A NEW CLASS OF CONTINUED FRACTION EXPANSIONS
FOR THE RATIOS OF HYPERGEOMETRIC FUNCTIONS

BY
EVELYN FRANK

1. Introduction. In this paper a new class of continued fraction expansions
of the type

14+ a2z @22 a2
biz+1+bez+1+bz+1+---

for the ratios of two hypergeometric functions is described in detail.

The hypergeometric function F(a, b, ¢, z), where a and b are any complex
constants, and ¢ is @ complex constant different from zero or a negative integer,
is the well-known infinite series with radius of convergence equal to one,

F(a,b,¢,2) =1+ abz + ala+ 1)b(b + 1)z2
—c— 2lc(c + 1)
+ a(a + 1)(a + 2)b(d + 1)(d + 2)z° + - - -.
3le(c + D(c+ 2)
If a or b is zero or a negative integer, (1.2) reduces to a polynomial. The well-

known continued fraction of Gauss [2](?) for the ratio of two hypergeometric
functions is

(1.1)

(1.2)

a(c—bz G+ D(c—a+ 1)z
cc+1) (c+ D +2)

F(a,b+1,c+1,3) 1

F(a, b, ¢, 2) 1 - N _ N
(1.3)
@+ De—b+1z (b+2)(c—a+2)z
(c+ 2)(c + 3) (c+3)(c+49
— 1 — 1 — .,

It converges throughout the z-plane exterior to the cut along the real axis
from 1 to + « except possibly at certain isolated points, is equal to the
function F(a, b+1, c+1, 2):F(a, b, ¢, 2) in the neighborhood of the origin,
and furnishes the analytic continuation of the function in the interior of the
cut plane.

Presented to the Society, September 2, 1955; received by the editors September 21, 1955.
(*) Numbers in brackets refer to the bibliography at the end of the paper.
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Here, new continued fraction expansions of the form (1.1) are derived for
the functions F(a, b, ¢, 2):F(a, b+1, c+1, 2) (formula (2.1)), F(a, b, c, 2)
:Fla+1,b,c+1, 2) (formula (2.1%)), F(a, b, ¢, 2): Fla+1, b, ¢, 2) (formula (2.3)),
F(a, b, ¢, 2):F(a, b+1, ¢, 2) formula (2.3")), F(a, b, ¢, 2):F(a, b, c+1, 2)
(formulas (2.7) and (2.7’)), and F(a, b, ¢, 2): Fla+1, b+1, c+1, 2)=(ab/c)
-F(a, b, c, 2): F'(a, b, ¢, 2) (formulas (2.9) and (2.9).

In §3, the regions of convergence for these continued fractions are studied,
and it is found that they converge over the entire z-plane exterior to a cut
along the unit circle, except possibly at certain isolated points which are
poles of the functions represented. They are equal to the ratio of the two
hypergeometric functions which generate the expansions for | zl <1, and they
converge to entirely different functions for |z| >1. In §4, certain equal con-
tinued fractions are studied. They are equal as consequences of the conver-
gence found in §3. In §5 and §6, special continued fraction expansions and
specialized functions obtained from (2.1) are considered.

2. New expansions of the type (1.1) for the ratios of two hypergeometric
functions. This type occurs, for example, as the even part of certain con-
tinued fractions studied by the author [1, p. 931]. The reciprocal of the con-
tinued fractions of Gauss, that is, the ratio of two certain hypergeometric
functions, can be expressed in this form, namely(?),

F(a, b, ¢, 2) - a(c — b)z (a+ D+ 1—-10b)z
F(a,b+ 1,c+1,3) cc+1) (c+ 1)(c+2)
(a — b)z 1_(a—i—l—-b)z_*_1
c+1 c+ 2

(2.1)
(a4 2)(c+ 2 —b)z

(c+ 2)(c+3)
_ (a + 2 —[b)z
c+ 3

The continued fraction expansion for F(a, b+1, c+1, 2):F(a, b, ¢, 3) is
then

+1—=--.-

a(c — b)z e+ Dc+1—-08z (a+2)(c+2—20b)3

1 cc+1) (c+ D(c+2) (c+ 2)(c+3)
1 —(ea—bz+1— (a+1-bz+1— (a+2—-b)z +1—---.
c+1 c+ 2 c+ 3

The expansion (2.1) is obtained by the successive substitution of the Gauss
identities [2, p. 133]
(2) The symbol ~ denotes a formal expansion. If at any time a partial numerator vanishes,

the continued fraction breaks off with the preceding term. In this case, the symbol ~ can be
replaced by the = sign.
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(i) F(a, b+ 1,¢c+ 1,2 — F(a, b, ¢, 2)

e O e b+ 1t 29
=" a ’ y € 1 %)y
2.2) cc+1)
(i) F(a, b+ 1,¢,2) —Fla+1,b,¢, 2)
_ (a — b)z

Fla+ 1,04 1,¢+ 1, 2).

