ON ASSOCIATIVE PRODUCTS OF GROUPS(})

BY
RUTH REBEKKA STRUIK

1. Introduction(?). A. G. Kurosh [1, p. 323] has formulated the following
problem: The free and the direct product of a set of groups are algebraic
operations on these groups which have the following properties:

(a) the operations are commutative;

(b) the operations are associative;

(c) the product contains subgroups which generate the product;

(d) these subgroups are isomorphic to the original groups;

(e) theintersection of a given one of these subgroups with the normal sub-
groups generated by the rest of these subgroups is the identity. The question
arises, are there any other products, other than the free and the direct prod-
uct, which also have these properties?

The answer to this question is yes. Golovin (see [3]) discovered a de-
numerable number of such products which he called nilpotent products. We
give in this paper another set of such products which include nilpotent
products as a special case. S. Moran [5] has also produced another set of
products which he called verbal products.

To the properties (a) through (e) above, S. MacLane has added

(f) (MacLane’s postulate): if each of these subgroups (in the product) is
replaced by a factor group of the same subgroup, then the resulting group is
the same as the product of the factor groups.

In his paper, Golovin introduced what he called regular products and
fully regular products. Regular products are those products which satisfy
conditions (c) and (e); Golovin showed that they necessarily satisfy (d).
Fully regular products satisfy conditions (a), (b), (c), (d), and (e). Golovin
asks, but does not answer, the question as to whether all regular products are
associative. The answer will be given here in the negative. Verbal products
(which include nilpotent products) satisfy MacLane’s postulate. A fully regu-
lar product which does not satisfy MacLane’s postulate will be given here;
hence MacLane’s postulate is independent of (a) through (e).

Presented to the Society, February 26, 1955; received by the editors March 21, 1955 and,
in revised form, June 7, 1955.

(*) Part of the present paper is contained in the author’s doctoral dissertation in the de-
partment of mathematics at New York University. Professor Wilhelm Magnus suggested the
problem and guided the work to completion; his aid is gratefully acknowledged.

(®) The formulation and significance of the problem given in this introduction are taken
from Golovin’s paper [3].
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In this paper regular products are investigated further, and several non-
associative, commutative products are produced.

The significance of this problem is that its solution may lead to a more
detailed classification of groups; for example, by means of direct products,
all Abelian groups with a finite number of generators can be classified. It
would also be a tool for the creation of new groups or new classes of groups.

The following questions are still open:

(i) Are there any more fully regular products satisfying MacLane’s postu-
late other than those already mentioned here? If so, how can they be classi-
fied?

(ii) How can all regular products be classified? Given a regular product,
how can one decide if it is fully regular?

(iii) Given a group, defined by means of a set of generators and some de-
fining relations, how can one tell whether or not it is a fully regular product
of its subgroups?

In the second section of this paper, definitions and notation are given,
and theorems proved in Golovin's paper are stated. Thus it should be possible
to follow this paper without previous study of Golovin’s work, but obviously
such study would be helpful.

In the third section, theorems needed in the fourth and fifth sections are
proved, and an important theorem due to W. Magnus is stated. Theorem 3.7
is of particular importance, since it is the key identity used to prove that
Golovin’s nilpotent products are a special case of the associative products
given in §5. It is also of intrinsic interest, since it gives a relation between
members of several lower central series of a free product.

In the fourth, fifth and sixth section, the final results are stated and
proved; in the fourth section, the results on nonassociative products; in the
fifth section, the results on associative products. A general method for proving
a large number of regular products nonassociative is given in the second
proof of Theorem 4.8. Notations and conventions are introduced there which
are necessary in understanding the proofs of Theorems 4.9 through 4.11.

In the sixth section MacLane’s postulate is discussed, and a fully regular
product is given which does not satisfy this postulate. The relation between
the work of S. Moran and the results of this paper is summarized.

2. Notations, definitions, and theorems proved elsewhere. The following
notations and definitions will be used throughout:

G = A; means that G is the intersection of the sets (groups) 4.

G=2H means the group G is isomorphic to the group H.

9¢[A4] denotes the normal subgroup of G generated by the set (group) 4.
If there is no confusion, this will be denoted by R[4 ] alone. If H is a sub-
group of G, and both RE[4] and NC[A] are under discussion, then 9t[4]
will refer to NE[4].

«C =A/B means that the group C is the factor group of 4 modulo B.
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G={A., a€E M} means that G is generated by the subsets (subgroups)
A, where the index o runs over the set M. Similarly, G= {A, B, --- } means
that G is generated by 4, B, - - -.

G= J]aeu A means that G is the product of its normal divisors 44; how-
ever, one of the 4, may not be normal. Similarly G=A4-B-C means that G
is the product of its subgroups 4, B, C, two of which are normal.

G=]l.ex *4. means that G is the free product of the A,. Similarly
G=A + B+ (C means G is the free product of 4, B, and C.

G= ]laeu XA« means that G is the direct product of the groups Aa.
Similarly G=A4 XBXC means that G is the direct product of the groups
A, B, and C.

(x, ¥) =x~1y~xy denotes the commutator of the group elements, x, y.

(4, B) denotes the group generated by (a, b) for all a& 4 and bEB.

°A=A4,%*4 =(*14, 4), where k is a non-negative integer.

oA e=N[4], v4d¢=(de, G). This is known as the lower central series
determined by A. If there is no danger of confusion, (4 will be used. If H
is a subgroup of G and both ;Ax and ;4 ¢ are under discussion, then ;4 will
refer to x4 ¢.

G= Jleenm 0 A.is a regular product of the groups 4, if

(@) G={4., acM};

(b) 4NN [B.]=1, where B.= {43, B=a, BEM} and 1 is the identity
element of G.

Fully regular products are regular products which are associative and com-
mutative. This means that if 4 o B is a fully regular product of 4 and B,
then 4 o BB o 4 under the obvious mapping. If any three groups 4, B,
and C are given, then (4 o B) o C=24 o (B o C) under the obvious mapping
(of A—>A, B—B, C—C). A(k)B is the kth nilpotent product of A and B if

A(R)B = (4+B)/x(A4, B)4+s.

A free associative ring, R, with generators x1, - - -, x, over the integers
is a ring generated by the x; and the integers with the following properties:

(i) all the usual ring operations hold except that multiplication is non-
commutative;

(ii) the integers commute with every element;

(iii) no other relations hold between elements of the ring other than (i)
and (ii);

(iv) a typical element of R is a finite or infinite sum of the form

4 Do nan, o, Umi 1y Gay ) Om) TerToay =+ Ko

where n, a;, a; and n(ay, 0z, * + +, Qp; a1, az, - - -, an) are integers (1 Sa; <7),
and the summation extends over all possible combinations. Questions of con-
vergence do not enter here, since the summation is purely formal.

In a free associative ring R, [x, y]=xy—yx.
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G n; m will refer to a theorem or identity proved by Golovin (see [3]) in
chapter n, section m of his paper. For example, G I; 3.1 will refer to Chapter
I, §3.1. n.m will refer to the mth theorem proved in §z of this paper.

M1 will refer to a theorem proved by Magnus.

The following theorems and identities are stated by Golovin in his paper.
Not all of them are original with Golovin. Many are proved in his paper.

GI;211 (x,y)=(y, x)" L

G 1; 212 (xy, 2)=y""(x, 2)y(», 2) =(x, 2)((x, 2), ¥) (7, 2).

G I; 213 (x, y2) =(x, 2)z7'(x, y)2=(x, 2)(2, (¥, x))(x, ¥).

GI;23 (4,B)=(B, 4).

G 1;2.4.1 If A is a subgroup of G, then (G, A)<A if and only if 4 is
normal.

G1;24.2 If A<B and C=D, then (4, C)=(B, D).

G1;243 (4, B)sR[4A]"\R[B].

G1;245 R[4, B)]=(N[4], R[B)), and the inequality may hold.

GI;3.1 1fG=zA,B},then (4, By=%[(4, B)]=[4], R[B)).

G 1;3.5 If G={A4, B}, then (G, 4)=(4, A)(4, B).

G I;3.6 If Nis normal in G, and 4 is an arbitrary subgroup of G, and
S4 is a system of generators of 4, then (N, 4) =(N, Sa4).

