A CENTRAL LIMIT THEOREM FOR UNIFORMLY
BOUNDED ORTHONORMAL SYSTEMS(})

BY
GEORGE W. MORGENTHALER

1. Introduction. Let {£,(x)} be a sequence of random variables on a prob-
ability space (X, S, m), i.e., S is a g-algebra of subsets of the basic space X,
and m is a measure on S, m(X) =1. Form the new random variables
(1.1) M, N=1,23"-,

O'(SN)
where Sy(x) = >, £:(x) and where for any random variable £(x) we define
() =[2.tdF(t) and o(§) =[/*.(t—u(£))2dF(t)]"?, the mean and standard
deviation respectively of £(x) with respect to its distribution function F(t).
The Central Limit Problem of mathematical statistics may then be stated as:

(1.2) Determine necessary and sufficient conditions under which the distribu-
tion functions {F v (1) } assoctated with the random variables (1.1) will converge
pointwise to the normal or Gaussian distribution G(t) = (2m)~V2[* ,e=***du.

A history of the progress in solving this problem is found in a recent
article by Logve [6](?). The work has separated naturally into two parts: the
case of independent random variables solved completely by Lévy, Lindeberg,
and Feller; and the dependent case for which one of the best known results is
due to S. Bernstein. We shall be concerned here with partial solutions to the
Central Limit Problem in the special case of certain sequences of real-valued
measurable functions on (0, 1). Lebesgue measure of a set E shall be denoted
throughout by m(E).

One version of the Central Limit Theorem (Lindeberg [5]) for a sequence
{ Sr(x) } of independent functions states that

if [ofs(x)dx=0, [3fi(x)dx=1,k=1,2,3, - -, and if

¢>0-D.3M = M(e) D . fi(x)dx < ¢, =123,
{(zE 10,1111 ,(2>M)

then N 1 felx)/NY2 45 distributed asymptotically normally with mean value
zero and dispersion 1.
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The investigation in the case when the functions are not necessarily inde-
pendent has proceeded along two lines. Kac [4] established the following:

(1.3) THEOREM. Let f(x) be a periodic function of class Lipschitz-a with
a=1/2 and [if(x)dx=0. If {c} is an arbitrary sequence of real numbers for
which

(@) (i1 @)?=Cy— o as N—,

(b) en=0 (1)7

(c) limy .o Jo(Sy(x)/Cn)%dx=02>0,
where Sy(x) = D vy cf (2%x) and { by} is any sequence of integers with(bry1 — br)
increasing, then Sy(x)/Cxy is distributed asymptotically normally with mean
value 0 and dispersion ([of?(x)dx)/2.

The other direction of approach has been to specify the functional form
of the fi(x). A number of authors have considered the case of a lacunary se-
quence of trigonometric functions. The most general result here is due to
Salem and Zygmund [9] who state the following theorem.

(1.4) THEOREM. Let Sn(x) denote the Nth partial sum of the lacunary
trigonometric series Y -, (ax COs mx+by sin mx), ny integral, nep/ne>g>1,
and let a;, as, as, - - - ; by, by, bs, - -+ be arbitrary sequences of real numbers for
which, as N— o,

(@) Cy=[1/2(a}+bi+a3+0+ - - - +af+by)] /2>,

(b) (af+0b%)"?/Cy—0.

Then, for any set EC [0, 2] of positive measure, the distribution functions
m({x € E| Sx(x)/Cx = y})

Fy(y:E) = B y N=1,2,3,--,

tend to the Gaussian distribution with mean 0 and dispersion 1.

This result has been extended by the authors to the case of the infinite
interval (using relative measure) and the case of nonintegral 7.

The main problem of this paper is to establish an analogue of the Salem-
Zygmund theorem for general uniformly bounded orthonormal systems. If
{On(x)} is a sequence of real-valued functions in L%(a, b) for which

(1.5) f bﬁm(x)()n(x)dx = {(1) "

a ’ m = n,

the system is termed a real orthonormal system.

In §2 below a theorem of Banach and Saks on average strong convergence
in L? is generalized. This basic lemma is then used in §3 to establish the fol-
lowing result for real-valued, uniformly bounded, orthonormal systems.

(1.6) THEOREM II. Let {¢.(x)} be a uniformly bounded orthonormal system
of real-valued functions on a finite interval [a, b). Then there exists a subsequence
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{Pn (%)} and a real-valued function f(x) on [a, b], [of(x)dx=1, 0 <f(x) = M?,
M the uniform bound of {pa(x)}, such that for any measurable set EC [a, b]
with m(E) >0 and any {ai} an arbitrary sequence of real numbers satisfying:
(@) Av=(ai+aj+ - - - +af)?>» as N>,
(b) an=o0(4n),
the distribution functions

m( {x €E éak‘ﬁnk(x)/AN = 3’})

Fn(y:E) = D) ,  N=1,2,3---,

converge to a limiting distribution F(y:E) at each point of continuity of the lat-
ter, and the characteristic function of F(y:E) is

(1.7) B(\:E) = m(E)-! f @12y,

Counterexamples are also given in §3 to show that a true Gaussian dis-
tribution cannot always be obtained as the limit F(y: E) and so in a sense this
theorem cannot be strengthened. The appearance of (1.7) suggests the title
Pseudo-Gaussian Distribution Theorem for Theorem II. Theorem III asserts
that for every nonnegative, bounded function f(x) on [a, b] with [2f(x)dx=1
there exists a uniformly bounded orthonormal system for which, when Theo-
rem II is applied to this system, f(x) appears in the exponent of ®(\: E) in
(1.7). The section ends with a generalized result of the type obtained by Kac
(see (1.3)) for the sequence {f(nx) } where f(x) is any bounded, periodic func-
tion of mean value zero on a finite interval [a, 8]. The hypotheses of the
result are less restrictive than those of Kac in that only boundedness rather
than membership in a Lipschitz class is assumed for f(x). The conclusion is
somewhat less precise in that the existence of a subsequence {f(nix)} is
asserted for which the Central Limit Theorem holds rather than the assertion
of its validity for the particular sequence {f(2%x)} of Kac's result.

The final section contains Theorem V, the analogue of Theorem II for
complex-valued orthonormal systems. The resulting distributions are two-
dimensional, { Fx(y, 2: E) }, and the limit distribution has characteristic func-
tion

(1.8) ®(\, u:E) = m(E)-! f exp (—1/2(VR(x) + 2Q(x) + uiS(2)))dx

where R(x), Q(x), S(x) are real-valued, 0=<R(x), IQ(x)l , S(x) = M2 and
J2(R(x) 4+ S(x))dx =1. Moreover, given nonnegative, bounded functions R(x)
and S(x) satisfying [2(R(x)+S(x))dx =1 there exists a complex orthonormal
system on [a, b] for which this R(x) and S(x) appear in the exponent in the
corresponding ®(\, u: E) of (1.8) and the function Q(x) is zero a.e.
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It is clear that Theorem II is a special case of Theorem V. It may be
thought, therefore, that economy and elegance would demand that the com-
plex result be stated and proved without mention of the special case of real
systems. The examples and remarks included after each result, however, are
of some interest and the main ideas of the proof are more efficiently presented
in the case of real systems. Thus, in order to spare the reader considerable
complication of notation and to save printed space, the details of the proof
for real systems shall be spelled out and the discussion in the complex case
(the proof embodies the same ideas as for real systems) shall center around
the examples only.

2. On a result of Banach and Saks. Banach and Saks [1] observed that
weak convergence of a sequence of functions of bounded norm in L? implies
average strong convergence of a subsequence of the functions. Specifically,

THEOREM. If {Ya(x)} EL?(0, 1), p>1, Yu(x) bounded in norm, there exists
a subsequence {xﬁnk(x) } and a function f(x) & L?(0, 1) such that

1 N P
lim > Yn(%)/N — f(%) | dx = 0.
Now Jo | k=1

Although the generalization of this result plays the role of a lemma to
support the main result of this paper, it has intrinsic interest.