4

On interchanging @ and b, since the hypergeometric function is symmetric
in @ and b, one obtains

F(a, b, c, 2) ) b(c — a)z G+ 1(c+1—a)
Fla+1,b,c+ 1,3 clc+1) (c+ D(c+2)
(b—a)z+1_ b+4+1-—a)
c+1 c+ 2

(2.1)
b+2)(c+2—a):z

(c 4+ 2)(c +3)

b+ 2 — o)z
O c+3 T
Similarly, one obtains the expansion
F(a, b, ¢, 2) bz b+ 1)(c — a)z
F(a+l,b,c,z)~ B ¢ clc+1)
(b — a)z b+1—-a):z
o Tt

(2.3)
G4+ 2)(c+1—a):z

(c+ Dc+2)
B b+ 2—a):
c+ 2

when one substitutes successively the identities of Gauss [2, p. 133],

.
’

b
@) Fla+1,b61) —Fabcs) =—Fa+1,b+1c+1,2),
(4

(24) (i) Fla+ 1,b,¢,2) —F(a, b+ 1,¢,2) =

(b —a)z
Fla+ 1,04+ 1,c+1,2),
¢

b(c — a)z

(iii) F(a+ 1,b,6+ l,z) —F(d, b,c,z) = m

Fla+ 1,04+ 1,c+ 2,2).
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On interchanging a and b, one also obtains the expansion

F(a, b, ¢, 2)
F(a,b+ 1,¢,2)

(2.3)

az (@ + )(c — b)z
¢ cc+1)
(a—b)z+1_ (a+1—b)z+1

c c+1

(a4 2)(c+1—b)z
(c+ D+ 2)
(a4 2 — b):z
BT TR

In the formation of the expansions (2.3) and (2.3’), the following relations
are found between (2.1’) and (2.3), and between (2.1) and (2.3’), respectively:

F(a, b — 1, ¢, 2)
Fla+1,b—1,¢,2)

(2.5)

Fla —1,b,¢ 32)
(2.5) Fla—1,b+1,¢2)

By the Gauss identity

(2.6) F(a,b,c+ 1,2) — F(a,b,¢,2) =

- b— 1)z
¢
(b—1—a)z F(a, b, ¢, 3) ’
¢ Fla+1,b,c+1,3)
- (a — 1z
c
(a—1-b)z F(a, b, ¢, 2)
c Fla,b+1,c+1,2)

— abz

cc+1)

Fla+ 1,5+ 1,¢+ 2,2,

and (2.2)(i), (2.4)(i) and (ii), the expansion

F(a, b, ¢, 2)
F(a,b,c+1,32)

(2.7)

n abz (a+ D(c+1—0b)z
clce+1) (c + )(c+ 2)
—bz (a+1-—0b):z

l—-— 41
c+1+ c+ 2 +

(@+2)(c+2—0b)z
(c+2)(c+ 3)
(a + 2 — b)z
T+ 3

+1—---,
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is generated, or, by the interchange of a and b,

F(a, b, ¢, 2) {4 abz G+ D(c+1—-a0a)s
F(a,b,c+1,2) c(c+1) (c+ D+ 2
—az b4+1-—a);
1-—+1
c+1+ c+ 2 +

2.7)
b+ 2)(c+2—a);

(c+ 2)(c+3)
B b4+ 2 — a)
c+3

Here one also has the following relations between (2.1) and (2.7), and between
(2.1") and (2.7'), respectively:

Fla—1,b¢c—1, — 1)bs
(a ¢ Z)=1+(a )

(2.8) Fla —1,b,¢, 2) c(c—1)
—bZ F(ay by c, Z)
c F(a,b+1,€+1,2)
F(a,b—1,c— 1,3) 14 a(b — 1)z
(2.8) F(a,b— 1,¢,2) c(c — 1)

—az n F(a, b, ¢, 2)
c Fla+ 1,b,c+1,2)

Finally, by the Gauss identities (2.4)(i) (with ¢ and b interchanged),
(2.4)(iii), and (2.2)(ii), one obtains the continued fraction expansion

a_b.F(a, b, ¢, 2) B F(a, b, ¢, 2)
¢ Fl(a,bc,2) Fla+1,b+1,c+1,2)
—az 1 G+ Dc—a)z GBF+2)(c+1—a)z

T e+ 1) C+ D+ 2)
b+1—a):z b4+ 2—a):
c+1 tl-—"0r +1
(2.9) b+3)c+2—a)3
(c+ 2)(c+ 3)
b+ 3— a):z
_—____C+3 +1 SN

or, on the interchange of a and b,
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F(a, b, ¢, 2)
Fa+1,b+1,c+1,2)
(2.9") —bz+l_ (a 4+ 1)(c — b)z (a4 2)(c+1—0d)z
c cc+1) (c+ D+ 2)
(a+1-—10b)z (a + 2 — b)z
1— _ .
c+1 + ¢+ 2 +1

Here also the following identities hold between (2.1’) and (2.9), and (2.1) and
(2.9), respectively:

(2.10) F(a,b — 1,¢,2) _ —az F(a, b, ¢, 2)
' Fa+1,b,c+1,2) ¢  Fla+1,bc+1,2)
(2.10) Fla—1,b,¢, 2) —bz F(a, b, c, 2)

F(a,b-l-l,c+1,z)= c F(a,b+1,c+l,z).

Similar relations exist between the other expansions in this section.

The question of the convergence of the expansions in this section is now
considered.

3. The convergence of the continued fractions in §2(3). Expansion (2.1) is
first considered. It is a “limit-periodic” continued fraction (cf. Perron [3, pp.
280 ff.]) of the form (1.1) in which lim,., a,2= —3, lim,., (bpzs+1) =3+1.
The roots of the auxiliary equation x?=lim,., (bpz+1)x+1lim,., a3, or
x?—(2+1)x+2=0, are 1 and 2. They are of unequal modulus if |z| #1. Then,
by Theorems 41 and 42 of Perron [3, p. 286], (2.1) converges (at least in the
“wider sense”) if | z| #1, and there exist positive numbers M and = such that,
for v=n, the continued fraction

bvz + 1 + av+lz av+2z
boprz+ 14+ bopoz+14 -

converges uniformly for |z| <1 and M >|z| >1. Now, by a proof entirely
analogous to that of Perron [3, p. 342] for Stieltjes-type continued fractions,
since (3.1) converges uniformly in |z| <1, (2.1) is equal to the corresponding
power series within the unit circle.