G 1;4.3 If N and M, are normal subgroups of a group G, and 4 is an
arbitrary subgroup, then

(A- HM N) = (4, N) H (Ma, N).

G 1;4.8 If A, B, and C are normal subgroups of G, then
((4, B), C) = ((B,C), 4)((C, 4), B).
G I; 5.3 If A, are arbitrary subgroups of G, then
mida} = ]I nda, m=0,1,2,---.

G I; 5.4 If A is any subgroup of G, then ("G, A) =4, m=1,2, - - -.

GII;1.2 Let G= {A.,, aEM}, where M is an ordered set. Then G is a
regular product of the 4. if and only if every element g of G can be written
in the form

£ = Galay ' * * Caylhy

where 6a;EAq;, ¥EM[4.]) = {(R[4a], R[4s]), @B}, and s1<a< - - -
<a,. The a., are unique up to factors equal to 1 (the identity of the group(s)).

G 1I;1.14 If G=A + B, then (4, B) is a free group generated by (a, b),
aEA, bEB.

G II; 5.7 All nilpotent products of groups are fully regular products.

G 11; 6.3 If G=A(k)B, and 4 and B are finite, then G is finite.
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3. Preliminary theorems. In this section, we prove theorems needed in
§84 and 5. Theorem 3.3 (for which Theorems 3.1 and 3.2 are needed) is a key
theorem in proving the associativity of the products introduced in §5. Theo-
rems 3.4, 3.5, and 3.6 are needed to prove Theorem 3.7 whose significance is
mentioned in §1. Theorem M1, proved by W. Magnus, and Theorem 3.8 are
the heart of a general method used in §4 to prove that a large number of
products are not associative.

THEOREM 3.1. Let P and Q be subgroups of the group G. Then (P, ;Q)
= ,-+,¢+1Pﬂ.~+,-+1Q, and n particular (,P, ,G) = ,'+j+1P.

(Comment. This is a generalization of G I; 5.4.)
Proof. This follows almost immediately from G I; 5.4, for since ;,G=1G,

P, G) = ina(iP) = i P;
GP, Q) £ (P, G) S iyinP. (Use is made of G I; 2.4.2.)
Similarly, (;P, ;Q) = i;110. q.e.d.

THEOREM 3.2. Let P and Q be arbitrary subgroups of a group G, and M and
N normal subgroups of G. Then

(PN, QM) = R[(P, Q)(P, M)(Q, N)] (N, M).

Comment. Note that (N, M) is normal since N and M are.

Proof. (PN, QM) is generated by (pn, gm) where pEP, ¢€Q, nEN,
m& M. This is where normality of N and M are used. Using G I; 2.1.3 and
G I; 2.1.2, we have

(pn, gm) = (pn, mym=(pn, ym = [n=2(p, m)n](n, m) [m=2[n=2(p, g)n](n, gm].
Since N[(P, Q)(P, M)(Q, N)](N, M) is normal, the proof is finished.
THEOREM 3.3. Let F=G + H, and let P be a subgroup of G; then
#Pr £ xPe(G M :H), k=0,1,---,

Proof. The proof is by induction on k.

k=0: We have toshow that R[P] < N¢[P|(R[H]R[G]). R[P] is gener-
ated by elements of the form f~1pf, where fE F, p € P. Since free products are
regular, by G II; 1.2, every element of ‘F can be written in the form f=ghu,
where gE€G, h€H and uE (G, H). f-1pf =p(p, ) ENC[P](P, F). Therefore,
we want to show that (p, ghu) ENC[P](N[H]NN[G]) for all gEG, hEH,
uE(G, H). (p, 9 EN®[P] by G I; 24.3. (p, h) E(G, H) SR[G]INR[H] by
G I; 2.4.3. Similarly by also using G I; 3.1, (p, ») ER[GINR[H]. Using G I;
2.1.3,

(9, gh) = (p, W(&, (& ) (B, ),
(b, ghu) = (p, w)(w, (gh, p))(p, gh).
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Since (hr (gv P))E(H, G) and (uv (ghn P))EI(G’ H)é(Go H)ém[G]mm[H]v
we have proved the theorem for £ =0.

Suppose true for k—1. ;P = (1P, F). By G 1I; 1.2, we have to show that
(r, ghu) ExPe(cHM:G) for all r &4 P <G, g, b, u as above. By induction,
r =41pn, where r1pEx1Pg, nE41GMNxH. Using G I; 2.1.2, and Theorem
3.1, (r, g) = (k-1pm, g) = (ka1p, &) (12, £), ) (n, g) ExPa- (G, k- H) - k1 H, G)
=i+Pe(:HMNG), where use has also been made of the fact that z,U=,U for
any subgroup U. Similarly, (r, ) € (G, H) Z:GNH; (r, 4)E (km1G, oH)
SN[G]NN[H]. Using G I; 2.1.3, we obtain

(r, gh) = (r, B)(h, (g 1)(r, g)
and
(r, ghu) = (r, w)(u, (gh, 1))(r, gh).
But (&, (g, 1) E(H, +G) £xGMNiH and (u, (gh, 1)) E(oH, G) £:GN:H. q.e.d.

TuEOREM 3.4. If G={A4, B}, then (*R[4], N[B])<:(4, B).

Comment. This is similar to G II; 4.5.

Proof. The proof is by induction on k. For k=0, use G I; 3.1: °R[4],
N[B])=N[4], R[B])=0(4, B). Suppose true for k—1; then using G I; 4.8,
the induction hypothesis, G I; 3.1, and Theorem 3.1, and various definitions,

(4], R[B]) = ((*R[4], R[4]), R[B])
S (([4], m[B]), R[4 D(R[4], R[B]), *R[4])
= (»1(4, B),G)((4, B), *'G) = «(4, B). g.ed.

THEOREM 3.5. If R, S, T, and S+ T are subgroups of G, then
RN[(R, S+ T)] = RU(R, S)(R, T)] = ®[R], RIS]) RN[R], R[T]

Proof. The inequality follows from G I; 2.4.5. R[(R, S*T)]2N[(R, S)
(R, T)] = Vis trivial. The opposite inequality is proved by induction on the
length of an element in S+ T. (r, 5), (r, ) EV for all rER, s&S, t&T, obvi-
ously. Suppose u is an element of S+ T of length ». Then by G1I; 2.1.3,
(r, us) =(r, s)s~1(r, u)s which € V by induction and the normality of V. Sim-
ilarly (r, ut) E V. q.e.d.

THEOREM 3.6. Let G=A» B, then A <*R[A]ia(4, B), k=0, 1, - - -,
where _1(4, B) =1.

Proof. The proof is by induction. For k=0, A =N[4]="N[4]. For
k=1,14=(4, G)=(4, A)(4, B)<N[A]o(4, B), where G I; 3.5 and some
definitions have been used. Suppose true for k; then using the induction
hypothesis, G I; 4.3, Theorem 3.5, Theorem 3.4, and various definitions, we
have
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wid = (:4,G) < (M[4]:ea(4, B),G) = (MR[A], A+ B)(r_1(4, B),G)
< (R[AL R[ADCN[A], R[B)i(4, B) < *N[4] (4, B).
THEOREM 3.7. Let G=A « B, then (4, B) = [ minet (mA, 2B) =(o4, +B)
(OBy kA)'

Proof. To prove the first equality, we show (i) x(4, B) £ [ minet (nd, 2B)
and then (ii) x(4, B) 2 (n4, +B) for m+n==k.

(i) The proof is by.induction on k. For =0, G I; 3.1 suffices. Suppose true
for k. Then using the induction hypothesis, G I; 4.3, G I, 4.8, and various
definitions, we have

w14, B) = ({4, B),G) < ( IIk<,.A,,.B),G) = I (456
M= m4-n=

But
((mAy nB)r G) é ((mAy G)y nB)((nB’ G)’ MA) = (m+1A, »B)(n-i-lBy mA)'

This proves (i). To prove (ii), use induction on k. For 2=0, G I; 3.1 suffices.
Suppose true for k, and let m+n=*k-+1. Then by using G I; 4.8, the induction
hypothesis and various definitions, we have

(nd, nB) = ((m-14,G), nB) = (m-14, (G, 4B))((m-14, »B),G)
£ (m-14, 2+1B)(m4n-1(4, B),G) = (n-14, 241B)r11(4, B).

