SPECTRAL TYPE OF THE SHIFT TRANSFORMATION
OF DIFFERENTIAL PROCESSES WITH
STATIONARY INCREMENTS(?})

BY
KIYOSI ITO

1. Introduction. Before discussing our problems on stochastic processes,
we shall define two kinds of equivalence of groups of measure preserving set
transformations following J. v. Neumann and P. R. Halmos [8](?). By a
measure preserving set transformation we understand a mapping from the sys-
tem of measurable sets of one measure space onto that of another measure
space modulo null sets which preserves measure and set operations such as
countable sum and complement. Given a measure space (B, m) and a one-
parameter group { T,} of measure preserving set transformations from B onto
itself, let H denote the L2-space over . The above group {Tf} will induce a
group { U,} of unitary operators on H such that

(1.1) Uixm = xmin

where M is any set of finite m-measure, M[r]=T,M, and x4 denotes the
characteristic function of a set A. We consider another measure space Q(B, )
associated with a group of measure preserving set transformations {T,} and
we define H and {T,} correspondingly. If there exists a measure preserving
set transformation S from B onto B such that

(1.2) T, = ST.S7,

then we say that {T.} and {7} are of the same spatial type. We shall also
introduce another classification of transformation groups which is rougher
than the above. If there exists an isometric linear mapping V from H onto
H such that

(1'3) U, = VU‘rV_ly

then we say that {7.} and {T.} are of the same spectral type.

Let X (¢, w), — » <t < 0, be a measurable (in two variables ¢ and w) differ-
ential process with stationary increments on a probability space Q(B, P).
For any finite interval I=(s, t] we shall define the increment AX (I, w) as
X (¢, w) — X (s, w). By Bx we denote the Borel system of subsets of Q generated
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by all the sets of the form {w; AX (I, w) <c}, and we shall consider the meas-
ure space Q(Bx, P) and the L?space over it, say Hx. Now we shall define
a one-parameter group {T,} of measure preserving set transformations (shift
transformation) on Bx by

(1.4) T {w; AX(I, 0) < ¢} = {w; AX(T + 7, 0) < ¢},

where I+7 is the interval {x+7; x&l } The possibility of this definition fol-
lows from the definition of differential processes with stationary increments.
From {T.} we can derive a group { U,} of unitary operators on Hx as above.

The purpose of this paper is to determine the spectral type of this group
{T.}. In §2 we shall summarize some known facts on differential processes
as preliminaries. In §3 and §4 we shall introduce a multiple Wiener integral
which will play an important role in our theory. Our aim will be attained in
§5. The fundamental theorem established there generalizes Kakutani’s theo-
rem [6] on the spectra of the flow of Brownian motion and implies that the
transformation groups induced by different processes are of the same spectral
type. But it is still an open question whether they are of the same spatial
type or not.

2. Independent random measure associated with a measurable differen-
tial process with stationary increments. Let = be a measurable space on which
a class of sets called measurable, B%, is assigned so that (1) the empty set
& EB%, (2) E,, E:EB’% implies E,\JE,, E,— E;EB’, and (3) any decreasing
sequence in B’z has its limit set in B%; we do not assume that the whole space
= belongs to B%.

A system of random variables f(E) =f(E, w) depending on a set E€ Bz
with a probability parameter w is called an independent random measure if
f(E)), f(Ea), « - -, f(E,) are independent and

2.1.2) f( U E) - = (B

=1
for every finite system {E,} of disjoint sets in By and if

(2.1.v) f(E,) — 0 (convergence in probability)

for every decreasing sequence {E,} in BL tending to the empty set. We can
easily show that the above conditions imply that (2.1.b) holds in the sense
of almost everywhere convergence. A normal random measure [4] is a special
case of an independent random measure.

Let X (¢, w) be a measurable differential process with stationary incre-
ments. By taking Doob’s separable modification [1] of this process, we may
assume that X (¢, w) is continuous in ¢ except for discontinuities of the first
kind with probability 1. We also assume, as we may, that X (r, w) is continu-
ous on the right in 7 with probability 1. By a theorem of P. Lévy [7], AX (I, w)
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is subject to an infinitely divisible law whose characteristic function ¢;(2) is
given by

12U >l+u2

1+ 9800 ]

(2.2) 1Og¢z(2)=|1|[ivz+ f (em_l_

uz
where II | means the length of I, v is a real constant, and df is a bounded
measure on (— «, ©).

