COMPLETELY FREE LATTICES GENERATED BY
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BY
R. A. DEAN

1. Introduction. A description of the free lattice, FL(n), generated by n
unordered elements has been given by P. M. Whitman [5; 6] for any cardi-
nal, #n. A description of a free lattice, FL(P), generated by any partially
ordered set, P, has been given by R. P. Dilworth [2]. This lattice has three
chief properties: (1) P is embedded(!) in FL(P), (2) least upper and greatest
lower bounds existing for pairs of elements in P are preserved in FL(P), and
(3) any lattice providing a minimal embedding for P with property (2) is a
lattice homomorphic image of FL(P). In that same paper Dilworth called
the completely free lattice, CF(P), generated by P, the lattice whose three
chief properties are: (1’) P is embedded in CF(P), (2’) the ordering of P is
preserved in CF(P), and (3’) any lattice providing a minimal embedding for
P with property (2’) is a lattice homomorphic image of CF(P). Thus in
CF(P), the only least upper and greatest lower bounds which are preserved
are those between comparable elements. The present paper investigates these
completely free lattices. In §§2 and 3 the techniques of Whitman [5; 6] are
applied to these lattices and many of his results are easily extended to this
case. In particular, the word problem is solved in these lattices, a canonical
form is shown to exist for each word, and necessary and sufficient conditions
are given for a finite subset of CF(P), considered as a partially ordered set,
to generate a completely free sublattice.

When P has no bounds, other than between comparable elements, to be
preserved, CF(P) and FL(P) are identical and in this event the solution to
the word problem in CF(P) becomes very useful and provides a decision meth-
od easier to employ than that given by T. Evans [3]. Moreover the class
of lattices for which the word problem is solved by the present method con-
tains some lattices to which Evans’ method is inapplicable. An example is
the lattice FL(P) when P consists of any number of disjoint infinite chains.

In §4 two examples are given in which the decision method is particularly
effective. The first partially ordered set considered is the set P consisting of
two disjoint chains of two elements each, t>u and v>w. The second set Q
consists of two disjoint chains, one of four elements, a>b>c¢>d, and the
other of a single element, e. CF(P) is identical with FL(P), and CF(Q) is
identical with FL(Q). Sorkin [4] showed that these lattices contain chains

Presented to the Society, September 2, 1955; received by the editors November 14, 1955.
() For the definition of this term and others appearing in the introduction, see §2.
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of infinite length. Here it is shown that FL(P) is a sublattice of FL(Q), and
infinite chains are constructed in FL(P).

2. CF(P). Let P be a partially ordered set with elements(?) p; and order
relation 2. Words or lattice polynomials on the elements p; and their lengths
are defined inductively by Definition 1.

DEeFINITION 1. (i) For all 4, p; is a word of length 1.

(ii) If A and B are words of length A(4) and A(B) respectively then
A\UB and ANB are words of length N(4) +N\(B).

Next the relation (2) is extended to the set of words formed from the p;.

DEFINITION 2. Let 4 and B be two words on the p;. A =B if and only if
one or more of the following hold(?):

(i) A=piand B=p; and p;=p, in P.

Proceeding recursively:
(i) (2.1) A=4,JA,and A,=2Bor A,=B,
(2.2) A=A\NA;and 4,=B and 4,2 B,
(2.3) B=B,\UB; and A =B, and 4 =B,,
(2.4) B=B,N\By;and 4 2B, or A ZB,.

LEMMA 1. A 2 B,\\JB; implies A =B, and B,. Dually A\N\A.=B implies
A, and A, = B.

Proof. A proof is given for the first half of the lemma and the second half
then follows by duality. The proof proceeds by induction on A(4). When
AA4) =1, A=p;,, for some 1. Thus p; = B,\UB, and from Definition 2, the only
applicable rule is (2.3). Assuming the result when A(4) <k, let A\(4) =k.

Case 1. A=A,\JA,. From Definition 2, A = B,\UB, implies either (2.1) or
(2.3) holds. If (2.3) holds the result is true, thus assume that (2.1) holds,
and without loss of generality, that 4,2 B,\UB,. Then by induction 4, By,
1=1 and 2, and by (2.1) again 4,\J4,=B;,4+=1 and 2.