TueoreEM L. If {¢.(x)} EL7(a, b), p>1, Yu(x) bounded in norm, there
exists a subsequence {¢nk(x) } and a function f(x) in L?(a, b) such that for any
sequence {\:} of nonnegative real numbers satisfying:

(@) Av=MN+N+ - - - FAy)—>® as N>,

(b) A =0(4x)

N P
3 Aihny () /Ay — f(2)| dx = 0.

k=1

(2.1) tim [

N> a

Proof. The first lemma is well known.
LeEMMA 1. Conditions (a) and (b) imply maxi<isy (M\e)/An—0 as N> o,

LEmma 2 (F. Riesz [8]). If the functions {Y.(x)} EL?(a, b), p>1, are
bounded in morm, there exists a subsequence {Y.,(x)} and a function f(x)
€ Lr(a, b) which is the weak limit of {Y.,(x)}, i.e., for every h(x) EL%a, b),
1/p+1/q=1, lims .o [oh(x)¥n,(x)dx = [oh(x)f (x)dx.

The crucial number-theoretic lemma of the Banach-Saks paper may be
stated as follows:

LeEMMA 3. For p>1 and any real numbers a, b

[»]
2.2) |a+b|r= |a|r+p|a|m1(Sgna)b + X2 Cosl al—i| b1+ 48]

=2
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where A designates a positive constant independent of a and b.

The proof of the theorem may be carried out immediately for general p
if it is only observed that for p <2 the third term on the right side of (2.2)
vanishes from the discussion. Also there is no loss of generality in taking
[, 8] as [0, 1] throughout.

Given the initial sequence {,(x)} of the theorem, we apply Lemma 2 and
obtain a subsequence {¢nk(x)} and a function f(x) €L?(0, 1) such that f(x)
is the weak limit of {B"nk}- It is no loss of generality to assume f(x)=0. If,
to simplify notation, we denote this subsequence which converges weakly to
f(x)=0 by {¥.(x)}, it is necessary to devise a scheme for choosing a further
subsequence {¥.,(x)} having the property of the theorem. Assuming y,, =y,
Vngy ¥ngy * * +, ¥n,; have been suitably choosen, we shall specify how ¢, is to
be selected.

Set S;(x) = D 4_y Nn,(x) and apply Lemma 3 with a=S;(x), b=M.
“¥n; 1, (x). An integration yields

[ 15500 sat
0

2.3 1 1
@3 f | S50 |7t + phsus f | S50) [(Sgn S5(0))m, a0}t
0 0
2] 1 1 . . P t
+ 3 Cp i f | S0 [7=%] my(0) |8 + N2pad f | Yy a®) |,
=2 0 0

For p=2 the third term on the right may be majorized as follows. By
assumption [[3|¥.(¢)|?dt]!» <K, all n, and hence by Hslder's inequality

[»]

[ 1 p—1i 1
> Cpihins f 1550 17| Yny®) [
0

i=2
2] i i ! ? (p—i)/p
= Z Cp.idit1K l S;(8) I dt .
0

=2

(2.9)

But [[5] S;(0) dt]vr < 3ohey [fNel¥mu(0) [Pde] P < 3.0 MK =K A, by Min-
kowski's inequality and upon substitution the right side of (2.4) is majorized
by

[»] : ie o p—i pi p 6] : i
S 2 CodinK [K7 47 ] = K 32 Cpdjnd; .

=2 =2

Let 5=7—2 and then this last expression is majorized by

[p]—2 C
p 2 p—[p] b [p]-2-0 p,b+2
= K \d; [ 2 Cioahipid; ][o max ———]

b=0 sbslol-2 Crpi—2.s
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Since p is fixed, [maxo<s<ip—2 Cpst2/Cipi—2] is a constant, say R, and so the
right side of (2.4) is majorized by

»—I[2] [p]-2

2
< RE™Mjud] 7 [N+ 4]

< RK™\ATL

Using this estimate in (2.3) and employing the identity Ia[""l Sgn a
=a|a|?-? we have

1 1 1
@5 [ 1S lrars [ 150 P+ o [ 1540 17500000
0 0 0

+ RE™\pd i + AR\
The function ¥y, ,,(x) will be selected so as to make the second term on the
right small compared to 477}, independently of sequence {)\k}.
Consider now the sequence of functions in j-space defined by
i

Z ai‘[’";(‘)

i=1

1
(2'6) f’"(al) ag, * * 1ai) = L

—2 H
[ S bl |0ut0at, m > m,
i=1
where Y, ¥ny, * + -, ¥n; are the fixed functions previously chosen. Now the
coefficient of ¥,,(¢) in the integrand is observed to have absolute value
| D awa(t) | »—1 and hence, for any numbers oy, oz, + « -, a; this coefficient
belongs to L?/»=1, Since sequence {¥n(t) } converges weakly to zero, it follows
that for each point (ay, @, * * -, ;) on the face of the j-hedron D_i_, a;=1
lying in the first “quadrant” of j-space, i.e., ;=0,72=1,2,3, - - -, j,

lim fu(ay, oz, « -+, a;) = 0.

m— o0
It may further be verified that the {fm(as, as, - - -, a,-)} form an equicon-
tinuous set of functions at each of these points (a1, a2, - + -, «;). It follows
that the functions {f,,.(al, as, ¢t a,»)} converge uniformly to zero on the
closed bounded subset of j-space represented by the face of the j-hedron in
the first quadrant. This affords the selection scheme required. Choose the
integer 741 so large that

fl
<0

for all points (a1, @z, + - * , a;) satisfying > oai=1,0;20,155 5.

Suppose the subsequence {¥,,(x)} is so selected. For any sequence {M\:},
A =0, assume 7 so large that 4;7%0. We may then divide (2.5) by 47,,. It is
observed, however, that the right side of the resulting inequality will only
be increased if the integral of the second term is replaced by its absolute value

(2.7) z’:aa//,.,.(t)lp_ [ZJ aabn‘(t)] ‘/’r-;ﬂ(t)dll < 1/2i

i=1 i=1
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and if in its denominator the factor 4%/} is replaced by the lesser quantity
A?7'. The resulting expression is

fl Sit1(t) pdt<fl S;(t)pdt
o | A T Jo 14

P S0 P2 [Sj(l):l ‘
2. A N OY
2.8) o f e G

2
RKNn | AK'Nja
A AL

In the first and second factors of the integrand in the second term on the
right-hand side of (2.8) the coefficients of ¥,(f), ¥n (), - - =, ¥n;(t) are
M/4j Ne/4;, - - -, Nj/A; respectively. But A\ /4, No/A4;, - - -, N;//A;) is a
point on the face of the j-hedron in j-space and by (2.7) the second term does
not exceed pAj1/4 ;11271

Make this replacement in the second term on the right and use inequality
(2.8) as a recursion formula, applying it in all (j—1) times. (Of course, if say
A; ,=0,then \;j=N\,= - - - =\;_,=0and S;(¢) =0, :<j—v, so that we would
apply the formula only (j—»+1) times.) If e.g., \; 0, we have

2

1 » Nivi \ 7 A: 1 RKDS
f dt < AKP[(-—’“) ] 4 Pl ( : )+ i

0 4jn Ajpr \2711 Al
N ( 4; )v[AK"x? N p)\,( 1) N RK™;

A;01 A7 4;\2i 42

+ fo 1| Sim® pdt].

j

) 5G)=1:6G)
Ajd) A;\2i) = A;,\2¢

since (4;/A4;41)?P~1=<1. Also when p=2

Sin(?)

i+1

But

( 4; )” RK™\; - ( A; )”‘” RK™\] - RK™\;
A VN

. 2 = 2
A Aj+l A iH

In the case p <2 it has already been mentioned that the second term on the
right is missing in the basic inequality (2.2), (2.3), and subsequent expres-
sions.

With these remarks, the right side of the last inequality is

i
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<AKP[<)\j+l>p+< Aj )"]+ ? [)\j+1+ M:I
B A A Ajp L2700 24
. 2 . 2
wro[(32) +(55) |
A A

N (A,-_l>p[AK”>\§’_l N PNt ( 1 )+ RK'\1, +fl
A A? Aj;a \271 A? 0

i-1 i1

Si—e(t)
A,

P
dt].