We shall consider a plane 7 on which a coordinate system (¢, ) is assigned.

Let B, denote the class of all Borel subsets of w. We shall consider two meas-
ures », p on w(B,) by

2.3 o = [ [ T g,
(2.4) u(E) =fL(1+u2)dtdB(u) =fj;u2dv(t, u).

It is clear that u is the product of the one-dimensional measures df and
du'(u) = (1+u2)dB(u). Let B, be the totality of bounded Borel subsets of =
whose distance from the t-axis is positive. We may consider w(B,) as a
measurable space. If we define N(E, w), EEB,, to be the number of points
(¢, v)EE for which X(¢, w)—X(¢—0, w)=u. Then N(E, w) is subject to
Poisson distribution with mean »(E) for E fixed and the system {N (E, w),
EEB,} is an independent random measure. Further we have the following
expression of X (¢, w):

AX(I,w) = v | I| ¥ ¢AB(I, )

25) + 1 f f [ AN, 4) — —— du(t )]
im u ,U) — , U
noo J4ETVJ nlclul<n 14 u? ’

where ¢2=8(+0) —3(—0) and B(¢, w) is a Wiener process which is independ-
ent of the system {N (E, w); EEE,}. We can easily deduce these facts from
the results stated in [3].

Next we shall introduce another independent random measure M(E).
Let B} be the class of all Borel subsets of = whose u-measure is finite. For
E in B} we define M(E) by

M(E) = M(E, w) = f ¢-dB(f) + lim f f o, NG ) — w0,
(t,u) n)

E (0) n—o
where
En)={(t,u) EE;n' < |u| <n}, n=12---,
E(0) = {t; (¢, 0) € E}
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and the integral based on dB(¢) is the Wiener integral [1, IX, 2].

It is to be noted that N(E), AB(I) and M(E) belong to Hx for E and I
fixed. Also the expectation of M(E) is 0.

3. Definition of multiple Wiener integral based on dM. Let M(E, w),
EEB?, be the independent random measure defined in §2. We can easily
verify the following properties:

3.1) (M(Ey), M(E;)) = u(E; N Ey),
(3.1) | M(E)||2 = w(E),
3.2) (M(E), 1) = 0.

In this section we shall make use of the following property of u:

Continuity: For every EC B} and every €>0, there exists a finite sub-
division of E: E=E\\JE,\J - - - UE, such that u(E;) <e¢, 1<i<n.

Let 77 be the product measure space [7(Bj, u) ]? and let L2 be the L2-space
over w?. We shall denote points of w by £=(¢, u), &= (', w'), £&:= (i, u.), etc.
For any fE L} we shall define the symmetrized function f of f to be

- 1
(3.3) f(&, sy k) = ;’"' gf(&(l)y ceey )
where (€) =(e(1), - - -, €(p)) runs over all arrangements of (1, 2, - - -, p).
It is clear that f(&, - - -, &) is symmetric in (£, - - -, &,) if and only if it

coincides with f. f is symmetric. We have also
(3.4) 17l < 1Al |l || being the norm in L.

Let C, denote the class of all functions of the form:

(3.5) cp(bry &2y - 0+, Ep) = x(&1, En)x(&2y Es) - - - x(&p, Ep)

where E;,1=1,2, - - -, p, are disjoint sets in B¥ and x (£, E) denotes the char-
acteristic function of the set E. Let S, denote the class of all linear combina-
tions of functions in C,. The continuity of u implies that .S, is dense in L2
[4, Theorem 2.1].

Now we shall define the multiple Wiener integral of the pth degree based
on the independent random measure M and denote it by

IR EOEY f f - E)AM@E) - - - AM(E).

We define
3.7 I,(cp) = M(Ey) -+ - M(Ey)

for the ¢, of (3.5), then I,(s) for s in S, by linearity and finally I,(f) for f in
L? by continuity. For convenience of notation we shall denote by Lj the com-
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plex number field (one-dimensional Hilbert space) and define Io(c)=c if
¢EL;. In exactly the same way as in the case of normal random measure [4]
we can show that the definition is possible and that the following theorem
holds.