Case 2. A=A,MNA,. From Definition 2, 4 = B,\JB, implies either (2.2) or
(2.3) holds. If (2.3) holds the result is true; thus assume that (2.2) holds.
Hence for =1 and 2, 4;= B,\UB,. Hence by induction, 4,2 B;, for j=1 and
2. Hence by (2.2), AiN\A,= Bj, for j=1 and 2.

LEMMA 2. (1) A=A4,\JA,=2B\N\B,=B implies one of the following:
(i) A=B;, for i=1o0r 2,

(ii) A;=B, for j=1 or 2.

(2) p=B\N\B, implies p = B, for i=1 or 2.

3) A\ JA.=p implies A;j=p for j=1 or 2.

Proof. (1), (2) and (3) simply list the possibilities afforded by Definition 2.

() In this paper p, subscripted or not, will always denote an element of the partially
ordered set P.
(*) (=) denotes logical identity.
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LeMMA 3. The relation () on the words on the p; is reflexive and transitive.

Proof. PART I. A =A. The proof is by induction on A(4). For A(4) =1,
A =p;and the result follows from that property for the set P. Assume there-
fore that the result is verified when N(4) <k, let \(4) =k.

Case 1. A=A4,JA4,. By induction hypothesis 4,=4,. By (2.1), 4,\JUA,
gAl. Similarly, AlqugAz. Thus by (23), A1UA22A1UA2.

Case 2. A=A,NA.. This case is the dual of Case 1.

PART II. A=2B and B=C implies A = C. The proof is by induction on
AA)Y+NB)+N(C)=\. When A=3, A=p,;, B=p;, C=p; and the result fol-
lows from that property of the set P. Assume therefore that the result is
verified when A<k and that A=k.

Case 1.1.1. B=p;, A=p;, C=CJC,. From p,=C,\JC; and Lemma 1,
pi=Ciand C,. Then, by induction hypothesis, p;= Ciand C,, thus p; = C,\JC,
by (2.3).

Case 1.1.2. B=p;, A=p;, C=CiNC.. From p;=CiNC, and Lemma 2,
pi=C, or C.. Then, by induction hypothesis, p;= C; or C,, thus p;=CiNC,
by (2.4).

Case 1.2. B=p;, A=A4,\JA4,. From A,\\JA4,=p; and Lemma 2, 4, or
As2p;. Then, by induction hypothesis, 4, or 4:=C, thus 4,\J4.=C by
(2.1).

Case 1.3. B=p;,, A=A NA,;. From A\NA;=p; and Lemma 1, 4; and
A= p.. Then, by induction hypothesis, A1 and 4:=C, thus 4,N\4,=C by
(2.2).

Cases 1.1.1, 1.1.2, 1.2, and 1.3 exhaust all possible forms with B=p..

Case 2.1. B=B,\UB,, C=p;. From 4 2 B,\UB; and Lemma 1, 4 = B, and
B,. From B;\UB, 2 p;and Lemma 2, B, or B; = p.. Then, by induction hypoth-
esis, 4 2 p,.

Case 2.2. B=B,\UB,;, C=(C,\JC,. From B=(C,\JUC; and Lemma 1,
B = and C,. Then, by induction hypothesis, 4 = C, and C;, thus 4 = C,\UC,
by (2.3).

Case 2.3. B=B,\UB,, C=CyN\C,. From B,\UB,=CiN\C, and Lemma 2,
B=Ci; or B=C, or B;=C or B,=C. If either of the first two alternatives
holds, by induction hypothesis, 4 = C; or C;, hence 4 = CiNC, by (2.4). If
either of the last two alternatives holds, consider 4 = B;\UB;. From Lemma 1,
A = B, and B,. Hence whichever of the last two alternatives holds, the induc-
tion hypothesis yields 4 = C.

Cases 2.1, 2.2 and 2.3 exhaust all possible forms with B=B;\UB,. The
forms with B=B;MN B, are duals of these cases.