By repeating this as many times as is necessary, we obtain

(nd, aB) = (o4, #+1B) - x41(4, B),
and similarly,

(nd, nB) = (k414, ¢B)rs1(4, B).
Now, using Theorem 3.6, G I; 4.3, and Theorem 3.4, we obtain

(k114, oB) £ (F'R[4]-4(4, B), R[B])
= (*R[A],R[B]) (x4, B), R[B]) < rn(4, B).

This proves the first equality. To prove the second equality, it is sufficient to
show that for 221, x(4, B) = (o4, :B)(:4, oB) in view of the inequalities
proved in the first part of the proof. But :4=(---(4, G),---, G)

z(---(4, B), G), - - -, G)=r1(4, B). Therefore, since all groups con-
sidered are normal, with the use of Theorem 3.5,

(x4, 0B) (o4, B) Z (+-1(4, B), R[B)®R[4], »-1(4, B))
= (k_l(A, B), A B) = k(A, B) q.e.d.
The following theorem was proved by Magnus (see [4]).
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MI. Let F be a free group with generators ai, as, - - -, @,; let R be a free
associative ring over the integers with generators xi, %, - - -, x,. Let a;
correspond to 14x; and ai?! correspond to D ;> (—1)ix]. Then to each bEF
corresponds a unique series of the form

1+ 2 Pi(x)
j=1
where P;(x;) is a polynomial of degree j in the x;. (Here xx: is considered a
polynomial of degree two.) Then the image of F in R is a faithful representa-
tion of F. Let Z,=F, Zy=(Zx_1, F). Let D; be the set of all & F such that b
corresponds to a polynomial of the form 14 Zf;k Pj;(x;), i.e., P;j(x;) =0 for
all j<k. Then Zi,=D;. For convenience, we shall write (in the future)

b=1+ D P;i(x)).

THEOREM 3.8. The following identities given here can be proved by direct
computation. Let p, q be elements of a free group, and u,, vi, w;, t; elements of
degree i of a free associative ring over the integers. Then using the correspondence
set up in Theorem MI, let

p=14+wmtuwt+u+- -,

g=1l+n+vnt+o+---,
pr=14+w+w+w+---,
gl'=14+tu+t+b6+ -

then
#1 4+ w, =0, v+ 4 =0,
u2+w2—u:=0, vz+tz—‘1)§=0,
%z + ws + waWe — Usthy = Uz + w3 — Wty + wouy = 0,
vy + fs + vils — Va1 = v3 + f3 — v + Ly = 05

and

(@) (B @ =1+ [wy, 0] + ([wr, va] + [2, 0] + (w1 + 0) [or, wa]) + - - -
If p=14utuinn+ - - -, ¢g=14+o1+v.+ - - - where k=2, then

(b) (6, =14 [ur, ] + - -
and
(c) g =00, Q) =1+ we + (g + [ur, m]) + - -

If p=14ustus+ - - -, q=1+v2+vs+ - - -, then
@ (3, Q) = 1+ [u2, 9] + ([ue2, v3] + [wg, 02]) + - -
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4. Nonassociative products. In this section, several regular products will
be defined and proved to be nonassociative.

In his paper Golovin asked, but did not answer, the following question:
“Are all regular products associative?” An almost trivial example given in
Theorem 4.1 shows that they are not. However, this product is not com-
mutative, and the question arises, are all commutative regular products
associative? Theorem 4.2 gives the answer in the negative.

Theorems 4.3 through 4.8 give proofs of the nonassociativity of some
commutative regular products. Each of these proofs is a special one, using a
method probably not applicable to other nonassociative products. Starting
with Theorem 4.8, a method is used which is due to W. Magnus, using Theo-
rem M1 on the relations between commutator subgroups of a free group and
elements of a free associative ring. This method is used to prove the non-
associativity of a large number of commutative, regular products, and is
probably applicable to others not mentioned here.

Two proofs are given for Theorem 4.8, the second of which explains and
utilizes the method due to Magnus. Notations and conventions will be intro-
duced there which are used in the proofs of Theorems 4.9 through 4.11.

THEOREM 4.1. Let A o B=A « B/(M[(4, A)], R[B]). Then o is a regular,
noncommutative, nonassociative operation.

Proof. o is regular because (N[(4, 4)], R[B])<(N[4], R[B]) and G II;
1.2. Let A be Abelian, and B non-Abelian. Then 4 o B=4 « B, while ((b, %’),
a), b, b’ €B, aE€ A is a nontrivial element of 4 » B which is mapped onto 1 in
BoA. Thus o is not commutative. Let 4, B be Abelian groups. Then
Ao (BoC)=A4+Bx+C, while ((a, b), ¢), aEA4, bEB, ¢&C is a nontrivial
element of 4 « B « C mapped onto 1 in (4 o B) o C. G II; 1.14 has been used.
q.ed.

The question arises, are all commutative, regular products associative?
Here again, the answer is no.

THEOREM 4.2. Let A o B=A » B/N[((4, 4), (B, B))]; then o is a commuta-
tive, nonassociative, regular operation.

Proof. o is regular by G II; 1.2. It is commutative because of the sym-
metry of the kernel. Let 4 be non-Abelian, B and C Abelian. Then (4 0 B) o C
=A +Bx*C. But ((a, a'), (b, ¢)), a,a’ €A, bEB, ¢&C is a nontrivial element
of 4 + B » C which is mapped onto one in 4 o (Bo C). G II; 1.14 has again
been used. q.e.d.

Comment. The same proof shows that Ao B=A4 » B/(M[(4,4) N, [(B,B)])
is a commutative, nonassociative, regular product.

In the rest of this section more commutative, regular products will be
defined and proved nonassociative. A summary of these products is given on
p. 34.
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TuEOREM 4.3. Let Ao B=A+B/((4, B), (4, B)). Then o is not associa-
tive.

Proof. Let H=A o0 B, ac A, bEB, ¢&C, k&€ H. Obviously, u=((a, b),
(@, ¢)=1 in Ao (BoC). It will be shown that ##1 in (4o B)oC.
(AoB)oC=H+C/((H, C), (H, C)). According to GII; 1.14, (H, C) is
freely generated by (k, ¢) for all kREH, c&C. By the definition of Ho C,
(H, C) in Ho Cis an Abelian group, the direct product of the infinite cyclic
groups generated by (k, ¢). Order the (&, ¢)’s. Then every element of (H, C)
in H o C can be uniquely expressed as a product of the form

(hy, €)% (ha, €2)°2 + + + (hny Ca)®, ks € H, ¢; € C, a; integers,
(hi, ¢;) &= (hj, ¢c;) if ©7# 3.
All such expressions are distinct from 1 unless all factors equal 1. Now
% = ((a, b), (a, 0)) = ((a, b), ¢)(a(a, b), )7X(a, )

as can be verified by applying G I; 2.1.1 and G I; 2.1.3 to (¢, a(a, b)). Thus
u#1in Ho C=(4o0B)o (. q.ed.

Comment. Another variation of this proof is to consider ((H, C), (H, C))
as a subgroup of (H, C) in H+C. Using GI; 3.1, GI; 3.6 and G II; 1.14,
((H, C), (H, C)) is generated by elements of the form

((hlr Cl) tte (hk’ Ck), (h) C)), hir h e Hy Ciy C e C-

Thus in every element of ((H, C), (H, C)) appears an even number of factors
of the form (&, ¢), since any cancellations will occur in pairs. But as shown
above, the expansion of % as an element of (H, C) in H » C has three factors,
an odd number. The method using free associative rings which will be used
later is also successful for proving Theorem 4.3. (See Theorem 4.10.)

THEOREM 4.4. Let A o B=A + B/P, where P=N[{x? xE(4, B)}]. Then

o is not associative.