Continuing to repeat the simplification just employed, and factoring out, we
are led to

L S|P max (\)77
f aal dtgAKr[lg'g’“ [k"“ N M]
Jo i+1 Ajn A Ajn A
max (\;)
+|: 11441 :II: 1 n 1 n 1 i n 1]
P 2#1 ' 20 ' i1 2
[ max (A;) \ \ \
1512541 i1 i 2
+ RK* ] [ et ]
+1 Ajipn A A

N ’lxlwmmlpdt)
ey (B

max (\;))?P1 max (\;)
< | k> 1515 j+1 1515441
1 A
max )\i
1§z§1+1( ) )\pr
+ RK>» ,,
Jj+1 Ai+1

By application of Lemma 1 and with 4 j;;— =, it is evident that this quantity
is small with large j, and thus the theorem is proved.

COROLLARY. Any subsequence {1#,.,,,.(x)} of the subsequence {Y.,(x)} pro-
vided by Theorem 1 still enjoys the property of Theorem 1 with respect to the same
function f(x). That is, given any nonnegative sequence of reals {)\j} satisfying

(@) Av=A1+N+ - - - +Ay)—®© as N>,

(b) Av=0(4x),
then

1
J.

N A - P
E M—f(x) dx—0 as N — oo,
=1  An
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Proof. Take any sequence {\;} satisfying the conditions (a) and (b).
Define a sequence {\:} by the relations

S, = {)\J' if 'I’nk = 'P'lk,w
"7 0

elsewhere

and set A=A +X+ - - - +Ay. Then {X:} is a nonnegative sequence for
which Ay—» and Xy =0(Adx) because of the properties of {\;}. Hence
{X¢} is an admissible sequence in Theorem I. Then

1{ M ¥ P
f > M‘/ﬁk(x) — f(x)| dx—0 as M — o
0 lim1 Au

with f(x) being the same f(x) as in Theorem I. Also for each integer p=N,

? kp
Zl Aﬂl/”kj(x) kZ Xk‘pﬂk
= 1

A, A

14

thereby proving the corollary.

3. A pseudo-Gaussian distribution theorem for real orthonormal se-
quences. Counter-examples will be given to show that the form of the limit-
ing distribution in the following theorem need not be truly Gaussian.

THEOREM II. Let {¢.(x)} be a uniformly bounded orthonormal system of
real-valued functions on a finite interval [a, b). Then there exists a subsequence
{d)nk(x)} and a real-valued function f(x) on [a, 8], [2f(x)dx=1, 0 <f(x) < M?,
M the uniform bound of {q&,.(x) }, such that for any measurable set EC [a, b]
with m(E) >0 and any {ak} an arbitrary sequence of real numbers satisfying:

(@ Av=(l+ &+ -+ + a})'2> o as N > o,

(b) aw = o(dy),
the distribution functions

N
Fy(y:E)=m({z € El > ada(2)/An £ y}))/m(E),
3.1) k=1 N=123 .-

converge to a limiting distribution F(y:E) at each point of continuity of the lat-
ter, and the characteristic function of F(y:E) is

(3.2) B(\:E) = m(E)-! f Y@ Iy,
E

Proof. By the continuity theorem for characteristic functions of distribu-
tions it is sufficient to show the existence of a subsequence {¢,,,,(x) } and func-
tion f(x), [of (x)dx =1, 0 <f(x) < M?, such that for any sequence {a;} admis-
sible under the conditions of the theorem and for any set EC [a, b], m(E)>0,
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the characteristic functions of the distributions { Fy(y:E)},

w0 ~ .
(6.3 a:B) = [ Ny E) = f exp (tx > 2 (x>> i

k=1

N=123---,

converge uniformly to ®(\: E) for X in any neighborhood [«, 8] of the origin.

Let the system {q&,.(x)} be written as ¢.(x) =2Mo¢¥(x), n=1,2,3, - - -,
whereupon the orthogonal system {q&,’f (x)} has the uniform bound 1/2. Ob-
serving that e#=(1+42) exp (22/24Q(2)) is valid for 2—0 with Q(2) =o0(z?),
we shall use Riesz products as in the paper of Salem and Zygmund [9]. Sub-
stituting {¢¥(x)} into (3.3) and applying the preceding formula N times
with zy  =12MAaip,/Ax we obtain

dy(\E) = ﬁj; exp (iZM)\ %: ak¢:,,(x)/AN) dx

k=1

1 N . *
= i s ’E (1 4 2MN\aigpn,(x)/An)

L 2 %2 2
« exp (— (ZM)Z)\Z/Z Z ak¢uk(x)/AN

k=1

(3.4)

+ % Q(iZMkakqﬁt.,‘(x)/AN)) dx (N=1,23,.---).

k=1

The proof proceeds with a number of lemmas the first of which is essen-
tially Lemma 1 of Theorem 1.
LeMMA 1. For any sequence {ak} satisfying the conditions of the theorem,

max (ax)
1SksN

AN

Returning to (3.4), it may be readily verified that since zy »—0 as N—
and Q(a +)/2x,—0 as 2y +—0,

—0 as N — o,

N
exp D, Qzn.x) = exp o(1),
k=1
uniformly for x&€ [a, b] and X on any finite range [a, 8]. Moreover, for all
x€ [a, b], all NE [, B8], and all N,
N * v 2.2 2 %2 12
IT (1 + i2Mharmy(2)/4x) | = T [1 + @30 Naign(2)/4x]

k=1 k=1

(3.5)
< exp WM'/2 ZN: ar/Ax) = exp \2M2/2) < C(a, ).

k=1
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The next lemma now follows easily.

LEMMA 2. Define

Ar
Oy(\:E) = L I1 (1 + i2M0aide,(x)/Ax)
(3.6) m(E) Vg i

- exp (—-(2M)2)\2/2 ZN: a:qb::(x)/Azzv) dx.

k=1
Then for any subsequence {¢.,(x)}, any set EC [a, b], m(E) >0, and any se-
quence {ar} admissible in the sense of the theorem,

lim | #y(\:E) — ®v(\:E)| =0
N-oow

uniformly for \ on any finite interval [a, 8].

Proof. Irrespective of {d:,.,jx)}, { ak}, and E, the definitions of &y and
&y together with (3.5) imply
Cla, B)

| ev(\:E) — ex(\:E)| = i ).

dx = C(a, B)e

eXP( iQ(ZM k)) -1

k=1

if NV is large.

The sequence of functions {$32(x)} and numbers {a}} may be considered
as the functions {y.(x)} and sequence {\:} of Theorem I. Hence, by Theo-
rem I, there exists g subsequence {d)f,k(x) } and function g(x) in L? such that
the sequence { > 1., a2p}2(x)/A%} converges in the L? mean to g(x). More-
over, this choice of {d),",‘f(x)} and g(x) is independent of the sequence {ai}
satisfying the conditions of the theorem. Since a subsequence of the averages
converges a.e. to g(x) and since the averages are nonnegative and bounded
by 1/4, we may assume 0 <g(x) <1/4, xE€ [a, b]. It also follows that [2g(x)dx
=1/4.

Suppose that the {¢,,(x)} corresponding to the {¢:,‘(x)} just selected
had been used from the very beginning in defining Fnx(y: E) etc., and now
define

N
(3.7) @x (\:E) = L II (1 + i2MNaxem,(2)/Ax)
m(E) Jg 11
© €xp (—(2M)2)\2g(x)/2)dx, N = 19 2, 3: tt .

LEMMA 3. For any set E of positive measure and any admissible {a},
[®x(\:E) —®¥*(\:E)] tends to zero as N— o uniformly for N on any finite
range [, B].

Proof. By Lemma 2 it is enough to consider [®§(\:E)—®}¥*(\:E)].
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| S¥(\:E) — &y (\:E) |
_ Cla, )

(3.8) -5

exp (— @2 3 a2¢ii<x>/AN)
E

k=1

— exp (—(2M)\%g

By the mean value theorem, |e= —e=| < K(a, B)|x1—x| for x€ [a, b],
AE [«, B8] and where x; and x; are the exponents in (3.8). Thus

(2M)* K(a, B)

| ex(\:E) — &y (\E)| < i,

Z Gidm(2)/Ax — g() |d

k=1

But the integrals on the right tend to zero, proving the lemma.