Now the relation (2) on the words may be extended to a partial ordering
in the usual(*) way.

(%) For example, see Birkhoff [1, p. 4].
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DEFINITION 3. Two words A and B are equal if A 2B and B= A4, written
A=B.

It should now be verified that this is an equivalence relation and all
further work should be carried out on the resulting equivalence classes. The
elements of the lattice CF(P) will be these equivalence classes and the ele-
ments can only be represented by a word in that equivalence class. However
no confusion will result if the terms “word” and “element” are used inter-
changeably. The formal details are left to the reader.

THEOREM 1. The partially ordered set obtained from the set of words on a
partially ordered set P by Definitions 2 and 3 is a lattice in which A\JB and
ANB are the least upper and greatest lower bounds, respectively, of A and B.
This lattice will henceforth be denoted CF(P).

Proof. AAUB=A4 and B by Definition 2. Let C=4 and B. Then by
Definition 2, C=A\UB. Hence A\UB is the least upper bound of 4 and B.
A dual proof shows that AMB is their greatest lower bound.

Because the definition of equality depends only on (2) and because the
criteria for (2) is recursive and all words have finite length it is easily seen
that we have proved

THEOREM 2. The word problem, i.e. the problem of deciding in a finite num-
ber of steps whether two given words are equal, is solved in CF(P).

DEFINITION 4. A partially ordered set P with elements p; is said to be
embedded in a lattice L, if L possesses a subset of elements s; such that
si>p; is a 1-1 correspondence with the property that p;<p; implies s;=<s;.
The embedding is called minimal if the sublattice generated by the s; is L.

THEOREM 3. P is minimally embedded in CF(P) and moreover any lattice
in which P can be minimally embedded is a homomorphic image of CF(P).

Proof. The first part of the theorem follows immediately from the con-
struction of CF(P). To prove the second part, let L be any lattice in which P
is embedded. Let P have elements p;, the corresponding subset of L, ele-
ments s;, and let p;,<s; be the required correspondence. By assumption
S={s:} generates L. The correspondence p;<s; induces a natural cor-
respondence between words on the p; and words on the s;, hence a cor-

respondence between the elements of CF(P) and L. If f(xi, - - -, x,) denotes
a lattice polynomial or word on indeterminates xy, + - -, x,, the mapping
described is

(M) f(Bayy = s bia) © [+ 53,)

or simply

f(P) & £(S)
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for any substitution p;,, + - -, pi, forxy, + + -, x.. Now f(s4y, + « -, 55,) is some
element a of L. It will be shown that the mapping
(N) fiyy - -+ pi) —a

obtained in this way is a homomorphism of CF(P) onto L. Clearly every
word in CF(P) has an image in L and since S generates L, every element in
L is expressible as a word on the s,, hence has a mate in CF(P).

It will be shown first that the mapping (M) preserves the order relation
(2) on the elements of CF(P). That is, if f(P) and g(P) are two words, and
f(P)Zg(P) in CF(P), then f(S)=g(S) in L. The proof is by induction on
MfP)1+N[g(P)]=N. When \A=2, f(P)=p;, g(P)=p; and p;=p; implies
si2s; by the embedding property. Assuming the result for A<k, let A\=k.

Case 1. f(P)=fi(P)Nf(P). By Lemma 1, fi(P) and f:(P) Zg(P). Hence
by induction hypothesis f1(S) and f2(S) =g(S). Since fi(S), f2(S) and g(S)
are elements of a lattice L, fi(S)Mfa(S) =Z¢(S). But f(P)—f(S) =f1(S)Nf2(S).
The case g(P) =gi1(P)UIg(P) is the dual of Case 1.

Case 2. f(P)=p, and g(P) =g:1(P)Ngz(P). From Lemma 2, p;=g(P) or
g:(P). Hence, by induction hypothesis, s;2g1(S) or g:(S) and thus s;2g:(S)
MNg2(S). But g(P)—g(S) =g1(S)Mg2(S). Thus s;=g(S). The case g(P) =p; and
F(P) =f1i(P)Uf(P) is the dual of Case 2.

