &, then (1/2)yy.
=%12 [(1/2) Tl/z(gg) - 51/2((71, ) ] Since (1/2) Tl/z(gz) - Sl/z(Cl’ ) isa nilpotent trans-
formation, we must have y=0. The component in %; of the relation obtained
by letting x =b13, ¥y =915, 2=0¢1, w=v in (3) gives

(28)

ynTl/z [ylzsz(cl)]Tl(gz) = bez‘u + y12T1/2(g2)T1 [ymsz(ﬁ)] + 251 + 2z101.

The term b%u is in Gy by (23) and 13 y5(ge) T [y1252(c1) | = 2912S12(c1)
‘T [J’1252(01)] = {y12T1 [yuSz(Cl) ] }Cl is in Gy. Thus y12T3p [yuSz(Cl) ]T1(g2) isin
@®, and % is in @,;. This completes the proof.

() [3, Lemma 10].
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9. The general structure theory. The general structure theory for power-
associative algebras depends on Theorem 7 of [3] and its consequences. After
we prove it for algebras of characteristic 3 we may state the complete re-
sult as

THEOREM 5. Let e be a principal idempotent of a commutative strictly power-
associative algebra N of characteristic not two. Then N.(1/2)4+A.(0) is contained
in the radical of .

When the characteristic is 3 all of the proof given in [3] is valid except
that part where ¥ is assumed to be semisimple and D= is a nonzero ideal
of U. It is then only necessary to prove D is semisimple and to show this
we need to demonstrate that D.(1/2)U.(0) &M where MM is the radical of
D and e is a principal idempotent of . And then it is sufficient to prove
by=y12T1(go) is in IM for yy2 in D.(1/2) and go in A.(0). We shall show that
bt is in I since then it will follow as in [3] that &, is in M.

With products defined as in (21), except that the subscripts are relative to
e, we have (27). Next let x =y =19y, 2=go, w=0, in (3) to obtain the two rela-
tions

y172T172(80) Tuy2 [91550(01) | = y1/2T1/2[y1/2S0(81) | T'/2(g0),
(30)  yu2Ty2(g0) Ta[y12Se(81) ] + [6y/2(y1/2S1/2(81)) Je
= 2[y1/2(b1/2S12(81)) Je + y1/2T1/2[y1/250(81) 1T1(g0) + (31/2b1/2)b1.

The element y;,, is in D, CI and ¢; is in Dy s0 y1,25¢(c1) is in M. Since
D12D12 S the last relation implies y1/5T1/2 [¥1/2S0(b1) 1T1(go) is in M. Simi-
larly a relation obtained by the substitution x=y =1y, 2=g,, w=c¢, in (3)
implies y12T1/2 [¥1/250(c1) 1 T1(go) is in M. Also (30), (19), (18), and (22) give

[yyeTyelyyaSe(81) 1 T12(g0) T1(g0) 161 = [y1/2T1/2[31/550(81) 1 T1(g0) Jex in M.
Finally we need the relation

(31) 2y1/2T1/2(80) T1s2(wo) = 31/2T /2 [y1/550(b1) | + 231/2S1/2(21)

which is obtained by setting x =y =113, 2="by/2, w=e in (3). After observing
that 21, wy, and s; are in D;,,D12 CIN, it follows from (27) that b} is in I as
desired.