Proof. Let A={a}, B={b}, C={c} and a?=b?=c*=1. It will be shown
that the order of (4 o B) o C is 217-3, while the order of 4 o (B o () is 2%7-3.
By G 1I; 1.2, the order of Uo V is the product of the orders of U, V and
(U, V) in Uo V. Accordingly, 4 o B is of order 8, since by G 1I; 1.14, (4, B)
in A+B is generated by (a, ), and in 40 B, (a, b)?=1. In (40 B)+C,
(4 o B, C) has 7X2=14 generators. A group in which every element is of
order 2 is Abelian, since xyxy =xyyx=1 and hence xy =yx. Hence (4 o B, C)
in (4 o B) o C is the direct product of 14 groups of order 2. Thus the order of
(Ao B)oCis 8-3-214=21.3, Similarly, Bo C is of order 2-3-2?=24, and
the order of 4 o (Bo C) is 2-24-2%=2%.3, q.e.d.

THEOREM 4.5. Let Ao B=A + B/P, P=R[{(a, b)?,aEA4,bEB}]. Theno
1s not associative.
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Proof. (ab, ¢)(ab, c)=11in (4 o B) o C, where aE 4, bEB, c€C. It will be
shown that (ab, ¢)(ab, ¢)##1in Ao (Bo (). Let D=Bo C. Then (4, D) in
A + D is freely generated by (a, d), a& A4, dED, according to G II; 1.14. Thus
(4, D) in A o D is the free product of cyclic groups of order two, each gener-
ated by (a, d). By direct computation,

(ab, c)(ab, c) = (b, a)(a, cb)(b(c, b), a)(a, cb(c, b))(b, c)2in A+ D.
Since (b, ¢)(b, ¢) =1 and (a, d) =(d, a) and (b, ¢) =(¢, b) in A o D, the above
relation becomes
(ab, c)(ab, c) = (a, b)(a, cb)(a, b(c, b))(a, bc) in A o D.
But this is a nontrivial product in the free product (4, D) in 4 o D. q.e.d.

THEOREM 4.6. Let A o B=A+B/P, G=A+B, P=N[{(abad, g), for all
aEA,bEB, g&G}]N(A, B). Then o is not associative.

Proof. To prove this theorem, we shall prove the following: (a) If 4 is
cyclic, and B is the cyclic group of order 2, then (4, B) in 4 o B is cyclic;
in particular, let 4 ={a}, B={b}, a»=b2=1; then (a, b)* = (a*, b) and hence
(a, b)*=1. (b) If A={r}, B={s}, and r¢=s*=1, then 4 0 B=A4 XB, i.e.,
A4 o B degenerates into the direct product of 4 and B.

In the proof of (a) and (b), we shall need the following identities which
can be checked by direct computation: (k, m, p are arbitrary integers)

(1) (Fhsmrtsm, 57) = (s, P (r%, stm) (st 728 (s2t, s7H2m) (spiam, r8) (o, sm43),
(2)  (strmstem, r7) = (rm, s%)(sk, 127) (127, s28) (52, rt2m) (rotem, sk)(sk, rmte),
(3) (rksmrks™, r?) = (s, r®)(rF, s2m)(s2™, rPHE) (r7HE, s™) (5™, 77),
4)  (strmstrm, s7) = (rm, s¥)(sk, r2m)(r2m, sPHR)(sPHE, 7m) (rm, 57).

Let b2=1; then

%) (a*ba*b, b) = (b, a*)(a®*, b)(b, a*),

(6) (ba™ba™, a®) = (a™, b)(b, a®*™)(a™*?, b)(b, a™t?),
@) (ba™ba™, b) = (a™, b)(b, a*™)(a™, b),

8 (a™ba™b, a?) = (b, a™)(a™*?, b)(b, a®).

Note that all the identities are variations of or derivable from (1) and (3).
Proof of (a). Using (8) and the definition of 4 o B, we have

(b, a™)(a™t», b)(b, a?) = 1 in A 0 B,
ie.,
(amt?, b) = (a™, b)(a?, b) for all integers m, p.

In particular, (a? ) =(a, b)? and, by induction,
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(am, b) = (a™ 1, b)(a, b) = (a» o)™,

and hence 1=(a", b) =(a, b)". Inspection of identities (5), (6), (7), and (8),
which are essentially the only identities holding in 4 o B, shows that (a, b)*
=1 only if # divides k. Since by G 11; 1.14, (a*, ), k=1,2, - - -, n—1, gener-
ate (4, B) in 4 » B, (a) is proved.

Proof of (b). In (3),let p+k=4 (r*=1). Then using the definitionof 4 0 B

(s r8)(rk, s2m) (s, r+F) = 1.

Let k=m =2, then
9 (1% s) = (% )2

Let m=k=1,then (s,7)(r, s?)(s,7®) =1. Let m =2, k=1, then (s%,7)(r, 5) (5%, 7?)
=1. From these two equalities in 4 o B, we obtain

(10) (r, ) = (r, sH)(s, 1) = (r, s¥)(r3, s?)
or

(11) (s, %) = (% s?).

In (4) let m=3, k=2, p=1, then

(12) (73, s?)(s% ¥ (3, 5) = 1.
Using (12) and (11),

13) (s% %) = (s, ¥ (s, ) = 1.
Using (9), this gives

(14) (r%s) = 1.

In (2),let m=1, p=2, and use (13), (14) and the fact that 1 and 2 are essen-
tially the only nontrivial values that k can take. We obtain

(15) (r, s¥)(s*, %) = 1.
Let k=1, 2:
(r,s) = (1% 9);  (r,5%) = (% sD).

Combining with (11):

(16) (s,7%) = (s,7) = (r3, s7) = (r, 5.
In (2) let k=p=1, m=2, and use (14):
an (s2, n)(r, 5)(s, 7®) = 1.

From (15) for k=1, and (17), it follows that
(18) (s2, r) = 1.



1956] ON ASSOCIATIVE PRODUCTS OF GROUPS 437

From (16), (18), (13), and (14), it follows that
(ri, s9) =1, 1=1,2,3; i=12.

With G II; 1.14, this suffices to show that (4, B) =1 in 4 o B, which proves
(b).

Proof of theorem. Let A ={a}, B={b}, C={c} and a*=b*=c2=1. Then
by (b), A o B=AXB, i.e., A o B is the cyclic group of order 12 generated by
ab. By (a), (ab, ¢) generates (4 o B, C) in (4 o B) o C, and (ab, ¢)*=((ab)*, c).
In particular, (abab, ¢)=(ab, ¢)?#1 in (4 o0 B)o C. But (abab, ¢)=1 in
Ao (Bo().q.ed.

Theorem 4.7 is essentially a corollary to Theorem 4.6.

THEOREM 4.7. Let AVB=A+B/((4, G), (B, G))-P, where G=A + B,
P=N[{(abab,g),forallacA,bEB, gEG} ]N\(A, B). Then V is not associative.

Proof. Let A, B, C be the same groups as in the proof of Theorem 4.6.
Then D=4 VB=A4 XB, and D is cyclic of order 12. Let D « C=F. Then by
G1I;3.5, (D, F)=(D, D)(D, C)=(D, C) since D is Abelian. Similarly (C, F)
= (D, C). Thus ((D, F), (C, F)) =1 in (4 VB) VC reduces to ((D, C), (D, C))
=1, i.e., (D, C) is Abelian in D VC. But from the proof of Theorem 4.6,
(dede, f) =1, dED, ¢&C, fEF is sufficient to make (D, C) in D VC Abelian.
Hence (4 VB) VC=(4 o B) o C, where o refers to the o of Theorem 4.6, and
thus in (4 VB) VC, (abab, ¢)#1. But (abab, c)=1in A V(B V(). q.e.d.

Comment. In §5, it will be shown that ¥ is associative, where A ¥B
=(4+B)/((4, G), (B, G)), G=A +B (Theorem 5.1, for m=n=1). It was
conjectured that by multiplying the “nonassociative factor” P = { (abab, 2}
by the “associative factor” ((4, G), (B, G)), an associative product might be
produced. Theorem 4.7 shows that this conjecture was mistaken.

THEOREM 4.8. Let Ao B=A «B/((4, B), (G, G)), G=A *B. Then o is not

associative.

Proof. Two proofs will be given here. The first will be a special proof
designed for just this o. The second will be a proof, based on the work of
Magnus given in §3. This second proof is a general method which will be
used to show a large number of products are nonassociative. Both methods
are given here to indicate the superiority of the second method over the first.

