ON THE CONSTRUCTION OF RELATED
DIFFERENTIAL EQUATIONS()

BY
RUDOLPH E. LANGER

1. Introduction. Many ordinary linear differential equations that are im-
portant in pure and in applied mathematics are of the type
ny dn—lu

+ Api(z, N)

1.1
(1.1 dz" dz™1

+ o Apa(z, Nu = 0,

in which X\ is a parameter whose absolute value is large, and the coefficients
pi(2, \) are either functions of z alone, or series in powers of 1/\ with coeffi-
cients that are functions of z. The forms of the solutions of such an equation,
as they depend asymptotically upon N\ in a given region of the variable g,
are known to be determined in large measure, though not entirely, by the
configuration of the roots of the auxiliary algebraic equation

(1'2) X" + Pl(zv °°)X"_1 + R + Pn(Z, OO) = 0$

in the given z-region. If the roots are all simple (distinct) for every 2z, the
asympototic forms of the solutions are derivable by well established theory
[1]. The same is true if some roots are multiple, but every multiplicity among
them maintains identically over the region [2]. The cases for which relatively
complete theory exists are therefore those in which the auxiliary root con-
figuration is of an invariant kind.

More recent investigations [3; 4; 5; 6] of differential equations (1.1) have
been directed toward determining the forms of their solutions in z-regions
over which the configuration of auxiliary roots is not invariant, but in which
there is a point—a so-called turning point or transition point—at which the
configuration is different than it is elsewhere. Among turning points the
simpler ones are those in which just two roots that are otherwise simple coin-
cide. Even these fall into different categories, depending both upon the number
of other roots that are involved (namely the order of the differential equa-
tion), and upon the degree to which the discriminant of the auxiliary equa-
tion vanishes where the multiplicity of roots occurs. The solutions, at least
in the case of differential equations of the second order, are known to have
quite different forms when this degree is 1 and when it is 2.
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Differential equations of the second .order with turning points are impor-
tant in a number of applied fields, notably in quantum mechanics and the
theory of micro-wave propagation [7]. Such equations of the fourth and sixth
orders have roles in hydrodynamics, where they arise in connection with the
phenomenon of turbulence. Far from being rare, turning points present them-
selves in connection with many of the standard differential equations, such
as the equations of Bessel, Legendre, Mathieu, Hermite, Laguerre, Whittaker,
etc.

Since, for a differential equation of the second order, there are only two
auxiliary roots, a turning point in connection with such an equation simply
marks the conjunction of these two roots. For differential equations of higher
orders a variety of coincidence configurations is possible, the number of pos-
sibilities increasing rapidly with the order of the equation. For example, in
the case of a differential equation of the third order the roots may be simple
except at the turning point, with the multiplicity there involving either just
two or all three of them. Or a root which is simple except at the turning point
may coincide there with one that is identically double over the region. The
fourth order differential equation of hydrodynamics is featured by a turning
point in which two roots that are otherwise simple and one that is identically
double over the region fall into a four-fold multiplicity.

If the number of auxiliary roots that are involved in coincidences at a
turning point is m, we shall say that the coincidence pattern at the point is
m-fold. For m>2 a variety of such patterns exists, for, as has already been
remarked, the roots may fall into a single multiplicity in which they all coin-
cide, or they may fall together in several separate sets in various ways. Any
particular m-fold pattern may present itself in connection with a differential
equation (1.1) of any order that is greater than or equal to m. If n>m there
is an excess of auxiliary roots to the number (#» —m) that remain simple. Any
specific m-fold pattern therefore evidently presents itself in its simplest form
in the instance of a differential equation of the order m, since there are then
no additional roots to engender accompanying complexities.