Case 3. f(P)=fi(P)\Ifo(P) and g(P)=g1(P)Ng:(P). By Lemma 2 four
possibilities must be examined. Suppose f(P) = g:(P). By induction hypothesis
F(S) Z221(S) and thus f(S) = g1(S)Mg2(S). The other possibilities are handled
similarly.

Since (M) preserves the order in CF(P) it is clear that (N) does also.
Thus, equality in CF(2P) implies equality in L, conversely distinct elements
in L cannot correspond to equal words in CF(P).

It will now be shown that the correspondences (M) and (N) preserve
unions and intersections in CF(P). Let f(P)—f(S)=a, g(P)—g(S) =5 and
f(PYUg(P)=h(P)—h(S) =c. It is to be shown that c=a\Ub. In any event
F(PYUg(P)—f(S)Ug(S) =a\Jb. Since f(P)Ug(P) =h(P), the preceding para-
graph shows that £(S) =a\Jb. Similarly intersections are preserved.

THEOREM 4. FL(P) and CF(P) are identical if and only if P has the follow-
ing two properties:

() pi=lu.b. (p;, pr) if and only if i=j or k.

(i) pi=g.lb. (pj, pr) if and only if i=j or k.

Proof. Necessity. Suppose that FL(P) and CF(P) are identical and that
pi=Lu.b. (p;, pr). Then p;=p;\Up; in FL(P), since it is to preserve all exist-
ing bounds of pairs of elements. But in CF(P), p;:=p;\Up; implies p;\Up: 2 p;,
hence, p; = p: or pix = p:, while on the other hand, p;=p; and p. Thus p;=p;
or pi, i.e. 1=7j or k. (ii) is established in a dual way.

Sufficiency. Since the elements of FL(P) and CF(P) are represented by
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the same set of words it suffices to prove that equality of words in FL(P) is
equivalent to equality in CF(P). Since FL(P) provides a minimal embedding
for P, by Theorem 3, CF(P)—FL(P), hence equality in CF(P) implies equal-
ity in FL(P).

The converse is established by showing that for words 4, B, A=B in
FL(P) implies A 2B in CF(P). The notation used in this proof follows Dil-
worth’s [2, p. 126].

LEmMA 4. If v(A) exists, 1.e. A =v(A)=p;, for some i, in FL(P), A=p,in
CF(P).

Proof. The proof is by induction on AN(4). When AN(4)=1, A=p; and
v(A) =p; in FL(P), hence 4 =p; in CF(P). If A=4,\JA, and v(4) exists,
then v(4,), v(4,) exist and Lu.b. [v(4,), v(4;)] exists in P and equals v(4).
Let v(41) =p;, v(4:2) =pi. Then Lu.b. (p;, p) =p; or Pk, from the assumption
(i) on P. Without loss of generality, let p;=lu.b. (p;, px) so that p;=ps.
Thus in CF(P), by induction, 4;=p;, As=p: and thus in CF(P), 4,UA,
=p;\Jpr=p;. Thus A=p; in CF(P) as was to be proved. A dual proof
handles the other case when 4 =4,MNA,.

Now suppose 4 =B in FL(P). By virtue of (iii) in Dilworth’s definition
(1.5) A= B(n). Proceeding now by induction on #, let A 2B(1). If A=B
there is nothing to prove. If v(4), v(B) exist and v(4) =v(B) in P, then in
CF(P), by Lemma 4, A =v(4), B=v(B), then A 2v(4) Zv(B) 2B in CF(P).
If A=B(n) one of (1)—(5) must hold. Induction hypothesis gives the cor-
responding result in CF(P), and either the transitivity of = or one of (2.1)-
(2.4) in our Definition 2 implies A 2B in CF(P).

In what follows it is convenient to consider expressions of the form
A - - - U4, m finite. While such expressions are not words as defined
they shall be used here to represent a word of the form

(- A1VAd) V- Ul ) U4,

or any word obtained from this form by use of the associative and commuta-
tive laws. In the sequel (=) shall be used to denote not only logically equi-
valent words, but also words which become logically equivalent when ap-
propriately operated upon by the associative and commutative laws alone,
writing 4,\J - - - \UA, for any one such word, more frequently U; 4, tacitly
assuming that only a finite number of 4; are involved.