THEOREM 1.
(I.1) I(f) = I,(f),
(I.2) Ip(af + bg) = al(f) + bI,(g),
(1.3) (TN, 1,(8) = 2!, ),
(1.3) Il = vl = o i,
(I.4) (Ip(f), I1,(8)) = 0 (¢ # 9.

4. Completeness of multiple Wiener integrals. Let L2 denote the class of
all symmetric functions in L. L} is clearly a closed linear manifold of L2
By (I.1) in Theorem 1 we see that the image of L. by I, coincides with that
of L2, which we shall denote by HY. Since the mapping:

4.1) Vp:zi S fr— (pH)7V2L(f,) € Hx

is isometric by (1.3"), HY is a closed linear manifold of Hy isomorphic with
L2 by V,. By (1.4) we see that the HY, p=0, 1, 2, - - - , are orthogonal to
each other.

We shall establish the following theorem which implies the completeness
of {Ip(jp);.fpezi’ P=0r 17 27 ct }

THEOREM 2.

()
Hx = > ® Hx (X @ means ‘direct sum’).

P20
Proof. 1°. We shall first prove the following lemma.

LEmMA 1. All the elements of the following form constitute a fundamental
set in Hx:

(4.2) N(E)? + -+ N(En)PAB(I)@ « - - AB(I,) %,
where m, n=1,2, - - -, p;, ¢;=0,1,2, - - - and {E,} and {I,} are each dis-
joint.

Proof(®). It is clear that an element of the form (4.2) belongs to Hx, since
it has a finite norm. By the definition of Hx we can easily see that the totality
of the elements of Hy of the following form constitute a fundamental set in
HX :

 The author owes this proof to I. E. Segal who has established a more general fact in his
paper [9].
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(4.3) YV = f(AX(Iy), - - -, AX(T.),

wheren=1,2, - - -, {I;} are disjoint and f is a bounded continuous function.
By the expression of (2.5), AX(I]) is the limit of linear combinations of
{N(E)} and {AB(I)}. Therefore the elements of the following form also
constitute a fundamental set in Hy:

(4'4) Z = f(N(El)v Tty N(Em)v AB(II)’ c e :AB(In))

where the E; are pairwise disjoint, the I; are also pairwise disjoint and f is
a bounded continuous function.

Let M=IM(E,, - -+, Em, I, - - -, I,) be the closed linear manifold
spanned by the polynomials in N(E,), - - -, N(En), AB(L), - - -, AB(I,).
To prove the lemma it is enough to show that Z in (4.4) belongs to . We
put

Z=U + V= g(N(El)v Tty AB(In)) + h(N(El)v Sty AB(In))

where UEM, VLI, and both g and & are Baire functions. It is enough to
show V'=0. To avoid trivial complications we consider the case that m =n=1.
It is sufficient to derive k(N (E), AB(I)) =0 for almost all w from the following
conditions:

(45) (h(N(E), AB(I)), N(E)”AB(I)q) = 0’ »aq= 01 1» 2’ R

We denote by ¢, and o respectively the distribution of N(E) (Poisson dis-
tribution) and that of AB(I) (normal distribution). Then (4.5) can be written
as

(4.5) ff h(x, v)xPy%da (x)doa(y) = O.
But we have

ff eltzl+layl | h(x, y) | dal(x)daz(y)

= < f f | 2(x, ) I’dal(x)daz(y))m< f f ez'"""2"”'do’l(x)dag(y))llz

= || k(N (E), B(I))”(feumdal(x)fezwldaz(y)y/z

< o,
Therefore (4.5") will imply

ff h(x, y)eitztanda (x)das(y) = 0, — o </{, 5 < o,
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Thus we have k(x, ) =0 for almost all (x, ¥) with respect to the measure
doy(x)do(y), that is, A(N(E), AB(I)) =0 for almost all w.

2°. LEMMA 2. The elements of the following form constitute a fundamental
set in Hx:

(4.6) Y = N(E) - - N(Ex)AB(I)) - - - AB(I.),
where the E; are pairwise disjoint and the I; are also pairwise disjoint.