A method that has been used with some success for deriving the forms of
the solutions of a differential equation (1.1) in a region containing a turning
point is that of “related equations.” This method requires, in the first place,
the construction of a differential equation—known as a related equation—
whose solution forms are known, and which, at the same time, has coefficients
that are identical with those of the given equation to the extent of all terms
to some prescribed degree in 1/\. From the known solution forms for this
related equation the corresponding ones for the given equation are then de-
duced. The possibility of the construction of a related equation is thus a pre-
requisite for applicability of the method. Whether this construction can be
made, and if so how it is to be made, in the instance of a given differential
equation with a specific coincidence pattern, largely remains a matter for
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research. The construction has been given only in connection with a few of the
simpler configurations. This is so, specifically, for equations of the second
order whose auxiliary equations have discriminants that vanish to the first
or second degree; for equations of the third order in which those same coin-
cidence patterns are present; and for certain differential equations of the
third and fourth orders with rather particular three-fold and four-fold coin-
cidence patterns respectively.

The purpose of the present paper can now be explained. It is to show, for
any differential equation (1.1) of the nth order with an m-fold coincidence
pattern, m <#, that the construction of a related equation is possible—and
how it is to be made—if such a construction is known for a differential equa-
tion of the lower order m having the same coincidence pattern. In effect it
therefore disposes of the complications that are generated by the presence of
(n—m) simple auxiliary roots, by referring the construction of a related equa-
tion to a corresponding case in which no such roots are present. This at once
greatly widens the category of differential equations (1.1) for which related
equations are constructible. For instance, the problem for any differential
equation (1.1) whose coincidence pattern is two-fold is hereby referred to its
counterpart for differential equations of the second order. The constructions
that are known for the second order case when the discriminant of the auxili-
ary equation vanishes to the first or second degree are thus made available
for equations of all orders. Similarly, in the case of those three-fold and four-
fold coincidence patterns for which the construction of a related equation has
been accomplished in connection with respective differential equations of the
third and fourth orders, the constructions are hereby extended to equations
of higher order. The extension is, in fact, given in advance, for all construc-
tions that may in the future be discovered in connection with differential
equations of specific orders.

2. A differential form L(x) and its derivatives. With D denoting the
operator of differentiation, so that D signifies the ith derivative of %, and
D% is u itself, the given differential equation (1.1) can be written as

(2.1) L (w) =0,
with
(2.2) L) = > Nipi(z, \) D tu,

=0
With respect to this we assume that A, which may be real or complex, is
bounded from zero in absolute value, and is otherwise unbounded. The
coefficients pi(z, \) we take to be representable by power series in 1/\. Thus
b = 1’

2.3 = Di.i
(2.3) pEN) =3 ? )\’(.z)
=0

’ i=1,2,--,n,
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these several series being convergent when |\| is sufficiently large. As to the
functions p;,;(2), we assume them to be analytic in the z-region in which the
differential equation is being considered. This region we shall think of as
bounded and closed, so that functions that are analytic in it are bounded.
The phrase “for all 2” shall be understood to mean all z in this region.

The auxiliary equation (1.2) is, therefore,

(2.4 Qx) =0,
with
(2.5) Q) = x"+ pr.o@x™ 1+ - - - + pao(2).

We suppose that within the z-region there is a turning point, at which coin-
cidences not maintaining elsewhere occur among the roots of this equation
in accordance with some m-fold pattern, with m <n. The (n—m) roots,
x1(2), * + ', Xn—m(2), that are not involved in this pattern are taken to be
distinct for all 2, whereas the m roots Xa—m41(2), * * + , xX2(2), that are involved
in the pattern are each either otherwise distinct or are part of an identical
multiplicity over the region.

Let the integer 7 be chosen arbitrarily, but, once chosen, let it be fixed.
We shall be concerned with the construction of a related equation whose
coefficients are the same as those of the given equation (1.1), to the extent of
all terms of degree less than or equal to the rth in 1/A.