The associativity of fifth powers was used twice in the proof of Theorem
5; namely, in obtaining (22) and (27). To show the necessity of using fifth
power associativity when the characteristic is 3 we give an example. Let A
be a commutative algebra over a field § whose characteristic is 3 with a basis
of three elements ¢, ¥, g. Define multiplication in ¥ by e?=e, ey =2y, yg=e¢,
and eg=y2=g?=0. Then A.(1)=eF, UA.(1/2)=3F, and A.(0)=gF. Direct
computation shows that fourth powers are associative but the example
contradicts the conclusion of the theorem since ,(1/2)%.(0) =%U,(1). Of
course fifth powers cannot be associative.
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10. Algebras of degree 2 and characteristic 0. We go back to algebras of
degree 2 and shall again use the notations of §8. Since simple commutative
power-associative algebras of degree greater than two are classical Jordan
algebras, it seemed natural to conjecture that simple algebras of degree two
are also Jordan algebras. It has been shown by the construction of examples
[4; 5] that this conjecture is false for algebras of characteristic p. However,
it is known [4] that stable simple algebras of degree two and characteristic 0
are Jordan algebras. No decisive result has been obtained for algebras of
characteristic 0 and not necessarily stable, but, in attempting to prove that
they are Jordan algebras, some interesting results have been found. If
M =&+ A12S1/2(G1) + A1 T1/2(@;) can be shown to be an ideal of a simple
algebra ¥, it would follow that ¥ is a classical Jordan algebra. We are not
able to show I is an ideal but in the attempt to do so have obtained a
stronger form of Lemma 3 for algebras of characteristic zero. This result is
false when the characteristic is » [5].

We now prove the preliminary

LeEMMA 4. Let A be a commutative strictly power-associative algebra whose
characteristic is prime 10 6. If ¥12.T1(g2) =u for some y12 in Y1z and some gy in Ns,
then v15Ss [y12T1/2(g2) T1(g2) | 4s either 0 or (—1/2)v.

By hypothesis we have (21) and (29). These and relations (18) and (19)
imply
Yie€1 = (1/2)b12 -+ by, biscy = (1/2)512 + (1/25)232,
ymcf = (1/2)612 + b2g2-

Let x=y=91,, 2=¢; in (3). Then taking w=¢, and w=g, in turn we obtain

(32)

(33) 21w = 253 — 6bs = 53 + (1/2)20g2 + 2bs.

Eliminating b}v between (23) and (33) yields 2s,+2b;+ 2282+ (wags) g2 — 2ws g3
=0 which, when combined with (25) and (26), gives (wsg:)gs=wsgs. It fol-
lows from this fact and (25), (26), (33) that 6b343b,=0 and —2b, is either 0
or an idempotent of M. But v is an absolutely primitive idempotent of 9, so
—2by=0 or v.

It is possible to prove Lemma 4 for an algebra whose characteristic is 3,
but, since we shall not use the result, we shall not prove it.

The hypothesis of Lemma 3 was necessary because we needed to have b,
in ®,. Thus when b,=0 the hypothesis of Lemma 3 is satisfied and so we
may assume b, = —(1/2)v in the proof of the following stronger result.

THEOREM 6. Let U be a power-associative algebra of degree 2 and character-
1stic 0. Then y12T1(x2) is in & for every yis of Wy and x; of Ao, By symmetry
¥1252(%1) 25 in &, for every yi2 of Wre and x; of As.
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Suppose the theorem were not true. Then there exist a y;; and a ge such
that v,,T1(g2) =%, Lemma 4 applies, and, as we have observed, we may take
by =y1252(c1) = — (1/2)v.

The element g is nilpotent so there exists a least integer % such that g¢=0.
Consequently, by (17), (29), and (19), yTi(gs) =0=21yn[T1x(g) *
=y12T1/2(g2) [¥T1(g2) = 2%y12[S1ja(cr) [¥T1(g2) =¢}. Furthermore, ¢f =0 implies

ymSz(C’;) =0= k‘zk_lylz [51/2(01)]k—152(01)
ky12 [T1/2(82)]k—152(01) = — kz_kgzk_l

by (16), (29), and (19). The algebra has characteristic 0 so g '=0 contra-
dicting the fact that & was chosen to be the index of nilpotency of g,.

It is evident that the proof of Theorem 6 breaks down for characteristic p
since g5 =0 implies kgt~ and it may be that k is a multiple of p. In other words,
it is not possible to find y;; and g; such that y1,71(gs) =% unless the index of
nilpotency of g; is a multiple of the characteristic. These facts were used in
constructing simple power-associative commutative algebras of degree 2
and characteristic p which are not Jordan algebras [5].
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