The corollary to Theorem I shows that any subsequence of { G, (%) } may
be used in the definitions of Fy(y:E) and ®¥*(\:E), and Lemmas 2 and 3
would still be valid. To prove the present theorem it suffices therefore to
show that {¢.,(x)} may be further refined to {¢>nki(x)} independently of
{ak} and set E, m(E)>0, so that using this refinement in definition of
Fy(y:E) and ®}*(\:E) we have [®F*(\:E)—®(\:E)] tending to zero uni-
formly for A& [oz, B], as N— o, where in definition (3.2), f(x) =4M?%(x). It
is clear from the properties of g(x) that 0 <f(x) < M?, [2f(x)dx=1.

Now for any A,

(39) | &y (\:E) — ®(\:E) |

dx.

’ [Hu + 2MNarby(2)/Ax) — ]e—x%m»mm
m(E)

Using the series expansion for e* and integrating term-wise we obtain

| &% (\:E) — ®(\:E)| = ——

3 (= )i /41 f ¢(x)

(E) j=0
[ T1 (1 + i2MAaidn,(x)/Ax) — 1] dx
k=1

(3.10) -
< _g, MW)f/j!| L gi(2)

E
[ﬁ (1 4 i2M\aidny(2)/4x) — 1] dxz|.

LEMMA 4. Given any fixed set E, a subsequence {¢,.,,(x) } may be found such
that for \ on any finite interval [a, 8 ] the corresponding ®¥*(\: E) tend uniformly
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to ®(\: E) trrespective of admissible sequences {ak}. Moreover, any subsequence
{q&,.,‘].(x)} of {¢”k(x)} also has this property.

Proof. Formula (3.10) shows that for uniform convergence, it is enough to
demonstrate the existence of a subsequence {@.,(x)} and constants Cx(a, 8)
for large N such that Cwy(e, B)—0 as N—» and

s |f gf(x)[;u+izank¢:‘k<x>/AN> — 1] 5 ot

for every integer j20 and every A€ [a, 8]. For, granting this, the right side

of (3.10) is majorized by

< Cn(e, B) & (2M*\)i Cn(a, B)
= ¢

< M,
m(E) = ! m(E)

uniformly for A€ [, B], as N— .
Consider now the identity

N N N
H(l'l'ak)E{l"}’Zak‘l‘ Za;a;
k=1 k=1 15i<j

(3.12) .
+ X aagat - +(0102°"0N)}.

15i< i<k

For each j and every N this formula establishes the inequality

Joro B 22550 - o

2MMN| X
s || lal| [ s@en@is
N k=1 E
2MAN 2 X
+ == 2 lallal| [ g@é@en@i
N 15i<y E
(3.13) _
2MA3 , * * *
| 2 allal lal| [ d@el@en@enma
N 1Si<5<k E
S2MN Y . .
L lai| -« | aw| fg’(x)d’nl(x) s pm(%)d|.
N E

Now a number Ny(a, 8) may be found by Lemma 1 so that for N> Ny(e, 8),

ZMIA](IIES.;N]@I)/AN_S_I for A € [, 8]

and therefore forr=2, 3, 4, - - -
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@M)r| A" (max |a,,|> /A1;§2M|)\I(11;13;Nlakl)/AN

for A on [e, 8].
For such N, the right side of (3.13) is majorized by

= [2alal (g L) /0 ][ 2

+ Z | f & (2)bmi(2)bny (0)dx | +
15i<j |V E

= [2M(Ia| + IBI)(max ]ak|>/AN]RN(]')
1SEEN

for all A on [a, B],

f ¢ (D)ot (x)dx

(3.14)

+ fE C(Dor(x) - - - dry(2)dx

where Ry(j) refers to the sums of integrals in the second bracket.
For each j we divide the terms of the type appearing in Ry(j) into groups
of terms, defining the pth group as the collection of all terms

(3.15)

Eg”(x)¢i<x)¢td<x) Cee g (2)da

in which #, is the largest subscript to appear. Then the terms which appear
in Ry (j) but not Ry_,(j) constitute exactly the Nth group, and hence the pth
group does not increase with N.

We now note that the integrand in (3.15) is bounded, and so by the Rie-
mann-Lebesgue property we may choose ¢}, (x) so far out in the sequence
{¢¥(x)} that a given term of type (3.15) is small. In fact, if j is fixed, then for
each k&, ¢,,k (x)may be chosen so far out that

[sum of all terms in the kth] < b —a)
group of Rn(j), N = & -2

This implies that if the corresponding subsequence {¢>,.,,} so determined were
used to define Fy(y:E) and ®¥*(\: E), we would have for this fixed j

(3.16) (a) Rv(j)=(b—a), all N.

(b) If {¢>,,,“}, any subsequence of {qb,.,,}, were used instead to define
&¥*(\:E), then Ry(j) would still be exceeded by (b—a) for the fixed j under
consideration since the terms in the rth group of Rn(j) relative to {q&,’fk‘}
would be a subcollection of the terms in the k,th group of Rx(j) relative to
{¢:,‘} and hence have a sum not exceeding (b—a)/2*<(b—a)/2".

Employing the selection principle just described, we obtain a subsequence
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{69} such that Ry(0) < (b—a), all N, if ®*(\1E) is defined starting with
this subsequence. Pick a subsequence { f,i’} of { 533} by having the pth
element satisfy the following two conditions:

Csum of all terms in the pth group of Ry(1) (defined]

(b—a
(a) | with respect to the first (p — 1) elements of | = P
M)
L{¢m}), N 2 p -
(3.17)
Csum of all terms in the pth group of Ry (1) (defined
. © ) @ (6 — a)
(b) | with respect to ¢n, and ¢ny, Gnys ) Pny), | = e
I N=zp=2 A

Then if ®3*(\: E) is defined relative to {9}, we have Ry(1) <(b—a) for all
N.If gbf,ll) is replaced by ¢f,°l’, then the sum of all groups of Ry(1) beyond the
first does not exceed (b—a). In the same manner pick { ,(,i)}, { 5,3,3}, S
etc., each a subsequence of its predecessor and such that the pth element of

{09} satisfies the conditions:

"sum of all terms in the pth group of Ry(j) (de-T]

b—a
(a) [ fined with respect to the first (p — 1) elements of | = ( » ) ’
)
5.18 L{én ), N2 p |
) "sum of all terms in the pth group of Rx(j) (de-T

- b—a)

(b) ﬁl(lfd with res(;;ect to ¢r(1(:)' ¢r(;), ¢r(:), Tty ¢(r’.,~ Y s ( » —
J .

_¢ﬂ;+l’...’¢”p—l)’N§p;]+1 -

Then if ®*(\:E) is defined relative to { ,(,f}, we have Ry(j) =(b—a) for
all N. If the first j elements of { f,f} are replaced by the j diagonal elements
from the preceding j subsequences, the sum of the groups of Rx(j), with the
exception of the first j, will not exceed (b—a)/2i.

Finally, denote the diagonal subsequence of this collection of sequences by

{@ne(x) }. If ®F*(\: E) is defined with respect to this diagonal subsequence,
(3.19) Ry(j) = (b — a) for each j and all N.

This may be ascertained as follows. For each j and all N, Ry(j) <(b—a)/2
+ [the sum Q; of all terms in the first j groups of Rw(j) < (b—a)/2’+Q,. This
is because with the exception of the first j terms, {d),.,,} is a subsequence of
{ ,(,’,‘)}, and even with the first j terms replaced by diagonal elements, the
kth group of Ry(j), k> j, has a sum not exceeding (b—a)/2*%. The estimate for
Qj, on the other hand, depends on the fact that Q; contains as many terms of
Rn(j) as the number of nonvoid subsets of a set consisting of j-elements, i.e.,
(2—1). Each element in Q; is of the form
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S =

[@en @ - ol @

where 1 =r<jand n;<n:,< - - - Sn; <n; Then
S = (1/9)i(1/2)m(E) = (1/4)7-(1/2)(b — a).

Thus
0 < (b - a).(2’ - 1) < (b—a)
47.9 2i+1
and so
b — b —
(3.20) Ry s =@ B9 al N, j2 1,

2i 24+l
and (3.19) is demonstrated. Hence (3.14) shows that if we define
2M [|o| +[B8]] (max | ail)
15tsN
(®—a

Cx(a, B) = [

(e, 6) "
we shall have (3.11) for every =0, and the lemma follows. We note that the
final statement of the lemma is a consequence of the remark (3.16)-b. Lemma
4 is tantamount to proving the theorem for a particular fixed set E, m(E) >0.