Lemma 1 and (1) of Lemma 2 then may be extended by an easy induction
to any finite number of terms, rather than just 2. Much use will be made of
these two lemmas and special reference to them will be omitted.

3. Canonical forms and sublattices in CF(P).

THEOREM 5. Let P be any partially ordered set. In CF(P), if A=U; A;,
Ai=Njasor Ai=p, an element of P, then there is a shorter word B equal to A
if and only if one or more of the following hold:
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(1) For some i, A, is equal to a shorter word, A/ .
(2) Ax= Ay for some h and k, h k.
(3) A=U; A:=a for some h and k where Ar#p.

Proof. (1) and (2) are clearly sufficient. To see that (3) is sufficient consider
B=U;., AiUay. B has shorter length than 4 since A(an) <N(4z) as Ay #p.
A 2 B since 4 Zan: by hypothesis, and 4 2U,.;, 4;. Conversely B=4 since
ahkg-nj d}.jEAh and therefore Ui;g. Aanhng#h A,‘UA},EA. Thus A =B.

To prove the necessity, take B to be the shortest (and shorter than A)
word equal to 4.

Case 1. B=p. Thus p=U; 4;, hence p2U; 4, and p= 4, for all 5. Con-
versely U; 4,2 p and hence 4,2p for some k. Thus A,=p=A; for some &
and all ¢, in particular condition (2) is satisfied.

Case 2. B=(; B;. From B2 4 it follows that B;= 4, for all i and j. From
A 2 B it follows that either 4 = B, for some % or A, > B for some k. When the
first alternative holds, N; B;=B =4 = B,=N: B;, thus 4 =B = B;, contrary
to the choice of B as the shortest word equal to 4. When the second alterna-
tive holds, 4 ZA4,=B=A. Hence A =4, and A,=4;, for all 4, in particular
condition (2) is satisfied.

Case 3. B=U, B,. It may be assumed B,=, b,, or B,=p. From 4 =B it
follows that U; 4:= B, =, b, for all r. Thus either: (i) for all 7, there exists
an index j(r) such that 4y = B,, or (ii) the first alternative does not hold and
for some 7 and ¢, U; 4:2b,: and A(b,:) <A(B,). (For if the lengths were equal
then B,=b,,=p and for thisr, there would have to be a j(r) such that 4, = B,
=p.) Similarly from B24, U, B,2A4.=; a;; for all 4, two alternatives are
possible: (iii) for all ¢, there exists an index k(¢) such that B, =4 or (iv)
the third alternative does not hold, and for some 7 and k, U, B,=a and
)\(a;;.) <X(A ,').

Suppose that alternative (ii) holds. Thus U; B;=b,, and, as in the proof of
the sufficiency of (3), U; Bi=Ui. B;\Ub,; contrary to the choice of B as
the shortest word equal to A. Suppose that alternative (iv) holds. Thus
U; 4= aqs, which is condition (3).

Thus it may be assumed that (i) and (iii) hold simultaneously. Hence,
combining, B,<A4;u <Bijey for all 7. If, for some 7, r2k[j(r) ] =¢, then
B,= B, r#tand B=U, B,=U,,, B,, contrary to the choice of B as the short-
est word equal to 4. Hence assume that »=£[j(r)] for all 7.

Now suppose that, for some r, there exist distinct indices ji(7) and j.(r)
such that 4; ) 2B, and 4;,(, 2 B,. Then from (3)

Bitivim 2 4y 2 By,
Bk[iz(r)] g Aiz(r) g Br-

But k[ji(r)]=r=~F[j2(r)] as was just shown. Hence 4j, =4, and in
particular, condition (2) holds. Thus without loss of generality suppose in
(i) that for every r there is a unique index j(r).
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Similarly, 4:< B SAjiay. U, for some 4, i£j[k(3) | =h, then 4;< A4,
and condition (2) holds. Hence assume i =j[k(s) | for all 5. If there are distinct
indices k1(2) and k2(2) such that By, iy =4, and By, =45, then from (1)