First proof. Let A + B+ C=F. Then by the second theorem of isomorphism

A0 (BoC)=AxB«C/N[((B,C), (B+C, B+C))]-(B+C, A), (F,F)) = F/Q,
(AoB)oC==AxB«C/N[((4, B),(A4+B,A+B))]- (4« B,C), (F,F)) = F/P.
Suppose that o is associative. Then Q=P. Let @, a’'EA4, b, ¥’EB, ¢, ¢'&C.
Obviously ((c, b), (a, a’)) EP. Hence ((c, b), (a, a’)) EQ. From considerations

of symmetry it follows that ((b, b’), (a, ¢’)) EQ. Hence ((b, ¥'), (a, a’)) EP.
Let D=A o B. Then ((b, b'), (e, a’))=1mod (D, C), (D+C,DxC))in D+ C.
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Since ((b, ¥'), (a, a’))ED and by G II; 1.2 every element of D C can be
uniquely expressed as dcu, dED, cEC, u& (D, C), ((b, b'), (a, a’))=1in D.
Thus if we can find two groups 4 and B such that ((5, b), (¢,a’))%1in 4 o B,
we have proved the nonassociativity of o. Let M= {a, b} ; N= {c, d} ;
((a, b), a)=((a, b), b)=a?=b%=1; ((c, d), ¢)=((c, d), d)=c?=d?=1. Then
((a, b), (¢, d))#1 in M o N. When this is proved, the nonassociativity of o is
proved: M and N are both non-Abelian groups of order 8. (Note that ((a, b),
a)=(b, a)(b, a) =1.) M=N. The elements of M are a, b, ab, ba, (a, b), babd,
aba, and 1. All elements are of order 2 except ab and ba which are of order 4.
Similar statements hold for V.

By Theorem 3.5, and GI; 4.3 and G I; 3.1, (M, N), (M+N, M+ N))
=((M, N), (M, N))((M, N), R[(M, M)]) (M, N), R[(N, M)]). (M, N),
(M, N))=1in M o N means that (M, N) is Abelian in M o N. Since (M, N)
is finitely generated, this means that (M, N) in M o N is the direct product of
cyclic groups. (a, b) is the only nontrivial element of (M, M). From ((M, N),
(M, M))=1, we obtain (let m&E M, nEN)

((m, n), (a, 8)) = (n, m)(m(a, b), n)(n, (a, b)) =1

or

(1) (m(a, b), n) = (m, n)((a, b), n) forallm & M, n € N.
Similarly from ((M, N), (N, N)) =1, we obtain

(2) (n(e, ), m) = (n, m)((c, d), m) forallm € M, n € N.

It turns out that these are essentially the only relations that hold in (M, N)
in Mo N. For example,

((m, n1), n(a,b)n) =1in MoN,n,mm & N,m& M,
and this gives
((m, 1), (a, b)((a, b), n)) (using G I; 2.1.3)
= ((mr nl)r ((d, b)r "))(”v (d, b))((ma nl)’ (a! b))((ar b)y n) =1
which gives no new relations. The complete verification consists of more
computations of the type just described.
The chart on p. 439 gives the results of (1) and (2). It turns out that

(M, N) is the direct product of nine infinite cyclic groups and seven cyclic
groups of order 2. The elements of order 2 are of the form

((a,8), m) and ((c, d), m).

In particular, ((a, b), (¢, d)) # 1. q.e.d.

Second proof. Let P and Q be the same as in the first proof. We shall
show that ((a, b), (¢, ¢’)) &P, where aE A4, bEB, ¢, ¢ C. Obviously ((a, b),
(¢, ¢)) €EQ. We shall use Theorem MI proved by W. Magnus as stated in §3.
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stista = (9p ‘0q)
stpstm= (9p ‘qoq)
stysst = (9p ‘0qD)
sy=(p ‘(q ‘)
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%= (p'q)
= Qn .Sv

Yen= (2 ‘0q)
n = (2 ‘qnq)
Yen = (2 ‘vqp)
Y=(%(qp))

n=(>e)
=2 q)
n=(2 ‘D)
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Let x, v, 21, 22 be generators of a free associative ring R over the integers.
Let a=1+4x, b=14y, ¢;=1+2; as indicated in Theorem MI, i.e., we shall
assume that A, B are infinite cyclic groups generated by @ and b respectively
and that C= {¢, ¢} is the free product of two infinite cyclic groups. We shall
show that ((a, b), (c1, ¢2)) corresponds to an element which cannot occur in P.
Since our argument will depend only on the literal coefficients of the elements
of R, we shall not write the numerical coefficients. For example, instead of
writing a typical element of 4 as

14+ max+ nex?+ - - -, n; integers,
we shall write a typical element of 4 as
14+z2z4 224 ---.

We first compute the literal coefficients of a typical element of P. We shall
use Theorem 3.8, and it will be sufficient to consider only the first nontrivial
term of each series.

P is the product of N[((4, B), (4 +B, A+B))] and ((4 + B, C), (F, F)),
where F=A4 + B+ C. We shall show that elements of the first factor considered
as elements of R start with polynomials of degree 5, while those of ((4 = B, C),
(F, F)) start with polynomials of degree 4. Thus if we can show that there are
terms in the fourth degree polynomial with which ((a, b), (¢, ¢’)) starts which
do not appear in any fourth degree polynomial corresponding to an element
of ((4+B, C), (F, F)), we have proved the nonassociativity of our product.

N[((4, B), (A+B, A+B))]: Let a typical element of 4 be 14+x+ - - -
and similarly a typical element of B be 14y - - - and a typical element of
A+B be 1+x+y+ - - -. Then using Theorem 3.8(a) and the fact that
[#, #]=0 for any u, we have

14 [«, y] + - - - as a typical element of (4, B),

and
1+ [x, y] + - - - as a typical element of (4+ B, A+ B).

Since [[x, ¥], [x, ¥]]=0, elements of ((4, B), (4 +B, A «B)) start with a
polynomial of degree 5. (Here we have used Theorem 3.8(d).) Use of Theo-
rem 3.8(c) shows that RR[((4, B), (4 +B, 4 » B))] starts with elements of
degree 5.

((4 +B, C), (F, F)): Let typical elements of 4 «B, C, and F be 14+x+y
4+ -, 14242+ --- and 14+x+y+z+2+ - - - respectively. Then
typical elements of (4 « B, C) and (F, F) are

1+ [2,2] + [% 2] + [noa] + [y 2] + - -

and

1+ [%, 2] + [2, 2] + [y 2] + [y 2] + [ 9] + [z 2] + - -
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respectively. Then a typical element from ((4 + B, C), (F, F)) is

14+ [[% 2], [, 22]] + [[= 2], [y, 2:]]
(1) + [[y, 211, [y, 22]] + [[=, 2], [2 y]] + [[= 2], [20 22]]
+ [y, 2], [ 911 + [y 2], [, 2] ] + - - -

where by [x, z;] and [y, 2:] is meant summation over both values of 5 (=1, 2).
For the sake of brevity, we can write (1) as

(2) 1+ [[o, 8], [y, 8]] + - - -

where a=x or y, B=2 or 2, and y>§, and summation is assumed over all
a, 3, v, & which satisfy these conditions.

((a,0), (ecr,ee))ia=1+2x+ -+, b=14+9y+ -+, =142+ --,
@y =1+[xy]+--, (ne)=1+[m2]l+- -,
and
((a,8), (e, ca)) = 1+ [[=, 9], [on, 2] ] + - - -

Consider xyz2; which appears in ((g, b), (c1, ¢2)), and compare it with the
fourth degree polynomial represented in (2). The only terms in which 22,
appears as the last two factors of a fourth degree term, xy does not appear
with it. Remember that elements of a free associative ring do not commute,
so that

[[x, z1], [3, 22]] = (920 — 2:2) (920 — 209) — (322 — 209) (221 — 21%)

has no terms of the form xyzz,. q.e.d.

THEOREM 4.9. Let Ao B=A «B/(N[A], R[4]), (R[B], R[B))). Then o
s not associative.