Since one knows the function to which (2.1) converges within [z| <1, the
question of the function to which (2.1) converges for |z[ >1 will next be in-
vestigated. By an equivalence transformation, (2.1) can be written in the
form

3.1

() In any of the expansions in §2, for certain values of g, b, or ¢, a partial numerator of a
continued fraction may be zero. In this case, the continued fraction is finite, and its value can
be computed therefrom. Furthermore, it is understood throughout that in each case those
values of g, b, or ¢ are excluded which make indeterminate the function to which the continued

fraction in question converges.



1956] RATIOS OF HYPERGEOMETRIC FUNCTIONS 459

F(a, b, ¢, 2)

' ~e- —b Dic+1—5
“Fabt oty ¢ a(c — b)z @+ D+1—1b)s

(a—bz4+c+1 —(a+1—=0b)z+c+2
(a4 2)(c+ 2 — b)z
—(e+2—-bz+c+3—---,

or, if one adds (e —1—5)z to both sides and applies (2.2)(ii) with a replaced
by a—1,

Fla— 1,04+ 1,¢,2) ( |~ Bt ( )
. e~ n 1 _ B
“Flab+lct+l,zs awe g

(3.2) (a—bz+c+1
(a+ D+ 1-0b):z
—(@e+1-=bz+c+2—---,

where the equality sign holds if |zl <1. To the continued fraction (3.2),
Theorem 5, p. 488 of [3] concerning

D+A+B4+C A+2B+4C A+3B+9C
D+E 4+ D+2E + D+3E +---

is now applied. Continued fraction (3.3) is of the form (3.2), where
A=—(@—1)(c—1-b)z, B=—(a—b+c—2)z, C=—3, D=(a—1—b)z+}c,
E=z+1.Then (E?44C)"'%?= + (1 —z), where the + or — sign must be chosen
so that R(142)/(+ (1 —2)) >0. According to Theorem 5, the continued frac-
tion (3.3) is equal to the quotient (E2+4C)V2- Fi(a, 8, v, x): Fi(a+1, 8+1,
v+1, x), where Fi(e, B, v, x) =F(a, B3, v, x)/T'(y). Consequently, (3.2) is
equal to +(1—2)yF(e, B, v, x): Fla+1, B+1, v+1, x), where a, 8 are the
roots of the equation Cp?*—Bp+4 =0, 0or p>—(a—b+c—2)p+(a—1)(c—1—b)
=0, so that a=a—1, B=c—1—-5. Also

(3.3)

B+C E D
v = (1— )+
2C (E? 4 4C)1/2 (E? 4 4C)112
_a—b—l—c—l(l_l-l-z) (a—1—-Dbz+c¢
2 +1—z +(1 —2)
oy E _ 1 142
(B2 44012 ~ T 1—g
2 2

There are two cases here due to the two signs of the radical: (i) For
R((142)/(1—=2)) >0, or, for the same condition, Izl <l,y=c,andx=3z/(z—1).
(ii) For R((142)/(1—2)) <0, or |3| >1,y=a—1—b, x=1/(1—2).

In case (i), for Iz] <1, (3.2) is equal to
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z z
):F(a,c—b,c—i—l, )
z — 1 z — 1

z
1) =1—-2%Wa—-1,04+1,c¢,2),

z —

3.4 —z)~cF(a— 1,c—1—b,¢

Since (cf. [S, pp. 265, 267]),

F(a— 1,c—1-—1b,¢,

F(a,c—b,c+1,Ll>= (A —2)F(a,b+1 c+1,2),
Z-—

(3.4) becomesc-F(a—1,b+1,¢,2): F(a,b+1, c+1, 2), which is a check on the
value of (3.2) for |z| <l1.
In case (ii), for |z| >1, (3.2) is equal to

——(l—z)(a——l—b)F(a—l,c——l—b,a—l—lz,l1 )
(3.5) mF

2
:F<a,c—b,a—b, )
1—2z

1
(l—z)—“‘F(a—l,c——l—b,a—1—b,—)
1 -3z

Since [5, pp. 265, 267 ]

1
= (—z)"““F(a —la—¢ca—1-4¢, ——),
z

1 1
(1—-z)‘“F<a,c—b,a—b, )=(—z)—“F(a,a—c,a—b,——>,
1—2 1
(3.5) becomes

1 1
(a—l—b)zF(a—l,a—c,a-—l—b,—):F(a,a—c,a—b,—),
z 2

which is the value of (3.2) for |2z| >1. Hence the value of (2.1) for |z >1is

(a—1-10b)z 1 1
- “|\Flea—1a—-¢a—1—b—):Flag,a—c,a—b—)—1]|,
c z P4

or

1 1
b(a — c)F(a,a+1—c,a+1—b,—):c(a—b)F(a,a—c,a—b,—)
¥4

2

by (2.4)(iii). On interchanging a and b, one likewise obtains the values of
(2.1').
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The following theorem has thus been proved.

THEOREM 3.1(%). The continued fractions (2.1) and (2.1') converge through-
out the cut z-plane where the cut is along the entire circumference of the unit.
circle, except possibly at certain isolated points which are poles of the function
represented. For lzl <1, the continued fraction (2.1) is equal to the function
F(a, b, ¢, 2): F(a, b+1, c+1, 2); for lz] >1, (2.1) is equal to

1 1
b(a — c)F(a,a+ 1—¢a+1 —b,——):c(a—-b)F(a,a—c,a—b,—).
b4 z

For |z| <1, the continued fraction (2.1') is equal to F(a, b, ¢, 2):F(a+1, b,
c+1, 2); for Izl >1, (2.1') s equal to

1 1
a(b—c)F(b,b+1—c,b+l—a,—): c(b—-a)F(b,b—-c,b—a,—).
P4 z

By a method entirely analogous to that of the proof of Theorem 3.1, the
following theorem concerning the convergence of the remaining expansions in
§2 can be proved. Or, since these continued fractions are either of the type
(2.1) or (2.1"), the results of Theorem 3.1 can be used.