Ay 2 Bye 2 4;

Atk 2 Bryoy = Ae

But ¢ =j[ki(s) | =j[k2() ] as was just shown, hence By, i, = B,y and therefore
B=U, B,=U,,u B, contradicting the choice of B as the shortest word
equal to 4. Hence, in (iii), for every 7, there exists a unique index %(z). More-
over from

Ai = Ay Z Briy 2 Ag; By = Biijm 2 Ajy 2 Bs

it follows that A;= B, and B,=4;(,, and 1<k(z) is a 1-1 correspondence
between the 4.’s and B,’s. But since A(4) >\(B) it follows that for some 3,
N(A4:) >N (Biiy), which is condition (1).

The dual theorem is of course valid.

COROLLARY 1. If A =B then either A=DB or there exists a C such that
A =B=C and \(C) <\(A) or \(B).

Proof. It may be supposed that N(4) =\(B), for if not, take C to be the
shorter word. The proof is by induction on A(4)=\(B)=\A. When A=1,
A =B implies A =B =p. Assuming the corollary when A\ <%, let A =k. Taking
B as in the theorem, it is easily seen that a word shorter than A4 or shorter
than B is produced, except perhaps in the last case where it might occur that
A(4)=N(B) and 4;=Bi, all (s). But then, by induction either a shorter
word C; exists or by application of the commutative and associative laws 4;
may be derived from By ;. If the latter alternative holds for all 7, 4 can be
derived from B by application of the associative and commutative laws alone.
If the former alternative holds for one index i, replacing 4; or. By, by C:
gives a word shorter, but equal to 4 and B.

DEFINITION 5. A word W is canonical if 4 = W implies A\(4) =\(W).

CoroLLARY 2. If U; 4;=U; B; and U; B, is canonical, then for every i there
exists a j such that B;<A;.

Proof. If B;=p, then the result follows from the extended form of Lemma
2. If Bi=N, bi, consider U; 4;=B,;=(, b, Either A;=B; for some j or
Uj 4;2b;, for some 4. The first case is the desired conclusion. The second
yields the condition U; B;2b,,, which, by Theorem 5, is sufficient to con-
struct a word shorter than U; B; and equal to it.

CoroLLARY 3. If A = U;A; =N,;B; = B and N,;B; is canonical, then
U; A;=A, for some h.

Proof. For all 4 and j, B;jzA;as Bz 4. From A=B, U; 4;2n; B;. From
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Lemma 2, either A = B;, for some j, or A, = B. If the first case holds, B= A4
2 B; =B and B = Bj;, but B was assumed canonical. Therefore A 2A4,ZB=A4
and A EU.' A.'=A;..

Dual corollaries hold of course.

LEMMA 5. Let P be a partially ordered set with elements pi;. In CF(P), for
any index j and for any word A,

(1) pis4 or

(2) there exists a finite subset of indices R such that R has no indices in com-
mon with S,’= [k‘[),§?k in P] and A éuien i

(1) and (2) are mutually exclusive.

Proof. To show that (1) and (2) must be mutually exclusive let R be any
subset of indices disjoint from S; and suppose that (1) and (2) both hold.
Thus p;<U.gr p:, which implies that there exists an index &€ R such that
p; <p:. But then ¢1ES;, contrary to the supposed disjointness of R and S;.

That (1) or (2) must hold is proved by induction on A\(4). When A(4) =1,
A =p;. Now either p;<p: or pj£p:. In the second case let R consist of &
alone and (2) holds trivially. When 4 =4,\J4; and p; £ 4,U4; then p; £ A4,
and p; £ A,. Hence by induction there exist finite index sets R; and R; each
disjoint from S; such that 4,<U;ck, p: and 42=U;cr, p:. Let R be the
(finite) set composed of the indices in R; and R,. Clearly R is disjoint from
S; and A1§U.'ezzl pis U‘ER p: while 4,= U‘GRz pis U"GR pi. Thus 4,UA4,
=Uigr pi. When 4=4,N4, and p;£A4,MNA; then p;£ A4, k=1 or 2. Then
by induction there exists a finite index set R disjoint from S; such that
Ar=Uier piand so ANA; =U;ek pi. A dual lemma holds of course. When
P is a finite set, the subset R may always be chosen to be all subscripts not
in S,'.

