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SPLITTING FIELDS OF EXPONENT 1

BY
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Introduction. Let C be a field of characteristic p0, and let K be a finite
algebraic extension field of C such that the pth power of every element of K
lies in C. Then K/C is called a purely inseparable extension of exponent 1.
It was shown by N. Jacobson that there is a Galois theory for such extensions
in which the place of the Galois group is taken by the derivation algebra of
K/C. In particular, if K is any field of characteristic p, the purely inseparable
extensions K/C of exponent 1 are precisely those in which C is the field of
constants of a restricted K-Lie ring of derivations of K which is of finite
dimension over K. In the classical theory of simple algebras, it is shown that,
if K/C is a Galois extension, the Brauer similarity classes of the simple
algebras with center C and split by K constitute a group which is canonically
isomorphic with the group of equivalence classes of the group extensions of
the multiplicative group of K by the Galois group of K/C. The present
paper provides the answer to a question put to me by J-P. Serre, of whether
one could establish an analogous result, for K/C purely inseparable of ex-
ponent 1, in which restricted Lie algebra extensions [2] of K by the derivation
algebra of K/C take the place of the group extensions. Not only is the answer
to this question affirmative, but it provides an excellent illustration of the
theory of restricted Lie algebra extensions. It turns out, in fact, that the Lie
algebra extensions which arise from simple algebras are trivial extensions
when regarded as ordinary extensions, so that the essential structural ele-
ments are here precisely those which differentiate the restricted extensions
from the ordinarv ones.

§1 contains the field theoretical background of our problem. In particu-
lar, it gives a simple proof of the main theorem of Jacobson’s Galois theory
[4] which we include here because it gives us the connection, on which many
of our subsequent arguments are based, between the structure of the field
extension K/C and that of the derivation algebra of K/C. Theorem 2, which
is not needed in the sequel, is the analogue for the present situation of a well
known result in the classical Galois theory and is significant for the cohomol-
ogy theory of derivation algebras. In §2 we give a proof of a theorem of
Jacobson’s on derivations (in a slightly generalized form) which is funda-
mental for the crossed product theory that follows, in the same way as the
analogous theorem for isomorphisms is the source of the classical theory of
crossed products. In §3 we discuss the special type of restricted Lie algebra
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extensions which arise from simple algebras. §4 contains the main results.
A nonmeasurable, but very considerable, portion of this paper is the result
of collaboration with J. T. Tate. Without making him in any way responsible
for.its content, I wish to thank him here for his various contributions.
1. Differential Galois theory.

THEOREM 1 (JACOBSON). Let K be a field of characteristic p, and let T be a
Lie ring of derivations of K such that

(1) if 1ET then also 77T, and

(2) if uEK and TET then also ut €T, where, for vEK, (ur)(v) =ur(v).

Suppose furthermore that the dimension [T:K) of T over K is finite. Let C
be the field consisting of all elements of K which are annihilated by all T&T.
Then [K:Cl=p'T*K) and every derivation of K which annihilates C is con-
tained in T.

Proof. Put [T:K]=~F. By an elementary lemma concerning spaces of
maps of arbitrary sets into fields (Lemma 2.1 of [1]), we can find elements
%, - -+, ux in K and a basis 71, - - -, 74 for T over K such that 7;(u;) =8;;
(Kronecker symbol). Writing [ri, 7;]= D, vijTe, With 9, EK, we get
0= [rs, 7;](u,) =vij4, whence [r;, 7;]=0. In the same way we find that 77 =0.

Since 7,(u,) =1 while 7,(Clus, - - -, ug1]) =(0), we have u, & Clus, - - -,
%q-1). On the other hand, since pth powers are annihilated by every deriva-
tion, u2 & C. Hence u, is of degree p over Clus, - -+, #ea]. It follows that
Clus, - - -, ux] is of degree p* over C, and that the monomials % - - - ¥,
with 0 <e;<p, constitute a basis for C[u;, - - -, ux] over C.

There remains only to prove that Clui, - - -, uz] =K. For then, if 7 is any
derivation of K which annihilates C, we have evidently r= > ; r(u)7:ET.
Suppose that this is false, i.e., that there is an element v, in K which does not
belong to C[ui, - - -, ux]. Assume inductively that we have already found
an element v, of K which is not in C[u,, - - -, %] and which is annihilated
by every 7; with ¢ <g. Since 72 =0, there is an exponent e (0 <e <p) such that
721, but not 7%, maps v, into Cluy, - - -, u]. We have 7:75(vy) =7¢7:(vq),
which is 0 for 4<q. Hence, replacing v, by 7i(v,), we may suppose that
1) EClus, - - -, ux]. Since 74(v,) is annihilated by each 7; with i<g, it
follows then that 7,(v,) EClug, - - -, ux]. Write 74(v,) as a polynomial of
degree p—1in u,, with coefficients in Clug41, - - -, % ]. Since this polynomial
is annihilated by 727! (for 75(v,) =0), the coefficient of ™" must be 0. Hence
we can “integrate” this polynomial with respect to u,, i.e., there is an element
wEC[ug -+, w] such that 7,(w)=7,(v,). Now put v,pa=v,—w. Then
Vo1 &ECluy, - - -, ux] and 74(veq1) =0 for all <g+1. We can repeat this con-
struction until we obtain 9441 & Clus, « - -, ux] such that 74(vx41) =0 for all
i=1, .-, k. But then v,,EC, and we have a contradiction. Hence
Cluws, - - -, wx] =K, and Theorem 1 is proved.