Consider a differential form

(2.6) L(u) = i Nigi(z, ) D™,

that conforms with the following description. Of its coefficients the leading
one is 1, and the others are expressible in powers of 1/, thus

g =1,
2.7 o 00
0 !Is(z,>\)=}:q'(.), i=1,2,,m.
=0 7\’

The functions g¢;,;(2) are to be analytic for all z. Those with subscripts j <7
are to be, for the moment, undetermined, and are to be subject to later
specifications. Those with subscripts j>7 may be specifically assigned at
once any values for which the series (2.7) converge. A particular assignment
that may be made is ¢;,;=0 for j>7, but this we do not insist upon.

The derivatives of the form (2.6) are given by the formula

m+k .
(2.8) DML(w) = NQTD™ N, k=1,2, - (0 — m),

1=0

in which the coefficients are
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(2.9) h _ ﬁ‘,(k)piq""'.

=0 \ J A

(3)

designates, as usually, the coefficient of x7 in the binomial expansion of
(14x)*. It is to be understood, of course, that in any formula, ¢;=0, for
1<0, and 1 >m.

For many of the considerations that we shall have to make, the matters
of essential moment will be the particular arguments from which certain func-
tions are constructed, and the characters of the constructions. To indicate
that, a generic notation is convenient. We shall therefore reserve the symbol
I with any set of analytic arguments a4, - - -, @, thus I(ay, - - -, a,), to
signify a (some) function that can be generated solely by means of additions,
multiplications and differentiations from constant multiples of the arguments
indicated, possibly in conjunction with known functions (not indicated) that
are analytic in z and are power series in 1/\. It will be clear that any function
I{ay, - - -, a,) is analytic, and that the symbol for the function itself applies
also to the derivative. Also any sum or product of functions I is again such a
function, the arguments of which include all those of the terms or factors.
As is usual, of course, a function, though denoted by I(ay, - - -, as), may, in
fact, actually depend only upon a sub-set of the indicated arguments.

In terms of the notation thus described, it will be seen from (2.9) that

The symbol

0 =1, fork=1,2,---,(n —m),
b 1 1 .
Q,’ =qi+71<Q1,"'rQi—hT); i1=1,2,---,m,
2.10)
( Q:k)=il<91,"’,¢]m,"1—>; i=m+1"")m+k7
A A '
ka) =0, for : < 0, and fori > m + k.

3. The differential operators D;. Let the functions of a set a1(z, N), « - -,
on.—m(2, \) be expressible in powers of 1/\, thus

’ i=1)21"”(n—m))

(3.1) omN) = 3 )

i N

with coefficients o;,;(z) that are analytic for all z. Of these coefficients, let
those for which j <7 be undetermined, whereas the remaining ones are given
any values for which the several series (3.1) are convergent when I\ is
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sufficiently large. The particular assignment ¢;;=0 for j>7 is admissible. In
terms of these functions we define the differential operators D, by the for-
mulas

k
(3.2) D, =[] = rew), E=1,2,---,(n —m),

1=1

the order of the symbolic factors being that in which ¢ increases toward the
left.
Every such operator is, of course, expressible as a polynomial in D, thus

(3.3) D; = Zx' ®p
In fact on applying this form to the relation
(3.4) Di = (D — Aor)Di_1,

it is found that the coefficients 8 conform to the recurrence relations

(k)

B =1, fork=1,2,:---,(n —m),

3.5 60 =" - a0 Do, i= 1,2k
(k) . .

=0, for 1 < 0, and for 7 > k.

From these the functions 6 would be obtainable. We merely observe, how-
ever, that 8% is constructed of only those functions ¢; for which j £k, namely
that

1
(36) (k) _I<0'1,-.- y Ok —;).