LemMA 5. If { ¢nk(x)} 1s the subsequence provided by Lemma 4 for the fixed
set E and for which |®x(\:E)—®(\:E)| —0 uniformly for N on any finite
interval, trrespective of admissible sequence {ak}, we may replace any initial
block of terms in {qS,‘,‘(x) } by other functions from the original orthonormal sys-
tem, and we will still have this property. Any further refinement of the “new”
subsequence will also have this property.

Proof. Suppose the first 7o terms of {¢,,(x)} are replaced by #, other
functions of our original orthonormal system, say &a,, $ny * * *, Pan,, Lhe
function ®§*(\: E) defined with the “new” functions will be denoted by

% m i2M\aidn y 2 M\aidn,
@;*()\:E) = ; H(l.*.’_l_[_)‘::_ki”_(ﬂ) I (1+ 1 ard (x))
N

m(E) J g k1 Fnotl AN
- exp (—(Q2M)2\%g(x)/2)dx.

Lemmas 2 and 3 are obviously valid for &%* and the function &y(\: E) of
(3.4) (defined here with the “new” subsequence) since the proof of the
Banach-Saks result, Theorem I, is not changed if we alter an initial finitely
long block of terms. If we wish to show that |&"N()\:E)—‘I>()\:E)I—>O uni-
formly for A=0(1), it is therefore enough to show that | 3% (\:E) —®(\:E)|
—0 uniformly for \ on any finite range. This will be done if we show that
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|<I>**()\ E)—®3*(\: E)I—-»O uniformly for \ on a finite range, where ®%*
defined with the subsequence {q&nk} provided by Lemma 4. Now

m(E)| & (\:E) — Ix(\:E) |

no i2MNaidn, no ( i2MNaxdn, >]
= 14— I+ ——
(3.21) }fy[g< + An ) kI;Il + An

. *
<1 + ‘ZM*Z_M) exp (— (2M)Ng(x)/2)dx|,
1 N

11

k=ngt+

. *
( zZM)\a;@n,,) _ ﬁ(l n 12M;\ak$,.k) iz

AN 1 N

and applying (3.5),

= Ca

But since 7, is fixed, the integrand is clearly bounded and tends to zero as
N— o because Ay— . The integral then tends to zero so that the result is
established. The last statement of the lemma is obvious.

Let I,,r=1,2,3, - - -, be an enumeration of all rational subintervals of
[a, b]. We shall now show that there exists a master-subsequence {@,,(%)}
of the given orthonormal sequence {@.(x) } such that if, for each rational sub-
interval I, of [a, b], we define Fy(y:I,) and ®§*(\:I,) with this subinterval
and this subsequence, ®y¥*(\:I,) will converge uniformly for \ on any finite
interval [, 8] and any admissible sequence {ak} to®(\:1,),r=1,2,3, -
Any subsequence of { Gni(x) } enjoys the same property.

To obtain such a master subsequence, we employ Lemma 4 with E=1I;
and find a subsequence {¢J’} such that for it or any subsequence of it the
corresponding {CP*&*()\:I,)} converges uniformly to ®(A:I;), A=0(1). With
E=1I,, Lemma 4 tells how to find a subsequence {¢@} of {¢{"} such that
for it or any subsequence of it the corresponding {®¥*(\: I) } converges uni-
formly to ®(\:I;), A=0(1). Similarly we determine subsequences { ,(.3)},
{¢®}, - - -, etc.,, each a subsequence of its predecessor and with {09}
having the property that for it or any subsequence of it, the corresponding
{®¥*(\:1,)} converges uniformly to ®(\: I,), A= 0(1). Now take the diagonal
subsequence of the subsequences {¢(‘)} t=1, 2, 3, -, and denote it by
{dm(x)} Define FN(y I,) and ®F*(\:I,) by means of this master subse-
quence, r=1, 2, 3, . It may then be asserted that for this final subse-
quence ®F*(\: I,)—KI)()\ I‘) fort=1, 2, 3, , uniformly for \ on any finite
range. This follows from Lemma 5, and the observation that for each t>1,
{d;,,k(x)} is a subsequence of { ¢>(‘)(x)} if we alter the first ¢ terms. We kave
therefore proved the theorem for every rational subinterval of [a, b].

LemMA 6. If Fy(y: E) and ®§*(\: E) are defined with the master subsequence
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{¢,.,‘} (or any refinement of it) and any measurable set EC [a, b], m(E)>0,
then ®F*(\: E) will converge uniformly for \ on any finite range to ®(\:E) as
N— o independently of admissible sequence {ai}.

Proof. It is enough to prove the lemma for Borel sets of positive measure.
Given any €>0 and any Borel set E, there is a finite union of disjoint rational
interval Eq=U{., I,, such that

IE—E0|<e, lEo—El<e.
Also for any integrable f(x) we have
(3.22) f f(x)dx = f f(x) + fdx — f fdx.
E Eq (E—E,) (Eo—E)

Apply this to the expression
m(E)| &% (\:E) — ®(\:E) |

N
IT (1 + i2Mhasgn, /Ax) exp (=N¥f(x)/2)

E j=1

(3.23)

—LmﬂﬂWWMx

With [ referring to the first integral on the right in (3.23) and /" to the second,

(3.22) implies:
(E—E) (E¢—E)

’ ’
LA
Eq Eg (E—Eq) E-E,
’ ’
(E—E) (E-Ey) (Ey—E) (Ey-E)

q !
=2/~
=11Y71,, I,
= D1+ D; + Ds.

Now independently of {a.}, each integral belonging to D, is less than e/q
uniformly for NE [, B] if N> No(e), by the discussion preceding Lemma 6.
In both D, and Dj the integrand is bounded uniformly in N for A€ [, 8] and
xE [a, b], say by C(a, B), and since the measures of the range of integration
are in each case less than e, the estimate for (3.23) is

< e+ 2C(a, B)e.

=

+

This proves Lemma 6.

The theorem is also proved, since throughout the discussion [, 8] referred
only to an arbitrary interval and the choice of {¢,,(x) }, the master subse-
quence, was independent of [, 8]. By repeating the proof of the corollary to
Theorem I, or even by direct inspection of Theorem II, we can prove:

COROLLARY. For any subsequence {¢n,i(x)} of the subsequence provided by
Theorem 11, the distribution functions Fy(y: E) defined with this new subsequence
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will have the properties asserted in Theorem 11 with respect to the same function
f(x) appearing in the definition of P(\: E).

REMARKS. (1) The “pseudo-Gaussian” form of the characteristic function
of the limiting distribution, that is,

®(\:E) = ﬁ i exp (—MN%f(x)/2)dx, 0= f(x) = M?

is in best possible form. We could not expect f(x) to be a constant. Consider,
for example, the Walsh system(®) defined on [0, 1]. If a Walsh system
{¥(x) } is constructed on [0, 1) and another {¢(x)} on [1, 2], and if we
define

@) (1/2x () on [0, 1),
am T {(3‘”/2»3’(@ on [1,2], k=1,23---,

we find that { pk(x)} is an orthonormal system on [0, 2] with uniform bound
M=312/2,

Consider the revised system p;(x) =pi(x)/3'2, k=1,2, 3, - - - as is used
in Theorem III. If Theorem I is applied to the functions {pzz(x)} to obtain a
limiting function g(x), the identities

2 %2

N axpn(x 1/12 on |0, 1),
Z kpk()-=-t(x)={/ [ ) N=1,23---,
k=1

A3 1/4 on [1,2],
{p¥2(x)} any subsequence of {p{*(x)}, imply that the only limiting distribu-

tion ®(A: E) which could be obtained by the techniques of Theorem II in the
case E=[0, 2] is

exp (—\2/8) + exp (—3)%/8)

a(1: [0, 2]) = zifz exp (—3N\2%(x)/2)dx = ;