We can now introduce a device which will be very helpful in our later
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dealings with T. Put o;=u,r;, where the «; and the 7; are chosen as in our
proof of Theorem 1. Then [o;, ¢;] =0, and ¢ =0.. Let T, denote the restricted
subalgebra of the restricted Lie algebra T (over C) which is spanned, over C,
by the ¢'s. Construct the restricted universal enveloping algebra Ur, of T\.
(Ur, is obtained from Jacobson’s u-algebra of T, by adjoining an identity
element; for the terminology and notation used here, see [2]). Ur, is finite
dimensional and commutative, and (because of ¢} =0¢;) has no nilpotent ele-
ments other than 0. Hence Ur, is semisimple.

In [2] we have defined the restricted g-dimensional cohomology groups
H{(L, M) for restricted Lie algebras L in restricted L-modules (i.e., unitary
U_r-modules) M. We shall repeatedly use the elementary fact that if L and M
are finite dimensional and Uy, is semisimple then H%(L, M) =(0), for ¢>0.
This is seen by considering the Uz-module S of all linear maps of U into M,
the operations being given by (%-s)(v) =s(vu), where # and v are in Uy and
sin S. This module S contains M asa Ur-submodule. In fact, if, for m E M, we
define s, &S by putting s.(v) =v-m, the map m—s,, is a Ur-isomorphism of
M into S. It is not difficult to see from the definition of the restricted co-
homology groups that H(L, S)=(0), for ¢>0. In our case, M is a direct
module summand in .S, because S is finite dimensional and Uy, is semisimple.
Hence we must also have Hg(L, M) =(0). In particular, H(Ty, M) =(0), for
every finite dimensional restricted Ty-module M, and all ¢>0.

It is well known that if G is a finite group of automorphisms of a field K
then the 1-dimensional cohomology group of G in the multiplicative group of
K is trivial. As a first application of our above remarks, we prove the follow-
ing analogous result.

THEOREM 2. If K, C, and T are as in Theorem 1 we have Hy(T, K) = (0),
where we regard T as a restricted Lie algebra over C, and K as a restricted
T-module, in the natural fashion.

Proof. Let w& Hy(T, K). This cohomology class w can be represented by
a restricted Lie 1-cocycle (see Theorem 2.1 of [2]), i.e., by a C-linear map f
of T into K such that

(1) p1(f(p2)) —pa(f(o1)) =f([p1, p2]), and

(2) p*=1(f(p)) =f(p?), for all p, py, ps in T.
Since the restriction of w to T, is 0, by what we have seen above, we may
choose f so that f(¢;) =0, for each i. Now write, with « €K, f(uc;) =g.(u).
Then g;is a C-linear map of K into itself. If, in (1), we set p; =0, and ps =uo;
we find that ¢,g;=gis,. Hence each g;is a Ty-endomorphism of K. If ¢ is any
monomial in %, - - -, u; then Ca is evidently a simple To-submodule of K.
Furthermore, K is the direct module sum of Ca and other such monomial
submodules, and no two of these simple components of K are Ty-isomorphic.
It follows that we must have gi(a) = (a).a, where (a); EC. Now apply (1) with
p1=ao0; and ps=bo;, where a and b are monomials in u,, - - -, ux. This gives
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a(b);oi(b) —b(a)ioia) =f(agi(b)o;—ba;(a)g;), and since adi(b) and bo;(a) both
lie in Cab the right side is equal to (ab);ac(b) — (ab);bo;(a). In particular, if a
does not contain a factor u;, so that o;(a) =0, this shows that a(b);=(ab);.
Now write k;(e) = (u3);. Then it will suffice to show that %;=0. For this, by
what we have just seen, implies that g;=0, and since T'=KT, this implies
that f=0. Now return to the last relation deduced from (1), putting =3},
a=u}, and b=up. Then we obtain eh;(e:) —eih;(er) = (e2—e1)hj(er+ez).
Write e for e; and put e;=p — 1. Noting that %;(e) depends only on the residue
class of ¢ mod p, we then find that eh;(e)+h;(p—1)=(e+1)hj(e—1).
On the other hand, let us apply (2) with p=%"'o;=ulr;, Then
p?=0, and we find %;(p —1)p?"'(u7~') =0, whence ;(p —1) =0. Hence the last
result becomes eh;(e) =(e+1)k;(e—1). Since k;(0) =0, this gives k;(e) =0, for
all e. This completes the proof of Theorem 2.