The result of the direct application of the operator Dy to the form L(u)
may be taken from the relations (3.3) and (2.8) to be the formula

k. mt+Ek—i
DkL(u) Z Z )\z+1 (k) (k—-l)D"H-k-t—u

=0 j=0

To rearrange the terms of this into an order of descending powers of D, we
begin by replacing the upper summation limit on ¢ by m-+k. This is permis-
sible, because the terms that are thereby formally added each contain a
factor 6 which vanishes for the index ¢ in question. If a new summation
index / is then introduced to replace j by virtue of the relation ¢+j=I, and
the order of summation is thereafter interchanged, the resulting form (with
1 and j written again in the places of / and 7) is
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m+k .
(3.7 DL(w) = AT D™
1m0
with
k S,y (k—i
(3.8) D =300,
=0

In the initial term of the formula (3.8) the factor Q® is, by (2.10), of the
form ¢:+(1/N)I(q, - - -, gi1, 1/N), and its multiplier ¥ is 1. In each sub-
sequent term the factor Q%;” depends only upon functions g for which
h=<i—1, and its multiplier is of the form (3.6). We see thus that

(k

) 1
(3.9) T =qs+I(Q1,"',46—1»01,"'6»7)
Now since each function ¢; and ¢, is expressible as a power series in 1/\, the
same is true of any function I with these arguments. It is, in fact, readily
seen that

1 2 I(gi0 " c s @Ry O1,0 0t Oky5)
I(qu"'thvoh"')aky_x_)=Z - ! J}

=0 bl

it being an important feature that the coefficient of 1/A7 on the right involves
the functions ¢; 5 and o;,, only for £ <j. Thus, by (3.9)

k o 1
(3.10) 1: = E — {q,-,;+ I(g1,0 * = * s Gicr,ir G100, * .Gk,,')}.

=0 M

The relations (2.2) and (3.7) permit us to write

n

(3.11) L (1) — DnmL(u) = 2 Ne,D"u,
=0
with
3.12 n—m
( ) Eo=0,€;=P,'—T,~( ), i=1,2,~--,n.

4. Some formal evaluations. If the relations (3.12) are respectively multi-
plied by w", where w is any function of the form

2, wi(z)
4.1 =
@.1 > o
their resultant sum is
(4.2) 2 et = Ey(w) ~ Esy(w),

=0
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with

Ey(w) = E piw™ s,

=0

(4.3) .
Ey(w) = E‘r,fn—mw“-'.
Tuel)
We need to analyse each of the functions (4.3) as a power series in 1/A.
From the formula (4.1) it follows that for any integral exponent &

h—1
® hwy wi+ I{wo, « -+, wi-1)
(4.4) W =w+ Y — (N.o .
=1

This can be proved by induction. Since the functions p;,;(2) are known, and
therefore need not be indicated as arguments in a function I, it follows that

n—i—1

n—i nei o — 10)pi i+ I(wo, + ++, wj—
pw = piowo  + X (n JPuaco w')\j- (wo ©j-1) .
=1

Accordingly

had Qwow,‘ Iwo,---w,-_l
(4.5) Ey(w) = w0) + 22 (oo + (. )»

j=1 A

where ©(x) has been given in (2.5), and
(4.6) Q00 = mx* 4 (n = Dpro@x™2 + - -+ + parol2).
Consider now the function E;(w). By (4.3) and (3.8) the formula for this is
AOEDIDI
1=0 j=0

An interchange of the order of summation, followed by the introduction of a
new summation index / to replace ¢ by virtue of the relation ¢=1+j, gives it
the form

n n—j . o
Exw) = 2 207 Q0 e
7=0 l=0
In this the upper summation limit upon j can be reduced to (n—m), since
the terms that are thereby formally omitted contain factors 0,(""") which
vanish for these indices j. By use of the evaluations (2.10) it may then be
seen that

n—m m n—m n—ie 1 n—m n—;) e 1 —fe
Ex(w) = X 200 g +— > o )I(ql"" y Qi1 T)w "

=0 (=0 i=0 l=0
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The first double sum in this formula is factorable. We see thus that

m 1 1
(4. 7) Eg(w) = Sn—m Z qlwm_l + _I (ql, tt Qm, 01 ° "y, On—m, W, _))
1=0 A A
where
k .
(4.8) Siw) = 36707,
=0

We may obtain an evaluation of the factor S,_.(w) by suitably operating
upon the function exp {\fwdz}. Thus it follows readily that

Dresp (o f ) = exp (3 [ o) 200 (e D).