Proof. The method of free associative rings used in the proof of Theorem
4.8 is used again. By the second law of isomorphism,

(A0 B)oC=AxB+C/R[(N¢[4], Re[4],) N¢[B], R°[B]))]
(R[4~ B], R[4+ B]), ®[c], v[c]) = F/P
and
Ao (BoC) =4« B+C/R[(NE[B], NE[B]), ME[C], NE[C])]
(R[B+C], R[B«C]), R[4], R[4])) = F/0Q,
where F=4+B+C,G=A+B, E=B+C. Let A={a,, ax}, B={b}, C={c},
A being the free product of two infinite cyclic groups, and B and C being in-

finite cyclic groups. Using the method of free associative rings, we shall show
that P is made up of elements which start with polynomials of degree 5, i.e.,
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using Theorem MI, P =< Zg, while ((b, ¢), (a1, a2)) starts with a polynomial of
degree four, i.e., QMZ,#0, and hence P#=Q.

Using the same notation and conventions as in Theorem 4.8, let a;=1+4-x;,
b=141y, c=1+42z. Then from Theorem 3.8(c), it follows that typical elements
from N[4 ], R[B], and N[C] are of the form 1+x+x2+ - - -, 14+y+ - - -,
and 1+4z+4+ - - -, respectively. Using Theorem 3.8(a), elements from
(N¢[B], RG[B]) and (N[C], M[C]) start with polynomials of at least the third
degree. (Remember that [«, #] =0 for any «.) Elements from (R[4 ], R[4])
and (NG[4], N[4]) start with 14 [x;, x|+ ---. Elements from
(R[4 « B], R[4 « B]) start with polynomials of the second degree. Thus, using
Theorem 3.8, all elements from P start with polynomials of the fifth degree.
But ((d, ¢), (a1, a2)) starts with an expansion of the form

1+ [[y' Z], [xl, xz]] + .-
whose first polynomial is of the fourth degree. q.e.d.

THEOREM 4.10. Let Ao B=A+B/i((4, B), (4, B)), k any non-negative
integer. Then o is not assoctative.

Proof. The method of free associative rings is used. Let 4, B, C be infinite
cyclic groups, A = {a}, B= {b}, C= {c}, a=14x,b=14y, c=142. As be-
fore,

(AoB)oC=AxB+C/N[:((4, B), (4, B))e¢] +((4+B,C), (A+B,C)) = F/P
and
Ao (BoC) = AxB«C/N[+((B,C), (B,C)e]-x((B+C, A), (B+C, 4)) = F/Q,
where F=A+B+C,G=A+B, E=Bx*C. Now
(- (e, 0), (B, 0),0),0)y ="+ 0)

obviously €P. We shall show that it is not in Q.

N[:((B, C), (B, C))&]: Using previous notation and conventions, typical
elements from (B, C) have the form 1+ [y, z]+ - - - . Hence elements from
((B, C), (B, C)) start with polynomials of degree 5, and elements from
(B, 0), (B, 0)) start with elements of degree k5.

«((B*C, A), (B+C, A)): Elements from B« C start with polynomials of
the form 1+y+z+ - - -, and elements from (BxC, 4) start with poly-
nomials of the form 1+ [y, x]+ [z, x]+ - - - . Thus elements from ((B = C, 4),
(B+C, A)) start with elements of the form 1+[[y, x], [z, x]]+ - - - ie,
all polynomials of degree 4 have at least two x's in them. Thus all polynomials
of degree k+4 in ,((B+ C, A), (B+C, A)) have at least two x’s in them.

(- ((a, c), @, ¢),c),c), -, c): (a,c) and (b, ¢) have the form
1+4[x, 2]+ - - - and 1+ [y, 2]+ - - - respectively. Hence ((a, ¢), (b, ¢)) has
the form 1+ [[x, 2], [y, 2]]+ - - -, i.e., there is only one x in its polynomials
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of degree 4. This proves the theorem for £=0. For k=1, (- - - ((((a, ¢),
(b, ©)), ©), ¢), - - -, ¢) has the expansion

1+ [ [l 2] [y 2]) 2li2], o8]+

which again has only one x in its polynomials of degree k4.

TuEOREM 4.11. Let Ao B=A4 +B/x((4, G), (B,G)),G=A+B,k21. Then
0 15 not associative.

Note. In §5, it will be shown that this product is associative for k=0.
Therefore, the assumption that =1 is essential.

Proof. The method of free associative rings is used. Let 4 ={ai, as},
B= {b}, C= {c}, a;i=1+4x;,, b=14y, c=1+43, i.e., 4 is the free product of
two infinite cyclic groups and B and C are infinite cyclic. Then F=4 + B+ C,
G=A+B, and E=B+C, (Ao B)o C=A +BxC/P, where P=R[:((4, G),
(B’ G))G]k((A *Br F)r (C’ F))r 4o (B o C)—';—JF/Qv where Q=m[k((3: E):
(C, E))E]k((B* o F)v (Ar F)) u=( o ((((11, b), (az, b))' C), -+, ¢) obvi-
ously is in Q. We show that it is not in P:

N[((4, G), (B, G))¢]: Elements from this group are of the form

(1) L+ f(wiy, ) + - -+

where f(x;, ) is a polynomial of degree k44 in the x; and y. As usual, Theo-
rem 3.8 has been used here.

#((4+B, F), (C, F)): Elements from G, C, and F are of the form
14xi4x+y+ - - -, 1424+ - - -, and 1+x1+x2+y+2z+ - - - respectively.
(A +B, F) is of the form 1+ [a, B]+ - - - where a#f8; a or B==x1, %2, Or ¥;
and summation is assumed over all «, 8 satisfying these conditions. Elements
from (C, F) are of the form 1+ [y, §]+ - - - where y=3; v or § =2; and sum-
mation is assumed over all v, § satisfying these conditions: Thus elements
from ((4 * B, F), (C, F)) are of the form

1+ [[e, B8], [v, 8]]+ - - -, where a, B, v, 8 satisfy the conditions stated
above and summation is assumed over all @, 8, v, § satisfying these conditions.
Elements from ((4 + B, F), (C, F)) are of the form

(2) 14+ [ [[lo 8] [v,8]], ), - -] + - -

where o, 3,7, 6 are as above, and ¢; =x;, ¥, or 2 and summation is assumed over
all @, B3, 7, 9, e satisfying these conditions.
u: ((a1, b), (as, b)) is of the form

1+ [[xlr y]v [xZ’ y]] + e

hence « is of the form

1+ [ e [[[[xl» y]’ [xﬁv y]]r Z], z]: e rz]-

Consider x;yyxsz* which appears in the expansion of . We show that it
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does not appear in any term of the form (2). In every term of (2) at least one
of the following appears as a factor:

) afys, Boys, ofdy, Bady, ~véaB, viBa, dyaB, bvPa.

Now consider (x1yyxs)2z¥, xi1(yyxez)zb=1, x1y(yx222)2*~2, x1yy(x.222)2*3, - - - .
Consider the sets of four factors in the parenthesis of each of these terms. If
X1yyx,2* appears in (2), at least one of the sets of four factors must be of the
form (3). x1yyx: cannot be one of the terms of (3) because all terms of (3)
contain at least one z. yyx»2z cannot be one of the terms of (3) because yy never
appears in (3) as the first two factors since a#f and v 4. Similarly yx;zz
cannot be one of the terms of (3). For the same reason, all other possibilities
are excluded. Hence x,yyx22* never appears as one of the terms of (2). x1yyx.z*
does not appear in any term of (1) because of the presence of z*. Here is where
the assumption £=1 is used. q.e.d.

5. Associative products. In this section, a denumerable number of com-
mutative, regular products will be defined and proved associative. It will be
shown that these products include products that are different from Golovin's
nilpotent products, and that nilpotent products form a special case of these
products. In Theorem 5.1 these products are defined and proved associative.
The heart of the proof lies in Theorem 3.3. The rest of the theorems of this
section “tie up odds and ends,” and Theorem 5.5 generalizes the product of
Theorem 5.1.

THEOREM 5.1. Let Ao B=A «B/(nA4, +B)(x4, »B), where m, n are any
two non-negative integers. Then o is a fully regular product.