2. Derivations of algebras. The possibility of having a crossed product
theory with derivations in the place of automorphisms hinges on the following
result of Jacobson’s [3].

THEOREM 3 (JACOBSON). Let A be a simple ring with minimum condition,
and let C denote the center of A. Let B be a semisimple finite dimensional algebra
over C such that CCBCA, and let T be a derivation of B into A which annihilates
C. Then there is an element tE A such that T(b) =tb—bt, for all bEB.

Proof. Let A* be an anti-isomorphic image of 4, and construct the tensor
product B® A* with respect to C. Then B® A * is still a semisimple ring with
minimum condition, as follows from standard results. Let (4, 4) be the direct
sum of two copies (4, 0) and (0, 4) of 4, with its natural structure as a right
A-module. We define a left B-module structure on (4, 4) by setting b- (a1, az)
= (ba;, 7(b)a;+bas). Correspondingly, (4, 4) has now the structure of a
B®A*module. Since B®A* is semisimple with minimum condition, (0, 4)
is a direct module summand in (4, 4), i.e., (4, A)=U+(0, 4), where U is
a B®A*submodule of (4, 4), and UN(0, A)=(0). Now U is BQA*-
isomorphic with (4, 4)/(0, 4), and therefore also with 4, regarded as a
B®A*-module in the canonical fashion. Let a be a B® A4 *-isomorphism of
A onto U, and write a(1) = (, v). Then we have, with b& B, (bu, 7(b)u+bv)
=b-a(l) =a(d) =a(1-b) =a(1)-b=(ub, vb). Hence bu =ub and 7(b)u =vb—bv.
Now there is an element of the form (1, w) in U, and hence there is an element
aEA such that ale)=(1, w), i.e., (ua, va)=(1, w), whence ua=1. Also,
a(au) = (u, wu), and so a(au—1) = (0, wu—v) E(0, 4). Since UMN(0, 4) =(0),
this gives au = 1. Since # commutes with the elements of B, so does its inverse
a. From 7(b)u =vb — by, we obtain therefore 7(b) = (va)b — b(va), and Theorem 3
is proved.

3. Regular extensions. Let K/C be a purely inseparable extension of ex-
ponent 1, and put [K:C]=p*. Let T be the restricted Lie algebra over C
which consists of all derivations of K that annihilate C. We can find elements
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w1, - + -, ux in K such that K= C[u, - - -, ux] and the monomials ! - - - u®
(0 =e;<p) constitute a basis for K over C. Then T evidently contains deriva-
tions 7; such that 7.(u;) =8;; and it is easily seen that an element of K
which is annihilated by each 7; must lie in C. Hence C is the field of constants
for T, and we are in the situation of Theorem 1.

Now let 4 be a simple finite dimensional algebra with center C which con-
tains K as a maximal commutative subring. Let S denote the set of all
elements s of 4 for which D,(K)CK, where D, denotes the derivation of 4
which is given by D,(a) =sa—as, foralla& 4. Let ¢(s) denote the restriction
of D, to K. S carries the structure of a restricted Lie algebra over C, with
[s1, s3] =s152— 5251, and the p-map s—s?. By Theorem 3, the restricted Lie
algebra homomorphism s—¢(s) maps S onto all of T, and clearly the kernel
of ¢ coincides with K. Thus the pair (S, ¢) is a restricted Lie algebra exten-
sion of K by T.

Now we observe that both S and T carry also the structure of a vector
space over K, and that this vector space structure is connected with the re-
stricted Lie algebra structure in a certain way which we shall make explicit.
Let R stand for S or T, and denote the elements of R by p, p;, etc. Then, if
71 and v, are in K, we have

(i) [v1p1, v2p2] =v1(p1-v2)p2 — v2(p2-v1)p1+v102 [01, p2], where p-v denotes the
p-transform of v in the appropriate R-module structure of K.

While this identity is evident, the connection of the K-space structure
with the p-map is more difficult to find. The result is the following:

(11) (vp)? =vPp? +t’,’p—‘(v)p, where ¢,, for any ¢ €R, denotes the g-operator
v—0g-v on K.

This result is an immediate consequence of the following general lemma.

LeEMMA 1. Let U be an associative algebra over the field P of the integers
mod p, and let V be a commutative subalgebra of U. Let u be an element of U
such that Du.(V)C V. Then, for every v& V, (vu)? =vPur+4 D% '(v)u.