By (3.3), therefore,

_ 1\
Dy exp <>\ fwdz>= exp< A f wdz) {)\kSk(w) +2F ‘1<oi"’, . -,0(:),1.0,—)\—)} :

This, however, implies that

(D — Xox)Di-1 exp <_)\ f wdz)
_ _ _ 1
= exp ()xf wdz) {)\k(w — o1)Sr_1(w) + )\k lI <0{k 1), C 9,‘111), o W, —)\—)} .

Because the left-hand members of the two latter relations are the same, by
(3.4), it may be seen from the right-hand members that

1 1
Sk(w) = (w - a'k)Sk_l(w) + —>\— I(ol, c Ok W, 7)
Since Si(w) = (w—a1), it is provable by induction that

k 1 1
(4.9) Silw) = H(w—a¢)+xl<01,-" , Ok, O, 7)

tem1

With this evaluation (4.9), the formula (4.7) becomes

Ex) = 11 (@ — o) 3 quom

=1 =0

1

(4.10) 1
+Tl<qlr oy qmy oy va'n—m,w;T).

Expressed in powers of 1/, this is
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n—m m _'
Ey(w) = I (wo — 0i,0) 2 qu.owo
=1 1=0

(4.11)

+ i I(Ql.o, Ctyqm,i 01,00 C ° ° , Onem,j, Wo, * * ° vwi)
j=1 A

5. Determination of the functions ¢; and o;. By virtue of the relations
(2.3), (3.10) and (3.12), the coefficients ¢; in the equation (3.11) have the
forms

0

1
(5.1) 6,’(2, A) = g )\_" {Pi,j - q;,i+ I(qt.o; crcyqic1y 501,00 0 7 0, a'n—m.i)}y

i=1,2,---,n

We propose to determine the functions ¢; and oy, namely the first (r41)
hitherto undetermined coefficients of the formulas (2.7) and (3.1), in such a
way as to reduce each function e; to be of the order of 1/A7+1, Insofar as the
functions ¢; are concerned, this will be done indirectly. Their coefficients
g:,;(2) will first be determined in terms of those of the functions ay,j, - - -,
On-m,;- Lhese latter will thereupon be determined, wherewith the actual
determination of the functions ¢; will, of course, then also be accomplished.

Consider the coefficients of the terms in 1/X7 for 0, 1, 2, - - -, 7, in the
formula (5.1) for €. They are the left-hand members of respective equations

pl,i — q1,; + I(Ul.‘)y Tty o'n—m,j) = 0) ] = 0’ 11 21 MR O

We assign to the functions ¢i1,;(z) the values which fulfill these equations.
This determines them in terms of the functions ¢1,0, - * *, Gn—m,;. Suppose,
now, that the functions g¢s,;(z) have been determined for all A<7—1. The
coefficients of the terms in 1/A7 in the formula (5.1) for €; are then the left-
hand members of respective equations

(5.2) pis— qii+ I(qr0 " Givyin 01,0, ** y Onem,j) =0, 7 =0,1,2,-++,7,

and by assigning to the functions g1, - - -, ¢s,» the values which fulfill these
equations they are determined in terms of the ¢;,;. In this way the functions
¢i,; may be determined for 2=1, 2, - - -, m, and as a result we have

1

I(al,-.-,qn_,m—)\—), i= 1,2’...,m.

(53) 6,'(2, )\) = N
The first m of the functions €; have thus been given the desired form. The
remaining (z—m) of them have still to be considered.

With any one of the functions ¢y in the role of w, the indicated product in
the formula (4.10) vanishes, and accordingly

, 1 =27 0 "y On—m,j
Ez(d’k)=—2 (Ulo 4 1)‘

A =0 N
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By virtue of the relations (4.2) and (4.5), therefore,

LI 2 Qok0)ok,; + (o0, - - - y Onem,i—1)
€0 = Q ) +
(5.9 g * (@.0) E A ’
k=1,2,---,(n—m).