For this purpose, (2.3) is transformed into

Fle+1,0—-1,¢c—1,3)
F(a+1,0,¢ 2)
F(a, b, ¢, 2)
Fla+1,b,c,2)

(c—1)-
=(c—a-—-1) +ae+0b—a— 1)z
(3.6)
~c—14+Gb—-1—a)z —blc—1—a) b+ D — a)s
b—az+c—b+1—a)z+c+1—---.
The equality in (3.6) is shown by means of the Gauss identity [2, p. 130]
3.7 (¢c—1—a)F(a,b,c,2) +aF(a+1,b,¢,2) — (c — 1)F(a, b, c — 1,2) =0,

and (2.4)(ii). From (3.6) the values of (2.3) are found. For |z| >1, (2.3) has
the value

1
[(b——l—a)z{F(b——1,b+1——c,b—-1—a,———)

2

:F<b,b+1—c,b—a,%)-—1} —a]/(c—l—a).

This is equal toaF(b, b4+1—c¢,b+1—a,1/2):(a—b)F(b,b+1—c,b—a, 1/2) by

(*) The method of proof of this theorem as well as the function to which (2.1) converges
for |z| >1 was indicated to the author by Professor Oskar Perron.
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(2.4) (iii) and (3.7), or by (2.5). On interchanging a and b in (2.3), one obtains
the values of (2.3%).

The convergence of expansions (2.7) and (2.7’) is obtained from Theorem
3.1 and the use of relations (2.8) and (2.8’). The value of (2.7) for |z| >1is
thus

14+ ab/c
1 1
—a+(a—b)-F(a,a—c,a—b, —):F(a+1,a—c,a+1—b,——>.

2 4

By the identity (3.7) and the Gauss identity [2, p. 130]
(b — a)F(a, b,¢,2) + aF(a+ 1,b,¢,2) —bF(a, b+ 1,¢,2) =0,

this quantity is transformed into (c—a)F(a, a+1—c¢, a+1—b, 1/2):cF(a,
a—c,a+1—>b, 1/2). The values of (2.7") are obtained from (2.7) by the inter-
change of @ and b.

The convergence of the continued fractions (2.9) and (2.9’) is determined
from Theorem 3.1 and the relations (2.10) and (2.10’). For example, for
Izl >1, (2.9) is equal to

—bz (b—a)z 1 1
+ F(b,b-i—l—c,b—a,—):F(b+1,b+1—c,b+1—a,—)
c c z b4
or
1 1
—azF(b,b+1—c,b+1—a,-—):cF(b+l,b+1—c,b+1—a,—)
2z z
by (3.7).

THEOREM 3.2. The continued fractions (2.3), (2.3"), (2.7), (2.7), (2.9), and
(2.9") converge throughout the cut z-plane where the cut is along the entire circum-
ference of the unit circle, except possibly at certain isolated poimts which are
poles of the function represented. For |z| <1, the continued fraction (2.3) is
equal to the function F(a, b, ¢, 2):F(a+1, b, c, 2); for |z| >1, (2.3) is equal to
a-F(b,b+ 1—¢bdb+4+1- a,i):(a - b)-F(b,b +1—-9¢b— a,—1—>.
z

k4

For |z| <1, the continued fraction (2.3') is equal to F(a, b, ¢, 2): F(a, b+1, ¢, 2);
for |z| >1, (2.3') is equal to

1 1
boF(a,a+1—c,a+l—b,—):(b — a)~F(a,a+l—c,a—b,—)-
z

4

For | 2| <1, the continued fraction (2.7) is equal to the function F(a, b, ¢, 2)
:F(a, b, c+1, 2); for Izl >1, (2.7) is equal to
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1 1
(c — a)~F(a,a+ 1—¢a+1 —b,—):r F(a,a— c,ca+1—05—).

z z

For |3| <1, the continued fraction (2.7") is equal to the function F(a, b, c, 3)

:F(a, b, c+1, 2); for |z| >1, (2.7’) is equal to
1 1

(c — b)-F<b,b+ 1—¢b+1-— a,—>:c~F(b,b—c,b+ 1 —a,-——).

z 4

For Izl <1, the continued fraction (2.9) is equal to the function F(a, b, c, 2)
:F(a+1, b+1, c+1, 2); for Iz] >1, (2.9) is equal to

1 1
—-az~F<b,b+1—c,b+1—a,—):c-F(b+1,b+l-—c,b+l—a,—-).
z z

For |3| <1, the continued fraction (2.9') is equal to the function F(a, b, c, 2)
:F(a+1, b+1, c+1, 2); for Iz[ >1, (2.9%) is equal to

1 1
-bz-F(a,a-I— 1—¢a+1 —b,-——):c~F(a+ l,a+1—ca+1-— b,—).
z 2z
4. Equal continued fractions(®). Since expansions (2.7) and (2.7") both
converge to the generating function F(a, b, ¢, 2): F(a, b, c+1, 2) if |z| <1, the
following theorem on equal infinite continued fractions holds. The same re-
sult can be obtained from (2.9) and (2.9).