Proof. Let y, xo, x1, - - - be algebraically independent elements over P,
and consider the polynomial ring H=P[y, xo, 1, - - - |. There is evidently
a derivation 7 of H such that 7(y)=1 and 7(x;) =xiy1, for each 7. Let {;
denote the multiplication by x; in H, and let E be the ring of additive endo-
morphisms of H which is generated by 7 and all the {;. Then, in E, we have
78i={7+{:i1 whence we see that there is a homomorphism f of E into U
such that f(r) =« and f({;) = D,(v). There is an evident isomorphism g—q’ of
the subring of E which is generated by the {;into H such that {/ =x,. If g, and
ge are in this subring Q, say, of E we have

(@17)(g2) = gi (rqa — ¢27)" = (172 — q1ga7)’ = (Dyyr(g2))".

By rearranging the factors in the product ({or)?, using that 7¢;={a 4,
we clearly obtain (after applying a finite sequence of such straightenings) a
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relation ({o7)? ={8rP+4 D 221 g, where the g; are certain elements of Q
which remain to be determined. Now we note that ({o7)? and 77 are deriva-
tions and apply our map to the element y»~1. We obtain (p—1)({or)?(y)y?—2
=Dl (p—1) - - - (p—i)qly*~'=i. By comparing coefficients, we conclude
that ¢/ =0 for 2> 1, whence ¢;=0 for 2> 1, while g{ = ({o7)?(y) = (o) P~ 1(x0)
= (£or)?7 () = )P~ (Drw(§0))) = - - - = (Df;.'($0))". Hence 1= Df.'($o)
and ({or)?={8r?+DE '(¢o)7. Now if we apply the homomorphism f this
yields the result of Lemma 1; and it is clear that Lemma 1 gives (ii) for
R =S when applied to 4, and for R=T when applied to the ring of all ad-
ditive endomorphisms of K.

A restricted Lie algebra extension (S, ¢) of K by T such that .S can be
given the structure of a K-space satisfying (i) and (ii) and for which ¢ is
K-linear will be called a regular extension of K by T.

The following example shows that, in general, not every restricted exten-
sion of K by T is regular. Let K=C[u], where «»&C, but #&C. Let S be
the semidirect sum of the Lie algebras K and T, i.e., the underlying space of
S is the direct sum (T, K) of the C-spaces T and K, and the commutation is
given by [(o1, 21), (o2, v2)]=([p1, p2], p1(v2) —p2(w1)). Let p—p’ be any p-semi-
linear map of T into C, i.e., an additive map such that, for c€C, (cp)’ =c?p’.
Define the p-map in S by (p, v)? =(p?, p’+p?~*(v) +v?). This makes S into a
restricted Lie algebra (see [2], §3). If we define ¢(p, v) =p then ¢ is a restricted
Lie algebra homomorphism of S onto T whose kernel coincides with (0, K),
which we identify with K. Now suppose that this extension (S, ¢) of K by T
is regular. Let 7 be the element of T for which 7(#) =1, and put ¢ =u7. Then,
if u(r, 0) denotes the u-multiple of (r, 0) in an admissible K-space structure
of S, we must have (¢, 0) =u(r, 0) +v, where v lies in K. Using (i), we obtain
(r, 0)=[(r, 0), (o, 0)]=[(r, 0), u(r, 0)+v]=(r, 0)+7(v), whence 7(v) =0,
and so v& C. Using this and (ii), we find that (o, ¢') = (o, 0)? = (u(r, 0) +v)?
= (u(r,0))?+v* = urr’ + (ur)»Y(u)(r,0) +v? = w7’ +u(r,0) +v», whence
o' =urr’' +v»—v. We may, for instance, take C= P(x), with x transcendental
over P, '=0 and ¢’ =x. Then, since no element v of C satisfies v»—v=x, it
follows that our extension of K by T cannot be regular.

THEOREM 4. Let (S, ¢) and (S’, ¢') be regular extensions of K by T which
are equivalent as restricted Lie algebra extensions. Then, for any admissible
K-space structures of S and S', there is a K-linear equivalence isomorphism of
S onto S’. Also, there is an ordinary Lie algebra isomorphism ¢ of T into S
which is K-linear and such that, for every rE T, ¢Y(r) =1, and Y(r)? —y(r?) € C.