To make the leading terms in these formulas vanish, we choose each g, 0(2)
to be the respective function xi(z), a simple root of the equation (2.4). The
coefficients of the terms in 1/\7 are then the left-hand members of respective
equations

(5.5) Q(Xk)o'k,j + I(O'l,o, Tty o'n—m.j—l) = Oy k= 11 2» Tty (71» - m)

Since the root xx(2) is simple, the relation 2(xx) #0 is fulfilled for all z. There-
fore, when the functions o, for 2 <j—1 have been determined, the equations
(5.5) determine the functions o%,;. In this way the undetermined coefficients
of the functions ¢;(z, \) may all be determined, and these functions, as well
as the functions ¢;(2, A\), may henceforth be dealt with as known. The basis
of the determination has been the reduction of the right-hand members of
the formulas (5.4) to be of the order of 1/A™+!. With the use of B(z, \) as a
generic symbol to signify a (some) function which is expressible as a power
series in 1/\ with coefficients that are analytic in 2, we may therefore write
B(z, \)

(5.6) > eor = — E=1,2-,(n—m).

1=0

Now because the ¢; have been determined, the relation (5.3) shows that

. B(z, \)

(5 ) fi(Z, )\) = N )

at least for 1=1, 2, - - -, m. By the transposition of the first (r41) terms

from the left of the equations (5.6) we therefore obtain the set of equations
‘ ns Bz N)

(5.8) .Eﬂe"” = E=1,2,---,(n—m).

This is a linear algebraic system for the unknowns €n41, * * *, €.. The deter-

minant of the system, namely |o7~™ (s, )\)I , 1s expressible as a power series
in 1/\. The “constant” term of this series is the determinant Ix}""‘"(z)],
and this is different from zero for all z because the roots x:(z) are distinct
for i=1, 2, - - -, (n—m). The system (5.8) is therefore solvable, at least
when I)\] is sufficiently large. Its solution establishes the relations (5.7) for
the remaining values t=m+1, - - -, n.

By the determinations that have been made the differential operator
D,._n and the differential form L(x) have both been made specific.



1956] CONSTRUCTION OF RELATED DIFFERENTIAL EQUATIONS 405

6. The differential equation L*(x)=0. The differential equation

(6.1) L) =0

is now one in which the coefficients are known. Its auxiliary equation is
(6.2) D(x) =0,

with

(6.3 %00 = 2 gealdx

We have the means for analysing this auxiliary equation at hand. In the rela-
tion (4.2), with any function x(z) in the place of w(z, \), each member is
expressible as a power series in 1/\. For the left-hand member, the constant
term of that series is zero, since each ¢; is of the order of 1/A7+1, The constant
terms of E;(x) and E.(x) are therefore the same, namely, by (4.5) and (4.11),
and the fact that ¢;,0=x:(2),

2(x) ="ﬁn (x — xs) i qrox™ L

1=1 =0

Now the functions x.(z) are the roots of the equation (2.4), and hence

Q(x) is the product of all the factors (x —x;) fori=1, 2, - - - , n. We conclude,
therefore, that
(6.4) Z qrox™! = H (x — x4)-

1=0 tmn—m+1

This is to say, that those auxiliary roots of the differential equation (2.1)
that are involved in that equation’s coincidence pattern at the turning point
under consideration are precisely the auxiliary roots of the differential equa-
tion (6.1). This latter is therefore an equation having the same coincidence
pattern as the originally given differential equation. It is evidently of the
minimum order 7 in which this pattern can occur.

It is the purpose of this discussion to show how a related differential equa-
tion can be constructed for a given equation (2.1) if that can be done for the
simpler equation (6.1). We now assume, therefore, that a differential equa-
tion

(6.5) L*u) = 0

whose solution forms are known, and those coefficients are identical with those
of the equation (6.1) to the extent of all terms up to those of the th degree in
1/\, is constructible.