Proof. Making use of the fact that the independence of X and Y implies
| X Y|l =1X]|-|| ]I, we can easily see the following fact:

(*) Let {X;, Xz -+ -} and { V3, Y2 - - -} be two independent sequences
of random variables. If X,—X and V,—Y in L%*Q), then X,¥,—XY in
L2(Q).

Let N denote the closed linear manifold in Hx spanned by the elements
of the form N(E,)N(E;) : - - N(En) with pairwise disjoint E; and let B be
the closed linear manifold spanned by the elements of the form AB(I;)AB(I3)
-+ « AB(I,) with pairwise disjoint I;. By the above remark (*) it is enough
to show that )

4.7 N(E)»N(Eg? -+ N(En)™ E N
and
(4.8) AB(I,)©AB(I;)% - - - AB(I,)" € B

whenever the E; or the I; are disjoint. (4.8) was proved in [4, Theorem 4.2].
It remains to prove (4.7). Consider a subdivision {F;}, 1=1,:.- s, of

{E;}, i=1, - - -, m, so fine that »(F;) <Min (¢/v(E), 1) where ¢>0 and

E=FRUFR\ . .. UF,. Then we have the following expression:

N = N(E)?N(Ey)?* - - - N(Ep)?m = E NFiqy) -+« N(Figy)ir

with (1) <i(2) < - - - <i(r).
Since N(F;) takes only non-negative integral values, we have
Nz 3 NF:u»)NFi) -+ NFin) = N.E N,
and also
P(N = N) =P(N(F;) = 2 for some 1)

8

S2EPINF)22) = 2 wF)<e
=1 tmml
Therefore N—N in probability as e—0. Thus we can choose a sequence
e(n) (—0) such that N.s,—N almost everywhere in w. Further we have
0=N¢m =N and NEL2?(Q). Therefore we have ”Ng(,.) ——NH——>0 and so NEN.
3°. Now we shall deduce Theorem 2 from Lemma 2. It is enough to show
that YV in (4.6) is expressible as
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(4.9) V = L(fo) + Ii(f) + -+ - + Tngn(frngn)-
Using the notation in §3, we set

f(fl) Tty Efm Em«l—ly ety Em—{»n)

-1

-1
= U, * Un

U—”XEl(El) co xe E)xnEmtr) 0 Ximgn(Emtn),

where x; denote the characteristic function of the interval IX {0} (in the
plane 7) and &;=(¢;, u;). Then we have

Inin(f) = (N(Ey) — v(Ey)) - - - (N(Em) — »(En))AB(I) - - - AB(I,)
= N(Ey) - - - N(Ex)AB(I,) - - - AB(I.) + R,

where R is a linear combination of the elements of the form:
N(E;qy) -+ - N(Eiy)AB(IY) - - - AB(1,), P <m,

and R=0 in case m =0. Therefore we obtain (4.9) by induction on m. Thus
our theorem is completely proved.
5. Spectral type of { T.}. In the last section we proved that

(5.1) Hy = Y @ Hy

P20

and that each H¥ is isomorphic to L by V,. Now we shall investigate the
behavior of the group of unitary transformations U, on Hx derived from the
shift transformations T, of the process X (¢, w).

Let U® be the restriction of U, to H?. Then we have

LemMA 1. U? is a unitary operator on HY which is transformed by V, into
the following unitary operator S on IL2.

=(P)

(52) Sf j(tlyuh"'ytpyup)=f(tl_7';u1v"'tp_7',up): fez:

Corresponding to the decomposition (5.1), we have

(5.3) Uu.= S e Ul
p=0
Proof. By the same expression as in (5.2) we shall define a unitary opera-
tor S® on L2. It is clear that S is an extension of $%. Then we have
®

(5.4) I(S. f) = U.I(f).
This is clear by the definition if f has the form (3.5), and so it holds also if

fEL2, because both sides of (5.4) are bounded and linear in f.
Since U, transforms HY onto HY by (5.4), the restriction U® of U, to
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HY is a unitary operator on HY. By (5.4) and the definition of V, and
S® we have
u® = v,57v,.

Thus we can easily verify (5.3), since U, is a unitary operator on Hx.