THEOREM 6. Let T = {t.‘} be any subset of CF(P) with the property that, for
any finite subset of indices R, t;<U.cr t: implies that there exists kE R such
that t; <ty in T, and the dual property. Then the sublattice L(T') of CF(P) gener-
ated by T 1s lattice isomorphic to CF(Q) where Q is a partially ordered set order
isomorphic(®) to T.

Proof. Let the elements of Q be denoted by ¢; and the correspondence
g t;. It is clear that L(T) provdes a minimal embedding for Q; hence L(T)
is a homomorphic image of CF(Q) through the mapping generated by
gi—t;. To show that this is indeed one to one it only remains to be shown
that equality of words in L(T) implies the equality of the corresponding
words in CF(Q). Using the notation for words employed in Theorem 3, it
suffices to show that for two words f(T) and g(T), f(T) £g(T) in L(T) implies
f(0)=g(Q) in CF(Q). The proof is by induction on N[f(Q)]4+X[g(Q)]=\.

(¥) The elements of Q and T can be placed in a 1-1 correspondence so that order is preserved
in both directions.
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When N=2, f(T)=t;, g(T)=t; and ¢;<t; implies ¢;<gq; because T and Q are
assumed isomorphic. Assuming the result when A <k, let A=%.

Case 1. f(T)=t;. From Lemma 5, in CF(Q), either ¢;=<g(Q) or g(Q)
=Uigr ¢i, for some finite set of indices R, disjoint from S;. If the latter
alternative holds then g(T) <U:gr t: in L(T), since L(T) is a lattice homo-
morphic image of CF(Q). This, together with the assumption ¢;<g(T) and
the hypothesis of the theorem implies that ¢;<¢; for some ¢ER contrary to
the condition that R be disjoint from S;. Hence the first alternative must
hold, as was to be shown. The case g(T) =¢; is the dual of Case 1.

Case 2. f(T)=fu(T)\Ifo(T)<g(T). Since L(T) is a lattice fi(T) and
Jo(T) =g(T). Then by induction, f1(Q) and f2(Q) =£(Q), hence f(Q) =i(Q)
Uf2(Q) =g(Q). The case g(T)=g1(T)Nge(T) is the dual of Case 2.

Case 3. f(T)=fi(T)Nfo(T)=g1(T)Jge(T)=¢g(T). Since L(T) is a sub-
lattice of CF(P) the words f, fi, fe, g1, g2 and g, up to now regarded as words
on the ¢;, may also be regarded as words on the p.. Rewriting the condition of
Case 3, f(P)=fi(P)Nfo(P) £ g1(P)Ugs(P)=g(P). By Lemma 2, either f(P)
=giP),i=1o0r 2, or f;(P)=g(P), j=1 or 2. These words may again be con-
sidered as words on the ¢;, f(T)<gi1(T), t=1o0r 2 and f;(T) <g(T), j=1 or 2,
and applying the induction hypotheses to whichever condition holds, obtain
f(P) =g(P).

The conditions of Theorem 6 are clearly necessary for L(T) to be iso-
morphic to CF(Q), for in CF(Q), ¢;<U.igr ¢: implies ¢g;<q:, for some kER,
and dually.

This section is concluded with a theorem giving sufficient conditions for
a sublattice of CF(P) to be isomorphic to FL(P). The proof will require
Lemma 5 stated for FL(P). This follows by the homomorphism CF(P)
—FL(P); however it is no longer true that (1) and (2) are mutually exclusive.
The following lemma is also needed.