From the formulas (3.7) and (3.10), the coefficients of the differential
forms DyL*(u) and D:L(x) may be seen to be identical to the same extent in
powers of 1/, as are those of L*(u) and L(x). Therefore, in the relation
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(6.6) L) = Da_nl*(w) = D N6D " u,

=1
the left-hand member has coefficients that differ from those of the corre-
sponding member of (3.11) only by terms that are of higher degree in 1/X\
than the rth. The same therefore maintains as to the right-hand members,
namely, by (5.7),

B(z, A

6.7) g BN i=1,2-,m
AT+

7. The functions u,(z, N), - - -, %n_n(z, N). Let the functions #4z, \) be

taken to be of the forms
(7.1) ui(z, \) = exp ()\f o4(z, )\)dz)A.-(z, N, i=1,2,---,(n—m),

with each 4(z, \) a power series in 1/\, thus

(7.2) Ay = 3 28
i-0 M
The coefficients o ;(z) are to be analytic, and those for which j <7 are to be
left undetermined. Those for which j=7 may be specified in any way that
makes the several series (7.2) convergent. In particular, they may be assigned
the value 0.
The set of evaluations

k k 3 1 1
(73) Du.=)\ exp XIU;dZ O'iA,--l——)\—I A,‘,T

are easily established by the method of induction. Since the leading term of
the formula (3.1) is x:(z), it follows that

k

k 1
o = xi + ;‘B(zv N),

and therefore that

k
0
k k xi i+ Iaio, -+ -y @ijo1)
0idi = xictio+ O .

i=1 N
In accordance with this, a more explicit form of (7.3) is

k
' |‘,'+Iai,""vai,'—)
(7.4) D*u; = \*exp ()\fa;dz) {x:‘ai,o + il ( )\: ! 1}.
=1

A consequent evaluation is
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L*(u;) = A™exp ()\f a,-dz) {Qo(x,-)ai,o

7.5
(7.5) e Qolxa)ai,; + oo, - - - yai,i—l)}

+ 2

i=1 A

That L(u;) has the form of the right-hand member of this equation would be
found from the formulas (2.6) and (7.4). That the evaluation (7.5) applies
to L*(u;) follows, therefore, from the fact that the coefficients of the latter
differ from those of L(#;) only by known functions that are analytic in z
and of degrees higher than the rth in 1/X. By induction it can now be proved
that

(7.6) DkL*(u.) = \mtk €exp <)\f cr,dz) {Qk()(i)ai,o
n i Q(xi)as,; + 1(011:.0, R vai,i—l)} ’
i=1 A
with
k
(7.7) %o = W) I x—x), k=12, (n—m.
j=1

From (6.3), (6.4), and (7.7), it may be seen that Qx(x;) vanishes when ¢ <k,
and when 2>#n—m, but that, on the contrary,

(7.8) Qi(x:) # 0, fori=k+1,k4+2,:---,0n—m

With any index 7 from the set 1, 2, - - -, #—m, and with k=¢{—1, the
coefficients of the first » powers of 1/\ in the series within the brace of the
formula (7.6) are the left-hand members of respective equations

Qi1(xi)aio = 1,
(7.9) 1(X)01.o

Qia(xi)es,j + Iaio, - -+, ai,i1) = 0, J=12---,r—1
Because of (7.8) we may determine the functions «;; successively for
j=0,1,2,..., r—1, to fulfill these equations, and we may do this for
i=1,2, -+ ., n—m. Herewith the functions u(z, \) are determined.