(2) We may consider Theorem III as establishing a mapping between uni-
formly bounded, real-valued, orthonormal systems, and nonnegative,
bounded functions. This mapping is not unique even under the additional
assumption of completeness. Consider, for example, a Walsh system {¢{’(x) }
on [0, 1] which is considered to be on [0, 2] by defining each function as zero
on (1, 2]. Consider a similar Walsh system {¢{(x)} on [1, 2] which is 0 on
[0, 1). Form an orthonormal system {¢,.(x)} which alternates functions of

(®) For a discussion of the Walsh system see N. J. Fine [3]. These functions are block func-
tions defined on [0, 1] as follows: Yo(x) =1, yn(x) = II:., ém,(x) where N= iy 2m and the
¢'s are Rademacher functions, ¢o(x) =1 (0 £x<1/2), ¢o(x) = —1 (1/2 Sx <1), po(x +1) =o(x),
on(x) =¢o(27%).
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the two given sequences, i.e., {${(x), ¥P(x), ¥ (x), ¥ (x), - - - }. This
system is complete and uniformly bounded. It is clearly possible, however,
under Theorem I, to get two distinct limit functions g(x) for the modified
system {¢’,“,(x) =¢.(x)/2 }, and hence two different f(x) =4g(x) depending on
which subsequence, {np(k‘)(x)} or { iz)(x)}, is chosen to represent the com-
bined sequence.

Consideration of the proof of Theorem II will lead to the further conclusion
that the determination of conditions under which the mapping 7s unique is
equivalent to determining when, for a uniformly bounded orthonormal se-
quence { @n(x) }, the sequence of squared functions { ¢,2,(x)} will have a single
weak limit for all possible subsequences. Despite this nonuniqueness, the next
theorem shows that to within a constant, every bounded, nonnegative func-
tion for which [2f(x)dx>0 is an image under the mapping. The conditional
phrase, “to within a constant,” appears in the theorem when we normalize
such an f(x) by (J2f(x)dx)~!. The theorem is stated for the interval [0, 1],
but the proof obviously generalizes.

THEOREM I11. Given any bounded, nonnegative function f(x) on [0, 1], of
nonzero mean value, there exists a uniformly bounded, real-valued, orthonormal
system {q&k(x)} on [0, 1] such that for any real sequence { ak} satisfying

(a) Av=(a}+ai+ - - - +af)?> o, as N>,

(b) an=o0(4w)
and any set E, m(E) >0, the distribution functions

N
m( {x € E| 2 awpi(x)/Ax £ 3’})
Fy(y:E) = kf”(E) y N=1,2,3--,

tend to a limiting distribution F(y:E) whose characteristic function is

1
®(\:E) = RE)— i exp (—c\¥f(x)/2)dx,

where ¢ = { Jaf(x)dx} =, a normalizing factor.

Proof. A scrutinyof the techniques in the proof of Theorem II will suffice to
show that we need only to obtain an orthonormal, uniformly bounded, real-
valued system on [0, 1], such that for it and any of its subsequences {pni(2)}

we have
N

> aidu()
1
— = f(®)
cA%
in the mean on [0, 1] independently of {ax } , where f(x) is the given function
and ¢ is the normalizing constant for f(x). If this is done, the final subsequence
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obtained by the methods of Theorem II may be designated as {¢k(x)} in
the above theorem and the result will be established.

Consider the Walsh-Fourier series D o ci(x) for f(x); that is,
= [of (x)¥r(x)dx. It is known (see Paley [7]) that the 2th partial sums, S;»(x)
= > ! culi(x), converge a.e. to f(x). It is also well known that we may
write Syn(x) = [of(x+t)Dpn(t)dt where Dp(t) = D Fo? Yu(t) is the 27th
Dirichlet kernel and “+” is a measure preserving transformation defined by
Fine in his study of the Walsh system (*). The kernel is nonnegative and
JoDa(t)dt =1, all n. These facts imply that Sy»(x) is nonnegative and bounded
by the bound of f(x) uniformly in # and x. As a consequence, Sx»(x) converges
to f(x) in the L! metric on [0, 1].

We further know from the properties of the Walsh functions that the
Son(x) are really step functions with points p, =m/2"%, 1 <m < 2", as points of
jump and intervals of constancy of length 1/2% Therefore we define

pu(x) = Y (2)(Son(x)) /2
for each n where Yzn(x) is the 27th Walsh function and ¢ = (f3f(x)dx)~*>0.

Now
fl 2 LlSzn(x)dx f01<2:2_1 ,:k‘/,k(x)) dx .
2(x)dx = - = =10 _ 1 0 _
S x j; f(x)dx fo f(x)dx fo f(x)dx

for each n = 1.

’

It is here that the normalizing factor is needed. Also

1
f pn(®)pm(x)dx = 0, n # m,
0

since if n+1=m, every interval of constancy of p, is of the form [p/27+1,
p+1/27+1]. Divide each such interval into subintervals of length 1/2™. On
each such, [p.(x)dx is zero because Sy=(x) is constant while ¥y (x) is +1 on
the first half of the subinterval and —1 on the last half. Thus {p,} is a uni-
formly bounded, orthonormal system. Now for any subsequence {p,,(x) } , we
have

N2 Yo
20 aon(2) 20 arSy(x)
k=1

k=1

Ay Ay

)

®If x= Z:.: x.'£2" and y= Z:_l ¥i/2% are the dyadic representations of x and y, 0 <x,
y=1, thenx +y= 37 [xi—yl /25
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and clearly this converges boundedly a.e. (and hence converges in the L!
metric) to f(x), and the theorem is proved.

We end this section with a result of the type obtained by Kac (see (1.3)).
The proof follows the general pattern of the proof of Theorem II except that
a substitute technique must be found at the point where the Riemann-
Lebesgue theorem was employed. Because of the similarity to Theorem II
only a sketch of the proof will be given.

THEOREM IV. Let f(x) be bounded on [a, b], of period (b—a), and [2f(x)dx =0,
J2f2(x)dx #0. Then there exists a subsequence {f(nix)} of the sequence of func-

tions { f(nx) } ,n=1,2,3, - - such that for any sequence of real numbers {ak}
satisfying
(a) Aw=(@+a+ - +ah) e, as Noreo,

(b) an=0(4n)
and any measurable set EC [a, b], m(E) >0, the distribution functions

e o)
Fy(y:E) = ";:(E) o ) N=1,23 -,

converge to the Gaussian distribution with mean value zero and standard devia-

tion = ([2f2(x)dx) V2.

Proof. It is sufficient to show the existence of a subsequence {f(nkx) } such
that independently of {a:} and subset EC [a, b] the characteristic functions
for the Fy(y: E) defined with the subsequence {f(mx)},

y(\:E) =f eMdFy(y: E),

converge uniformly for A on any finite range to the Gaussian characteristic
function

®d(\) = exp (—A?%?/2) where o = (folf?(x)dxyn.

The early techniques of the proof of Theorem II and also Lemma 2 of that
proof will hold here so that it is enough to show the uniform convergence for
A on any finite range of

v .
BB =y e ("\2/2 5 affz(nkx)/ﬁ) II [1 + ——W’Z(""x)] dx

( ) k=1 k=1 N

to ®(\). The first lemma is well known (cf. Zygmund [10]).
LemMma 1. If f(x)GL(a b) and h(x) is bounded, both periodic, then

lim | f(x)h(nx)dx —(fabf(x)dx><fabh(x)dx>.
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LEMMA 2. From the sequence { f(nx) } of the theorem can be extracted a subse-
quence { f(nix) }, k=1,2, -, suchthat for any sequence of real numbers {ak}
admissible in the sense of the theorem

ul 2 2
2 arf (nia) ,
= VB - (f fz(x)dx) = o in the L* mean on [a, b].
N a
Moreover, any subsequence | f“z(nij)} of { f’(nkx)} also has this property.

Proof. By Lemma 1,

(3.24) fabp(x)fz(nx)dx—) (fabp(x)dx> (fabf?(x)dx> = j;bp(x)'azdx

for every periodic p(x) in L*(a, b). This implies { Sf2(nx) } converges weakly to
the constant o2, and hence, by Theorem I, there exists a subsequence
{f2(mix) }, such that for any admissible {a:},

N 2 2
2 axf (nxx)
= 3 — o? in L? mean.
An

This proves the lemma. The last statement in the lemma follows from the
corollary of Theorem I.