LEMMA 6. In FL(P), for any subscript i and any word A either

1) p:=A4 or

(2) there exists a finite set V of pairs of indices (m, n) such that V has no
pair in common with

T: = [(j, &) [Lu.b.(p;, ps) = pnin P, p; < pn in P]
and A éU(m_n)eV (PmUpn)~
Proof. If p: % ps, then (h, )& T:. Thus if p;£ A4, for the subset V use the
indices of the finite set R given by Lemma 5 and take V= [(k, b)| hER]. Thus

V and T; are diSjOint and Uhen p;.=U().,;.)eV (p,.Up;.)=U(,-.k)ev (PjUPk),
and the result follows from Lemma 35, restated for FL(P).

THEOREM 7. Let P be a partially ordered set of elements p;. In CF(P) let
there exist a subset S of elements s; such that pys; is a 1-1 correspondence and
(1) se=sIs; if and only if px=1.u.b. (ps, p;), and dually, and
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(2) si=Ugner (s;\Isi), where T is any finite collection of pairs of indices
implies for some pair (j, k) in T and some h, sp=s;Us;, and s;=s; in CF(P),
and dually.

Then the sublattice L(S) of CF(P) generated by S is lattice isomorphic to
FL(P).

Proof. Clearly P isembedded in L(S) and by condition (1), L(S) preserves
least upper and greatest lower bounds existing in P; hence p,—s; generates
a homomorphism of FL(P) into L(S), and equality of words on the p; in
FL(P) implies equality of the corresponding words on the s;. To prove the
converse it suffices to show, using the notation of Theorem 3, that f(S) =g(S)
in L(S) implies f(P) <g(P) in FL(P). The proof is by induction on \[f(P)]
+X[g(P)]=\. For A\=2, f(P) =s,, g(P) =s; and the result follows from condi-
tion (1). Assume the result for A <% and let A=k%.

Case 1. f(S)=s5,=g(S). Consider p; and g(P). By Lemma 6, p;<g(P) or
g(P)=Umerv (p;\Ipi) for some finite subset V disjoint from T If the
latter condition holds then g(S) =U i ev (s;\Usi) where V is disjoint from
T!, where now

T! = [(m,n)/ 3tD:s, = sm\Us, and s; < s, in L(S)],

by condition (1) and the definition of T';. This, together with the assumption
5si=g(S) and the hypothesis of the theorem, implies that there is a pair
(4, B) € V such that s, =5;\Us; and s; sy, or that (4, k) ET{, contrary to the
condition that V and T are disjoint. Hence the first condition must hold,
as was to be shown. The case f(.S) < g(S) =s; is the dual.

The remainder of the proof is analogous to that given for Cases 2 and 3
in the proof of Theorem 6.

4. Examples. Consider the partially ordered set, P, consisting of four
elements, ¢, %, v, and w, with t>#% and v>w as its only order relations. By
Theorem 4, CF(P) is identical with FL(P). Four infinite descending chains
in FL(P) will now be constructed. Let A;=¢, B;=tUw, Ci=({Jw)Nv,
D= [(tJw)Nv]Uu and for n=2, A,=D,.N¢, B,=A4,Jw, C,=B.Nv,
D,=C,VJu.Clearly 4,2 4,2 - - - ZA,Z - - - ;Bi2By2 - -+ 2B,2 -}
Ciz2Co= -+ 2Ch= -+ D1=2ZDy= - - - 2ZD,= - - -. The following
lemma shows that all these containing relations are proper.

LEMMA 7. A,, B,, C., D, are in canonical form, for all n.

Thus, since the lengths of the words are strictly increasing no equality
could hold.

The proof of Lemma 7 is made by a straightforward induction on 7, using
Theorem 5 and its dual to show, in turn, that 4,, Ba., C,, and D, are in
canonical form.

Consider the partially ordered set, Q, consisting of five elements, a, b, ¢, d,
and e with a>b>c¢>d as its only order relations. By Theorem 3, CF(Q) is



1956] COMPLETELY FREE LATTICES 249

identical with FL(Q). Consider the elements T'=b, U=¢, V=¢Ud and
W=aNMe. The sublattice they generate is isomorphic to CF(P), where P is the
set described above. This is proved by verifying the criteria of Theorem 6. It
is easy to see that the set T, U, V, W is order isomorphic with P. The other
criteria then reduce to verifying b$c\U(e\Ud) and its dual which can be done
by inspection.
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