THEOREM 4.1. For values of z such that Iz] <1,

abz (a+D(c+1—-0)z (a +2)(c+2— )
cc+1) (c+ 1D(c+2) (c+ 2)(c + 3)
—bz (a+1—b)s (@+2—-1bz
P M S S I
4.1)
absz G+)(c+1—a)z GB+2)(c+2—a)z
_ c(c+1) (c+ D(c+2) (c+ 2)(c + 3)
—az b4+1-—a) b+ 2— a):z
cr1 ! 1z T T -

From the above equal continued fractions, a number of special cases are
obtained.
For a—c=n=1, 2, - - -, in (4.1), the following finite continued fraction

(®) It is understood throughout this section concerning equal continued fractions that (i) if
a partial numerator is zero, the continued fraction breaks off with the preceding term; (ii) both
continued fractions can diverge (if they are ), or, if one of the continued fractions is inde-
terminate, the other diverges unless it is finite, in which case it is also indeterminate.
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is found equal to an infinite one,

(c + n)bz

(c+n+1)(c+1—-0):

(c+n+2)(c+2—0b)z

cc+ 1)

(c+ 1)(c+2)

(c+2)(c+3)

—bz

+ 1

(c+n—1-—1>)gz

) (c+n+2—b);s

c+1
(¢ + n)bsz
cc+1)

c+ 2

c+ 3
&+ D)(=n+ 1)z

(c+ 1 +2)

4.2) = -

c+1

&+ 2)(—n+ 2)z

) b+1—c—n);z

1
c+ 2 +

—(b+n— 1)

(c+ 2)(c +3)

(c+n—1D(c+n

b+2—-c—mn):

|z] < 1.

c+ 3

—(b—-1-—
( c)z_}_1

1—... =
+ c+n

For n=11in (4.2), b—c#1,2, - - -,

bz

(c+1—b):z

(c+ 2 — b)z

c c+1

c+ 2

—bz
c+1

(4.3)

for c=b+1,b= -1, -2, - -
bz 2z
b+ 1 b4 2

) (c+ 2 —0b)z
c+ 2

(c+ 3 —b)z
12— - ...
c+3 +

bz
=— |z|<1;
c(—z+1)
-, in (4.3),
3z

b+ 3

bz
|z| <1;

—bz 3z

+1

4z .=(m+nez+n’

b2 Tt
and, for b—c=k=1, 2, - -
(c + k)z

T b+ 4
. in (4.3),
(—k+ 1)z

+1

(—k+2)

—2

c c+1

c+2 c+k—1

—(¢c+ k)z

c+1 c+ 2

(- (—k+2)z

RO
c+3

e — 1
B (c + k)2

= — |Zl <17
c«(—z+4+1)



1956) RATIOS OF HYPERGEOMETRIC FUNCTIONS 465

which is an equation between two rational functions.
The following theorem deals with another equality between two infinite
continued fractions. It is obtained from (2.9) and from

F(a, b, ¢, 2) _° (a+d+ 1)z (a+ 1B+ 1)z(1 —2)
F'(a, b ¢c,z) ab ab ab(c + 1)
B (a4 b+ 3)2

c+1

1

(4.4)
(a+ 2)(b+ 2)z(1 — 2)
(c+D(c+2)
_ (a+ b+ 5z

1— — =" cee
+ C 12 +

which is valid for
z#0, R(z) < 1/2, a, b= —1,=2,---.
Relation (4.4) can be obtained directly from the Gauss identity [2, p. 133]
abF(a,b,c,2) — [c— (a + b+ 1)z]F(a, b, ¢, 2)
—z(1 —2)F"(a, b, ¢, 2) =0,

or from Perron [3, p. 486].

THEOREM 4.2. For 20, R(z) <1/2, | 2| <1, @, b0, —1, —2, - - -,

¢ (a+b+1Dz (a+ DO+ Dz(1—2) (a+2)(0+ 2)s(1l —32)

ab ab ab(c + 1) c+ D(c+2)
1_(a+b+3)z 1_(a—l—b+5)z 4.
c+1 c+ 2
(4.5)
_°c 5 G+ Dc—a)z GF+2)(c—a+ 1)z
ab b ablc + 1) (c+ 1)(c+ 2)
(b+1—a)z+l_ b+2-a): _
c+1 c+ 2

From (4.5) for the values of z allowed in Theorem 4.2, one can obtain for
a—c=n=0,12 ...

the following relation between a finite and an infinite continued fraction:



466 EVELYN FRANK [March

c _(c+n+b+l)z (c+n+ 10+ 1)z(1 — 2)
blc+ n) b(c + n) blc+n)(c+1)

(c+n+ b+ 3)z
- e+ 1

1

(c+n+2)(b+ 2)2(1 — 2)
(c+ 1)(c+2)
_(c+n+b+5)z

c+ 2
(4.6)
_ ¢ 5z (bF+D(=mn)a b+ 2)(—n+ 1)z
blc+n) b (c+n)b(c+ 1) (c+ D+ 2
b+1—-c—n)z b4+2—¢c—n);
c+1 t1- c+ 2 Tl
— b+ n)z
(c+n—1(c+n) 1
~ (b—c)z ;R(z)<7-
c+n

If n=0, (4.6) becomes
1 (6+b+1)z+ b0+ 1Dz(1 —2) &+ 2)z(1 —3)

b bc be c+1
1_(6+b-|;3)z+1_(c+b—|;5)z
(4.7) ot ot
1—3 R()<1
= ) z —
b 2

If c=b+1 in (4.7), one obtains the periodic continued fraction (cf. [3, p.
491)),