Proof. That o is regular follows from G II; 1.2 and the fact that (»4, .B)
(x4, =B) = (4, B). o is commutative since (n4, »B)(z4, »B) is symmetric
with respect to A and B. The only problem is the associativity. Let
F=A+B+«C,G=A+B, E=B+C, then

(AoB)oC=F/P, P = RN[(nd¢, +Ba)N[(x46, nBa)]  (nd * B, .C) (x4 * B, »C)
and
Ao (B OC) =~ F/Q, Q = m[(mBE', nCE) ]SR [(nBE, mCE)]’(mB*Cy nA)(nB*Cy mA)

We want to show that P=(Q. We shall show that Q<P. By symmetry, the
opposite inequality will follow, and hence the equality. N[(mBe, Ck)]
“R[(+Bg, »Ce) | <SP by G I; 2.4.2, and the normality of members of a lower
central series. Using G I; 5.3, G I; 4.3, we obtain

(mBx*C, 24) = (mB-wC, 24) = (mB, 24)(xC, 24),

and similarly

(,.B*C, mA) = (nB) mA)(nC, ,,.A).
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Obviously (mC, n4)(xC, mA)=<P. The problem is to show that (.B, .4)
* (2B, mA) =P. By Theorem 3.3

B = Be(iG M iC)

and similarly for x4. Hence, if we let :GN\;C= N, and use Theorem 3.3 and
Theorem 3.2,

(mBr ﬂA) § (mBG'Nmy nAG'Nn)
é %[(mBg, nA G)(mBG» nc) (mCy nAG) (mC, nG)] é P.
Similarly (,B, »4) = P. q.ed.

THEOREM 5.2. If m=0, and n==Fk, then A o B in Theorem 5.1 is Golovin's
kth nilpotent product.

Proof. Theorem 5.2 follows immediately from Theorem 3.7 and the defini-
tion of nilpotent product.

THEOREM 5.3. If neither m nor n are=0 in Theorem 5.1, then A o B is not
a nilpotent product.

Proof. By G II; 6.3, if A and B are finite, then 4 (k) B is finite. Let 4 = {a} ,
B= {b}, a’=b2=1. We shall show that 4 o B=4 + B in this case, and thus
is infinite. Hence, it cannot be nilpotent. By G II; 1.14 (4, B) in 4 +B
= {(a, b)}, i.e., (4, B) is infinite cyclic, and hence Abelian. Thus ((4, B),
(4, B))=1. Now using G I; 3.5, 4 =(4, G)=(4, B)(4, A)=(4, B). Since
the lower central series is a decreasing series, x4 < (4, B) for k=1. Similarly
#B=(4, B) for k=1. Thus (.4, .B)=<((4, B), (4, B))=1if m, n=1. But
then Ao B=A+B,if m,n=1. q.ed.

THEOREM 5.4. Let Ao B=A + B/(nd, +B)(nA, »B). Then

k k
A104;0 - 0Ad, H*A,-/ II (=4., .4)).
=1 LI H L

Proof. Let £=3. In the proof of Theorem 5.1, we showed that P = (,4, .C)
*(mB, 2C)(m4, B)(»A, nC)(xB, mC)(s4, wB). By G I; 5.3 the inequality also
holds the other way, and hence is an equality. Since P=Q (Theorem 5.1),
Theorem 5.4 is proved for £=3. For k>3, use induction and a proof similar
to that of Theorem 5.1.

THEOREM 5.5. Let my, - - -, ma, n1, na, - - -, nx be 2k non-negative integers.
Let

k
AoB = A*B/ II (mi4, 2.B)(a;4, w.B).

=1

Then o is associative. If all the m;, n; =1, then o is not nilpotent.
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Proof. The proof of the associativity is the same as that for Theorem 5.1.
The proof of non-nilpotentcy is the same as that for Theorem 5.3.

6. MacLane’s postulate. In this section MacLane's postulate will be de-
fined and it will be shown that all the commutative, regular products men-
tioned so far satisfy this postulate. Then the relation between S. Moran'’s
verbal products and those of §5 will be briefly summarized. Finally a de-
numerable number of fully regular products which do not satisfy MacLane’s
postulate will be given. This example shows that MacLane’s postulate is
independent of the other postulates.

DEFINITION. Let 4 0 B be a product of 4 and B; let M and N be normal
subgroups of 4 and B respectively. Then o satisfies MacLane's postulate if

AoB - A B

N[MN] MO N

under the obvious mapping for all 4 and B.

Comment. If a product satisfies MacLane's postulate, then the formation
of the product is to some extent independent of the structure of 4 and B;
this will be shown clearly in the example of Theorem 6.3.

THEOREM 6.1. The nonassociative products of Theorems 4.2 through 4.11,
and the associative products of Theorems 5.1 and 5.5 all satisfy MacLane's
postulate; i.e., all the commutative, regular products mentioned so far satisfy
MacLane's postulate.

Proof. By the second law of isomorphism:
AoB N A+ B
N[MN]~ R[MN]P

for some subgroup P of 4 + B.

M'N _ A+B
P R[MN]P”

for some subgroup P’ of

A B

—_— —

M N

and some subgroup P’ of A » B. For each of the products mentioned in the
statement of the theorem, compute the corresponding P and P”. If they are
equal, then MacLane’s postulate holds; if not, it does not. A computation will
show that it does. q.e.d.

In [5], S. Moran has defined verbal products and shown that they are
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fully regular. The following theorem shows that the products of Theorem 5.1
(and hence those of Theorem 5.5) are special cases of verbal products.

THEOREM 6.2. Let G=A » B. Then ("G, "G)\(4, B) = (w4, »B)(,4, uB),
where m, n are two arbitrary, fixed non-negative integers.

Proof. For the proof of this theorem, the following lemmas will be useful:

LemMA 1. (pg, st)=(p, £)((p, 1), D)(g, 1)t (s, 20)) (P, 5)((B) ), O)(g, 5)-
This identity can be verified directly, or G 1;2.1.2 and G I; 2.1.3 can be applied
several times.

LEMMA 2. Let G=A + B and g:=abu;, a;€A, b;EB, u;E(4, B). (Use is
made here of the unique representation theorem, G I1; 1.2.) Let

b= (- (g0 8, 82), - -+ ), 80),
ko = ((- - ((ao, @), a2), - - + ), aw),
¥ = ((- - ((bo, b1), B2), - -+ ), ba);
then
kg = kgkpy, 9 € x-1(4, B), fork=1,2,.-..

Proof of Lemma 2. Proof is by induction on k.
k=1: We want to show that (a¢bete, @:101%1) = (@0, a1) (bo, b1)u, uE (4, B).
First, use Lemma 1, on

(aoboy 01171)-

Using the fact that (4, B) is normal in 4 + B (and hence that (w, g) €(4, B)
for all w& (4, B) and g&G), Theorem 3.7 ((nd, 1B) Smia(d, B)), and the
fact that every lower central series is a decreasing sequence, we obtain

(@obo, @101) = (b, b1) (a0, a )%’ = (ao, a1)(bo, by)u"’,
u', u'”’ & (4, B). The least trivial computation needed to obtain this result is
(b1, (a1, aodo)) € (B, 14) = 1(4, B) = (4, B).
Applying Lemma 1 over again (i.e., letting #o=¢ and u,; =¢),
(aobotto, ar1byur) = (ao, a1)(bo, b1)u, u & (4, B).

Again use has been made of the fact that (4, B) is normal.
Suppose true for k; we want to show that

(*a*bv, abu) = Flgktthy

where v&,_1(4, B), uE (A4, B), wEx(4, B),"ac™4,"bE™B (m =k, k+1). As
before, we apply Lemma 1 first to

(*a*b, ab)
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to obtain (*a*b, ab)=%*+'a**+'bw’, w'&,(4, B). Here again we have used
Theorems 3.4 and 3.7. Now again apply Lemma 1 to
(*a*bv, abu), v & r1(4, B), uE (4, B),
with v =¢ and % =¢. This gives
(ka*bv, abu) = *+lg*+lpw, w € (4, B).

Here Theorem 3.1 is useful for carrying out computations, e.g.

(*a*b, u) € (G, (4, B)) = w1(4, B) = (4, B),

(u, (ad, *a*bv)) = ((4, B), x+1G) = «(4, B).
This is sufficient to prove Lemma 2.