Proof. We shall first prove the second assertion of the theorem. Let T, be
therestricted subalgebra of T which we introduced in §1, and put Sy =¢=1(T).
Let ¢, denote the restriction of ¢ to S, so that (So, ¢o) is a restricted exten-
sion of K by T,. We define a new p-map s—s?! in So by putting slpl =57 —g’,
where s—s’ is any p-semilinear map of S, into C such that, for vE K, v' =v?,
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Then we have »?1=0, and with this new p-map (S, ¢o) is a restricted exten-
sion of K by T, where now K is regarded as an abelian restricted Lie algebra
with p-map 0. Since H2(T,, K) =(0), it follows from Theorem 3.3 of [2] that
this restricted Lie algebra extension is trivial. In particular, ignoring the
p-map now, there is an ordinary Lie algebra isomorphism ¢, of T into S,
such that ¢, is the identity map on T,. Now equip S with an admissible
K-space structure and let ¥ be the unique extension of ¥, to a K-linear iso-
morphism of T (which, as a vector space over K, is isomorphic with the
tensor product K ® T, taken with respect to C) into S. Then ¢y is the identity
map on T. It follows from the identity (i) that ¢ is an ordinary Lie algebra
isomorphism of T into S. Furthermore, if ¢&Ty, we have Y(o)?—y(o?)
=y(d)'EC. Also, if vEK, we have, by the identity (ii), (W (e))? =v7(c)?
+ o (@Y (0) =" (0)? + (v0) 7~ (V)Y (0) =7 (a)’ +v7(0) ) + (v0) 7~ (v) ¥ (o)
=v(0) +¢ (vPo?+ (vo) 7' (v)0) =v"Y(0)' +¢((vo)7), whence (Y (vo))? —¢((vo)?)
=v?Y(s)' & C. Finally, in any restricted Lie algebra, (¢ +b)? =a?+b?+s(a, b),
where s(a, b) is a certain sum of commutators formed from a and b, whence
Y(s(a, b)) =s((a), ¥(b)). Hence our above result extends to sums of elements
of the form vo, i.e., to arbitrary elements of 7. This completes the proof of
the second assertion of Theorem 4.

Now let (S, ¢’) be a second regular extension of K by T, and let a be an
equivalence isomorphism of S onto .S’. Equip S’ with an admissible K-space
structure. We can evidently find a basis for S over K which is of the form 1,
S1, * + -, Sk, where each s;&¢/(T,). We claim that the set 1 =a(1), a(s1), « - -,
a(sx) is K-linearly independent in S, and therefore constitutes a basis for .S’
over K. In fact, suppose that we have a relation v+ Zf,l v;(s;) =0, where
v and the v; belong to K. Apply ¢', noting that ¢’ is K-linear and ¢’a=4¢.
There results the relation Zf=1 2:4(s;) =0. Since ¢ is K-linear, we may con-
clude from this that Zf,l v:5¢& K, whence each v;=0, whence also v=0. Now
define (8 as the K-linear isomorphism of S onto .S’ which sends 1 into 1 and
each s; into a(s;). Then 8 evidently coincides with e on K+4y(T,) = S,. Since
the K-space structures of .S and S’ satisfy the regularity condition (i), it
follows from the fact that 8 is a Lie algebra isomorphism on S, that 8 is
also a Lie algebra isomorphism on K.S,=.S. Similarly, using the regularity
condition (ii), we find that B(vs)? =B((vs)?), for all vyEK and all s€.S,. As in
our proof of the second assertion of Theorem 4, we may now conclude from
this that 8 is a restricted Lie algebra isomorphism of S onto S’. Clearly,
leaves the elements of K fixed and ¢’8=¢, so that 8 is the desired K-linear
equivalence isomorphism. This completes the proof of Theorem 4.

4. Differential crossed products. Let (S, ¢) be a regular extension of K
by T, and construct the restricted universal enveloping algebra Us of S. Let
Ug denote the ideal of Us which is generated by the canonical images s’ in Ug
of the elements s & S. Let J be the ideal of U§ which is generated by the ele-
ments of the form v's’— (vs)’, where vE€ K, sE€ S, and vs denotes the v-multiple
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of s in an admissible K-space structure of S. Put V= U /J. Although our
construction of Vg uses an admissible K-space structure of .S, it is clear from
the first part of Theorem 4 that Vj is essentially determined by the equiva-
lence class of (S, ¢).

THEOREM 5. Let (S, ¢) be a regular extension of K by T, equipped with an
admissible K-space structure on S. Then the canonical map of Sinto Vsis1—1,
and its restriction to K is a field isomorphism by means of which we identify
K with a subfield of Vs. Then Vg is a simple finite dimensional algebra with
center C, and K is a maximal commutative subring of Vs. Furthermore, S be-
comes identified, by the canonical map, with the set of all a& Vs for which
D,(K)CK, and the corresponding regular extension of K by T coincides with
(S, ¢). Conversely, if A is a simple finite dimensional algebra with center C and
containing K as a maximal commutative subring, and if (S, ¢) is the correspond-
ing regular extension of K by T, then the homomorphism of UY into A which
extends the injection of S into A induces an isomorphism of Vs (constructed by
using the natural K-space structure on S) onto A.