11 —-—224+2(1—32) 3(1—23)
T[ 1—2z+1—2z+~.]
1—3
—

This is the same value of this periodic continued fraction found by Theorem
38, p. 276 of [3]. If b= —k, a negative integer, from (4.7) it follows that
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1 (c-—k+1)z+(—k+1)z(1—z) (k4 2)2(1 — 2)

——k_ — ke —kc c+1
O i PR Gl JL LN
c+1 c+ 2

—2
c+k—2 1—3
+ 11—z  —k

)

a relation between two rational functions.
It is remarked that if (2.9) is written in the form

F'(a, b, ¢, 2) ab &+ 1)(c— a)z b+ 2)(c+1—a)
Fa,b,62 c¢—a—(ctD+G+l-az—(C+2)+0G+2—a)z
b+ 3)(c+2—a)
-+ +G+3-a)z—---,

valid if [zl <1, and if both sides of the equality are multiplied by z, each par-
tial numerator and denominator multiplied by 1/(1 —3), and the substitution
2/(1—2) =¢ is made, then this continued fraction becomes

ab b+ D — a1+
ct(c—af—(c+1)+OG+c+2—0a)
G+2)(c+1—- a1+
A DH Ottt — -,
valid if R(§) > —1/2. Consequently, by connecting this with equation (22),

p. 490 of [3], one obtains-the following equality between infinite continued
fractions, valid for IEI <1, R(&)>-—-1/2:

abt G+ D -1+ G+ 2D+1—ail+8
cH—f— @+ D+ G+c+t2—af—(c+2)+G+ct4s—afi—---
abt (a+ 1)@+ DE

= (et b+ 1—F+(c+ 1) — (a+b+2— 0
(a+ 2)(b + 2k
+ G+ —(@+b+3—F+---
_@+b—t+  (c— a)(c— b (c—a+1)(c—b+ 1)
- c—(cH+l—a—0)i+(+1)—(c+2—a—b)t +---.

Since the reciprocal of the continued fraction (1.3) converges to the same
value as the expansion (2.1) for |z| <1, the following theorem holds.
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THEOREM 4.3. For values of z such that |z| <1,
alc—b)z B4+ 1Dc+1—a)z @+ 1)(c+1-20):
clc+1) (c+ D+ 2) (¢ + 2)(c + 3)

1 - 1 — 1
b4+ 2)(c+ 2 — a):

(c+3)(c+4)

(4.8) N
a(c — b)z a4+ D(c+1—-bz (a+ 2)(c+2—b):
_ clc+ 1) (c+ Dc+2) (c+2)(c+ 3)
(a — b)z (a4+1—b): (@ + 2 — b)z
1— — 4 - T Ty~
c+1 c+ 2 + c+3 +
As a special case, fora—c=n=1, 2, - - -, in (4.8), the following relation

exists between a finite and an infinite continued fraction:

G+D(=n+Dz (c+n+Dc+1-8bz (@+2)(—n+2)

1 e+ D+2) (c+ 2)(c+3) (c+3)(c+4)
1 — 1 - 1 — 1 — .
(c+2n—2)(c—b+n—2)z —b4+n—1);
(c+ 2n — 4)(c+ 2n — 3) _(c+2n-—3)(c+2n—2)
- 1 1
(4.9)
(c+n+1(c+1—0):z
B 1 (c+ 1)(c+2)
_(c+n—b)z+1_ (c+n+1—b)z+1
c+1 c+ 2

(c+n+2)(c+2—0b)z
(c+2)(c+3)

2—b
_ leAmA2o0: 2] < 1.
c+ 3
Forn=1,b—c#1,2, - - -, in (4.9),
(c+1—0b)z (c+2—0)2
c+1 c+ 2
S P gy c+2-0) (c+ 3 b)z
c — b)z c — b)z -
s 2 - =
c+1 + c+ 2 + c+ 3 +

|zl <1,
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which is the same result as obtained in (4.3). For c=b+4+1,b0> -2, —3, - - -,
in (4.10), and for b—c=k=1, 2, - - -, in (4.10), one also obtains the same
results as for the special cases of (4.3).

5. Special continued fraction expansions obtainable from (2.1). From
(2.1) and Theorem 3.1 one obtains as a special case (cf., for example, [3,
pp. 349-352]),

1 —n? 9—n22 25 — n?

22 P4 z?
1-3 3.5 5-7

z2

FRPRNL PSR R
3 5° 7"

1—n — n 1
F( 2 2 ?’Zz) [(1+ 2"+ (1 — 2]
nz z)" —2)"
(5.1) - 22 8| <1,
1—n 2—n 3 A4+2"—(1—23)"
F( ) y—yz2)
2 2
B 1—n 2—n 3 1
nZF< ) r—r——)
2 2 2 g2 nz[(z+1)n—(z—,1)"]|zl>1
= ) .
F(l—n - n 1 1) 4+ D+ (z— D»
2 2 2 e
If one replaces z by 1/z, this expansion becomes
1 —n? 9 — n? 25 — n?
z — z z? z
1-3 3-5 5.7
R I
T T
3 5 7
nliz + D)+ (z — 1)7] ] > 1;
e+t nn ’
142" = ({1 —2)n
s+ —a-9

(142" + (1 -2
By subtracting # and taking the reciprocal, one has
1 — n? 9 — n? 25 — n?