Using this subsequence {f*(mx)} and arguments paralleling those of
Lemma 3, Theorem II, we find that for any E, m(E) >0, the function

BFNE) = . H( 1’%”"-”) exp (—No?/2)dx
(3.25) m(E) Js "‘/ v
_ exp (—A2%2%/2) inarf(nix)
T w®m e }_I ( . ) o

differs from ®§(\:E) by an error tending uniformly to zero for A on any
finite range, independently of {ak}.
It is therefore sufficient to refine {f(mx)} to { f(nij)} such that if
v*(\: E) is defined with this subsequence, ®}*(\: E) tends to ®(\) uniformly
for M\ on any finite range independently of {ak} and set E. From (3.25) this
will be accomplished if it can be shown that

ika;f(n k; x) )
X

N

(3.26) In(\:E) = H<1 +

E j=1

tends{ to m(E) uniformly for X on a finite range and independently of set E
and {a:}.
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Expanding again by the formula (3.12) of Theorem II,
|Iv(\:E) — m(E) |

i | X N2 X
= In ; | o] Lf("ij)dx + e 1;:(]. lai| | as Lf("k;x)f(ﬂij)dx
ix 3 N
+ == 2 el lal lal| [ fonasonasouads| + -
Nl 1Sigi<t E
+ ;—);’ N| al‘ s ‘aNI Lf(nk'.x) s f(meyx)dx
[la] + 8] ](112?;N Iafl)

Ry(E)

Ay

where Ry(E) is defined as in Theorem II. The integrals in Ry(E) are of the
form

f e (2)f(n,2)f(naz) + - - f(npe)dx

and by Lemma 1 can be made small in absolute value by choosing #, suffi-
ciently large. This is the key to the proof and serves as did the Riemann-
Lebesgue property in Theorem II.

Now enumerate the rational subintervals of [a, ] and with E replaced by
J,, a typical rational subinterval, refine subsequence { f(nkx)} to { O (nx) },
as in Theorem II so as to make Iy(\:J,) tend to m(J,) uniformly for A on a
finite range. The diagonal subsequence of the subsequences {f(nx) },
r=1, 2, 3, - - -, is such that if the distribution functions Fy(\: E) are de-
fined with it, these distributions will converge for E=J,, r=1,2,3, - - -.

The extension to arbitrary sets E of positive measure is done exactly as
in the last lemma of Theorem II.

4. Complex-valued systems. Let {Gn(x)} be a uniformly bounded, com-
plex-valued, orthonormal system on a finite interval [a, b] with bound M.
Each 6,(x) may be decomposed, 8,(x) =r.(x) +7s.(x), where 7,(x) and s.(x)
are real-valued. Therefore the given orthonormal system gives rise to two
sequences of random variables, {r,.(x) } and {s,.(x) } Moreover, for any sub-
sequence of these, {r,.k(x) }, {s,,k(x) }, the functions

> >

irn (%) AkSny (%)

m|ix & E| % < yand bl <,
AN AN

(4.1)  Fx(y,2z:E) = m(E) ’
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represent for each NV a two dimensional distribution of unit mass over the
plane. Here {ak} is any real sequence satisfying

@) Av = (@4 a4 -+ aw) = w as N — o,

(b) av = o(4n)

and EC [a, b] has positive measure.

The sequence { Fx(y, z: E) } will converge to a limiting distribution if we
show that for any rectangle R in the Ay plane the characteristic functions of
the Fy,

(4.3) O, wiB) = [ [ e (0 + w)dEa(y, 5:5)

(4.2)

tend uniformly to a limit function ®(\, u: E).
Defining 7;(x) =7.(x)/2M, sk (x) =sq.(x)/2M, we have |r’,"(x)| <1/2,
| s¥(x)| <1/2 for each n. Also,

dy(\, u:E) = m(E)_‘f exp (iZM ()\ i akr:k(x)/AN
E k=1

+ é aks:,,(x)/sz)) dx.

As in Theorem II, we apply the formula
et = (1 + z) exp (2*/2 4+ Q(2))

in which Q(z) =o(2?). Letting zy.=1i2Max[\ry(x)+nsk(x)]/Ax, k=1,
2, - -, N, we have

ov(\, wiE) = m(E) | T (1 + 2w.)
(4.4) L, N
- exp (—ZM2 Z a: [)\r:,,(x) + ps:k(x)]2/A§v + Z Q(zn.x) ) dx.

k=1 k=1
For (A, u) in a rectangle Q=[a<A=B, y<u=<3] it can be shown that
exp (DY, Q(zx.x)) =exp (0o(1)) uniformly. It can also be shown as in Theo-
rem II that the remaining factors in (4.4) are uniformly bounded for (A, )
in a rectangle . It follows that the uniform convergence of ®5(\, u: E) on Q
toa limit ®(A, u: E) is equivalent to the uniform convergence on  of the func-
tions

N N
oy, wiE) = mE) | L+ 1) exp (—2M2 [VZ arei(%)/ Ay
(,4'5) E k=1 k=1

¥ N
+ 2)\’“ Z a:r:k(x)s:rk(x)/Al\zf + ”2 Z a:siz(x)/Alzv]) dx.
k=1

k=1
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A triple application of Theorem I and its corollary may be made and it 1s
clear that a subsequence { On,,(x)} (and so automatically subsequences
{r,‘k(x)} {s,,k(x)}) may be chosen so that for {,,} or any further subse-
quences {0, (x)} = {r,,k ()} +i{sk S, (%)}, there exists real-valued functions,
R(x), O(x), S(x), such that for any sequence of real numbers {a}} satisfying
conditions (4.2)

N
(a) > a:r::(x) /A; — R(x) inmeasure on [a, b],
k=1
u 2 % * 2 —
(b) > axrn, ()50, (%)/Ay — Q(x) in measure on [a, b],
k=1
Y 2 %2
(c) > aks,.,,(x)/AN — S(x) inmeasure on [a, b].
k=1

The functions R(x), O(x), S(x) are the same for all subsequences of {6,,}
and may be assumed to satisfy

0=R(, [0@], S =1/4, e<xw=h
Also since f"(r 2(x) +sn2(x))dx =1/(2M)?[30n,,(x) On(x)dx =1/4M? for k=1,
2, - - -, and since (from Theorem I) the functions R(x) and S(x) are weak

limits of {r¥(x)} and {s¥(x)}, it follows that

[ @ + 5 = o

Defining Fx(y, z: E) and ®x(\, u: E) with these subsequences: {7ae}, {$ne},
and also defining with these (or any subsequence thereof),

1 N * *
&y (\ uiE) = w(E) s II (1 + i@M)ar(hray(x) + psai(2))/AN)
- exp (—2M2[N*R(x) + 22uQ(x) + p25() |)dx,

we see that the boundedness of the integrand in (4.4), (4.5), and (4.6) and the
convergence in measure on [a, b] of

(4.6)

exp ( 2M? I:xz > akr,.k(x)/AN + 2 Z it (%) 50, (%) JAx
k=1
+ u k{_:l aksnk(x)/AN])

to exp (—2M2[N2R(x) +2MuQ(x) +12S(x) ]) uniformly for (\, u) €Q, as N— =,
implies that for any E, m(E) >0 and any {ar} satisfying (4.2),

| @y(\, u:E) — &x (A, piE)| —0 as N — «,
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uniformly for (\, u) in Q. From this it follows that if we define

1
(4.7 ®(\, piE) = w(E) exp (—1/2(\*R(x) + 2auQ(x) + w2S(%)))dx
where R(x) =4M?2R(x), Q(x) =4M2Q(x), S(x) =4M2S(x), and if a further
refinement of

{oﬂk(x)} = {r"k(x) + isﬂk(x)}

can be found for which, when Fy(y, 2: E) and ®§*(\, u: E) are defined with the
new subsequence, we have

oy (A, u:E) = ®(\, u:E)

uniformly for (A, u) €Q, independently of set E and sequences {ak} satisfying
(4.2), we shall have proved the generalized pseudo-Gaussian theorem. This
further refinement is obtained by expanding in series and employing the
Riemann-Lebesgue Theorem as in Theorem II. The details will not be given
here.