Proof. The main difficulty is the proof of the first statement of Theorem 5.
Our method will be to construct an algebra 4 quite explicitly which has the
properties asserted for Vs and which is eventually shown to be isomorphic
with Vs. Let (S, ¢) be a regular extension of K by T, and equip S with an
admissible K-space structure. Let ¢ be a map of T into Ssuch as was found in
Theorem 4. Let ay, - + -, 0% be a basis for T over C such that ¢] =0, and put
si=y¥(0:). Then s =s;4c;, with ¢;&£C. In the polynomial ring Clx, - - - 2],
where the x; are algebraically independent over C, let I be the ideal which
is generated by the elements x{ —x;—c;. Put R= Clxi, - - -, x]/I. Then, if
2; denotes the coset of x; mod I, we have R=Clz, - - -+, 2], 20 =2:+¢;, and
the monomials 22 - - - 28, with 0<e;<p, constitute a basis for R over C.
Now put W=KQ®R, the tensor product being taken with respect to C and
regarded in the natural fashion as a vector space over K. There is evidently
a unique C-linear transformation y; of W such that y(v®r)=0.(v) ®7
+o® (z«), for allyEK and all 7 ER. Let A be the ring of C-linear transforma-
tions of W which is generated by the scalar multiplications with elements of
K and the y;'s. We identify the canonical image of K in 4 with K. We have
Y=y Yi=vitci, and, for vEK, yw=vy;,+oi(v). Furthermore, the
monomials y% - - - ¥% with 0=Ze;<p, are (left) K-linearly independent in 4
and span 4 over K. Now every element of S can be written uniquely in the
form s=vo+ P_t-1 visi, with v,EK. We define then a(s) =vo+ > vy EA.
If we regard A as a restricted Lie algebra over C in the usual way, we see at
once from the regularity condition (i) that & is a Lie algebra isomorphism of
S into A4, and from the regularity condition (ii) that o is a restricted Lie
algebra isomorphism. Hence « can be extended uniquely toa homomorphism
of Ut onto A, which we shall still denote by . Evidently, « maps the ideal
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J of Ug into (0), and since it maps S’ isomorphically we have JNS’=(0).
Hence we may identify S with its canonical image in Vg. Furthermore, «
induces a homomorphism v of Vs onto 4 which (with the identifications we
have made) leaves the elements of K fixed. Clearly, the cosets mod J of the
ordered monomials in the elements s/, with non-negative exponents less than
p, span Vgover K. Hence the dimension of Vg over K is no greater than that
of 4, and sincey maps Vsonto 4 it must therefore be an isomorphism. Hence
we may verify the remaining assertions concerning Vs by operating in 4.

We write the elements of 4 as polynomials in the y; with coefficients in K,
the degree in each y; being at most p—1. Let %y, - - -, u; be the elements of
K which we have used repeatedly already, so that o;(u;) =8:4;, We claim
that if eE€4 and au;—u,a &K then the degree of a in y; is at most 1. In
fact, write a=ao+a1y;+ - - - +a,yf, where the a; do not contain y; and
g<p. Then we find that

au; — uia = mu; + ax(uiy; + yaus) + - - -
-1 —2 -1
+ ay(uiyi + yawyi  + e+ yiow)

g1 iy )
qaquiyi  + 2 by,
=0

where the b; do not contain y;. This shows that our condition on @ implies that
a,=0 when ¢>1, and thus establishes our claim. We can now conclude that
S is precisely the set of all e & Vs for which D,(K) CK. At the same time we
conclude that the center of Vs is contained in S, and since the only elements
of S which commute with all elements of K are the elements of K, we find
that the center of Vg is contained in K and hence that it coincides with C.
Now let L be any nonzero 2-sided ideal of 4, and let 0%a& L. Compute
au;—ua as above. Our computation shows that if we repeat this a suitable
number of times and with suitable indices ¢ we finally obtain a nonzero ele-
ment of LMK. Hence L=A, and we have shown that 4, and therefore Vg, is
simple. It is clear from our construction of Vg that the inner derivation
effected by an element s in S coincides with ¢(s) on K, and hence that (S, ¢)
is indeed the extension of K by T which is derived from the simple algebra Vg
with the maximal commutative subring K.

There remains to prove the last part of Theorem 5. In the notation used
there, it is clear that the canonical homomorphism of Ug into 4 annihilates
the ideal J and hence induces a homomorphism of Vg into 4. This homo-
morphism leaves the elements of K fixed, and in particular is not 0. Since
Vs is simple, this homomorphism must therefore be an isomorphism of Vg
into 4. But [Vs:C]=[K:C]?=[4:C], because Vs and 4 are simple and K
is a maximal commutative subring of each. Hence our isomorphism maps Vg
onto 4, and Theorem 5 is proved.

It will be convenient to look upon our results in the following way: We
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consider the Brauer similarity classes of the simple finite dimensional algebras
with center C which are split by the (fixed) purely inseparable extension
K/C of exponent 1. From each of these similarity classes we pick an algebra
which contains K as a maximal commutative subring. Any two such repre-
sentatives of the same class are isomorphic by an isomorphism which leaves
the elements of K fixed. Hence the corresponding regular extensions of K by
T are equivalent. Thus there results a map { of similarity classes of simple
algebras into equivalence classes of regular extensions of K by 7. By Theorem
5, ¢ maps the subgroup of the Brauer group over C whose members are split
by K in a 1 —1 fashion onto the set of all equivalence classes of regular exten-
sions of K by T. It is easily seen that the composite (as defined in [2, §3])
of two regular extensions is again regular, so that the equivalence classes of
the regular extensions of K by T constitute a subgroup of the group of all
restricted extensions of K by T. We shall prove that { is actually a group iso-
morphism.