1 2n b4 z 2
+ 1-3 3-5 ‘ 5-7 i

S I R
z—n— — - — 422 —— -
3 O F 5 7 T F

_ { ((z+ 1)/(z — 1)", lz] >1;
(A +2/1 = 2)", |z] <1.
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Furthermore,

12 n2 32 2 52 2
14+ 2n + 2 R 22 Rl 2?
1-3 3-5 5-7

P ST R
z—n— — —3 — - - =
3 5 7 F

iz + 1\»
<. = exp (2n arctan 1/3), |z] > 1;
_ iz — 1
Bl 1 4 i\
—( ) = — exp (—2n arctan 2), |z] < 1.
1 — 13
Finally,
2 4 6 1 1 1
— g2 — 32 — 2 F(—,——,—,zz)
1 3 5 7 2 2 2
2 gt SRR a F<1 1 3 2)
. _ = - — .. ., -, 2
3 5° 7 2 2727
21_221/2
S
arcsin z

Now, consider (2:1) with 5=0 and ¢ replaced by ¢—1. Then (2.1) becomes

1 az (a+ 1)z (a + 2)z
1 2
G retan : <ff> (jr;
a,1,c¢ 2 az a 4 a 2z
4+ 1-= _ 1— -,
c+ c+1 c+ 2 +

2] < 109.

As special cases of (5.2), one obtains the following expansions (cf., for
example, [2, p. 127] or [3, pp. 348-352)):

O Qtgre—— = T
F(—mn, 1,1, —2) nz + 1
(—n+ 1)z (—n+ 2)z
— —s
—(—n+ 1)z —(—n+2)z |Zl <h
+——2—+1+—-—-3—'+1+"',

(%) This is precisely the continued fraction one obtains by using the algorithm given by
Euler [1a, p. 370] for obtaining this continued fraction from the correspunding power series
for 1: F(a, 1, ¢, 2) (cf. [3, p. 210]).
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z 2z
2 1 2 3
og(ts FoLz-n T 2
og z , 1,2, —2 — 2 — 2z
+14+—4+1
2 3
3z
4
2] <1;
+ =2y
4 ’
1 3
g =g
2z 1 _ 1 3 5
o LT _F(l B 2)_ 12_’_1 32+1
o — 1, —> 2 —3z - —3
1 2 ] 3 5
5
__zz
7
|| <1;
St
- = — ,
7
2
. — sin 22 — sin 2
sin z cos z 1 . 3 5
F<113'2)— 2’2+1 4'2—{-1
,1,—, sinz — sin —_—
5 3 z 5smz
— sin"z?
7
5 I'sin 22| < 1;
— —sinz?2 41— ...
7 st
— tan z2
tanz_ 1 14 3
z F(l L3 2) h -1 ot
—, 1,—, — tan —t
2» 2, z 3 an z? 4+
— tan z? — tan 22
5 7
— | tan 22| < 1;
+ tang? 4+ 1 + tanz24+ 14 - -,
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1
g2
z 1 3
(vi) arctan z 1 3 + -1
F(—;l,-——,—z’) 2241
2 2 3
3
=2
5
[z|<1;
+ A14 e,
zn+l
(vii) f‘ dt F(l 11+1 ) z n+1
vii =gF(—) 1, — =)= —
o 14 1¢7 n, n) {4 —z"_{m1
n+1
n+1 2n + 1
zﬂ n
2n + 1 3n+lz |
+1 2 +1 [Z"l <1.
—n —2n
2+ 14— 2n+ 1 cee
+2n+1 + +‘3n+1 el

6. Continued fraction expansions for the ratios of specialized hyper-
geometric functions. On replacing z by 2/b in (2.1) and then letting  tend to
©, one obtains

#(a, ¢, 2) ~1y (e+ 1)z (a+ 2)z
6.1) $(a,c+1,2) cc+1)  (c+DE+2) C+2+3)
—z — —
c+1+1+ m-}-l{- -c—+—3-|-1 4+ -
where
a ae + 1)
(6.2) ¢(a,c,z)=1+—c—z+mzz+...,

a and ¢ not simultaneously 0, —1, —2, - - -

On multiplying both sides of (6.1) by ¢ and adding —z, one can transform
(6.1) into

cdle,c,z)  ¢la—1,¢72)
6.3) o(a,c+1,32) - o(a,c+1,32)
az (a + l)z (a + 2)2
~c¢c—z+4

—z+(+D+-2+@C+2)+—-z+(Cc+3)+---.
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Expansion (6.3) is exactly expansion (8), p. 477 of [3] with B=a—1, y=c.
Hence the convergence of (6.3) as stated in the following theorem is proved
in precisely the same manner as that of expansion (8) in [3].

THEOREM 6.1. The continued fraction (6.3) converges uniformly to the mero-
morphic function c-$p(a—1, ¢, 2):¢(a, c+1, 2) over every closed bounded region
which contains none of the poles of the function, and where z540.

On replacing z by 2/e in (2.1) and then letting a tend to «, one obtains
expansion (6.4). The following theorem can be proved by means of the Wor-
pitzky theorem for small values of |z| and then for every bounded closed
region by Theorems 41 and 42, p. 268 of [3].

THEOREM 6.2. The continued fraction
o(b, ¢, 2) 1 (c — b)z (c+1—-0b):z
¢(d+1,¢c+1,3) ce+1) (c+1D+2)
2 2

r1 T T

(c+ 2 - bz

(c+2(c+3)

2

c+ 3

converges uniformly to the meromorphic function ¢ (b, c, 2):¢(b+1, c+1, 2) over
every closed bounded region which contains none of the poles of the function, and
where 370,

+1
(6.4)

+1 —-...