Proof of Theorem. ("G, "G)"\(A, B) Z(nA, .B)(n4, »B) obviously. We
want to prove the opposite inequality. By definition, if x & ("G, *G), then

x = H (™gi, "gi), where ™g; € ™G, "g € "G.
i1
By Lemma 2, mg;=m"a;"b;" 'u;, "g;="a;"b;" u;, for some *a;E*A4, *b;E*B,
ky;cr(4, B), k=m, n, m—1, n—1. Using Lemma 1 twice, and the same
procedure as in the proof of Lemma 2, we obtain

("'gi, ”gi) = (maiy "ai)(mbiy "bi)uv u E (nA) mB)("A) nB)°

Here use is made of the fact that (.4, »B) (x4, »B) is normal and of Theorem
3.1 eg.

(bi, (@i, ™a; b)) = (xB, (x4, nG)) = (1B, n4).

Repeated use is also made of G I; 2.1.2 and G I; 2.1.3.
Thus if x&E ("G, "G), then

r

x = [ (ai, "ai)("bs, "b)v, ¥ € (a4, nB)(md, »B).

=1
If x€(4, B), then
H (ma;, "a;) = H (™b;, b)) = 1
by the unique representation theorem, G II; 1.2. Since (("a;, "a:), ("bi, "bs))
€ (.4, »B), we can “shuffle” the ("a;, "a:) and (b;, "b;) around (by means
of the identity pg=qp(p, q)), so that if xE(*G, "G)"\(4, B), we obtain

xE (A, nB)(=4, »B). q.e.d.
Comment. For further details, see Moran’s paper.

THEOREM 6.3. Let k be a fixed non-negative integer, G=A + B,
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(a,b),a € A, b & B, such that either
AoB = ——*——; D(k) = {ais in the center of A and a* = 1 or
R[D(k)] ..
b is in the center of B and b* = 1

Then o is a fully regular product which does not satisfy MacLane’s postulate;
hence it ts not a verbal product.

The following lemma will be needed in the proof of Theorem 6.3:

LEmMA 3. (4, B) in A o B is a free group; in particular, (A, B) is generated
by (a, b), a €A, bEB, but some of the (a, b) are identified, i.e.,

(1) (a,-a, b,b) = (aa;, b,b) = (a,-a, bb,) = (aai, bb.) = (d,', b.)

for all a€Ax={a, aCcenter of A and a*=1} and all bEB, = {b, b&center of
B and b*=1}. Apart from these identities, there are no other relations which hold
among the generators of (A, B); in particular, there are no elements of finite
order.

Proof of lemma. It is sufficient to show that the only elements of (4, B)
in A o B which equal 1 are the following: Let u = Hi;l (a:, b:)*¥ be an element
of (4, B) which equals 1. If x;=(a;, b:) and the identities indicated in (1) are
made; e.g., if x5 = (asa, b2), a E A4y, then let x5 be replaced by x. in the expres-
sion for # in terms of the x;; then the expression for » becomes an identity
in the free group generated by the x;. It is sufficient to show that this is true
for all the elements of 4 + B which equal 1 in 4 o B.

Any element in (4, B) of A + B which equals 1 in 4 o B is a product of
elements of the form

g ' (a, b)g

where g€ A * B and either a €4 or bE By. Let g =aibiash; - - - aub,. The argu-
ment will be by induction on the length of g. If g is of length 1, then by use
of the identities

(2) w (v, w)u = (vu, w)(w, u) = (4, v)(v, wu) (for any %, v, w)
we obtain

3) a1 (g, b)ay = (aay, b)(b, a),

4) by (a, B)by = (by, a)(a, bby).

Hence, if we let x; = (a1, b), y1 = (b1, @), and we use (1), then (3) and (4) become

-1 -1
X1%1 y1y1 or 1-1

depending on whether a €4, or b&EB. Suppose the lemma is true for g of
length n—1,i.e., g% (a, b)g= [, (a:, b:)* where, if x; are substituted for the
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(ai, b:) as indicated by (1), then J]: x;=1 as a product in the free group
generated by the x;. For every (a;, b;) such that a;& 4, and b;& B;, there cor-
responds either (b;, aa;) or (bbd;, a;) with aE A4y, bE By. Then using (2),

aZl(ae, b.’)an = (Gidm b.‘)(bi, an) = XnY¥ny

ay (b, 608 = (an, b)(bs, a0ias) = yy 2n ',

a:l(bb.-, a:)a, = (an, bb;)(bb;, aia,) = yn lx,,_ !

Similar identities hold with b, substituted for a@,. Therefore, if g~!(a, b)g
= ]1: (ai, b:)* has the properties mentioned above, so does
tn'g (¢, b)ga. and b, ‘s (a, b)gbn. g.ed.

Proof of theorem. That this product does not satisfy MacLane's postulate
can be seen readily by letting A4 and B be the additive group of integers and
M the integral multiples of 2 and N the indentity. Then

Ao B
MN

is the free product of the integers modulo & and the integers, while

is the direct product of the integers modulo % and the integers. Since verbal
products satisfy MacLane's postulate, this product cannot be verbal.
That o is commutative is trivial. Associativity is the only difficult matter:

(AoB)oC=A*B*C, _ {(a,b), aE Ar or bEBk}’
n[P] (g,¢), £EG, or ¢c€ C
Ao(BoC)=A*B*C, _ {(b,c), b&E B, or cEC;,},
nlo] (a,e), a&E Ar or eEE;
where G=A4 + B, E=B+C, and
R, = {rEcenterofRand rk = 1}, for R = A4, B,C;
= {chenter of A o B and r* = 1 considering r as an element oonB},
for R = A+ B;
= {rEcenter of BoC and r* = 1 considering r as an element ofBoC},
for R = B+C.

It is sufficient to show that R[Q]<N[P]. That (b, ¢) EP for b& By or c& C
follows from the fact that b& B, implies b&Gi. Now consider (a, €), a € 4.
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By G I; 2.1.3 and induction on the length of ¢ as an element in B+ C, (a, €)
en[pr].

For (a, e), eEE;, the argument is somewhat more complicated. Let
e=bcu, bEB, ccC, u& (B, C). Since e*=bkckv, v& (B, C) by unique repre-
sentation (G II; 1.2), and since eEE;, we obtain b*=c*=1. Since ¢ as an
element of B o C&center of B o C,

biciuibeu = beubiciu,

for all bEB, o, &C, u; (B, C) of B o C. By unique representation, b&center
of B, c&center of C. Thus b and c&center of B o C, and hence #&Ecenter of
Bo C. Hence in Bo C, e¥=u*=1. But by Lemma 3, (B, C) is free in Bo C,
and hence #=1 in Bo C, and hence =1 in (4 o B) o C. Therefore, (a, ¢€)
eE E; is of the form (a, bc) in (4 o B) o C, bE By, cECr. G I 2.1.3 shows that
(a,bc)=11in (4 o B) o C. Hence (a,¢e) =1in (4 o B) o C. Hence (a, e) ER[P].
q.ed.

SUMMARY OF PRODUCTS
AoB =A+B/R

R Theorem Associative?
@[, ], »[B]) 4.1 No
R[4, 4), (B, B))] 4.2 No
((4, B), (4, B)) 4.3 No
R[{x, xE4, B)}] 4.4 No
R[{ (e, b)?, o€ 4, bEB}] 4.5 No
N[{(abad, g), s A4, bEB, g&A x B} |MN\(4, B) 4.6 No
((4,4 % B), (B, A + B))-RN[{(abab, g),a& 4, bEB, ¢&4 » B} M4, B) 4.7 No
((4, B), (4 + B, A » B)) 4.8 No
(R[4], »[4]), R[B]R[B]) 4.9 No
(4, B), (4, B)), k20 4.10 No
»((4, 4+ B), (B, A+ B)), k21 4.11 No
(mA, uB) (x4, mB) 5.1 Yes
k
II 4, 2;B)(n;4, m;B) 5.5 Yes

=1

b&center of Band b*=1, 6.3 Yes

l (a, b), aEcenterof A anda*=1 or
{ k is a fixed integer
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