Let 4 denote the algebra of all C-linear transformations of K. If we
identify the elements of K with the multiplications effected by them in K we
may write KCA4, and K is now a maximal commutative subring of A. The
algebra A is a representative of the identity element of the Brauer group
over C. The corresponding regular extension (S, ¢) of K by T is simply the
following: S=K+T, and ¢ is the natural projection of S onto T'. This exten-
sion is trivial and so represents the 0-element of the group of equivalence
classes of the restricted extensions of K by T. Hence, in order to conclude
that { is a group isomorphism, we must show only that { maps the product of
two algebra classes into the composite of the corresponding classes of regular
extensions of K by T.

In order to do this, we recall a construction which, starting from any
simple finite dimensional algebra B with center C and splitting field K, pro-
duces a simple finite dimensional algebra 4 with center C in which K is a
maximal commutative subring and which is similar to B. Let B* be anti-
isomorphic with B, by an anti-isomorphism leaving the elements of C fixed.
Then B* is split by K, whence there exists a finite dimensional vector space
W over K which has also the structure of a B*-module such that the B*-
operators are K-linear and the tensor product K ®B* with respect to C is
faithfully represented as the ring of all K-linear transformations of W. Then
the required algebra A4 is simply the ring of all those additive endomorphisms
of W which commute with each B*-operator. If (S, ¢) is the regular extension
of K by T which is derived from 4, then, since 4 is similar to B, (S, ¢) be-
longs to the class of regular extensions of K by T that corresponds to the
similarity class of B. Now it is easily seen that S'is precisely the set of all those
B*-endomorphisms s of W for which (with ¥€EK and w&E W) we have s(vw)
=v'w+vs(w), where the map v—v’ is a derivation of K, namely the derivation

é(s).
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Now let 4; and 4, be simple finite dimensional algebras with center C
which are split by K. Let W; and W, be modules attached to 4; and A4, re-
spectively, as W was attached to B above. Then the tensor product W, ® W,,
taken with respect to K, inherits the structure of an (4; ® 4,) *-module in the
natural fashion, and it is clear that K ® (4, ®42)* is thereby faithfully repre-
sented as the ring of all K-linear transformations of W;® W,. (Symbolically,
we have K@ ¢(A1® cA2)*~(K® cA}) @x(K® ¢A3)). It follows that the ring
A4 of all (4:®A4;)*-endomorphisms of W1 ® W, is a suitable representative
for the similarity class of 4;®A,:. Now let (S, ¢1) and (S, ¢2) be the regular
extensions of K by T which are derived from W; and Wp, respectively, as ex-
plained above. Let s;:&S; (i=1, 2) be such that ¢1(s;) =¢2(sz). Then there is
a unique endomorphism s of W@ W. such that s(w Q@us)=s1(w;) @ws
+w; ®se2(we). One checks easily that if (S, ¢) is the regular extension derived
from the module W, ® W, we have s&.S and ¢(s) =¢:1(s1) =¢a(sz). Moreover,
writing s=(s1, s2), etc., we verify that [(s1, s2), (t1, t2) ]=([s1, 2], )
and (s1, s2)?=(s], s2). It is evident that (s1, s2) =0 if and only if s; and
sz are both in K and s; = —s; (i.e., s1is the multiplication by an element v of
K and s, is the multiplication by the element —). Hence we see that the
dimension of the K-space spanned by the elements (s, s2) with ¢;(s1) =a(sz)
is equal to the dimension of the K-space S, and so is also equal to the dimen-
sion of .S over K, whence we conclude that every element of .S is of this form
(51, s2). But then it is clear that (S, ¢) is precisely the composite of (.S}, ¢;)
and (S;, ¢). Hence { is a group isomorphism, and we have our main result:

THEOREM 6. The correspondence which attaches to a simple finite dimensional
algebra with center C and containing K as a maximal commutative subring a
regular extension of K by T induces a group isomorphism of the subgroup of
the Brauer group over C whose members are split by K onto the group of equiva-
lence classes of the regular extensions of K by T.