THEOREM V. Let { 0.(x) } be an orthonormal, complex-valued, uniformly
bounded system of functions on a finite interval [a, b]. Then there exists a subse-
quence {0,. (%) } and real-valued functions R(x), Q(x), S(x) satisfying 0 < R(x),
Q) |, S(x) < M2, [2(R(x)+S(x))dx =1, such that for any real sequence {a}
satisfying

(@) Av=(aj+a;+ - - - +a})?*— o as N—o,

(b) an=0(Aw)
and any measurable set EC [a, b], m(E) >0, the distributions { Fy(y, z:E)}
defined by (4.1) tend to a limiting distribution { F(y, 3: E) } at each point of con-
tinuity of the latter, and the characteristic function ®(N, u: E) of this limiting dis-
tribution has the pseudo-Gaussian form (4.7). Moreover, any subsequence
{Gﬂkj(x)} of {Gnk(x)} also has this property.

ReMARKS. (1) The nonsingular normal distribution for a pair of random
variables (cf. Cramér [2, pp. 263, 265, 288]) is given by

1 t [} P
69 = e [ [ e 1720 = )l - m'

— 2p(% — m)(y — ma)/ar02 + (y — ma) Jos))/dudy

in which the center of gravity is (m;m,), ¢; and o, are the standard deviations
of the random variables, and p is the coefficient of correlation. In the case of
the normal distribution, p=0 implies that the variables are independent. The
characteristic function of this nonsingular normal distribution is

S\, u) = exp (i(m\ + mop) — (ai)\z + 2010\ + a:p2 )/2).
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The limiting distributions of Theorem V will still deserve the title “pseudo-
Gaussian” inasmuch as when R(x)=c, Q(x) =¢.5#0, and S(x)=c;; c1, ¢a, Cs
being constants, expression (4.7) will represent the characteristic function
of a two-dimensional, nonsingular, normal distribution of dependent random
variables with center of mass (0, 0). If Q(x) =0, the variables are asymptoti-
cally independent. An example in which this occurs is the case of two lacunary
trigonometric series,

> (axcos ngx + by sinmxx) and D (@i cos myx + by sin myx),

0 0
in which the combined sequence of integers {my, n:} is still lacunary. Zyg-
mund and Salem [9] show that the distributions corresponding to (4.1), but
with sums D~ and > ¥ (M and N not necessarily equal), {FNM(y, z: E) },
tend to the two-dimensional Gaussian distribution of independent variables
having characteristic function

exp (—1/2(\* + p%) = exp (—N*/2) exp (—4%/2).

(2) As an example of the dependent variable case of Theorem V we con-
sider the complex-valued orthonormal system

(¢n(2) + i¢a(x)) ,

2172

pa(x) = n=1223"--,
defined by means of the Rademacher functions(®) on [0, 1], with uniform
bound M =1. Consider the distributions Fy(y, z: E) for this system in the
special case E= [0, 1].

By arguments preceding (4.7) we know that for any subsequence {pri(x) }
and any {ak} satisfying (4.2), the characteristic functions ®x(\, u: [0, 1]) de-
fined with the corresponding altered real and imaginary subsequences
{¢,’fk(x) } = {qS,,k(x)/Z }, as in (4.3), may be uniformly approximated over any
rectangle by

v (\ pif0,1]) = f exp (— (W2R(x) + 22u0(x) + u25(x)))

0

. *
1 ( | 4 200 () + u¢nk(x>>) o
k1 2124y
where R(x), Q(x), S(x) are each the limit in measure of
N N
S didmi(x)/Ax = D aidny(x)/44x.
k=1 k=1
But for any subsequence {¢,,(x)} of the Rademacher system and any {ai},
¢ Ibid. Footnote 3.
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Yoo 2 LAY 2 1
> ardn, () /44N = DO ar/4Ay = N=1,23---
k=1

k=1 —Z ’
and so R(x)=0(x)=S(x) =1/4, and

oy (\, w2 [0, 1))

1 N
= exp (—1/40 + 2 +u2)) | II

0 k=1

— :k
<1+ tae(N + w)o (x)>dx.
21124,

If the product in the integrand is expanded by the rule (3.12), we obtain, after
term-wise integration, a collection of terms which, with the exception of the
initial term, 1, are of the form

1
[coefficient in X and u] [f Gy (£) Py (2) - - * an,,i(x)dx:I
0

with all ny, distinct. But such an integrand is a Walsh function ¢,(x), r>1,
and so has integral zero over [0, 1]. This proves that uniformly over any
rectangle Q,

®y(\, p: [0, 1]) — exp (—1/4(A2 + 22 + %) as N — .

If now the Theorem V were applied to obtain a particular subsequence
{p,,,,(x)} which would give the result for any set E of positive measure, the
foregoing remark would imply that the corresponding distributions Fy(y, 2: E)
converge for E= [0, 1] to a nonsingular normal distribution whose character-
istic function is exp (—1/4(A2+2Nu+u?)) of the dependent type.

(3) In the same manner the uniformly bounded orthonormal system,
on (%) = (Pan_1(x) +ion(x)) /22, m=1, 2, 3,---, contains a subsystem
{p,’fk(x)} which will determine distributions Fy(y, 2:E) such that for
E=0, 1], the limiting distribution is of the independent normal type with
characteristic function exp (—1/4(A2+4-u?)). This follows from the details in
Remark (2) and the additional fact that Q(x) =0 since {¢2,,_1(x) oqbg,,(x)} is a
uniformly bounded system converging weakly (Riemann-Lebesgue theorem)
to zero. By Theorem I there then exists a subsystem {qﬁg,,k_l(x) “Pang (%) } such
that Y o, @iony—1(X) - Pan,(x)/Ax converges in measure to Q(x) =0. This is
the way Q(x) was obtained in Remark (2).

(4) A difference between the systems p,(x) and p,*(x) of the preceding
remarks is that the Riemann-I.ebesgue condition on the combined real and
imaginary components, that is,

b

(4.8 lim J(2)rn, (%) s, (x)dx = 0 for all f(x) € L,

k> a

is satisfied by the latter but not by the former. This condition is a sufficient
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condition for obtaining, in Theorem V, Q(x)=0 in characteristic function
(4.7). This may be called the asymptotically independent case.

For, if {6.,(x) } is the chosen subsequence of {.(x) } for which Theorem V
is valid, and if {Gn(x) } has real and imaginary sequences satisfying (4.8), then
at the stage at which Theorem I applied to obtain Q(x) with

N
> air:k(x)s:k(x)/A; — Q(«) in measure
k=1
we could declare Q(x) =0 by the uniqueness of the weak limit in (4.8) and
the role of the weak limit in the proof of Theorem I. Thus we would get
(4.7) with Q(x)=0 as the limiting characteristic function in Theorem V.
The condition (4.8) then divides complex systems into two classes; the
first class (i.e., sequences satisfying (4.8)) includes many common systems,
e.g., (cos nx+1sin nx)/2r,n=1,2, 3, - - -, but excludes cases in which total
dependence (identity) exists between the random variables, N L (x)/An,
>N | arsn(x)/Ax, e.g. (cos nx+i cos nx)/(2m) V2
Finally, using Rademacher functions it is possible to establish the follow-
ing result.

TueoreM VI. Let R(x) and S(x) be any two nonnegative, bounded, real-
valued functions on [0, 1] such that [§(R(x)+S(x))dx =1. Then there exists a
complex-valued, " uniformly bounded, orthonormal system {Gn(x)} = {r,.(x)
+is.(x) } on [0, 1] such that for any sequence of real numbers {ak} satisfying

(a) Av=(al+ - - - +a§)V/*—> o, as N>,

(b) an=o0(4x),
and any measurable set EC [0, 1], m(E) >0, the distribution functions formed
with the real sequence {r,,(x) } and imaginary sequence {sn(x) !,

m( {x EE ANV_: awri(x)/Axy £ y and i arsk(x)/An = z})
FN(y, Z:E) = = m(E) =1 ’

N=123- --

tend to a limiting distribution F(y, z: E) whose characteristic function is

B\ wiE) = m—(lﬁ " exp (—~1/2[R() + () D
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