The formulas (7.6) are now evidently of the forms
(7.10) DrL*(u;) = A™+k exp <>\f a,dz) B(z, N\),

for every 7 and k. By virtue of the relations (7.9), however, they are, more
explicitly,

)\r

}, when b = 7 — 1,
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whereas it may be found from this that

B(z, A
(7.12) DiLl*(u;) = A™t% exp ()\fa.-dz)-i—z: when k> 7 — 1.

b an)

8. The related differential equation. Let the determinant A(x) be defined
thus

L*(uy) © oo L*(thn-m) L*(u)
8.1) p = | DL D) DL

D (41) * * + DL *(tnm) Doml*(%)
and let A,_; signify the cofactor of the element in the sth row and last column.
Then with
A(u)

(8.2) Lrw) ==

’

the relation
(8.3) LHu) =0

is a linear differential equation of the order #, which admits as solutions the
functions (7.1), as well as all solutions of the differential equation (6.5). For
this latter equation let the solutions of any fundamental set (linearly inde-
pendent) be denoted by #a_m41(2,N), - - -, #a(2, X). These, as well as the func-
tions (7.1), fulfill the equation (8.3). We wish to show that the members of
this entire set are linearly independent.

The Wronskian W of the functions #(z, \) for =1, 2, - - -, n, is the
determinant |D“‘u,~| . By adding to each one of the last (n —m) rows of this
determinant a suitable linear combination of preceding rows, and observing
that Dy L*(;) vanishes for every k when j=n—m+1, - - -, n, because L*(u;)
is then identically zero, we see that

U1 c e Upm Un—m+1 C e Uy

Du,y cv Dty Dtnmyr -+ Du,

Dn;—lu PO Dm—:lu"_m D"‘_'lu,._,,, .. D";_lu"
(8.4) W = ! +1

L*(u1) oo L¥(thp-m) 0 cee 0

DiL*(u1) -+ - DiL*(tn—m) 0 e 0

Do aL*W) - - DomsL*¥thpm) O -ov 0
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In this the m rowed minor in the upper right-hand position is the nonvanish-
ing Wronskian of the functions #,_m41, - * -, #a. The (n —m) rowed minor in
the lower left-hand position is A,_., and is nonvanishing by virtue of the
evaluations (7.10), (7.11), and (7.12). Thus W0, and the functions u;(z, \),
i=1, 2, - - -, n, accordingly comprise a fundamental set of solutions of the
differential equation (8.3). This equation is therefore solvable, in the sense
that its solution forms are completely known.

The cofactor A,_» has in its main diagonal elements of the form (7.11).
Its elements below .this diagonal, and above it, are respectively of the forms
(7.12) and (7.10). The cofactor A;_, is obtainable (except for sign) from
A,_n by replacing the elements of the latter’s ith row by the respective ones
of the set D,_nL*(u;),j=1, 2, - - -, (n—m). This replacement substitutes in
the main diagonal the element D,_,L*(x;) which is of the form

B(z, \)
A" exp <7\fa.~dz) N )

for the element D;_;L*(%;) which is of the form

. B(z, \)
Amti=1 exp ()\f a,dz) {1 + v } .

This is the significant feature of the whole replacement. We see from it that

A,'_l X B(Z, )\)
(8.5) = A it :
A”_m )\r+l

Now the expansion of the determinant A(x) by the elements of its last column
yields the formula

An— m—1
D,._ m_zL* (u) .

(8.6) L) = Do l*) + 2

l=1 n—m

By (8.5), this has the form

L*(u) = Dy—ml*(u) +n§ N B(z, N)

l=1

DnmiL*(u),

)‘r+l

and since

n—1
Do miL*(w) = D NiB(3, \) D™ iu,

=0
it follows at once that

1

— > NiB(z, N) D" u.

ol

(8.7) L) — DoomL*(w) =
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This result may now be compared with the relation (6.6). Because of (6.7)
the comparison shows that

B(z, \)

)‘r+l

(8.8 Low) = L)+ 5

t=1

Dn—iu,

namely that the solvable equation (8.3) has coefficients which differ from
those of the given differential equation (2.1) only by terms that are of at least
the (r+1)th degree in 1/\. The differential equation (8.3) is therefore the
related equation whose construction we proposed to accomplish.
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