In view of this result, it is desirable to obtain an explicit description of
the group of all regular equivalence classes of extensions of K by T. This is
quite easy to do. By Theorem 4, if (S, ¢) is any regular extension of K by T,
there is a K-linear Lie algebra isomorphism ¢ of T into K such that Y is
the identity map on T and ¥/(r)?»—y(7?) EC, for every r&T. Put f(@) =y¢(r)?
—y¥(r7). Then, as we have already seen in the proof of Theorem 4, fis an
additive homomorphism of T into C and, if v€K, f(vr) =v7f(r). We express
these properties by saying that f is a p-semilinear map, with respect to K, of
T into C. Let us denote the C-space of all such maps by Sx(T, C). We can
describe our extension (S, ¢) as follows. Put (r, v) =y(r) 4+v. Then o(r,v) =T,
[(r1, 1), (72, 2) | =([r1, 72], 72(22) —7(n)), and (7, 9)? = (77, v?+77-1(v) +-£(7)).
Conversely, if f is an arbitrary element of Sg(T, C) these formulas define a
regular extension of K by T, an admissible K-space structure being v(7, v1)
= (vr, vo1). This is verified easily in a straightforward fashion (referring to
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[2] for the discussion of the p-map), except for the regularity condition (ii).
In order to verify that (ii) holds, observe that we have

(vr, v01)? = ((vr)?, (v01)® + (vr) 7~ (v01) + v2f(7))
@7 + (@) @), o+ (o) (1) + 0 f(r))
7(r, 21)? + (7)1 ()7, (v7) 7 (02y) — vPr7—1(v1))
=7 (r, 0 + L@ (r, 1) + (0, @07 () — 77 (w)
— (vr)?1(v)1y).

This shows that condition (ii) is equivalent to the condition (v7)?~!(vv)
=y?r?~Y(9;) 4 (v7)?~1(v)v1. In order to prove this identity we merely have to
consider the ring K[x], where x is transcendental over K, and observe that 7
can be extended to a derivation of K [x] (still denoted 7) such that 7(x) =uv;.
Then we have (vr)?~Y(vv;) = (v7)?(x) which, by Lemma 1, is equal to v?77(x)
+ (o1)?7 ()7 (x) =0P7rP"(v1) + (v7) P~ 1(v) 1.

If we have two such regular extensions, defined by elements f; and f; in
Sx(T, C), we can verify directly from the definition that the composite ex-
tension is the extension defined by fi1+f2. Hence the above construction yields
a homomorphism of Sx(T, C) onto the group of equivalence classes of the
regular extensions of K by T. There remains only to determine the kernel of
this homomorphism.

Suppose that fESk(T, C) and that the corresponding extension (S, @) is
trivial. By Theorem 4 there exists a restricted Lie algebra isomorphism v of
T into S which is inverse to ¢ and furthermore K-linear. Put v(7) = (7, k(7)).
Then £ is a K-linear map of T into K. Since v is a Lie algebra isomorphism,
we must have 7,(h(r2)) —72(k(r1)) =h([r1, 72]) which means that % belongs
to the space Zx(T, K) of the K-linear 1-cocycles for T in K. Since 7 is re-
stricted, we must have (r, h(7))? = (7, h(7?)) which means that f(r) =k(7?)
—h(r)?—77=1(k(r)) ='(r), say. We know already from [2, p. 571] that if &
is any 1-cocycle for T in K then &’ is p-semilinear with respect to C, and so,
in particular, is additive and takes values in C. If, furthermore, % is K-linear
we find that

B (vr) = vPh(r?) + (vr)P Y () k(1) — vPh(7)? — (v7)P~}(vh(r))

which, by the identity we have proved above, reduces to v?4’(r). Hence
W ESk(T, C). By reversing the above computation we see that if f is of the
form #’ with hEZx(T, K) then the corresponding regular extension of K
by T is trivial. Hence we have the following result.

THEOREM 7. If, for h€Zk(T, K), we denote by h’ the map given by h'(r)
=h(r?) —h(r)? —77=1(h(7)), then b’ S Sk(T, C). The group of equivalence classes
of the regular extensions of K by T is isomorphic with the factor group of Sk(T, C)
modulo the image of Zx(T, K) by the map h—h'.
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If we abandon the invariant nature of our description of the regular exten-
sion group, we can obtain something much more explicit. Let a1, - - -, o be
a basis for (T, over C and hence for) T over K such as we used in the begin-
ning. Then an element f in Sx(7T, C) is completely determined by the images
ci=f(g:). Hence Sk(T, C) may be identified with the group of all vectors
(¢, - + -, ¢ck) in C*. Now suppose that f is of the form &’. Put k(s;) =v;EK.
Since £ is K-linear, the vector (v1, - - -, ) in K* determines & completely.
The condition that % be a 1-cocycle becomes simply ¢;(v;) =0 ;(v;), for all 4
and j. We have ¢;=f(0:) =h'(0:) =v;—vf — a7~ (v;). Thus our group of regular
extension classes is isomorphic with C¥#/D, where D is the subgroup consisting
of all vectors whose components are of the form v;—1?—o?"(v;), where
;€K and 0;(v;) =0;(v;), for all 7 and ;.
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