Lemma 1 reduces the investigation of {U,} to that of {$?}. §? is only
the identity operator on L}, which is a one-dimensional Hilbert space. We
consider $%, p = 1. We shall introduce two transformation groups, { (7-)} and
{(e }, on the 2p-dimensional space w7 as follows:

(T)(tl, U, tz, Ugy * * * ,tp, up) = (tl - T, U, to — T, Ugy * * * ,tp -, u,,),
(€)(bry wny Loy Uz, = = =y bpy 1p) = (beqyy Bequys be@yy Beq@y * * * y bends Ye(m),s
_where 7 is a real number and e= {€(1), €(2), - - -, €(p)} is an arrangement of
{1,2’...,1,}.

To make it easier to see how these transformations act on w7, we shall
consider the following coordinate transformation:

(tly Ui, t2, oy * 0, tp) up)

—)(t;s% "‘1sp—lyuly""up) =(tvv)yV€R2p_l

which is defined by

1

(5.5) t=;(tl+t2+"'+tp);

(5.6) si= D aiil 1=1,2,--+,p—1,
j=1

where (aij; 1S15p—1, 1 £j=<p) is a certain real matrix satisfying

5.7 2 i =0, 1<i<p—1,
7
p -+ 1/p
(5.8) R
pin - dpry

By (5.8) we have

dtidu' (1) - - - dtydu’ (up) = dtdsy - - - dsp_adp’(w1) -+ - dp'(up) = dtd,(v)
where
ANp(v) = dsy « + « dspadp’(wy) + - - du' (up).
Since ¢ is symmetric in (4, - - -, ¢,), the transformation (¢) will leave ¢

invariant, and we have
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(O v) = (& (),

where (&) is defined as follows. Given ¢t and v=_(s1, * * *, Sp_1, %1, * * *, Up),
let (#, t2, - - -, tp) be the solution of (5.5) and (5.6) and set
(G)V = (S;r e »s;—lv Uy - - vup)r S:’ = Zaiitf(i)» i=1---, p— 1.

It follows from (5.7) and (5.8) that (&)v is quite independent of ¢, so that
we may consider (€)v to be a transformation on v.
Since the transformation (7) will leave s; and accordingly v invariant by
(5.7), we have
@ v) =0+ 7 v).

As the transformation (e) preserves the measure df; - - - dt,du’(u1) -
du’'(u,), we have

dtdr,((€)v) = dtdx,(v) i.e. AN, ((€)v) = dhp(v).

Hereafter we shall consider the functions in L} with respect to these new
coordinates (£, v). Then we see that the condition

1@, @v) = f(t, v)

is necessary and sufficient for f to belong to L2. -

We consider the L?-space over the measure space (R?*~!, d\,) which will
be denoted by .Cz,_l The totality of the functions in -C.zr 1 invariant under
the group {(e)} constitutes a closed linear manifold in .(3,_,, say _Cf_,,,_l Ex-
cluding the trivial case that X (¢, w) yt+a, the measure d\, is not identically
zero for p=1, 2, , so that ,Cz,, . is at least one-dimensional. In addltlon
to this, the d1mensxon of ,,("2,, 1 is at most countable. Let ¢,,.(V), i=1, 2, .
be a complete orthonormal system in _&p 1. Then f(t, v)E L2 is expressed as
a sum of orthogonal components:

S ) = 22 faO)pa(v), fa()) € LARY)

and we have

e willr = 21702

=(?)

SN V) = ft+ 1) = X[t + 1)p(v).

Thus L2 is the direct sum of at most a countable number (>0) of subspaces
which reduce {5®} and on each of which 5 acts just as the unitary trans-
formation f(¢)—f(¢+7) does on L*(RY).

Summing up the above arguments we obtain the following

FUNDAMENTAL THEOREM. Except for the trivial case X (t, w) =vyt+oa, Hx is
isomorphic to the direct sum of the complex number field C (one-dimensional
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Hilbert space) and a countable number of Hilbert spaces, each isomorphic to
L2(RY), i.e.

Hy=~=C® L*R) ® L(RY) 4+ - - -,
in such a way that this isomorphism transforms U, into the following operator:
(1)7:(67 fl(t)’ f2(t), ttt ) - (61 fl(t + T)’ f2(t + T)) c )-

In other words, {U,} has spectra [2] of multiplicity one over the unitary
measure and of uniform multiplicity 8y over the ordinary Lebesgue measure
and only these spectra.
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