In particular, for =0, with ¢ replaced by ¢—1, (6.4) becomes

z z z
(6.5) _,_ ¢ c+1 c+ 2
o(1, ¢, 2) i+1_ L1 1.
c c+1 c+ 2
If c=1, and z is replaced by —z, this formula becomes
z z
=14+ 2 3
—z —z
T A e R

On comparing (6.1) and (6.4), with a =c—b, since the equality sign now
can replace the ~ sign in (6.1) by Theorem 6.1, one finds that
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¢, ¢,2)/¢(b+ 1,¢+ 1,2) = ¢(c — b, ¢, — 2)/¢(c — b, ¢ + 1, —3)(").

Now, if z/a replaces z in (6.1) and a tends to «, (6.1) becomes

4 z Z
6.6) ¥(c, 2) _ltdetD) e+ D+ (c+ 2)(c+ 3)
e+ 1,9) 1+ 1 + 1 + -,
where

'I’(c:z)=l+z+ z? + -

¢ 2ec+ 1)

Expansion (6.6) is exactly the same as one obtains by specializing the Gauss
continued fraction (cf., for example, [3, pp. 313, 353]), whence one can write
the Lambert continued fraction for (e —e~*)/(e*+e~*), tan z, and other func-
tions.

If one replaces 2 by —cz and lets ¢ tend to « in (2.1), then

Q(a, b, z) + az (¢ + 1)z
6.7) Qa, b+ 1, 2) —(a—bz4+1+ —(a+1-0)z+1
) (a + 2)z
+—-(@+2—-bz+14+---,
where
a, b,2) =1 — abz + a(a+ 1)b(b + 1)32
1 21
(6.8)
—a(a+ 1(a+ 2)b(d + 1)(d + 2)z% + - -
3!

Here (6.7) is the ratio of two divergent series if z50.
When one applies the Pringsheim convergence criteria (cf. [3. p. 262])(8),
one finds that (6.7) converges uniformly in the region for which

'_iz___‘sc_

b—az+ 1]
(e+p— 1)z <i’

[F@=b4+p—1z+1][-(a—b+p—2z+1]I 4

where C is a positive (arbitrarily large) number and p = 2, that is, it convergés
uniformly exterior to a circle about the origin. By Theorem 2, p. 478 of [3],
(6.7) can be identified with the continued fraction

z# 0,

(") This formula is in [3, p. 313]. It is, however, proved there by means of Gauss continued
fractions.
(®) This procedure was suggested by Professor Perron.
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C+A+B A+2B A+3B
(6.9) tAT + + B0,D 50,
C+D+C+2D4+C+3D+---,

where A =(a—1)z, B=32, C=(—a+b+1)z+1, D= —2z. The value to which
(6.9) converges, by Theorem 2, is

4 B+CD B\ (4 B+CD B
D.¢1(E; D ) D—2>.¢1(§'+ 1, ————-Dz +1,E ,
where ¢1(a, ¢, 2) =¢(d, ¢, 2)/T'(c) and ¢(a, ¢, 2) is the series defined in (6.2).

Hence the value to which (6.7) converges exterior to the origin is

1 1
(a—b— 1)z—z-¢1<a— l,a—b—-1, ——):dn(a,a— b,——)

z K4

1 1
=(a—b— l)z[l —¢(a—- 1,a — b — 1,-——):¢<a,a—-b,—)]
2z 2z
b 1 1
= [¢<a,a— b+ 1,——>:¢(a,a—b, ——)],
b—a z b4

since the ¢-function (6.2) satisfies the identity

a—c¢
clc+1)

The value of (6.7) can also be expressed in terms of the series equivalents of
the ¢-function, as stated in the following theorem.

#(a,c,2) =¢(a+1,c+1,2) + z2-¢(a+1,¢c42,2).

THEOREM 6.3. The continued fraction (6.7) converges uniformly in the region
exterior to a circle about the origin to the value

b j a[¢(a,a—b+ 1,-:—):¢(a,a—b,—:-)] =(e—b— 1)z

1 2 (e—Naa+1):---(a+p—2)
(6.10) _z'[r(a—b—1)+,,z_:l 2P T@—b+tp—1) ]

[ 1 ia(d+1)"'(a+1’—1)]
Lre—8) ;24 z2plT@a—b+p) 1
provided a and —b do not both belong to the sequence 0, —1, —2, - - - .

In particular, for =0, (6.7) becomes

~14 az (a + Dz (a + 2)z
Qa, 1, 2) —az+ 14+ —(e+1)z+14+—-(a+2)z+1+---
0, 270,

(6.11)

i
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by Theorem 6.3.
For a=1, (6.7) becomes
Q(lr b’ Z) + 4 2z 3z
Q1,04+ 1,2) G—Dz+14+0G—-2)z24+1+G—-3)z+14+---,.

and has the value

1 1
b~¢(1, 2 -0, ——):(b - 1)~¢(1, 1-—19, ——)
z b4

=—b— 1 = 1
: z [ + > :IL z #0.

(=5 LlT1 -8 S @T(—b+s+1

The results of Theorem 6.3, and, in fact, many of the other results shown
here, can be expressed in a number of other forms (cf. [3, Chapter 11]). For
example, since

(6.12)

rm [
[t £3 = ~ tﬁ—l 1 — ¢ T—h-1 tzdt’ T 1 =0T ,
66,7.8) = o s [ e B+1) = 6-T(8)

in terms of integrals the continued fraction (6.7) exterior to the origin has the
value

1 1
(6.13) f te-1(1 — 1)~betedt / f 1o-1(1 — f)=b-lgtey,
0 [}

Specialized expansions similar to those considered above can also be de-
rived from the continued fractions (2.3), (2.3), (2.7), (2.7), (2.9), and (2.9")
by means of the relations (2.5), (2.5"), (2.8), (2.8'), (2.10), and (2.10’), which
relate these expansions to (2.1) and (2.1").
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